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CONSTRUCTION OF BIHOLOMORPHIC
CONVEX MAPPINGS ON D, IN C"

MING-SHENG LIU AND YU-CAN ZHU

ABSTRACT. In this paper, we first prove some sufficient
conditions for the biholomorphic convex mappings on the
Reinhardt domain Dy (p; > 2, j = 1,...,n) in C™. From
these, we construct some concrete examples of biholomorphic
convex mappings on the Reinhardt domain D, (p; > 2, j =
1,...,n). We also introduce a linear operator and a sub-
class of biholomorphic convex mappings for the purpose of
constructing some biholomorphic convex mappings on D, in

cnr.
Let C™ be the vector space of n-complex variables z = (21, 22, ... , 2n)
with the usual inner product (z,w) = Z?zl zjw;, where w =
(w1, ws,... ,w,) € C™. Suppose that D is a domain in C™. If, for

every 2 € D, A € C and |A\| < 1, we have Az € D, then we call D a
balanced domain. The Minkowski functional of a balanced domain D
is defined by

p(2) :inf{t>0,§ ED}, ze 0™

Suppose that D is a bounded convex balanced domain in C™ and
p(z) is the Minkowski functional of D. Then p(e) is a norm of C™, and
D ={z€C":p(z) <1}, p(Az) = |Ap(z), where A € C, z € C™ and
p(z) =0 if and only if z = 0, see [15].

Assume p; > 1, j = 1,2,... ,n. Let Dy, = {(21,22,... ,2,) € C" :
> i-112j[Pi < 1}. Then D, is a bounded convex balanced domain in
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C™, and the Minkowski functional p(z) of D, satisfies

n

(1) >

i=1

pj

el

When p; =ps = -+ = p, = p, we denote D), by By. At this time,

p(z) = /11l + [z2fP + - + |2nlP.

In particular, let A = B; be the unit disc in the complex plane C.

Let H(Dp) be the class of f : D, — C", which are holomorphic
mappings on Reinhardt domain D, in C™. The first Fréchet derivative
and the second Fréchet derivative of a mapping f € H(D,) at point z
are denoted by Df(z)(-) and D?f(2)(b,-), respectively. Their matrix
representations are

(05(2) : itz
Df(z)_<a]—zk>1§j,k§n7 D <Z 32;3% >1gj,k§n’

where f(z) = (fi(2),..., fu(2)) and b = (b1,... ,b,) € C™. A mapping
f € H(D,) is said to be locally biholomorphic on D, if f has a local
inverse at each point z € D, or, equivalently, if det D f(z) # 0 at each
point on D).

Let N(D,) denote the class of all locally biholomorphic mappings
f: D, — C™ such that f(0) = 0,Df(0) = I, where I is the unit matrix
of nxn. If f € N(D,) is a biholomorphic mapping on D, and f(D,) is
a convex domain in C™, then we say that f is a biholomorphic convex
mapping on D,. The class of all biholomorphic convex mappings on
D, with f(0) = 0,Df(0) = I, is denoted by K (D,). In particular, we
let K =K(A), N(A) = N(B;). Then

N(A)={f:A— C is analytic and
f'(2) #0 for z € A with f(0) = f'(0) — 1 = 0},

zf"(2)
f'(2)

feK<«< feN(A) and Re{ +1}>0, for all z € A.
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It is not usually easy to construct concrete biholomorphic convex
mappings on some domains in C", which is an important content in the
study about the geometric function theory of several complex variables,
even if on the unit ball BY. Until a few years ago, we only knew a few
concrete examples about convex mappings on Bf. Roper and Suffridge
[13] proved that: If f € K and F(z1,22) = (f(21),1/f'(21)z2), then
F € K(B2). From this, we may construct a lot of concrete examples
about biholomorphic convex mappings on BZ. However, its proof is
very complex; Graham and Kohr and others [4-9] gave a simplified
proof of the theorem of Roper and Suffridge and studied the other
properties of the Roper-Suffridge operator. Roper and Suffridge [14]
also gave two concrete examples of biholomorphic convex mappings on
B2. Moreover, Gong and Liu [2, 3] generalized the Roper-Suffridge
operator to the Reinhardt domain D, = {z = (21,22,...,2,) € C" :
di—alzilPi < 1}, where py = 2, po > 1, p3 > 1,...,p, > L
Recently, we generalized the Roper-Suffridge operator to Banach spaces
n [10, 18, 19]. But, according to the result in [1, 11], none of
these concrete examples belongs to K(Dy)(p; > 2,5 = 1,2,...,n).
Hence, at present, the concrete examples about biholomorphic convex
mappings on D,(p; > 2,7 = 1,2,... ,n) are scarce. It is rather hard
to construct concrete examples of biholomorphic convex mappings on
D,,. The purpose of this paper is to prove some sufficient conditions for
biholomorphic convex mappings on D,. From these, we construct some
concrete biholomorphic convex mappings on the Reinhardt domain D,
pj > 2,7 =1,...,n. In order to derive our main results, we need
the following lemma, which easily follows from [16, Theorem 3 and
Corollary 2]. Also, please refer to [6, Theorem 6.3.9].

