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CAUCHY-RASSIAS STABILITY OF
SESQUILINEAR n-QUADRATIC MAPPINGS
IN BANACH MODULES

CHUN-GIL PARK AND SUN-YOUNG JANG

ABSTRACT. We prove the Cauchy-Rassias stability of a
sesquilinear n-quadratic mapping in a left Banach module over
a unital C'*-algebra.

1. Introduction. Let X and Y be Banach spaces. Consider
f: X — Y to be a mapping such that f(¢x) is continuous in ¢ € R for
each fixed z € X. Rassias [11] introduced the following inequality that
we call Cauchy-Rassias inequality: Assume that there exist constants
6 >0 and p € [0,1) such that

1f (2 +y) = (@) = FI < 0([=][” + [ly]")

for all z,y € X. Rassias [11] showed that there exists a unique R-linear
mapping 7' : X — Y such that

20
2-—-2r

1f(z) =T ()] < [ ?

for all z € X. The above inequality has provided a lot of influence in
mathematical analysis in the development of what we now call Hyers-
Ulam-Rassias stability of functional equations.

The norm on an inner product space satisfies the classical parallelo-
gram equality

Iz + yl* + [l = ylI* = 2[|z[|* + 2||y]*.
The functional equation

flx+y)+ flz—y) =2f(z) +2f(y)
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is called a quadratic functional equation. In particular, every solution
of the quadratic functional equation is said to be a quadratic function.
A Hyers-Ulam stability problem for the quadratic functional equation
was proved by Skof [18] for mappings f : X — Y, where X is a
normed space and Y is a Banach space. Cholewa [2] noticed that
the theorem of Skof is still true if the relevant domain X is replaced
by an Abelian group. In [3], Czerwik, following the Cauchy-Rassias
sequential approach originated by Rassias in [10], proved the Hyers-
Ulam-Rassias stability of the quadratic functional equation. Several
functional equations have been investigated in [7-9, 12-17].

Throughout this paper, let A be a unital C*-algebra with unitary
group U(A), and X a left Banach .A-module.

Definition 1.1. A mapping S : X"t2 — A is a sesquilinear n-
quadratic mapping if

S(axy + b2, y; 21, - 2n)
:aS(iBlay;Zla--- 7Zn)+bS(x27y;z17"' ,Zn),
S(I,Gyl +by2;217"' azn)
=S(z,y1521, .- ,2n)a" + S(x,y2; 21, ... ,2,)b",
S(x,z;21,22y- - y2n) = S(z1, 215@, 22, . .. , 2n),
S(xay;zla"' azn) = S(x’y;zim"' azin)
for every even permutation (i1,...,4,) of (1,...,n),
S(xay;zla"' azn) = S(y,I;Zh,... azin)*

for every odd permutation (iy,...,%4,) of (1,...,n),

S(z,y; 215 y2n) =Sy, z;21,- -+, 2n)

for all z,x1,%2,Y,Y1,Y2,21,--- ,2n € X and all a,b € A.
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Misiak defined n-inner product spaces and investigated the properties
of the spaces, see [1, 5, 6]. An n-inner product space is defined as
follows: Let n be a nonzero natural number, and let X be a linear
space of dimension > n. A real function (-,-|-,---,-) on X" is called
an n-inner product if it satisfies the following conditions:

(1) (a,a| ag,...,a,) >0,

(2) (a,al| az,...,a,) = 0 if and only if a,as,...,a, are linearly
dependent,

(3) (a,b] ag, ... ,a,) = (b,al az,...,ay),

(4) (a,b| ag,...,a,) = (a,b| ai,,...,a;, ) for every permutation
(i2y ... yin) of (2,...,n),

(5) If n > 2, then (a,a| az,as, ... ,a,) = (az,a2| a,as, ... ,an),

(6) (ca,b| az,...,an) = a(a,b| az,...,ay) for every real a,

(7) (a+alvb| az,... aan) = (a7b| az,... 7an)+(alvb| az,... aan)'

The concept of an n-inner product space is a generalization of the
concepts of an inner product space (n = 1), and of a 2-inner product
space (n = 2). It is obvious that the n-inner product on a vector
space V, defined by Misiak, is a sesquilinear n-quadratic form. Thus,
it is important to understand the properties of sesquilinear n-quadratic
forms to investigate the properties of n-inner product spaces.

