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ON SOCLES OF ABELIAN P-GROUPS IN L 

MANFRED DUGAS AND RENÉ VERGOHSEN 

0. Introduction. All groups in this paper are (separable) abelian p-
groups. Our notations are standard as in [5]. For set theoretic notations 
we refer to [2] or [8]. 

One of the most celebrated results in the theory of p-groups is Ulm's 
Theorem: Each countable p-group A is uniquely determined by its socle 
A\p] — {x € A\px = 0}, viewed as a valuated Z/pZ-vectorspace with 
values induced by the height-function of A. 

Since each countable, separable p-group is E-cyclic (i.e., a direct sum 
of cyclics), Ulm's Theorem doesn't provide much information in the 
case of separable p-groups. The E-cyclic and the torion-complete p-
groups are the only ones known to be determined by their socles in the 
class of all separable p-groups. If we only want to deal with separable 
p-groups of cardinality Hi, a result due to Hill and Megibben [6] reads 
as follows: 

Assume 2^° < 2^1. If A is neither E-cyclic nor torion-complete and A 
has a countable basic subgroup, then there exists a group A! such that 
A and A! are not isomorphic but the socles A\p] and A'[p] are isometric, 
i.e., there exists a height-preserving isomorphism a : A[p] —> A'\p], 

Assuming that a consequence of Gòdel's axiom of constructibility 
holds, namely, 0(E) for each stationary subset E of tti, we will show 
that one may drop the countability condition in the Hill-Megibben 
theorem: 

THEOREM (V = L). Let A be a separable, abelian p-group of 
cardinality )H\. If A is neither H-cyclic nor torion-complete, then there 
exists a p-group A! such that A = A! but A[p] and A'[p] are isometric. 

In our second chapter, we study (weakly) uj\-separable p-groups A of 
cardinality Ni, cf. [9]. Such a group has an CÜ\-filtration A — Uiy<UJlAL/ 

into pure, countable subgroups Av such that Av+\ is a summand of 
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734 ABELIAN P-GROUPS IN L 

Aß for all v < /x < uj\. (LÜI denotes the first uncountable cardinal). If 
A1 = Uu<u;iAl is another such group, A and A! are called filtration-
equivalent if for suitable filtrations of A and A! we have isomorphisms 
fv : Av —» A'u for all v < uj\ such that fv(Aß) = A^ for all // < v and 
we call / „ a level-preserving isomorphism on Aß. 

If one only wants to construct a particular example rather than giving 
a characterisation as in our theorem above, it suffices to have §(E) 
available for a particular stationary set E. In our next result, a weak 
diamond (cf. [1]) suffices and we only have to assume 2K° < 2 K l . 
Then there exist uj\-separable p-groups which are filtration-equivalent, 
have isometric socles and isomorphic basic subgroups without being 
themselves isomorphic (Theorem 2.2) 

In analogy to [3, Def. 1.3] we say a LÜ\ -separable p-group A has type 
Z(p°°) if in a suitable filtration A = Uu<ltJlAu, where Av+\ always is 
a summand of Aß1fi > v, we have A\+\/A\ = Z(p°°) 0 C\ for some 
S-cyclic CA, or A\ is a summand of A\+\ for all A < w\. Similar to [3, 
Thm. 1.4] we obtain the 

THEOREM. Let £poo be the class of all uj\-separable p-groups of type 
Z(p°°) and of cardinality Ni. If A, A' e £poo have isometric socles, 
they are filtration-equivalent. 

Unfortunately our proof is slightly more complicated than Eklof's for 
the torsion free case, since we cannot use the uniqueness of division by 

Again extending a result of [3] to p-groups we obtain the 

THEOREM. (MA + ^CH). Let A, A! € £poo. Then A ^ A' if and 
only if A\p] and Af[p] are isometric. 

Here we use the fact (cf. [9]) that assuming MA + ^CH (=Mart in 's 
axiom and the denial oft he continuum hypothesis) uj\-separable p-
groups are isomorphic if and only if they are filtration-equivalent. 

Therefore it is undecidable in ZFC if groups in £poo are determined 
by their socles. 
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Finally we will construct uj\-separable p-groups (in ZFC) which 
are not quotient equivalent (cf. [7] or [2, 3]) but have the same basic 
subgroup, the same T-invariant and isometric socles (Theorem 2.7). 

1. Constructing abelian p-groups supported by the same 
socle. In the following, each group will be an abelian p-group without 
elements of infinite height. We omit the proof of the well-known 

LEMMA 1.1. Let G and H be pure and dense subgroups of a torsion 
complete p-group B. Then G and H are isomorphic iff there exists 
<p e Aut(B) such that <p(G) — H. 

LEMMA 1.2. Let G be a p-group, n > 0 and H' Ç G[pn+1] such that 

(a) G\pn+1} = H'+ prnG\pn+1}for all m G TV. 

(b) p m + 1 G H Hf[pn] c p(H' H pmG) for all m e TV. 

Then there exists a pure and dense subgroup H of G such that 
H\pn+l] = H1. 

REMARK. If n — 0, one doesn't need (b) and Lemma 1.2 is well known 
in this case. 

PROOF. Let H be a subgroup of G maximal with respect to H[pn+1] = 
H'. 

