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THE LITTLEWOOD-ORLICZ OPERATOR IDEAL

QINGYING BU, DONGHAI JI AND YUWEN WANG

ABSTRACT. In this paper, we show that each contin-
uous linear operator from an L3-space to an Ls-space is
Littlewood-Orlicz, and each Littlewood-Orlicz operator from
a Banach space to an L2-space is 2-summing. As a conse-
quence, Littlewood-Orlicz operators from a Banach space with
cotype 2 to an Lz-space coincide with 2-summing operators.

1. Introduction. The classes of p-summing operators (1 <
p < oo) were introduced by Pietsch [16] in 1967. Actually, the
class of 1-summing operators was studied before in Grothendieck’s
Résumé [9] in 1953. Later, Mityagin and Pelczynski [13] and Kwapien
[11] studied the classes of (q,p)-summing operators, i.e., operators
that take weakly p-summable sequences to absolutely g-summable
sequences. Cohen [4] and Apiola [1] studied the classes of ‘Cohen’s
(¢, p)-summing operators,’ i.e., operators that take weakly p-summable
sequences to strongly g-summable sequences. In 1980, Piestch in his
monograph [17] introduced the classes of (r, g, p)-summing operators.
In particular, (1, ¢, p)-summing operators coincide with ‘Cohen’s (g, p)-
summing operators.” Now, with the help of sequential representations
of €p®X given by Bu and Diestel [3], (1, ¢, p)-summing operators from
a Banach space X to a Banach space Y are nothing else but operators
that take members in £,®X, the injective tensor product of £, and X,
to members in Eq(§Y, the projective tensor product of ¢, and Y.

Bu in [2] used (1,1, 2)-summing operators (called Littlewood-Orlicz
operators in [2]) to characterize G.T. spaces with cotype 2. In this
paper, we will give some properties of Littlewood-Orlicz operators
between £,-spaces. The reasons why we are interested in such operators
and why we called them Littlewood-Orlicz operators are as follows.
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Littlewood’s inequality [12]. There is a constant K such that, for
any finite n x n scalar matric (a;;),

n n 1/2
> < az’j|2> <K- max{
j=1

i=1

n
E aijsitj

3,j=1

sl < 1,1 < 1}.

Orlicz theorem [14]. If > fn is an unconditionally convergent
series in L1[0,1], then Y oo | || fall? < co.

With the help of sequential representations of projective and injective
tensor products of £, and X (see [3] and [5, page 90]), we can formulate
Littlewood’s inequality such that if X = ¢;, then /;&X C (,®X and
formulate Orlicz’s theorem such that if X = L1[0,1], then /;@X C
£577°"8(X). Moreover, Grothendieck in his Résumé [9] showed that if X
is an £;-space, then /1&X C (,QX (for an exposition of this result, see
[7]). Therefore, the identity operator on an £q-space X takes members
in /;®X into members in £,®X. Diestel called such operators between
Banach spaces Littlewood-Orlicz operators.

2. Preliminaries. For any Banach space X, let X* denote its
dual and Bx denote its closed unit ball. Let (e,), denote the unit
vector basis of f3. For 1 < p < oo, let p’ denote its conjugate, i.e.,
1/p+1/p" = 1. If p = 1, then let £, = co; and if p = oo, then let
(i [tal)/P = sup,»y [tnl.

Given a Banach space X and 1 < p < oo, we denote (see [8, pages
32-36]) by £5°"8(X) the Banach space of all sequences (x,), in X
such that )~ , ||z, [|? < co with the norm

00 1/p
Inlegmrcy = ( S llel?)
n=1

and by E;’J"eak(X ) the Banach space of all sequences (z,), in X such

that 07 | |z*(zn)|P < oo for each #* € X* with the norm

oo 1/p
[|(@n)nlgenr(x) = sup { (Z w*(mn)|p> :x* € Bx- };
n=1



THE LITTLEWOOD-ORLICZ OPERATOR IDEAL 1849

and by £3°*%°(X) the closed subspace of £y***(X) consisting of such
sequences whose tails converge to zero, i.e.,

weak,0
67 N(X)

_ {(wn)n € G (X) T [[(0, - 0, @, T, - gy (x) = o}.

For 1 < p < 00, let £,(X) denote the space of all sequences (), in X
such that Y >° | |z} (2z,)| < oo for each (z}), € é;",eak(X*), normed by

> @h(en)

where p’ is the conjugate of p. With this norm ¢,(X) is a Banach
space (see [3, 4]). For convenience, let £1(X) := £;"°8(X). From the
definitions, we have for 1 < p < oo,

[(@n)nlle, (x) = sup{ @)l < 1},

€p<X> C Z;trong(X) C Z:’veak,O(X) C E;veak(X),

and

|- legearxy < I llgeronsx) < M- lleyix)-

Moreover, by the Dvoretzky-Rogers theorem (see [6, page 61]), if X
is an infinite-dimensional Banach space then £,(X) # £"°"8(X) for
1 <p < oo and £ToM8(X) #£ £ek0(X) for 1 < p < oo.