In this paper, we extend the concept of a sesquilinear n-quadratic
form on a vector space V to the concept of a sesquilinear n-quadratic
mapping on a left Banach module over a unital C*-algebra and inves-
tigate sesquilinear n-quadratic mappings in left Banach modules over
unital C*-algebras.

2. Sesquilinear n-quadratic mappings on Banach modules
over C*-algebras. In [9] the Jensen type equation f(z —y/2) =
(f(z) — f(y))/2 has been studied. It is well known that a mapping
f+ X — Y satisfies the Jensen type equation if and only if the mapping
f: X — Y is a Cauchy additive mapping, i.e., f(z +y) = f(z) + f(v),
and £(0) = 0.

We prove the Cauchy-Rassias stability of a sesquilinear n-quadratic
mapping in a left Banach module over a unital C*-algebra.
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Theorem 2.1. Let f: X"t2 — A be a mapping satisfying

f(oay;zlv"' azn)

F(2,0521, ... y2n) = f(z,4;0, 20, ..., 2)
F(@,y; 21,0, 23,0y 20) = - -+
= f(z,y;21,--+ y2n-1,0) =0

for all z,y,21,...,2, € X for which there exists a function ¢ :
X2+t 10, 00) such that

(2.1)

oo

1 .
~ o +1
O(T1, T2, Y1, Y2, 21y« -+« 3 Zny Znbly -« - 5 22m) = Z 5@t (20,
i=0

i+1 i+1 i+1 i+1 i+1 i+1 i+1
20 gy 29y 20y, 20y 20y 2T 20 ) < o0,

(2.2)
UT] —UT2 Y1+ Y2 21+ 012041 Zn + tnZon
Z f 2 ) 2 ) 2 DA | 2
i1=41,. in=t1
2 u

+ Z (—1)]0 Z Wf(xj—uyjo;zhr'- 7zjn) ‘

J-1,Jo=1 .lil:llyl+n

=1,...,n

S Sa(xlaxZaylayQaZla cee s 2ny R4l az2n)7

(2'3) ||f(9:,y;21,. .. 7zn) - f(y,CE;Z1, cee 7zn)*||

S 90($7x7y7y72:17"' yRny Rly -+ - ,Zn),

(24) ||f(£U,ZU;Z]_,ZQ, N 7ZTL) - f(zlazl;:U:ZZv .. ,Zn)H

S O(T, 2,2y 21, ooy Zny 21y e ey Zn),

(25) ||f(m7yazla azn) - f(mvya Ziyy - 7zin)||
S (P(xaxvyayazla"' y2my Rly -+ - azn)

for every even permutation (i1,...,i,) of (1,...,n),
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(26) ||f(l‘ay;zla e azn) - f(xvya Zigyee- azin)*H

S (P(xvxayayazla"' y Ry Ly« o e 7zn)
for every odd permutation (i1,...,i,) of (1,...,n)
fOT' all u € M(A) and all T,Y,T1,T2,Y1,Y2,%1," " y2nsRn+ls--- ,22n S

X. Then there exists a unique A-sesquilinear n-quadratic mapping
S : X2 5 A such that

||f(x17y1;zla e 7zn) - S($1,y1;21, s 7zn)||

1 _
< —&(21,0,91,0,21,. .. ,2,,0,...,0)
2n ——
n times
for all x1,y1,21,... ,2n € X.
Proof. Set u=1¢€ U(A) and 3 = y3 = 241 = --» = 22, = 0 in
(2.2). Then
gnp( T Y1 2 Zn 1 _
f gy iy ) T Wf(mlaylazla--- » Zn)
< o(z1,0,y1,0,21, ..., 2, 0,...,0
——
n times
for all z1,y1,21,-..,2, € X. Thus,

1
(27) Hf(xlayl;zla s ;Zn) - Wf(2$1,2y1;221’ cee 72zn)

