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ON A RIEMANNIAN INVARIANT OF CHEN TYPE
TEODOR OPREA

ABSTRACT. In [6] we proved Chen’s inequality regarded
as a problem of constrained maximum. In this paper we in-
troduce a Riemannian invariant obtained from Chen’s invari-
ant, replacing the sectional curvature by the Ricci curvature
of k-order. This invariant can be estimated, in the case of

submanifolds M in space forms ]\7(0), varying with ¢ and the

mean curvature of M in ]\7(0)

1. Introduction. We consider a Riemannian manifold (M,g) of
dimension n, and we fix the point x € M. The scalar curvature is

defined by
T = Z R(ei,ej,ei,ej),
1<i<j<n
where R is the Riemann curvature tensor of (M, g) and {e1,e2,... ,e,}

is an orthonormal frame in T, M.

Let L be a vector subspace of dimension k € [2,n]in T, M. If X € L
is a unit vector, and {e}, €5, ... , €} } is an orthonormal frame in L, with
e} = X, we shall denote

k
Ricz(X) =) k(e} A¢€)),
j=2
where k(e} A €) is the sectional curvature given by Sp {e}, e} }.

Using the Ricci curvature of k-order at the point © € M,

1 . .
Ok@) = =7 , i, Rier(X),
XeL, | X|=1

we define the invariant
0p(M): M — R,
O0p(M) =71 — by.
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For k = 2 we have 0x(M) = 7 — min(K) = a7, where K is the
sectional curvature and d,7 is the Chen’s invariant.

2. Optimizations on Riemannian manifolds. Let (N,g) be a
Riemannian manifold, let (M, g) be a Riemannian submanifold of N,
and let f : N — R a differentiable function. To these ingredients we
attach the optimum problem

(2.1) min f(z).

Let’s remember the result obtained in [6].

Theorem 2.1. If zy € M is an optimal solution of the problem
(2.1), then

i) (grad f)(xo) € TS M,

ii) the bilinear form

o:Tp M x TpoyM — R,
a(X,Y) = Hesss(X,Y) + g(h(X,Y), (grad f)(zo))

1s positive semi-definite, where h is the second fundamental form of the
submanifold M in N.

Remark. The bilinear form o is nothing else but Hess g/ (o).

3. The inequality satisfied by the Riemannian invariant
0r(M). Chen showed in [1] that Chen’s invariant d5s of a Riemannian
submanifold in a real space form M (c) satisfies the inequality

n—2( n?
o <" {n l||H||2+(n+1)c},

where H is the mean curvature vector of submanifold M in M (c) and
n > 3 is the dimension of M. The equality is attained at the point
x € M if and only if there is an orthonormal frame {e;,...,e,} in
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T, M and an orthonormal frame {e,1,...,en} in T;-M in which the
Weingarten operators take the following form
A 0o - 0
0 A%t 0o - 0
A= 0 0 a0 |,
0 0 0 - Anft
with A7 + A = Rt = .. = b2+ and
hiy ki 0 - 0
hiy —hi; 0 - O
A.=1 0 0 0 - 0|, forallr € [n+2,m.

0 0 0 -0
The invariant dx (M) satisfies the same inequality. Indeed, obviously
one has min(K) < 6, which implies §;(M) < §ps. Therefore

n—2 n? 2
0 (M) < H n+1)c,.
(00 < "2 + (4 D)
We give another proof of this inequality for two reasons: to obtain
the equality case and because this proof is useful in order to obtain a
stronger inequality in Lagrangian case.

Theorem 3.1. Consider (M(c),ﬁ) a real space form of dimension
m, M C M(c) a submanifold of dimension n > 3, and k € [3,n]. Then

n—2( n?
) < "2 A+ (04 e,

the equality occurring at the point x if and only if there is an or-

thonormal frame {e1,...,en} in T,M and an orthonormal frame
{ent1y--- rem} in T-M for which the Weingarten operators take the
form
0 0 0 - 0
0 a" 0 - 0
A, =10 0

a” - 0|, forallren+1,m].

0 0 0 - a"
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Proof. Let us consider the point z € M, {ej,e3,... ,e,} an orthonor-
mal frame in T, M and {e,t1,€nt2,.-. ,€mn} an orthonormal frame in
TLM.

If L=Sp{e1,es,...,ex}, then

k
(31) RicL(el) = ZR(el,ei,el,ei).

=2
From Gauss’s equation we obtain the following relations
n(n—1) -
— — 2
(3.2) L S S G e
r=n+11<i<j<n

and

k

(33) (k—=1)= ZR(el,ei,el,ei) - Z Z BT RE — (RE)?).