CLAIM 1. H is pure in G: 

Since obviously pG fi H — pH we may assume 

(1) p1TlGnH = pmH. 

Let pm+le € p m + 1 G fi H. If pme e H, we use (1) and obtain a 7 € H 
such that pme = p m 7 and p m + 1 e = p m + 1 7 e pm+lH. Hence we may 
assume 

(2) pme £ H. 
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Because of the maximality of H there is b G (^[p71"^1] and 7 G H such 
that 

(3) b = pme + 7 

We apply (a) and get p m e ' G pmG[pn+1} and 7' G # ' = # [ p n + 1 ] such 
that ò = p m e / + 7 / . Hence p m e + 7 ~ 7 ' = pmé and 7 - 7 ' = - p m ( e - e ' ) G 
pmGnH = pmH. 

Since p m + 1 e G H, we obtain p m + 1 e + p ( 7 - 7') = p m + V G i f and 
pme' G G[p n + 1 ] implies p m + V e Gpn 0 H = H'[pn] and p m + V G 
# ' [p"] D p m + 1 G Ç p(jf' C]pmG) because of (b). Hence there exists 
7" G HfDpmG such that p m + V = P7" and therefore 

(4) p m + 1 e = p(V - 7) + P7" = P(l - 7 + 7")) and 7 ' - 7 , 7 " e pmH. 

Finally we get p m + 1 e G p7n+1H and if is pure in G. 

CLAIM 2. H is dense in G, i.e., G = H + pmG for all m G N : We 
will prove by induction that G[pe] Ç H + pmG for all £ and m G N . 

Because of (a) we have G[pe] Ç H + p m G for all m G N and all 
f < n + 1. Suppose £ > n + 2 and G[ps] Ç H + p m G for all 5 < £ and 
all m G N . 

Let ò G G[p£] - G[pl~l) and_ra G N . Then we have 0 # pb G G ^ " 1 ] 
and we obtain p m + 1 e G p7n+1G and 7 G if such that pb = p m + 1 e + 7. 
Since üf is pure in G, we find 7 ' G if with p7 ' = 7. Therefore 
pb = pTn+1e + p7y and b = pme + 7 ' + a for some a G G[p\. By our 
assumption we have a = 7" 4- p m e ' for some 7 " G if, e7 G G. Hence 
b = y + 7" + p™(e + e') e # + p m G and Gfe>€] Ç i f + pmG for ail 
£, m G N and if is dense in G. 

LEMMA 1.3. Let B be a torsion complete p-group and G a pure and 
dense subgroup of B. Let z G B[p] — G[p] and r\ G N . Moreover let Hf 

be a subgroup of B[pn+1] such that 

(1) G[pn+l] ÇH' + (z) 

(2) ü ' [ p n ] = G[p"ï 

(3) z is an element of the p-adic closure of Hf flG[p] in B, i.e. there 
exists a sequence {^m}m eN such that zm G H'C\G[p] and z — zm G pmB. 
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Then H' satisfies the conditions (a) and (b) of Lemma 2. 

PROOF. We first show (a): Let b G_ £[pn+1],0(6) = ps. Since G 
is dense in B, we find g G G, bf € B such that b = g + pmò', and 
0 = p*b = ps# 4- pm+*6' and p m + s ò ' = -paflf € pm+2B n G = p m + 2 G. 
Therefore there exists g' e G with pm+sfr' = prn+sgf and 6 — (g + 
P m ^) + (pm&' - Pm#') € G + p m £[p n + 1 ] . Since G[pn+1] C # ' + < ^ ) 
we get g G H', £ G N such that g + pmgf = q + £z and £z - £zm _G pmB. 
Therefore b = (<? + £zm)_+ ( ^ - £zm + pmò' - p"Y) G tf ' + pmjB[pn+1] 
and B]pn+l) Ç iJ ' +p m £[p n + 1 ] is shown. 

To prove (b), let p m + 1 6 G # V ] = G[^] . Since G is pure in 5 , 
we get g £ G such that pm + 16 = p m + 1 # and since pm# G G[pu+1], 
we obtain q G i / ; and £ £ N such that pm# = ç -h ^z and again 
p9 -(£z-£zrn) = q + £am G H' and h^(q + £zrn) = h^p^g - (£z -
t(zfn)) > m i n {h-ß(pmg)ih-ß(£z — £zm)} > m. Therefore the p-height 
of q+£zm in B, h-g(q+£z7ri) > m andp(q+£zm) = p{pmq-(£z-£zm)) = 
pm+lg = pm+\b a n d pm+l6 £ p ^ D pmB). 

All the set theoretical notations we will use in this paper may be 
found in P. Eklof's remarkable paper [3] on LJ\-separable torsion free 
groups. 

LEMMA 1.4. Let G be ap-group of regular, uncountable cardinality K. 
Then there exists a pure K-filtration G = Ua</«GQ; of G. (A ^-filtration 
is called pure, if all the Ga 's are pure in G). 

We'll omit the routine proof. 