1
S _90(2371)072:1/17072217"' ,2Zn,0,... 70)
2n ——

n times

for all z1,y1,21,.-.,2, € X. Therefore,
1 o _
mf(2]$15 2y1;2721,...,272,)
1
~ 2@ (

1
< 2(2n+2)j+n

j+1 j+1 j+1 j+1
20t gy 20 gy 00ty L 20t zn)H

(29 2y,0,20 1y, 0,20 2y L. 292, 00,...,0)
N——

n times
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for all z1,y1,21,...,2n € X. Hence,
1
(28) || g /(o0 2y 25, 202
1
= S 27T 2"y 2", 2" )
m—1 1
—_— J+1 Jj+1 j+1 j+1

< z_; 2(2n+2)j+n$0(2 21,0,27 7 y,0,27 T 2y, .0, 2770 2,,0,...,0)
- n times

for all nonnegative integers [ and m with m > [ and all z;,y1, 21, .. .,
2, € X. It follows from (2.1) and (2.8) that the sequence {(1/2(37+2)4)
f(2%zy,2%,;2%%2,, ... ,2%2,)} is Cauchy for all z,y1,21,... ,2, € X.
Since A is complete, one can define the mapping S : X"+2 — A by
(2.9) S(z,y;21,--- ,2n) = dlirgo 2(T1+2)df(2dm’ 29y; 2921, ... ,2%2,)
for all z,y,21,...,2, € X.

Moreover, letting [ = 0 and m — oo in (2.8) gives

||f(x17y1;zla e 7zn) - S($1,y1;Z1, s 7zn)||

1
< 2—n<p(w1,0,y1,0,z1,... 2 2n,0,...,0)
——
n times

for all z1,y1,21,...,2n € X.

Set u =1 € U(A) and y2 = y1,21 = Znt1,---,2n = 2o in (2.2).
Then
r1 — T2
e

2 7y1;Z17'-'7zn)

1 1
- gf(ﬂﬁlayl;zl, e Zn) + §f(:v2,y1;z1, ey Zn)

< (@1, 2, Y1, Y1, 21, - -+ 5 Zny 215+« + 5 Zn)
for all xy,z2,y1,21,...,2, € X. Thus,
1 Vay —Vwy ;L ;
2(2n+2)j f( 2 72y1,2217---,22n

1. . . . 1. . . .
— 5]‘(2%1,27@/1;2%1,... , 20 2,) + 5]‘(273:2,2]3/1;2721,... , 27 2,)

1

< mcp(ijl,ijQ,ijl,2jyl,2jz1,... 2920, 292,000,202,
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which converges to zero as j — oo by (2.1). By (2.9),

- 1
S = m27y1;zla"'7'zn :_S(mlayl;zlv"'azn)
2 2
1
_ES(m%yl;zla"' 7zn)

for all ©1, 22,91, 21,... ,2, € X. Therefore, the mapping S : X"2 —
A is additive in the first variable.

Set 2 = 0, and y; = Y2,21 = Znt1,--- »2n = 22, in (2.2). Then

UL U
f o VYL 21 -+ 520 | — = f(@1, Y1521, -+, 2n)

2
S (p(xlaoyylaylazla"' yRny Rly e 7Zn)

for all u € U(A) and all z1,y1, 21,--- , 2, € X. Hence,

1 - S .
SGnT2)] F(29 ey, 29y529 2, ... ,292,)
Y (95 iy, .9 DY
- §f( X1, Y13 Zlyeney Zn)
< m¢(2ﬂx1,o,2Jy1,2ﬂy1,23z1,... 2 2, 221,02 2y),

which converges to zero as j — oo by (2.1). By (2.9),

ux u
S(Tlayl;zla--- 7Zn> = §S(m1,y1;z1,... 7Zn)

for all w € U(A) and all z1,y1,21,...,2, € X. Since S is additive in
the first variable,

uxry
S(umlayl;zla v 7Zn) = 25(771/1;21,- . 7Zn>
:uS(xl,yl;zl,... 7Zn)

for all u € U(A) and all z1,y1,21,...,2, € X.