1=2 r=n-+11=2

From (3.1) and (3.3), it follows
k

(3.4) Rikch(ell) =c+ ﬁ Z Z( 11hi; = (h1:)?).

r=n+1i=
From (3.2) and (3.4), we obtain
(3.5)
_RicL(el):(n+12 o Z Z (hEHE, — (h2)?)

k—1 Y55
r=n+11<i<j<n

1 m k
B > Z( 11hi; — (h1,)%)
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m k
e (X mmg - )
=2

r=n+1 *1<i<j<n
k-2 : r\2 = r\2 r\2
R ST SN A St
i=2 i=k+1 2<i<j<n

As k > 3, by using (3.5), one gets

(3.6) T— Rikci(ell) < (n + 1)2(n -2)

+ i ( > hihi - 1Zh >

r=n+1 “1<i<j<n

For r € [n + 1, m], let us consider the quadratic form

fr:R" = R,
k
(37) r T r T 1 T r
f?"(hllvh22"" ’ nn Z hllh]J . lhllzhn
1<i<j<n =2

and the constrained extremum problem

max f,

(3.8) |
subject to P: hl; + his +---+h, =k,

where k" is a real constant.

The partial derivatives of the function f,. are

of, &
(39) 8}_'31 - Z Z hua
2

i=

of, .
B10) S ot ek,
i iel,n\{j}
o,
11 = 1
(3) P S telial

i€1,n\{l}
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For an optimal solution (A7, h%,, ..., A%, ) of the problem in question,
the vector (grad) (f1) is normal at P, that is, it is collinear with the
vector (1,1,...,1).

From (3.9), (3.10), (3.11), it follows that a critical point of the
considered problem has the form

(3'12) (hglahQZa'--vh;n) ::(OvaTaara---aaT)
As > 7| hi; = k7, by using (3.12), we obtain (n—1)a" = k", therefore

kr
n—1"

(3.13) a” =

Let p € P be an arbitrary point.
The 2-form « : T,P x T,P — R has the expression
a(X,Y) =Hess;, (X,Y) + (B'(X,Y), (gradf;)(p)),

where A’ is the second fundamental form of P in R™ and (, ) is the
standard inner-product of R".

In the standard frame of R", the Hessian of f, has the matrix

0 (k—2/k—1) (k—2/k—1) - (k—2/k—1) 1 - 1
(k—2/k—1) 0 1 : 1 1 -1
(k—2/k—1) 1 0 : 1 1 -1
(k—2/k—1) 1 1 : 0 11

1 1 1 : 1 0 - 1

1 1 1 : 1 1 -0

As P is totally geodesic in R", considering a vector X tangent at p
to P, that is, verifying the relation ) . ; X* = 0, we have

1
(X, X) = = |(X1 + X°) 4 (X1 4+ X%)" 4 -+

+ (XX (k- 2)(X2)2+ (k- 2)(X3)2+ .-
+ (k= 2)(X*)? + (k- 1) znj (x)?] <o.
i=k+1

So Hess f|p is negative definite.
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Consequently (0,a",...,a"), with a” = k" /(n — 1), is a global maxi-
mum point; therefore,
(3.14)
(n—1)(n—-2) 2 (n—2) 2 (n—2) , 2
< TR T ) gry2 = T2 gy = NPT E) 2 ipgy2,

From (3.6) and (3.14), it follows that
T —Ricp(e1)/k—1<[(n+1)(n—2)/2]c

+ ) l(n—2)/2(n — Dn*(H")?

r=n+1
= [(n+1)(n - 2)/2)c + [n*(n - 2)/2(n — 1)] | H||”
= (n—2/2){(n*/n— V) ||H||* + (n + 1)c};
therefore,

n

(3.15) 5u(M) < "= 2{

2
2
> | + (n+1)c}.

In (3.15) we have equality if and only if the same thing occurs in the
inequality (3.6) and, in addition, (3.12) occurs. Therefore, in (3.15) we
have equality if and only if there is an orthonormal frame {ej,... ,e,}
in T,M and an orthonormal frame {e, 1, .- ,€n} in T} M for which
the Weingarten operators have the following form

o 0o 0 - 0
0 a 0 - 0
A,=10 0 a - 0 |, forallren+1,m]|.

0o 0 0 - a

4. The Lagrangian case. Let (1\7 ,g,J) be a Kéhler manifold of
real dimension 2m. A submanifold M of dimension n of (]\7 ,g,J) is
called a totally real submanifold if for any point x in M the relation
J(TM) C T;-M holds.