Lemma 1. Suppose that p; > 2, j = 1,2,...,n, p(z) is the
Minkowski functional of Dy, and f € N(D,). Then f € K(D,) if and
only if for any z = (21, 22,... ,2n) € Dy \{0} and b = (b1,b2,... ,b,) €
C™\ {0} such that

2 pjﬁ} o
)z

Re{ pi| L
; "l o

we have

Jg( {i%.z' \bl2+Z (_1>_

j=1
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~j

p__
Z( (2)

" (b1 000, 2 )

Theorem 1. Suppose that n > 2, p; > 2, j = 1,2,...,n, and
g;i + A — C are analytic on A with g;(0) = g;() =05 =
L,2,...,n—1, f;(C) € N(A) satisfy the conditions |Cf] (
CeA,j=1,2,...,n. Let

f(z) = (fi(z1) + g1(2n), f2(22) + g2(2n), -,

fn—l(zn—l) + gn—l(zn)a fn(zn))
If, for any z = (zl, ..., 2n) € Dy \ {0}, the inequality

o - B -

holds, then f € K(Dy).

Proof. By direct computation of the Fréchet derivatives of f(z), we
have

fitz) 0 0 7 (zn)
S 0 dh(zn)
Df(z) = . ,
0o 0 " (o) g1 ()
0 0 frlz( n)
V(fi(z) 0 0
i 0 1(fz) - 0
o 0 o 1(foa(enn)
0 0 0
(G )/l fzn)
=N/ (Fh ) (o)

1(f(20))
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1 (21)b1 0 ok 0 91 (zn)bn

0 Y (z2)b2 - 0 g4 (zn)bn
D*f(2)(b,b) = .

0 0 s fl i (Zn—1)bno1 gl (2n)bn
0 0 0 £ (2n)bn

by 1 (21)63 + g7 (207,

ba 1 (22)b2 + g4 (2n)b2

X - — -
bn—1 fg_l(znfl)bn_1 +97:_1(Zn)b%
br 7 (2n )03,

According to (1) and |z;[Pé = z;i/2 773/, direct computation yields

op pi|zi [P
(2) 8_— T o— 1 pJ °
zZ 2zp(z)P Z] 1PJ|ZJ/P ‘

Fix z = (21, 22,... ,2n) € Dy \ {0} and b = (b1, b2,... ,b,) € C™\ {0}

such that
(ol 2}
Re pj|——| — ¢ =0.
Jz:; ()] 2

From (1), we have |z;/p(z)] < 1, 7 = 1,2,...,n, for all z =
(21,22,---,2n) € Dp. Notice that p; > 2, j = 1,2,... ,n; by the
hypotheses of Theorem 1, we obtain

o= S 25
<Re <Df(Z)‘1D2f( )00, 57
S 5 [y s,
Z] =0 Re{;[fx SEAN TP
gj(zn)f”(zn)bz pjlz;|Pi f”(zn) PulznlP" o
1) () L]pm ACAETOR ”"}

2 f} (25)
fi(z5)

|

i J|2 |Z]|J [l
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2 Z"f ) pn|zn|p"_2
+‘bn‘ [( f’ Zn > p(z)Pn
(Zn) ) zj bj
f3(z5) |Z]| p(2)