DEFINITION 1.5. Let G = Ua<KGa be a pure K-filtration of the 
separable p-group G and m G N. Ga is called not pm-closed if there 
is a y G G such that 0(y) = pm, (y) f) Ga = 0 and y G Ga[pm] + pkG 
for each k G N. Let 7(G) = {a < «|lim(oj) and Ga is not pm-closed}, 
P(K)I ~ the Boolean algebra P(K) modulo the ideal of non-stationary 
subsets of K and T™(G) = 7(G)/ ~ . Then T™(G) is an invariant of G, 
cf. [3] or [7]. 

REMARK 1.6. Let B be a torsion complete p-group of regular 
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cardinality K and G a pure subgroup of B and \G\ = K. Then there 
exist pure K-filt rat ions G = Ua<KGa and B = \J(X<KBot of G and B 
such that GQ Ç Ba for each a < K. 

DEFINITION 1.7. Let G be a pure subgroup of the separable p-
group A, \G\ = K regular, G = Ua<KGa a pure «-filtration of G and 
Gf

a = Ga[pn+1]. We may assume \Ga\ > No for all a < K. A subgroup 
H of j4[pn+1] is called (n, z, a)-admissible in G if z G A[p] — G and 

( i ) # n ( 2 ) = o 

(2) ff |p»] Ç G[pn) 

(3) # Ç G[pn+1) + (z) 

(4) |tf|<„ 

{5)(?aCH + G\pn] + (z). 

LEMMA 1.8. Same notation as in 1.8. If H is a (n,z, a)-admissible 
subgroup, then there exists an (n, z, a + 1)-admissible subgroup Hf such 
thatH + Ga+l[pn]ÇHf. 

PROOF. Let M be the set of all subgroups H of H + G^+1 such that: 

(a) Hn(z)=0 

(b) H\p"} Ç G[pn] 

( c )# + (G a + 1bn])Ç£. 
We will show that H + Ga+Ì\p

n] G X . 

We may assume n > 1. In order to show (a), let /i + # = fcz G 
( # -h Ga+i[pn]) H (z) where h e H,g e GQ+i[pn] and k G Z. Since 
A G #[pn] Ç G[pn], /i + 5 = b € G n ( 2 ) = 0 a n d (a) holds. To prove 
(b), let a G (H+Ga+a\p

n])\p% a = h+g with h G # and g G Ga+i[pn]. 
Again, 0(/i) < p n and a = h + g G G[pn]. This shows (b) and we have 
M. z£ 0# Since the jVf is inductive, we may apply Zorn's Lemma to 
obtain a maximal element H' in M. 

Conditions (a), (b) and (c) imply (1), (2) of 1.8 and moreover 
H + Ga+i[pn] Ç H'. Since H Ç G\pn+1] + (z),0(z) = p and 
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GL+i Ç G\pn+l] we obtain Hf Ç H + G^+1 C G[pn+1] + (z). Hence 
1.8(3) holds for H' as well and H' Ç A[pn+1]. Now |iï |(«, |G^+1 |(« 
and | # ' | < | # + G^+1 | < \H\ + |C?^+1|(/c. This implies 1.8(4). We 
have to show G'a+1 Ç Hf + G\pn] + (z). Let # G G^+1. If 0(g) < pn (c) 
implies g £ H'. Hence we may assume 0(g) = pn+1 and g £ Hf. Then 
we have H + Ga+i\pn] Q H' + (g) and the maximality of H' implies 
(Hf + (g) fi (z) y* 0 or ( # ' + (#))[pn] Ç G[pn]. We'll consider two cases: 

CASEl. (H'+ (g)) H (z) ^ 0. 

Then there exists h £ H' and /c G Z such that 2 = h + kg. Since 
Ga+i[pw] Ç H' and H'Ci(z) = 0,p doesn't divide A: and there exists A/ G 
Z with k'kg = g. This implies g = fc'(*-h) G # ' + (*) Ç lTG[pn] + <*). 

CASE 2. ( # ' + (g))\pn] Ç G\pn). 

Here we have n > 1 and h € H',k e Z with h + kg £ G[pn] and 

Since H' ÇH + G t t + 1 Ç G[pn+1] + <*), there exists g G G[pn+1] and 
£ eZ such that h + kg = g + £z. 

Now 0 = pn(ft + kg) =pn(g + tz),Q(z) = p and n > 1 imply png = 0 
and hence g G G[pn]. 

We obtain 

kg = -h + g + ezeH' + G\pn] + (2). 

If p does not divide &, we are finished. Suppose p divides k. Then 
kg G G\pn] and 0(/i + %) < pn implies h G H'[pn], a contradiction to 
our choice oî h + kg. 

This shows G^+1 Ç H' + G\pn] + (z) and # ' is (n, 2, a + Inadmissible. 

In the next lemma, we use diamonds ()>K(E), claiming the existence 
of Jensen functions on the stationary subset of the regular cardinal K, 
cf. ([2], [8]). 

LEMMA 1.9. Assume 0/c(r™+1(G)) holds for some fixed n G N and 
let G be a separable abelian p-group of cardinality K. Moreover let 
G ^~Gbe the torsion completion o/jG,r£+1(G) ^ 0,z G G\p] - G\p] 
and \G\ = K. Then there exists H Ç G[pn+1] such that 
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(a) G[pn+1] + (z) = H+ (z) 

(b) G\pn] = H\pn] 

(c) For all <p G Aut(G), <p(G[pn+1]) ^ # . 

(d) 2 is an element of the p-adic closure of H H G[p] in G. 