If, in addition, n = m, then M is called Lagrangian submanifold. For
a Lagrangian submanifold, the relation J(T,M) = T;* M occurs.
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A Kabhler manifold with constant holomorphic sectional curvature is
called a complex space form and is denoted by M(c). The Riemann

curvature tensor R of M (c) satisfies the relation

R(X,Y)Z = ${5(Y, 2)X ~§(X, )Y +§(JY, 2)JX — §(IX, 2)JY
+24(X,JY)JZ}.

Remark. i) If M is a totally real submanifold of real dimension n in
a complex space form M/(c) of real dimension 2m, then

Ay X = —Jh(X,Y) = AsxY,

where X and Y are two arbitrary vector fields on M.

ii) Let m = n (M is Lagrangian in M(C)) If we consider the
point z € M, the orthonormal frames {ej,...,e,} in T, M and
{Jei,...,Je,} in T;- M, then

hiy = hiy, for all i, j,k € [1,n],

where h;'-k is the component after Je; of the vector h(ej, ex).

Theorem 4.1. Let M be a totally real submanifold of dimension n,
n >3, in complex space form M (c) of real dimension 2m. Then

n—2 n? 2 c
0 (M) < H 1)-»,
won) < 22+ (0 1
the equality occurring if and only if there is an orthonormal frame
{e1,...,en} in T,M and an orthonormal frame {e,t1,...,€2m} in
T;-M for which the Weingarten operators take the form

0 0 - 0
0 a 0 - 0
A =10

0 a" - 0|, forallr € [n+1,2m)].

0 0 0 - a"
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Proof. Similar with the proof of Theorem 3.1. u]

If k = n, and M is a Lagrangian submanifold in the complex space
form M/(c), the previous result can be improved.

Theorem 4.2. Let M be a Lagrangian submanifold in complex space
form M(c) of real dimension 2n, n > 3. Then

(n+l)(n—2)c+(3n—1)( 2)n?
8 2(3n+5)(n—1)

5 (M) < 1H|* .

Proof. Let us consider the point € M, the vector X € T, M and
{e1,e2,...,e,} an orthonormal frame in T, M, with e; = X. The fact
that M is a Lagrangian submanifold imply that {Je;, Jes, ..., Je,} is
an orthonormal frame in Tle .

If L =T, M, we shall denote Ric (X) = Ricp(X).

With an argument similar to those in the previous theorem, we obtain

(4.1)
o Ric (X) — (n+ ]- ¢+ Z Z hr B r')Z)

n—1
r=11<i<j<n

T \2
D) (11,
r=1j5=2
<(n+1)(n72)c
- 8
+2(X hg-  S kng )
r=1 “1<i<j<n r=1j=2
D INCHEES <hz,->2
1<i<j<n 1<i<j<n

(e o).

j=2



576 TEODOR OPREA

Using the symmetry in the three indexes of h¥*
(4.2)

ij, one gets

Ric(X) (n+l n—2 -
T -1 S Z Z hiihi;
r=11<i<j<n

-1 hr Z (h;J)Z
r=1j=2 1<i#j<n
1 n . n
+n_1(z<hal>2+z<h;j>2)- u
j=2 j=2

Let us consider the quadratic forms f;, f. : R* — R, r € [2,n],
defined respectively by

fl(hilvhé%'-' ’ nn - Z hzllhjl] Zhl hl
1<i<j<n
n 1 n
- Z(h;j)z + n_1 Z(h}j)27
Jj=2 j=2

T r T T 1 " r
fr(Ri1s hags e s hyy) = Z huhw n—1 Zhllh
=2

1<i<j<n

1
r \2 r \2
- Z (h7;)" + m(hu) .
1<j<n
J#r
We start with the problem
max f
subject to P : hi; + hyy +---+ R =k',
where k! is a real constant.

The first two partial derivatives of the quadratic form f; are

0
(4.3) 3;£11 = Z Zhn’

2<j<n
of 1 1
4.4 = h:.— —h — 2K} h
(4.4) ohl, ISEan i T g 22 T 7 a2

372
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As for an optimal solution (h};,hl,,...,hL,) of the problem in

question, the vector grad (f) is collinear with the vector (1,1,...,1),
we obtain

n

1
1 1 1
(45) > hj;—hi - — > hj;

1<j<n j=2

1 2
_ 1 1 1 1 1.
= 1<ngn hij — hay — mhu — 2hy, + mhzza

therefore,

n—-2, 3n-5, 1 &,
(4.6) ——hi=—— hm—mz%.
j=2

Similarly, we obtain

n

n—2 4 _3n75 1 1 1
(4.7) n—lhn_ n—lh” n_lj;hjja

for all i € [2,n],

whence

(4.8) hé2 = hz%.s == h'}Ln =ad'.