Kadison and Pedersen’s theorem [4] says that if a € A and |a| <
1—(2/m) for some integer m greater than 2, then there are uy, ... , Uy, €
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U(A) such that ma = uy + - -+ + . Thus, let a € A, a # 0, and let
M be an integer greater than 3|a|. Then |a/M| < 1/3 =1-2/3. So
there exist uy, us, us € U(A) such that 3(a/M) = u; + uz + uz. Hence,

M
S(axay;zla"' azn) :S(_3ixayaz1a 7zn>

3 M
M a
:?.S(Sﬁx,y;zl,... ,zn>
M
= ?S(ulm%—uzm—i—ugm,y;zl,... s Zn)
M
= ?(S(ulx,y;zl,... y2n) + S(uam, y; 21, - 5 2n)
+ S(usz,y; 21, .-+, 2n))
M
= ?(U1+u2+U3)S($,y;Zl,... azn)
M
:?-3%S(x,y;z1,... 2 Zn)
=aS(x,y;21,--- ,2n)
for all x,y,21,...,2, € X. Hence, the mapping S : X"*? — A is

A-linear in the first variable.
It follows from (2.3) that

W||f(2j:v,2jy; 2z, .. ,2jzn) — f(2jy,2jm;2jz1,... ,2jzn)*||

< mg@(?m,?w,?]y,?y,yzl,... 2 2, 22,0, 20 2y),
which converges to zero as j — co by (2.1). By (2.9),
S(z,y; 215+ y2n) =Sy, @521, .., 2p)"

for all z,y, z1,.--,2n, € X. Thus,

S(z,ay1 + byz; 21, .-+ 5 2n)

S(a'yl +by2,33;21’--- 7Zn)*

S(y1, @521, y2n) a* + S(y2,@; 21, .. ,2n) 0"
S

(@, Y1521, -+ ,2n)a" + S(z,y2; 21, .- , 20 )b"
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forall a,b € A and all z,y1,¥y2, 21,-.. ,2n € X. Therefore, the mapping
S : X"*t2 5 Ais A-conjugate-linear in the second variable.

Similarly, one can show that the mapping S : X"*2 — A satisfies
the rest of the properties of Definition 1.1. Hence, the mapping
S : X2 5 Ais an A-sesquilinear n-quadratic mapping.

Now suppose T : X"t2 — A is another A-sesquilinear n-quadratic
mapping satisfying

||f(x17y1;zla e 7zn) - T(xlayl;zla s 7zn)H

1
< —@(x1,0,91,0,21,... ,2n,0,...,0)
2n ——
n times
for all x1,y1,21,-..,2, € X. Then we have
||S(l‘17y1;217"' 7Zn) 7T(l‘1ay1;zla"' 7Zn)H
1
= 2(Znﬁ)d||5(2dﬂf1,20ly1;2dz1,--- ,2%,)
— T(del, 2dy1; 2dz1, .. ,2dzn)||
1

2921, 2%, 2%, ... ,2dzn)

.
— f(2dac1, 2dy1; 2dzl, . ,2dzn)\|

1
szl

— T(Qdacl, 24915292, . .. ,2dzn)||

+ 2d$172dy1;2d217"' a2dzn)

e 2 ) ) ) )
<Yy (29 ,0,27 Ty, 0,27 L 2912000, ,0),
= ]gd 2(2n+2)‘7+n80( 1 U 1 )

n times
which converges to zero as d — oo by (2.1). Hence,
S(mlayl; Rlyee- 7zn) = T(-Tl,yl; Rlye-- 7Zn)

for all z1,y1,21,-..,2, € X. This proves the uniqueness of S. a

Corollary 2.2. Letp and 6 be positive real numbers where p < 2+2n.
Let f : X"t2 — A be a mapping satisfying
FO,y;215. .y 2n) = f(2,0;21, ..., 20) = f(2,y;0,29,... , 2,)
= f(z,y;21,0,23,... ,2n) = -+
= f(z,y;21,-.+ y2n-1,0) =0
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forall z,y,z1,...,2, € X, and such that