For Banach spaces X and Y, let X®Y and X®Y denote the pro-
jective and the injective tensor product of X and Y, respectively. For
1 < p < o0, define

Yilp®X — XN

by

is('“) © yr (isgk)yo :
k=1

k=1 i

Then 9 is a well-defined linear map. Combining results in [5, page 92],
[3, 10], we have the following.

Proposition 1. Let 1 < p < oco. Then, under the mapping 1,
6,0X = f}’,"eak’o(X) and ,@X = £,(X) isometrically.
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We should mention here Khinchin’s inequality (see [8, page 10])
which will play a critical role in this paper. Let r,(t) denote the
Rademacher functions, namely, r, : [0,1] — R, n € N, defined by
7y (t) := sign (sin 2"7¢).

Khinchin’s inequality. For any 0 < p < oo, there are positive
constants A, and By, such that for any scalar ay,... ,an, we have

n 1/2 1 p 1/p n 1/2
Ap.<2|ak|2> < </ dt> < Bp.<2|ak|2> :
k=1 0 k=1

3. Littlewood-Orlicz operators. Recall that a continuous linear
operator u from a Banach space X to a Banach space Y is called
Littlewood-Orlicz (see [2]) if there exists a positive constant ¢ such

that for any finite sequence zi,...,z, in X and any finite sequence
yr? A ,y‘;";, in Y*,
n 1/2
Sl <o sy Sl sy (S WiR)
=1 x* EBX* yeEB

The infimum of all possible ¢ above is called the Littlewood-Orlicz norm
of u, denoted by ||u||Lo. That is, u is a Littlewood-Orlicz operator if
and only if u takes sequences in (¥°2¢(X) into sequences in /(2(X),

equivalently, u takes sequences in £;@X into sequences in £2®Y .

Note that each l-summing operator from X to Y takes sequences
in /;®X into sequences in ¢;®Y and each 2-dominated operator from
X to Y takes sequences in £»®X into sequences in £»®Y. Thus, all
1-summing operators and all 2-dominated operators are Littlewood-
Orlicz. It was shown in [2, page 745] that £}°*%(X) C Rad (X) for
any Banach space X and [2, Theorem 12] stated that each 1-factorable
operator takes sequences in Rad (X) into sequences in 0,®Y. Thus,
all 1-factorable operators are Littlewood-Orlicz. An example of non
Littlewood-Orlicz operators is given as follows.

Example. The inclusion map i, : L[0,1] — L,[0,1] is not
Littlewood-Orlicz for 1 < p < co.
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Proof. Case 1. 1 < p < 2. Let E, = (1/((n+1)P71),1/(nP1)],
n=1,2,.... Then {E,}{° is a partition of (0,1] with

m(En) =

(1+(1/n))P-t -1

Define f, = Xg,, n = 1,2,....
to see that (f,), € £}°?%(Le0,1]). Define g,

(n+1)p 1

, n=1,2....

Then f, € Ly[0,1], and it is easy
[1/(m(E )]V XE,,

n=1,2,.... Then g, € L,/[0,1] and, for each h € L,[0,1],

>

n=1

gn: h>|2)1/2

(

2|

n=1

[[VA
(/.

>

-n=1

(

IN

J.

J.

Hh||Lp[071} < o0.

IR (t)[P dt

hmpﬁ%

h@pﬁ>

n

1/p
|h(t)|P dt]
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Thus, (gn)n € €3°*%(L,[0,1]). But

i“ipfmgn :Z‘/ Fa()gn(t dt‘

B [l—i—nl—/i_ni) - ]1/”

Mg

Il
-

n

Q.

Therefore, (i, fn)n ¢ €2(Lp[0,1]). It follows that i, is not a Littlewood-
Orlicz operator.

Case 2. 2 < p < o0. Let E, = (1/(n+1),(1/n)], n = 1,2,
Then {E,}{° is a petition of (0,1] with m(E,) = 1/(n(n+1)), n =
1,2,.... Define f, = Xg,, n = 1,2,.... Then, f, € Ly[0,1] and
(fn)n € e‘{veak(LOO[Uv 1]) Deﬁne gn = V n(n+1)XEna n = ]-72a

Then, g, € L,,[0,1] and for each h € L0, 1],

(§<gn,h>|) ( 3

[ VAT T )/
<§1nn+ :/Enh(t)dtr>l/2
§<in(n+1)-:/En12dtr/2

: /En |h(t)|2dt] 2/2>1/2

= [[Pllzy10,1) < 1Al y10,1) < o0

[y

Thus, (gn)n € £52(L,[0,1]). But

o0 ) B o0 1 B o0 1 B
Sltifmanl = 3| [ 5000 dt\ - T

Therefore, (ipfn)n ¢ €2(Lp[0,1]). It follows that 4, is not a Littlewood-
Orlicz operator. ]
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Recall that (see [8, page 60]) a Banach space X is called an Lp-
space for 1 < p < oo if every finite-dimensional subspace E of X is
contained in a finite-dimensional subspace F' of X for which there is an
isomorphism v : F' — (3™ ¥ with [jv]| - [[o™!|| < A for some A > 1.