(Zn) ( )P_J Zj pj]
7|l Fae) T3] ()
- O 1 el PO e 2 A )
_;\bjl PP [1 e ]
2 _ Z”fflbl(zn) pn|zn|p"_2
o [(1 fh(zn) > p(z)Pn
_TS 93"(zn) pj 2 p;—1
= fi(z5) 1p(2) |p(2)
_nil gﬁ(zn) " (2n) pj e pi—1
|bn|2 - M : o2
= p(z)Pn {p" (1 7 (zn) >| nl

-S| |+ [ ] o}

Since p, > 2 and 0 < p(z) < 1, for every z € D, \ {0}, then we have
that p(z)P»~! < 1 for all z € D,, so
> |Zn|pn72

ol [ () |dten)
a1 = g bon (1 [53

-Sollf - Al o

Hence, by Lemma 1, we obtain f € K(D,), and the proof is
complete. O

Setting ¢;(¢) =0, j = 1,2,...,n — 1, in Theorem 1, we have the
following corollary.
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Corollary 1. Suppose that p; > 2, j = 1,2,...,n, and f;({) €
N(A) with |[(f (O < |f(Q], C€A, j=1,2,...,n. Let
f(Z) = (fl(zl)a f2(22)7 L] 7fn71(zn71)a fn(zn))

Then f € K(Dp).

Remark 1. Setting n = 2, p; = p, j = 1,2, in Corollary 1, we get
Theorem 4.1 in [12]. Setting p; =p, j =1,2,...,n, in Corollary 1, we
get Theorem 4 in [17].

Corollary 2. Suppose thatn > 2, p; > 2,j=1,2,... ,n. Let

= {f (1 f(z) = z+2akzk is analytic in A, and Zk2|ak| < l}.

k=2 k=2

If ffe HK, j =1,2,... ,n, then

f(z) = (fi(z1), f2(22), - - fu(z0)) € K(Dp).

Proof. Assume g € HK; then we have g(z) =z + Y p, axz" and

k(k —1)apz""!

Ms

0 < |z9"(2)| =
2

k(k = 1) ag|l=/*"

<Y KPlar| — Zk\ak\l [t

k=2

<1- Zklakl\ZI’H <lg'(2)l

k=2

IN
wmg -

8||

V)

for all z € A. Hence, by Corollary 1, we obtain f(z) € K(D,), and the
proof is complete. a



860 MING-SHENG LIU AND YU-CAN ZHU
Example 1. Suppose that p; > 2, 0 < [N\ < 1, fi(zj) =
(e*%i —1)/Aj € N(A), j=1,...,n; then
0 < |z f (z5)| = Nz Fi(z)| < 1f;(25)], 25 € A

hence, by Corollary 1, we obtain

fz) =

eMZ ] erez2 _ ] eAnZn _
M T TN,

Example 2. Suppose that n > 2, p; > 2, j = 1,2,...,n,
0 < |A| €1, and k is a positive integer such that £ < p, < k + 1.
Let

1.2 k+1 k+2
flz) = <21 +ajz farzg A bzt
Az
/ 2 K+l g ka2 € —1
e R e R A A el B

where ¢ = max{|a’| : j =1,2,... ,n—1}. If c <1/4, and
J

n—1
k+1
1—2¢ > pilklaj] + (k +2)[b;]]
j=1
|)\| n—1
1—2¢ ij[(k +1)|a;| + (k +2)|b;]] < pn(1—|A]),
j=1

then f(z) € K(D,).

Proof.  Set fu(zn) = (X —1)/X, f;(€) = €+ aj€?, g;(€) =
a;€F 1 4 be"2 i =1,2,... ,n— 1. Then

fTIL(Zn) = e)\zna frlll(zn) = Afll(zn)a f]l(g) = ]- + 2&;5, f]”(é.) = QCL;-,

95(8) = (k+1)a;€" + (k + 2)b;e*
g7 (&) = (k+ Dka;&e" ' + (k +2)(k + 1)b;€";



BIHOLOMORPHIC CONVEX MAPPINGS 861

thus, it follows from ¢ = max{la}| : j = 1,2,...,n — 1} < 1/4 that
|fj(zj)| >1=2¢>0,j=12,...,n. Simple computation yields

123 f§ (25)] = 2lajllz] <1—2lajllz;| < 1fj(z;)l, 7=12,...,n— 1L
and

Zn i (7n)