PROOF. For each k G N take z^ G G\p] such that z - Zk G pfcG and 
a pure /^-filtration G = Ua(KGa with z^ G G^ for all k € N and a 
/•e-filtration G = Ua(KGa such that Ga Ç Ga, cf. (6). Let E = {a < 
K\ lim (a) and Ga not pn+1-closed} and {fa : G a —> G a | a G £ } be a 
collection of Jensen functions to witness QK(E). 

By induction we will define a subgroup H = Ua<KHa of G[pn+1] such 
that 

( 0 ) t f a = G a b " + 1 ] f o r a < a ; , 

(1) ^ Ç Ha for all /? < a, 

(2) Ha = Uß<aHß if a is a limit ordinal, 

(3) z £ Ha, 

(4)Ha{p«]ÇG\p% 

(5) Ha Ç G\pn+1] + (z), 

(6)|ffa |</c, 

_(7) If a = ß+l,J e EJßiGßip^1}) = Hß : fß = <t> \ 
Gß for some <t> G Aut(i4) such that z £ </>(G),</>(G[pn]) = (G[pn]) and 
0(G[pn+1]) Ç G[pn+1] + (z), let # a be defined by tfa = # £ + 
((t)(Yß) + z) where 

(7a) yß e Gß, the closure of G^ in G 

( 7 b ) 0 ( W ) = p " + 1 

(7c) ( ^ > DGß = 0. 

(8) If a = ß + 1 and ß doesn't fit into (7) we have Ga\p
n] Ç Ha and 

# a is a (n, z, a)-admissible subgroup. 

For n < üj let Hn = Gn[pn+1] and the # n ' s satisfy the conditions (0) 
- (8). Let 6 > ÜÜ and 6 < K. Suppose we have constructed Ha for all 
a < 6 satisfying (0) - (8). 
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If 6 is a limit ordinal let H$ = Uß<sHß. Since K is regular and 
\Hß\ < K we have \H^\ < K. Conditions (2) -(5) for Hg are obvious. 
Now assume 6 = ß+1. 

CASE 1. ß satisfies (7). Since ß £ E, we find yß satisfying (7a) -
(7c). Let Hß+i = Hß -f (4>(Yß) + z) and assume z £ #/3+i- Then 
z = h + l((j)(Yß) 4- z) for some h £ Hß, £ £ Z and £ = 0 mod p. Hence 
z(l-e) = h + £(ß(yß) and </>-l(z(l - ^)) = </>_1(/0 + £yß £ G because 
yßeG and 0(G/3[pn+1]) = AT/?. Therefore z(l-£) £ 0(G) which implies 
£ = 1 mod p. Now 2 = /i+^(0(y^)+^) = h+£(j)(yß)+z and l</>(yß) e #£ . 
Hence ^ G (ß~1(Hß) = Gß\p

n+1} and by (7c) we get £yß = 0. Now 
z = h £ Hß, a contradiction to (3). Therefore z £ Hß+i and we have to 
show that Hß+i satisfies (4): Hß+1[pn] C G\pn]. So let h £ Hß,£ £ Z 
such that pnx = 0 where x = h + £(<j>(yß)-{-z) £ Hß+\. This implies 0 = 
pnx = pnh+pn£(l)(yß) and pn£yß £ <j>-l{Hß) = Gß[pn+1]. Therefore 
pn£yß = 0 and £ = 0 mod p and hence x = h-\- £(f>(yß) £ G[pn] because 
0 = pnx = pnft,Ä"/3bn] ^ G ^ ] and W>(^) G <£(G[pn]) = G[pn}. This 
shows (4). Condition (5) is obvious because 0(G[pn+1]) Ç G[pn+1] + {z) 
and iJ/3 Ç G\pn+1] + (z). By the definition of Hß+\ we have i/^ Ç Hß+\ 
and |#0+i | < «. 

CASE 2. /? = /?' + 1 and /?' is not a limit ordinal. Then ßf £ E and 
Hß is a (n, 2, /3)-admissible subgroup. We may apply Lemma 1.8 to get 
a (n,z,ß + l)-admissible subgroup Hß+\ with i7^ + Gß+\[pn] Ç Hß+±. 
This shows that if/3+1 satisfies the conditions (0) - (8). 

CASE 3. ß = ß' + 1 and /?' is a limit ordinal. Since Ha+2 is a 
(n,z,a 4- 2)-admissible subgroup for all a < ß' we have G^/[pn+1] Ç 
#/?' + G\pn) + (2). Therefore G^[pn+1] Ç Hß + G[pn) + (2) and with 
(3) - (6) for Hß we have Hß is (n, 2,/^-admissible. Now apply Lemma 
1.9 two times to obtain a (n,z,ß + Inadmissible subgroup H/3+1 such 
tha.tHß + Gß+iWCHß+L 

This completes our construction. We will show that H satisfies (a), 
(b), (c) and (d). Condition (b) is obvious because of (4) and (8) and 
H + (z) Ç G[pn+1] + (z) follows from (5). Since # a + 2 is a (n, 2, a + 2)-
admissible subgroup for all a < K and (b) we have G[pn+1] Ç H + (z). 
This shows (a) and since Z is in the closure of Ga,[p

n+1] = H^ we 
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obtain (d). 