The relations (4.6) and (4.8) imply

-2 3n—5
(4.9) Zﬁ lhil = :7 1 a' —a', . (n—-2)hi; = (2n—4)a',

whence

(4.10) hi, = 2a'.

As hl +hl,+his+---+hl, = k' by using (4.8) and (4.10), we obtain

(4.11) 2a* + (n —1)a* = k',
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therefore

kl
4.12 L= )
(4.12) ¢ =

As fiis obtained from the function studied in Theorem 3.1 by
subtracting some square terms, f; | P, will have the Hessian negative
definite. Consequently, the point (hi,,hi,,...,hL,) given by the
relations (4.8), (4.10) and (4.12) is a maximum point, and hence

(4.13)
fi< 2a1(n - 1)a1 + C’fkl(al)2 -

1

n_l(n—l)(a1)2: (n*—n-2)= (n+1)(n —2).

_l_

From (4.12) and (4.13), one gets

(4.14) ;< (K

(n — 2)n?
~2(n+1)

=2 = D

Further on, we shall consider the problem

max fo
subject to P : h2, + h3, +---+h2 = k2,

where k2 is a real constant.

The first three partial derivatives of the quadratic form fo are

0f2 - 2 1 & 2 2 2 2

j=2 j=2

Of2 2 L
4.16 = he. — —— _h
( ) 6h%2 1<]Z<n 77 n—1 11>

i#2
8f2 2 1 2 2
(4.17) o = DT ——hiy — 2h3.
33 1gi<n

i#3
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For a solution (h2;,h3,,...,h2,) of the problem in question, the
vector grad (f2) is collinear with (1,1,...,1).
Consequently
¢ 1
> b hg - —hfl = Zh = hgs — — M1y — 2h3s,
therefore
(4.18) h3, = 3h3,

Similarly, we obtain

(4.19) h3, = 3h3; = 3a”, for all j € [3,n].

From (4.15), (4.16) and (4.19) we obtain

3 1
(4.20) 3h3, — mhfl =3a% - —1(3(12 + (n — 2)a?),

hence

2a?
(4.21) hi = —

We shall denote a® = 3b%. The relations (4.19) and (4.21) becomes

(4.22) hi, = 2b°,
(4.23) h3, = 9b°,
(4.24) h3s =--- = h2, = 3b%

As h?, + h3, + -+ hZ,, = k%, we obtain 2b% + 9b% + (n — 2)3b* = k?;
therefore,

k2
3n+5

(4.25) v =
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With an argument similar to those in the previous problem we obtain
that the point (h3;,h2,,...,h2,) given by the relations (4.22)—(4.25)

) nn
is a maximum point. Hence,

(4.26)
f2 < 26390 + (n — 2)3b?) + 9b*(n — 2)3b% + C2_,(3b%)?

26%(96% + (n — 2)3b%) — (26%)% — (n — 2)(3b%)?

n—1
()
n—1
b2 2
— %(Qn?’ — 6n% — 29n + 10)

%(:m +5)(3n — 1)(n — 2).

From (4.25) and (4.26) we obtain

(k*)2(Bn—-1)(n—2) (3n—1)(n —2)n?

f2 < 2Bn+5)(n—1)  2Bn+5)(n—1) (HE)"

Similarly, one gets

(3n —1)(n —2)n?
2(3n+5)(n —1)

(4.27) fr < (H™)2, for all r € [2,n].

Asn—2/n+1<[(3n—1)(n—2)]/[(3n+5)(n—1)], for all n > 3,
from (4.14) and (4.27), we obtain

(3n —1)(n — 2)n?
2(3n+5)(n—1)

(4.28) fr < (H™)?, for all r € [1,n].

From (4.2) and (4.28), one gets

(4.29)
o Ric(X) <
n—1 — 8

n+1)(n—2 "\ (3n — 1)(n — 2)n? 2
RS Sy = [T

(n+1)(n—2) (Zn—l)(n—2)n2 2
- 8 “t SEmrnmon 1HI
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therefore,

(n+1)(n— 2)c+ (3n —1)(n — 2)n?
8 23n+5)(n—1)

(4.30)  6.(M) < |H]|*
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