According to the hypotheses, therefore, we have

= [Allzn] <A < 1.

n—1
Z”{ 171G |17 || Fen)
n—1
< 1S piHlagl + (b + Dbyl
j=1
n—1
1'_—'26jz_lpj[<k+1>|aj|+(k+2>|bj|1|znk

< PulL = A [2a E = palL = [ADlzn P2z 1P
20 fl (2n) ) L

Spn(l —dn Tl ‘Zn|pn .

fi(2n)

Hence, by Theorem 1, we obtain f € K(D,), and the proof is com-

plete. O

Example 3. Suppose that n > 2,p; >2,j=1,2,...,n,and kis a
positive integer such that £ < p, < k+ 1. Let
f(2) = (21 +ay2? +arzF ™ 4 o282
Zno1tal, 122 A an 12" b, 1 2FT2 2, 4l 22),
where ¢ = max{|aj|:j =1,2,... ,n}. Ifc <1/4, and

n—1

k+1
Y > pilklag] + (k + 2)[b;]]
j=1

2 n—1

+ g 2 Pl Dl + (4 2

<pn(1_4c),
- 1-2¢
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then f(z) € K(D,).
Proof. Set f;j(§) = £ +a}€% j=1,...,n, g;(€) = a;e"T + bR,
j=1,2,...,n—1. Then
f(6) = 1+2aj¢,  f](€) = 2],
9;(6) = (k+ 1)a;€* + (k + 2)b;e"*,
97(€) = (k+ Vkaze* ' + (k + 2)(k + 1)bse";

thus, it follows from ¢ = max{|a}|:j =1,2,... ,n} < 1/4 that for any
lzj| <1,5=1,2,...,n, we have

|fJ'(zJ)| >1—2¢>0.
Simple computation yields

12 £5 (2] = 2lagllz;| <1 2lagllz;| < [£5(z))];

and Y
Znfi(zn) 2¢|zy | < 2c <1
fi(zn) | 7 1—-2¢ 7 1—2¢~
According to the hypotheses, therefore, we have
Zp[ ACSIIMUICSIVAES ]
=l a6
E+1 % _
<179 pa[k|aa| + (k +2)[b; ]|z
j=1

o QZpJ (e Dlag| + (k +2)1b; ] }on

< Pn (1 4c)

| ‘k 1
=T1 9
_ pnl(l 4c)|zn‘pn_2|z [+ 1=pn
S
(1 an >|Zn|p"_2
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Hence, by Theorem 1, we obtain f € K(D,), and the proof is com-
plete. O

Example 4. Suppose that n > 2,p; >2,0< |\j| <1, j=2,...,n,
and k is a positive integer such that &k < p, < k+ 1. Let

Agzo 1 AnZn _ 1
B ki1 € e
f(2) <z1 +az, ", N T >

If a| < (pn(1 = [An]))/(pL(k + 1)(k + [An])), then f(2) € K(Dp).

Setting p; =p, 7 =1,2,... ,n, in Theorem 1, we have the following
corollary.

Corollary 3. Suppose that Z 2,p>2,and gj : A = C are
analytic on A with g;(0) = (0) =0,7=1,2,...,n—1, f;(¢) € N(A)
satisfy the conditions |§f”( )\ <I|f (C)|, CeA j= 1,2,... ,n. Let

f(Z) = (fl(zl) + gl(zn)a f2(22) + gQ(Zn)a teey

fnfl(znfl) + gnfl(zn)v fn(zn))

If, for any z = (21, ... ,2,) € By \ {0}, we have

S e st « (o[

then f € K(B}).

Theorem 2. Suppose that n > 2, p; > 2, j = 1,2,...,n, and
fi € NA), j=23,...,n, fi(21,... ,2n) : Dp = C is holomorphic
with £1(0,0,...,0) = 0,0f,/82(0,0,...,0) = 1. Let

f(Z) = (fl(zlﬂz%‘ e 7Zn)7f2(z2)7" . afn(zn))a
where z = (21,22, .. ,2n). If, for any z = (z1,... ,2,) € D, \ {0}, we

have
3f1 i % f1 3f1
=1

621 02]'

6Z1
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[(0£1)/(025)] - [(f'(23)) /(] ‘ Z [(0°f1)/ 8zﬁz;)]
(0F1)/(021) 2| (@1)/(0m)
Pj . ijj( ]) Nz pj—2 . n:

then f € K(D,).