To prove (c), let <p G Aut(G) such that y(G[pn+l]) = H. Since 
C = {a < n\ip(Ga\p

n+1}) = Ha} is a cub and S = {a\<p \ Ga = fa} 
is stationary we have a limit ordinal ß G C (1 S.(p(G[pn}) = G[pn] is 
obvious because of (b) and (p(G[pn+l}) Ç G[pn+1] 4- (z) follows from 
(a). Since z £ H D (f(G\p\) we have z £ <p(G). Therefore (p satisfies 
condition (7). But ip(Yß) G ip(G\pP+1]) = H and \î_j) € Aut(G) is the 
map used in the definition on if/3+1 we have (f) \ Gß — fß = (f \ Gß 
and <t>(Yß) = <p{Yß) because of the continuity of automorphisms. But 
Yß € G[pn+1] implies </>(Yß) = (p(Yß) G H and <t>(Yß) + z e H by 
construction, so we obtain the contradiction z G H. This proves (c). 

We are now able to prove our main result. 

THEOREM 1.10. (V = L). Let G be a separable p-group of regular 
cardinality K, G its torsion-completion and T£+1(G) ^ 0 and G ^ G. 
Then there exists a subgroup H Ç G such that 

(i) H is pure and dense in G 

(ii) Gb n] = H\pn] 

(iii) Ü ^ G. 

PROOF. We apply Lemma 1.9 and get H Ç G\pn+1] satisfying (1.9a), 
(1.9b) (1.9c) and (1.9d). Now applyJ_,emma (1.2) and (1.3) to obtain 
a pure and dense subgroup H of G such that H = H[pn+1] and 
G\pn] = H\pn] = H[p% 

Assume G = H. Then there exists a (p G Aut(G) such that <p(G) = H 
and hence <p(G\pn+1]) = H[pn+l] = H contradicting (1.9c). 

THEOREM 1.11. (V = L). Let n G N and G a separable p-group 
of cardinality Kx such that G is neither H-cyclic nor torsion-complete. 
Then there exists a separable p-group H such that H is not isomorphic 
to G but there exists a height-preserving isomorphism <p : H\p] —• G\p}. 

For the proof of (1.11) we need 
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LEMMA 1.12. Let H be a separable p-group, G a subgroup of H and 
S a dense subsocle of H (cf. [5]). If G\p] Ç S then there exists a pure 
subgroup H of H such that G < H^H\p] — S and H/H is divisible. 

Let 

Ma = {H < H\H\p] = S and G < H} and 

M = {H < H\H\p] = S}. Obviously G + Se Me Ç M 

because G\p] Ç S. Since Me is inductive, we may apply Zorn's 
Lemma to obtain a maximal element H in Me- Then H is a maximal 
element in At. By [5, 66.3] we have that H is pure and dense in H. 
This shows (1.12). 

PROOF OF (1.11). Let G be the torsion-completion of G. Since G 
is not torsion-complete we have G •=£ G. If r ^ ( G ) ^ 0 then (1.10) 
implies that there is a pure and dense subgroup H such that H = G 
and H\p] = G\p\. It is obvious that the identity map on the socles of H 
and G is an isometry because H and G are pure subgroups of G. This 
shows (1.11) in the case T^(G) # 0. 

Now assume F^ (G) — 0. Since G is not S-cyclic we have Y\ (G) ^ 0, 
cf. [4]. 

We will show that there is a subgroup H of G such that (a) H is pure 
in G, (b) H\p] = G]p] and (c) rg+^ff) ^ 0 for all n e N. Let G[p] = 
Ua<viSa be an u^-filtration of G\p] (with So = 0) and for a < uj\ let 
Sa be the closure of Sa in G. Then 5 a < 5 a < G\p],Sß < Sa for 
all ß < a and G\p] = U a < u , 1 5 a . By induction we will define for each 
a < uj\ subgroups Ha and Ha such that 

(1) Hß < Ha for all ß < a, 

(1) F ^ < Ha for all /3 < a, 

(2) Ha = Uß<aHß if a is a limit ordinal 

(2) Ha is a pure subgroup of Ha, 

(3)F a[p] = 5 a , 

(3)Ha\p} = Sai 

(4) Ha is pure in G, 
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(4) Ha is pure in G, 

(5) Ha/Ha is divisible. 

Let Ho = 0 and Ho = 0. Since G is separable and So = 0 we have 
So = 0. Hence Ho and Ho satisfy the conditions (l)-(5) and (l)-(4). 
Let 6 > 0 and 6 < UJ\ . Suppose we have constructed Ha and Ha for all 
a > 0 satisfying (l)-(5) and (î)-(4). 

Let C — Ua<sHs. Then C is a pure subgroup of G because of (1) 
and (4) for all a < 6. Since Sa is contained in Ss for all a < 6 we have 
C[p] = (Ua<sHa)[p\ =_Ua<sSa < Ss. By [5, 74 (e) and 74.1] we get a 
pure subgroup H s of G such that C < H s and Hg\p] = Ss- Hence H s 
satisfies the conditions (1), (3) and (4). Now we have to construct Hs. 