Lemma 2. Let n,m € N and u : €5 — 2. Then ||ullLo <
K¢ - By - ||u]|, where K¢ is the Grothendieck’s constant and By is the
constant in Khinchin’s inequality.

Proof. Let u* denote the adjoint operator of u. By the Grothendieck
theorem (see [9] or [8, page 15]), u* : ¢1* — {3 is 1-summing with
m(u") < Kg - [lu”]].

By the Pietsch domination theorem (see [16] or [8, page 44]), there is
a regular probability measure p on Bym such that, for each y € /7",

gl < m(u”) - /B g, 2 du(2).

Let 1,...,2, € €5 and y1,...,yx € £ = (£2)*. By Khinchin’s
inequality,

k
E ux“ yz

< / || at
0 =1 i=1
k 1 k
< sup ri(t)x; / u*(Zri(t)yz>Hdt
te[0,1] 0 ,

< (i) §llew oy - (")

./01 (/Bm <§n(t)yi,z>‘du(z)> dt

=m(u")- II(wi)kllew :

o (L 1m0

2| at) aute)
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< Ko - [lu*[| - ()Y llep

< Kg- By -|lull - xi)’f”@;ﬂ(-) : H(yi)’f”Zg’(-)-

It follows that ||u|lLo < Kg - By - ||u]|- O
By localization, we have

Theorem 3. FEach continuous linear operator from an Lo-space to
an Loo-space is Littlewood-Orlicz.

Lemma 4. Letn € N and u: X — €5. Then m3(u) < |julLo-

Proof. Let x1,... ,xm € X. Define a linear operator v : £5* — X by
ve = o for k=1,2,... ,m. Then
m 1/2
= s (Sk@or) .
T*EBx* h—1

Note that wv : £5* — £ is an operator between Hilbert spaces. By the
proof of [2, Theorem 14],

ra(uv) = Juvl|zs < uvllco < Julleo - [lo]l
Thus,
m 1/2 m 1/2
(Znuxu?) =(Z||uvek|2) < ma(uv)
k=1 k=1
< lullzo - o]
m 1/2
~ llulluo - sup (Zx*mw) |
z* EB x* =1
Therefore, m2(u) < ||ullLo. O

By localization, we have
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Theorem 5. FEach Littlewood-Orlicz operator from a Banach space
to an Lo-space is 2-summing.

Remark. It follows from Corollary 11.16 in [8, page 224] that each 2-
summing operator from a Banach space with cotype 2 to a Banach space
is 1-summing and, hence, Littlewood-Orlicz. Thus, Littlewood-Orlicz
operators from a Banach space with cotype 2 to an Ls-space coincide
with 2-summing operators. Consequently, Littlewood-Orlicz operators
between Hilbert spaces coincide with Hilbert-Schmidt operators.

Recall that a Banach space X is said to have the property V if for
every Banach space Y, a continuous linear operator u from X to Y
is weakly compact if and only if u is unconditionally converging, i.e.,
u takes a weakly unconditionally Cauchy (wuC) series in X into an
unconditionally convergent (uc) series in Y. For any Hausdorff compact
metric space K, C(K) has property V (see [15]). The identity operator
on /¢ is 1-factorable, and hence Littlewood-Orlicz, but it is not weakly
compact. However, if the domain space X has property V', then we
have the following theorem.

Theorem 6. Let X and Y be Banach spaces such that X has
property V. Then each Littlewood-Orlicz operator from X to Y is
weakly compact.

Proof. Let u: X — Y be a Littlewood-Orlicz operator. To show that
u is weakly compact, we need only to show that u is unconditionally
converging. If }° x, is a wuC series in X for which ) uz, is not a
uc series in Y, then there exists a subsequence {z/ }° of {z,}{° such
that ) wa!, does not converge. Hence, {>_,_; uz} }7° is not a Cauchy
sequence. It follows that there exist ¢y > 0 and an integer sequence
1 <my3 <ny <mg <ng < --- such that

ng

!
g UT;

i=mp+1

()

>e0, k=1,2,....

Let yr, = > ;% 41 ¥;- Then, for each z* € X*,
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Z yk|<Z Z |z (2 »)\SZIw*(wE)ISZIw*(wi)KOO-

k=1i=my+1

Thus, (yx)r € £7°%%(X). Therefore, (uyg)r € £o(Y) C £57°"8(Y). Tt
follows that limy ||uyg|| = O which contradicts (*). This contradiction
shows that u is unconditionally converging. O

Corollary 7. Let K be a Hausdorff compact metric space. Then
each Littlewood-Orlicz operator from C(K) to a Banach space is weakly
compact.
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