Proof. By direct computation of the Fréchet derivatives of f(z), we

have
0f1/0z1 0f1/0z -+ Of1/0zac1 Of1/02,
0 falz2) - 0 0
0 0 o fro1(zn-1)
0 0 0 fr(2n)
1/[(0f1)/(021)] —[(0f1/022)]/[(0f1/021)f5(22)] -
0 1/(f3(22))
Df(:)"" =
0 0
0 0
—[(0f1/02n-1)1/[(0f1/021)f},_1(2n-1)] 7[(8f1/6zn)]/[(6f1/8z1)fn(zn)]
0 0
1/(f’r’7,—1(2"71)) 0

0 1/fn(zn)
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Yo (0%f1/02102)b0 Y (0% f1/0220z1)by

0 15 (z2)b2
D?f(z)(b,b) = :
0 0
0 0
27:1(82f1/8zn,1821)bl 21":1(82f1/6zn6z1)b1
0 0
fr_1(zn—1)bn-1 0
0 fr (2n)bn
b1 D ko1 2ore1 (9% f1/ 02k 02;) by
b2 5 (22)b3
X . — .
br—1 n—1(2n— l)bi—l
bn I (zn)b2

Fix z = (21, 22,... ,2n) € D, \ {0} and b = (b1, b2, ... ,bs) € C™\ {0}
such that

Re{ip- SR pjﬁ} —0
=) 7 '

From (1), we have |z1/p(z)] < 1. Since p; > 2, j = 1,2,... ,n, and
0 < p(z) <1 for any z € D, \ {0}, then we have p(z)Pi~! < 1 for all
z € Dp. So, by (2) and the hypotheses of Theorem 2, we obtain

n

Z

=1

n

i

2)

J

p'Re<Df(z>-ID2f( )6.8), 52

p(z)|p

~re{ g7 [Z > gt

k=11[=1

Zafl I (zx) ] |21 [P

8zk f7. (k) 121p(z)P1
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P ekEra)

- Snlitor - S it
Wl/aZl'LZli afl |1k [lBn]
i gf,ﬁ o 'j(':;pf
N I
|3f1/3z1| [;;}:1 92 3 - 2| ||
Bt S A
2 St - 3 [
Iafl/az1| [;;}:1 —‘ (1Bl + [ba]*)
o
*Z gf,ﬁ —|bk|2]p1';1(f;:
:plzl(L)pl |b1|2+2|bj|2pj|;j(f)j; [1— Z]f?,(l:)f) ]

8z 8zl

- Br [Z >

k=11=k+1
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n [-1
2
+§I; azkazl| |
" |6, 08| ) ]
be|? bil? | pr ——
+kz:1 7| Z o || 7Lz )"“' e
N |2[ i 18215;]
p(z) ! — | 0f1/0z
pj—2 2 (2
b 2{ |ZJ‘ [ Jf](J)]
+Z| | )P (%)

|21|P1 1

(3f1/32]) (fi'(z5)/ fi(= ]))‘
p(z)Pr
Bl

0f1/0z1
p(z)pr = @ fflafl/gzzjla% }

Zz": bIQ{pJHpJ {_%]

N

_ H (0f1/02;) - (i (25)] fi(25))

6f1/821
0% f1/( azjazk) ]}
] s P 2

8f1/6‘z1
(8f1/5Zj) (£ (2)/(f5(25))
8f1/8z1

Iz

— D1

— D1

n

=
-y bl
-

g

0% f1/ 8,2] Oz,)
8f1/8z1

Hence, by Lemma 1, we obtain f € K(D,), and the proof is complete. O
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Corollary 4. Suppose thatn >2,p; >2,j=1,2,...,n, and let

f(zlaz%"' azn) = (fl(zlaz27"' azn)5227"' azn)a

where fi(z1,...,2,) : D, = C is holomorphic with f1(0,0,...,0) =0,
0f1/02z1(0,0,...,0) = 1. If for any z = (21,...,2,) € Dp \ {0}, we
have