_Let C = Ua<6Ha. Then C'\p] = (U*<sHa\p] = Ua<6Sa < Sa < 
Hs[p] and C = Ua<sHa < Ua<sHa < Hs- Condition (1) and (4) for 
all a < 6 imply that C" is a pure subgroup of G. Therefore C is a 
pure subgroup of Hs. Next we show that Hs[p) = Ss + pkHs[p] for all 
k G N. Let k G N. Since G and H s are pure subgroups of G, Ss < G 
and Ss = Hs[p] < Hs, we have 

pkGnSò;=pkGnGPiSs=PkGnSs=PkGnÉsnSs = 
= pkHs nSs= pkHs n Hs[p] = pkHs[p}. 

Therefore, since Ss is the closure of Ss in G, Hs\p] = Ss = Ss + (pkGC\ 
Ss) = Ss +pkHs\p]. Now we may apply (1.12) to get a pure subgroup 
Hs of Hs such that C < Hs'Hs[p] = Ss and Ha/'Ha is divisible. Since 
H s is pure in H s and H s is pure in G, we have Hs is pure in G. 
Hence # a and £Ta satisfy the conditions (l)-(5) and (l)-(4) and our 
construction works. 

Let H = Ua<UJlHCt. Condition (1), (4) and (3) imply that if is a pure 
subgroup of G and 

H[p] = (\Ja<UlHa)\p] = Ua<UJlSa = G[p). 

This shows (a) and (b). 

From (1), (4), (3) and (2) we conclude that Ua<a,1^Q! is a pure 
subgroup of G, (Ua,UJlHct)\p] = G[p] and Ua<UJlHa < H. Therefore 
H[p] = (Ua<o/i#a)[p] and Ua<u>1Ha is a pure subgroup in H. By [5, 26 
(j), p. 115] we have H — Ua<UJlHot. Since \Sa\ < u>i and Ha[p] = Sa 
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we infer that |ifa| < LO\. Now in view of (1) and (2) we have that 
H — Ua<u>1Ha is a (ji-filtration of H. Let E = {a < u>i\Sa is not 
closed in g} and G — U a < u ; i G a a pure LO\-filtration of G. Then 

Ej ~ = {a < uJi\Ga\p] is not closed in G}/ ~ 

= {a < (Ji\Ga is not p - closed in G}/ ~ = T ^ G ) ^ 0 

Hence E is a stationary subset of LO\. Let a E E and n G N. Then 
Sa •=/=. S a and therefore Ha/Ha ^ 0. Since Ha/Ha is divisible and iiTa 

is pure in Ha we find a yn G Ä a such that 0(yn) = p n + 1 , (yn)r\Ha = 0 
and j / n G Ha\p

n+1] +pkHa Ç H^p71^1] + pkH for all fc G N. This 
shows that a G En+\ = {a < u\\Ha is not pn+1-closed in H}. Hence 
r^+1(ijT) ^ 0, because E is stationary in LÜI. This shows (c). Since 
G and H are pure subgroups of G and G[p] = #[p], the groups have 
isometric socles. But G = H because T^ (G) = 0 and T ^ (#) ^ 0. 
This completes the proof of (1.11). 

2. ^-separable p-groups with equal socles. In this chapter we 
will construct - using weak diamonds - uo\-separable p-groups having 
isometric socles. Similar constructions may be found in [3], [4]. 

Let B be E-cyclic p-group, B = 0«<a;1 0n<w (a, n)Z such that 
0(a, n) = pn+k for all a < LO\ and some fixed k G N. We fix a stationary 
subset E Ç w\ such that E C {a < LO\\ lim (a)}, i.e., all elements of E 
are limit ordinals. 

For each À G £? fix a ladder {An}nG]\j, i.e., An < An+i for all n G N 
and A = sup{An|n G N}. Moreover we choose £(A,n) £ Z such that 
5(A,n) = 1 m ° d Pfc- For A < LUI let #A = ®a<A ®n<u (a,n)Z and #A 
the torsion-completion of 2?A and if lim (A), let B\ = Ua<\Ba. For each 
AGE, define A°n = En>m(A„, n)p n~m G Bx-Bx. Define z(A, n) to be 
1 if n is odd and z(X,2n) = z(X,n) and assume z(X,n) = 1 mod p fc+1. 
Let A^ = £n>m(An ,n)z(A,n)pn~m . Observe that for e = 0,1 we have 
P*m+i - Xe

m E Bx and X°0 = Xl
0 for all A G £ . Set G a = (Ba,X

£
m\m < 

uj,e G {0,1}, A < a). Then G = Ua<UJlGa is an CJI-filtration of the 
pure subgroup G of B := BUJl. 

We will need the following. 

LEMMA 2.1. Let A0,Ai be pure subgroups of B\ such that B\ Ç 
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A0 H Ai and A0[pk] = Ai[pk]. Let A£ = (A^X^m < u),e = 0 , 1 . 
Then A0, A1 are pure subgroups of B\ such that A®[pk] = y l 1 ^ ] and 
A°nAl = (A0nA1) + A0[pk}. 

PROOF. Since A6 jAe is divisible and A£ pure in B\, Ae is pure in B\. 
If x G ^ 4 ° ^ ] , a; = ao + XQ

mr for some a0 € A0:m < UJ and r G Z. 