uTy — uT2 Y1 +Y2 21+ i12n41 Zp + in2op
Z f 2 ) 2 ; 2 y* 2
ii==1,... ip==t1
2 u
+ > (= ] grraf (@i o3 Zins -5 ) ‘
Jj—1,j0=1 n=Lli+n
l=1,...,n
2n
< 0(lleall? + llea 17+ Ll 7 + el + 3 [1=),
im1

||f(-’13',y;2'1,... 7zn)_f(y7$;zla"' 7Zn)*||
n
< 26(|Jll” + lyl” + > I1]°)),
i=1
lf(z,x; 21,22, ... ,2n) — f(21, 2152, 22, .-, 2p) ]|
n
< 40|[x||” +20) ||z 7,
i=1
Hf(m7y5 2Ly .- 7Zn) - f(xayazlla 7zin)||

< 20(|lall” + Iyl P + D 11=4l7)

i=1
for every even permutation (iy,...,i,) of (1,...,n),

Hf(muyE 21y 7Zn) - f(xay;ziu s 7zin)*||

< 20(|lall” + Iyl P + D 1124l )

i=1

for every odd permutation (i1,... ,i,) of (1,...,n)

)
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for all w € U(A) and all z,y,x1,T2,21,--- ,2n; Znt1,--- s22n € X.
Then there exists a unique A-sesquilinear n-quadratic mapping S :
Xnt2 5 A such that

||f($7yazl7 7Zn) —S(%?ﬁzla--- 7Zn)||

< %(mnunmuimnp)
g
for all x,y,z1,... ,2n € X.
Proof. Define
O(T1, T2, Y1, Y2, 215+ -+ 5 Zny Znk 1y -+ 5 Z2n)
=e(||x1||P+||wz|P+|y1|P+|yz|P+ZZn|zi||P),
i=1

and apply Theorem 2.1. u]

Theorem 2.3. Let f: X"2 — A be a mapping satisfying
FO,y;215. .y 2n) = f(2,0;21, ..., 20) = f(2,y;0,22,... , 2,)
= f(z,y;21,0,23,... ,2n) = -+
= f(z,y;21,-.+ y2n-1,0) =0

for all x,y,z1,...,2n, € X, and for which there exists a function
@ X* x X2 — [0,00) satisfying (2.2)—(2.6) such that

(210) ¢(m17m27y17y27zla"' yRny Rn41y e 722n)
o0
— @n+2)j ,( TL T2 Y1 Y2 21 Zn Zntl Z2n
'_202 (P(2],2J,2],2],2J’-‘-,2J’ 2] 7""2]' <OO
J:
for all x1,T2,y1,Y2, 21, -+ y Zns Znt1y .-+ y22n € X. Then there ezists a

unique A-sesquilinear n-quadratic mapping S : X2 — A such that

||f(.’17,y;2'1,... 7zn) _S(mvy;zla"' azn)”
< 2"25(2,0,9,0, 21, -+ »2,0,...,0)
——

n times

for all ©1,y1,21,-.- ,2n € X.
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Proof. 1t follows from (2.7) that

Hf(mlayl;zla"' 7Zn) - 22n+2f<ﬂ y_l ﬁ - Z_”) H

27272777772
< 2"20(21,0,91,0, 21, - -+ » 2,0, ... ,0)
——
n times
for all z1,y1,21,...,2n € X.
The rest of the proof is similar to the proof of Theorem 2.1. |

Corollary 2.4. Letp and 6 be positive real numbers where p > 2+2n.
Let f: X x X x X™ — A be a mapping satisfying the conditions given
in Corollary 2.2. Then there exists a unique A-sesquilinear n-quadratic
mapping S : X"2 — A such that

||f(.’17,y;2'1,... 7zn) _S(mvy;zla"' azn)”

on+2+pg n
< gz (ol + P + Y ll1P)

i=1

forall z,y,z1,... ,2, € X.

Proof. Define

(1,2, Y1, Y2, 215 -« + 5 Zns Zntls -« - 5 22n)
2n
- e(mv’ T llzalf? + P+ ||y2||P+Z||zi|P),
=1
and apply Theorem 2.3. o
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