3f1 0% fi 0% fi

0f1 pj |9f1 j—2
< |24 < 85 I
7&0 — 0210z | — |0z1 | — 0z;0z| — p1 |0z %] ’
j: 2,--- ,n’
then f € K(Dp).
Corollary 5. Suppose that n > 2, p; > 2, j = 1,2,...,n, and
fi € N(A) with |Cf} ()] < 1f;(O)], 7 =2,3,. CE A, fi(z1,22) :

AxA—=Cis holomorphz’c with f1(0,0) =0, 8f1/8z (0 0) =1. Let

f(2) = (f1(z1,22), fa(22), - -+, fn(zn)),
where z = (21,22,... ,2n). If, for any z = (z1,... ,2,) € Dp \ {0}, we
have

2

5f1 Z| L, 32f1 5f1

0z 82] 3z1
3f1 é’ 2 32f1 pz 8fl ( Z2f ( )> -2
v ]_ . p2 ,
02| £y Z 52205 = ;02 |\\ | e 1) 1

then f € K(Dy).

Example 5. Suppose that n > 2, p; > p; > 2,j =2,...,n, and
k1, k; are integers such that k&y > 0, k; <p; <k; +1,j=2,3,...,n
Let

f(z):(zl—i—kaj_2 k1+2+a 2125 ketl 4 g zzk3+1—|— .
1

kn+1
+ anz1z, ,  Z2y... ,zn>.

If 327, (ks + 1) + Ujag| < 1, then f(2) € K (D).
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Example 6. Suppose that p; > p; > 2,5 =2,...,n, and ki, k; are
positive integers such that k1 > 1, k; <p; < k; +1,j =2,3,...,
k= maxlgjgn{kj}. If

n,

ol < [(kﬂ)i(kj +1>]1,

Jj=1

then

f(z)= <z1 +azir bt ket ,zn> € K(D,).

Proof. Set fi(z) = z + aziTlketl ket Then, for j =
1,2,...,n, we have
0 fr -

(k1 +1 ki + 1) |21 [F* + k||
> [o2 e < Gt vlal| S+ Dlaal + Rl

=1 =2
n

< (b Vel 30+ 1) = 1]

=1
< [t = (k+ Dlall,

n

0% fr
8zj8zl

< (ky + Dl [Z(kz Dl kaj|kf-1]
I#j

n

< (k+1)|al [Z(kz +1) - 1] |2

=1
(k + 1)]af]]z[P 2 ;|1 Ps

(k+1)al]lz; P72, j=2,3,...,n

<[1-
<[1-
Since |0f1/0z1| > 1 — (k1 + 1)|a| > 1 — (k + 1)|a|] and p; > p; >
2, j = 2,...,n, by Corollary 4, we obtain that f(z) = (21 +

azflﬂzgz“-- Zhntl ooy 2n) € K(D,), and the proof is com-
plete. O

By applying Corollary 5, we may prove the following two examples.
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Example 7. Suppose that p; > 2, j = 1,2,...,n, 0 < |Xg] <
p2/(p1+p2), 0 <|X\j| < 1,7 =3,...,n,and ky, ko are positive integers
such that k1 > 1, ko < ps < ko + 1. If

1
(ky +1)(ky + ko +2)’
p2 — (p1+ p2) |\ }
p1(ko + 1) (k1 + ko + [X2| +1) +p2(ky +1)(1— |X2]) |’

la| < min {

etz — 1 ernin — 1
N T

f(z) = (Zl + azf1+1z§2+1,

> € K(D,).

Example 8. Suppose that p; > 2, 7 = 1,2,...,n, and ki, ko are
positive integers such that k; > 1, ko < pa < ko +1. If f; € N(A) with
ICH QI <1, 7=3,...,n, (€A, and

1
(ky +1)(ky + k2 +2)’

la| < min {

D2
p1(ke +1)(k1 + k2 + 1) + p2(k1 + 1) }’

then

f(Z) = (zl + azfl+1Z§2+17527f3(z3)7 v 7fn(zn)) € K(DP)

Remark 2. Suppose that g1,92,... ,9n, € N(A). Let
(Pn(glag%- e 7gn)(z) = (91(21),92(22),- o ’gn(zn))'

In general, if g1(21),92(22),-.. ,gn(2n) € K(A), we cannot conclude
that

(pn(glag% e 7gn)(z) = (91(21)792(22)a e agn(zn)) S K(Dp)
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For instance, the mapping f(z) = (21/(1 — 21),22,... ,2n) € K(Dp).