Since ao G Ì?A w e obtain (Xn,n)pn~mpk — 0 for almost all n and 
pn-m+kr = Q m o ( j pn+fc a n c j n e n c e r = Q m o c j p m . This implies 

x G A)[pfc] ® (AQ) and a similar argument shows A1^] = Ai[pk] 0 (Aj) 
and the above remarks show ^4°[pfc] = A 1 ^ ] . Take now any x G 
A0 n A1. Then x = a0 4- A°nr = ai + A^ where a£ G A£,r, s G 
Z and m < LU. This implies a0 — a[ — — Amr 4- Ams and again 
(An ,n)(pn _ m2(A,r7) — pn~mr) — 0 for almost all n < uo, which implies 
sz(X,n) = r mod p7n+k for almost all n < LO. 

Therefore sz(X,n) = sz(X,n') mod pm+ f c if n,n' > no. By our choice 
1 = z(X,n) mod pk if n is odd and z(X,n) ^ z(A, 71+1) mod pk+1 which 
implies s = 0 mod p m and r = 0 mod p m . Therefore x = ao + A^ G 
A0 + i4J[pfe] and A^r = A^s also implies ao = a\ G Ao fi Ai and 
x G (A0 H Ai) + 4°[p*] = ^ ° n ^ -

Recall tha t a stationary subset E Ç a»! is non-small, if the weak 
diamond 0a, (F) holds, (cf. [ 1]) 

THEOREM 2.2. (2*° < 2*1). Le* E be a non-small subset of Wi. 
There exist 2Kl many ui-separable p-groups Aa,a < 2 N l

7 such that 

(0) r ( A a ) = E for alia < 2*1, 

(1) A a ^ ^ i / a # / ? , 

(2) Aa[p
fc] = i4/?[pfc] are isometric , 

(3) For a / / a , / ? < 2 N l , j 4 a and i4/3 are filtration-equivalent 

PROOF. Since 2K° < 2**1, there exists a partition E = Ua<(ViEa into 
non-small subsets Ea. (cf. [1]). 

For each rj G Wl2 we define a group ^ = \JOL<UJlAri\a such that 

(j) Afriio = 0 and A ^ A Ç S A , 
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(ij) lim (A) =>Avìx = Ua<\A71ìa, 

(iij) v £E=> A7)iu+l = Arj 

(iv) If v G P , Avìì,+i = AE
nWe = r\(y + 1) 

according to Lemma 2.1 (so we have A^u CìA^^ = A^ + A^Jp1*]). 

For each 6 G E define a partition function P$: If £,p G CJI and 
j, . J _ ^ w P / £ „ M / 1 if ft lifts to ft0 : A? - • A? Ai : Ac -* i4p, let P(Ç, p, ft) = <̂  £ P . 

^ 0 otherwise 
Let ipa be the function provided by ( ^ ( P ^ ) , i.e., {y G PalV'aM = 

P a(s \ v,t \ v,g)} is stationary for each s, £ < uj\ and g : As —> At. 
Take E < P(Kr) such that 5 = T if 5, T G E and S Ç T or T c 5. We 
may choose aE s.t. |E| = 2Nl . 

Now define ^ s € 2«> such that ^ ( f i ) = ( ^ « ^ if <$ € £ a and a G S 
^ 0 otherwise 

Take As := A^s = Ua<Wli4y,s|-a. By our construction, obviously 
^4sbfc] — ̂ r b ^ l a n d elements have equal heights. This implies (2). 
Let 5, T G E, S y=- T and assume ft : As —» A T is an isomorphism. 
Then the set C — {y < N i l ^ A ^ ^ ) = -A t̂ ̂ } is a cub. 

Take any a E T — S and À G P« fi C. Set rj = (̂ 5 f A, 9? = 
^ r ï A,0 = ft ï Ar). Since \ £ Eß for ail /? G S, </?s(A) = 
0 ,^ (A) = Pa(rj,p,6) and w.l.o.g. 0 lifts to a 6" : A° = A^^x+i) -+ 

APTKA+I)
 =

 ^ T T A } because ^ S K A + I J C ^ T K A + I ) ) is the p-adic closure 
of Arì(Ap) in J4S(;4T). Therefore ißa(X) = 1 and 0 is a 1-1 map 
of A°ontoAlTÌX fi i4 jT r A = (A^TÌ\ n A^TrA) + ^ V t A ^ ] which is 
impossible. Therefore As ç̂  A T and (1) is shown. (3) will be an 
immediate consequence of our next, more general, result. Observe that 
A<ps\(\+i)/A<ps\\ = Zpoo if A G E. 

DEFINITION 2.3. (I) A separable abelian p-group A is weakly in
separable if each countable subgroup B of A is contained in a countable 
u^-pure subgroup C of A, i.e., if C Ç C' Ç A and C is countable, then 
C is a summand of C. 

(II) A weakly u)\-separable p-group A is of type Z(p°°), if A admits 
a pure filtration A = Ua<Wl-4a such that A a + i is o;i-pure in A for all 
a < uj\ and if A is a limit ordinal, A\ is also ü;i-pure or A\+\/A\ is 
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isomorphic to Z(p°°). 