In fact, suppose that f(z) = (21/(1 — 21), 22, ... , 2») is a biholomor-
phic convex mapping on D,; taking z1(r) = (r,0,0,...,0),2(r) =
(0,r,0,...,0) € D, with 0 < r < 1, we have

S ) + Fear)] € F(Dy)

This leads to
(1
(3 (3@ + f0)]) € D,
On the other hand, direct computation yields

17 (30D + 1) = (o 50 0).

and

<r+2(r71r)>1’1 + <g>p2 — 14 2% S1 (r—17),
that is,
(3N + ) 0, 1)

which contradicts (3). Hence, f(z) = (21/(1 — 21), 22, .. ,2,) is not a
convex mapping on D,,.

Let SK(D,) be the subclass of N(D,) consisting of all mappings f(z)
which satisfy the following conditions: for any z = (z1,22,...,2,) €
D, \ {0} and b = (b1,b2,...,b,) € C™\ {0} such that

4 - —_ =
(@) fe { > 2o

(5) lwi| < |bj%,5=1,2,...,n,

p(z)

we have
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where Df(z)"tD?f(z)(b,b) = (w1, ... ,wn), f € N(Dp).
It is evident that

feSK(A) < feN(A) and J;((ZZ))

<1, zeA,

and SK(A) C K(A).

Theorem 3. Suppose that p; > 2, j=1,2,... ,n. Then SK(D,) C
K(Dp).

Proof. Fix f € SK(D,). For any z = (21,22,.-.,2,) € D, \ {0} and
b= (b1,b2,...,b,) € C™\ {0} such that (4) holds, we have

Jf(Z b)> S p_|z].|p]72|b,|2
’ = § : J : J
= ()P

Zj

I
2; relre)

T 517
2 p() w R{Zw fzp<z>:}
—Z bj Z‘ ]|pJ 2)Ps
-3 " )

z
Z |]| |b|2—|]|]_0,

Re <Df(z)1D2f(z)(b, b), %>

so by Lemma 1, we obtain that f € K(D,). Hence, SK(D,) C K(D,),
and the proof is complete. ]

Remark 3. From Theorem 3, we have SK(D,) C K(D,), p; > 2,
j=12,...,n, but SK(D,) # K(D,). In fact, we let k be a positive
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integer such that k < p, <k +1 and

_ DPn k41
f(z) <Z1+—k(k+l)plzn ,zz,...,zn>.

By Example 3, we have f(z) € K(D,).

On the other hand, let b = (0,...,0,1), 2 = (r%,0,...,0, %%/1 — rP13),
0 < r < 1. Then z € D, \ {0} satisfies condition (4). Set
Df(2) 1D%f(2)(b,b) = (w1, w2, ... ,w,). Simple computation yields

Pn -
wi] = = |zn]*7H > 0 = (b7,
b1
where z, = *§/1 — rP1 4. Hence, f(z) ¢ SK(D,).

Theorem 4. Suppose that p; > 2, j = L1,2,...,n. Then

®,(91,92,---,9n) € SK(D,) if and only if g € SK(A), j =
1,2,...,n.

Proof. Let f = ®n(g1,92,--- ,9n) = (91(21),92(22), .. ,gn(2n)). By
direct computation of the Fréchet derivatives of f(z), we obtain

gi(z1) 0O .o 0
pfe)=| O ) 2
0 0 9 (2n)
1/(g1(z1)) 0 : 0
Df(z)fl _ 0 1/(9'2(22)) 0 ,
0 0 1/(gn(2n))
91 (21)by 0 0 by
ey =| 0 Ak 0
0 0 gn(2n)b by
9! (z1)b}
_ | 95(22)b3




874 MING-SHENG LIU AND YU-CAN ZHU

SO

(9:1:(21)/9§(21))b;
(6) Df(2)" D2f(2)(b,b) = (g4 (22)/92(Z2))b2

(91 (2n) 91 () B2

We first prove that if g; € SK(A), j = 1,2,...,n, then f =
®,(91,92,- .- y9n) € SK(D,).

Since g; € SK(A), j = 1,2,...,n, it is evident that f =
®,(91,92,--- ,9n) € N(Dp).

Set Df(2)"1D%f(2)(b,b) = (w1,...,w,). Forany z = (21,22, ..,2,) €
D, \ {0} and b = (b1,b2,... ,b,) € C™\ {0} such that

n pjbj
Re ij o =0.
j=1 ’

G
p(z)
From (6), we have

95 (25)
95(25)

Hence, f = ®,(91,92,- .- ,9n) € SK(Dp).

Conversely, assume f = ®,(g1,92,...,9n) € SK(D,); it is obvious
that g; € N(A).

Fix k&, 1 < k < n. Taking 2z, € A\ {0}, we have z =
0,...,0,2,0,...,0) € D, \ {0}, b = (0,...,0,424,0,...,0) € C™\

{0}, and
pj b
—J} =Re {Pk
Zj

wj| = |bj|2§|bj‘2, i=12 ... ,n.

n

Re{ij

Jj=1

i

p(z)

By (5) and (6), we have

9 (2k)
9 (2k)

|2 < ol

wg| =
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thus,
9r (21)
95, (2k)

According to the continuity of g/ (zx)/gj.(2x), we have

<1, 0<|z| <l

i (2)

<1, |z| <1
do(er) il

hence, gr, € SK(A), 1 < k < n. This completes the proof. o

Example 9. Suppose that p; > 2,7 =1,2,... ,n. Let

- Z1 z2 Zn
fz) = (1—a121’ 1—agzy’ 7’ 1—anzn>'

Then

f(2) € SK(D,) € K(D,) <= |aj| < =, j=1,2,... n.

<‘a~7|>—A

Proof. We first suppose that |a;| < 1/3, j = 1,2,...,n. Set
[i(z) = z;/(1 —ajz;), z; € A, j =1,2,... ,n; then f;(z;) are analytic
in A, and

1
1 a7

This leads to f; € N(A), and

2aj

i) = (Freni)

#0, f(z)=

% fj (25) _‘ 2a;z; 2agllzs)l o 2agl

fi(z) 1—ajzj| = 1—lajllz| = 1—la;] =7
for j = 1,2,...,n. So f; € SK(A), j = 1,2,...,n. Hence, by
Theorem 4 and Theorem 3, we obtain that f ( ) € SK(D,) C (D ).
Conversely, we suppose that f(z) € SK(D ) K(D,). Then by

Theorem 4, we have f; € SK(A), j=1,2,...,n
Fix j, 1 < j < n; the function f;(z;) is analytic on A, and

zi f} (25)
fi(z)

<1

— ?

__‘ 2a;2;

1-— ajz]-
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for all z; € A. So |a;| < 1. If a; =0, it is obvious that |a;| < 1/3. In
the following, we assume that a; 7# 0.

Let a; = rje'* with r; = |a;| and @, a real number. Taking
zj = Rje™** € A, we have
ij]’.’(zj) _‘ 2a;z; _ QT‘jRj <1
- - — ’
Fi(z) 1—a;zj| 1-7;R;

this leads to r;R; < 1/3. Setting R; — 17, we obtain |a;| =r; < 1/3,
and the proof is complete. ]

Example 10. Suppose that p; > 2, j = 1,2,...,n, |Aj| > 0,
j=2,...,n,and let

£(2) 21 er?2 ] erin — 1
1-— alzl’ )\2 ’ ’ )\n

Then

,and [N <1, j=2,...,n.

W =

f(2) € SK(Dp) C K(Dp) <= |a1] <

Example 11. Suppose that p; > 2, |a;| >0, j =1,2,... ,n, and let

—log ————=, — o
2a; gl—a1z1’2a2 gl—agzz’ " 2ap, gl—anzn

1 l+aiz1 1 1+ aszo 1 1+anzy,
f(z) = og—— — |
with log 1 = 0. Then

f(z) € SK(Dp) C K(Dp) <= la| < —, j=12,...,n.

Example 12. Suppose that p; > 2, |a;| >0, j =2,...,n, and let

- og
1l—a1z1’ 2as 1—asz’ ' 2a, 1—anzn

1 1 1 1
£(z) = < 21 o + az22 1 +anzn>’
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with log1 = 0. Then

1
f(z) € SK(D,) C K(Dp) <= |a1] < 3
and )
ai| < —, 7=2,3,...,n.
| ]| — \/g J
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