We will adopt parts of the proof of 1.4 Theorem in [3, p. 506] to 

show 

THEOREM 2.4. Let A, A' be weakly uj\-separable p-groups of cardinal
ity uq and of type Z(poc). If there exists a height-preserving isomor
phism a : A[p] —• A'[p], then A and A' are filtration-equivalent. 

PROOF. We first show that A and A1 have pure UJi-filtrations A = 
UVK^AV'A' = \Ju<(JJlA'„ such tha t a{Au\p\) = A'v\p] and Av+1{A'v+l) 
are uq-pure in ^4(^4'): 

Let A = \Ju<{JJlAv^A' = \Jv<u1A'u be pure i^i-nitrations such that 
Av+\lK(K+\lK) a r e e i t h e r -̂cyclic or 2* Z{p°°) and Ä^^Ä'^) 

are all uq-pure in A(A'). The set C = {^^(^„[p]) = ^ [ p ] } is a cub in 
uq. Let I/Q min C. 

If AUQ is uq-pure in A, A!VQ is uq-pure as well (apply a) and we may 
set AQ = AVQ and A'0 = A'UQ. If AVQ is not uq-pure in A, v4j,0_|_i[p] is the 
p-adic closure of /^0[p] in A\p] which implies i/o + 1 G C and we can 
take A) = A/o+i a n d ̂ ó — ^^o+i- Suppose we have defined Aa,A'a 

for all a < ß. If /? is a limit, take ^ = U a < /3>l a . Suppose /? = 7 + 1 
is a successor and A 7 = Av . Let J / 7 + I = min {p 6 C|p > i/7} and 

repeat the argument used at the beginning of our induction. 

Hence we may assume A = Ua<UJlAa and A' = Ua<UJlA
f
a are pure 

uq-filtrations, Aa+i(A'a+i) are uq-pure in A(Af) and for A € E < uq 
we have 4 + I M A = A'x+1/A'x ^ Z(p°°) 0 C\ where CA is E-cyclic. 
(Observe that a height-preserving isomorphism on the socles of E-
cyclic p-groups is always induced by some isomorphism of the groups). 
For \ e E, let 4 A + 1 = Ad

x 0 Bx where Ax Q Ad
x,A

d
x/Ax = Z(p°°) 

and Bx = C\. Moreover we fix wx G Ad
x[p](wx e Ax[p\) such that 

A\+i[p] = A\\p] 0 ( ^ A ) 0 B\\p] and cr{wx) = wx. (The element w\ has 
infinite height in 4\+i[p]/j4Ab])-

Consider the sequence hx = {hAx/Au(
wx + A,,)]» < A). This is an 

unbounded, increasing sequence of natural numbers. We say that the 
sequence hx has a gap at v if hx(fi) < hx{v) for all /1 < v. Since 
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hx(v) are finite heights, gaps don't occur at limit ordinals. Therefore 
we find a strictly increasing sequence of successor ordinals An such 
that for hn = hx(\n) we have h\ < \i2 < • • • < hn < hn+i and 
À = sup {An|n < u>}. Each Axn is a summand of Ax and if we define 
h'n, Xf

n for w'x -f A'„, the existence of a implies hn — h'n and An = A^. 

We will now study the embedding of Ax into Af, where again 
^ A + I =Af®Bx and Ad

x/Ax * Z(p°°). Let hn = hAx/Axn (wx + AXn). 
By induction we define elements wn G Af s u c n that 

(1) phnwn = wx+ än,än G A\n\p], 

(2) ph^wn = 0, 

( 3 ) Pn+2 - ftnWn+1 ~ U>n = &n € 4 \ n , 

(4) / n + i f l n = 0 and p h na n+i = on+i - an, 

(5) /iAA/A,(«n+i + A,) = 0 for all An < v < An+i. 

We easily find wn G ^ such that phnun — wx = àn G ^An[p] and 
ph^2

Uri = 0. Since J4^/Ì4A = Z(p°°) we have Af = (AA U {un\ 
n G N}) and phn+1~hnun+i = un + òn for some bn G A\. 

We have to adjust the wn's to obtain (3): 

Assume we have define w\,..., wn. If A\ is the torsion completion 
of Ax we have Ax Ç Af Ç Ax and we may choose a natural basis B of 
A\, i.e., B contains a basis Bn of i4An and B — UnBn. 

Now assume bn G Ax — AxnJrl, i.e., there exists some e e B — Bn+i 
such that òn(e) ^ 0. 

We distinguish two cases 

CASE 1. wx(e) ^ 0. 

Since ft^d (wA) = min {hfZ{w\(f))\f e B - Bn}, we have 

ftezU(e)) > hn+i, and phri+1 un+i =phnun+phnbn implies a n + i - a n = 
phnbn G ^An+1 and therefore phnbn(e) = 0. Since h(w\(e)) > hn+i 
and wA(e) ^ 0, we get 0(e) > jA-n* 1 . This implies ftea(6n(e)) > 
0(e)p~hn > p,l«+i-",l«+1 and there exists an ze G Z such that 6n(e) = 
ephn+1~hnze. 

Let wn+i = txn-|-i = T,eeze. Since the sum is finite we have again 
wn+i G Ad

x. 
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CASE 2. wx(e) = 0. 

Here we correct ?/n+i and un such that un+i(e) = 0 = un(e). This 
finally shows (3). (4) is obvious. 

We have /ifc+1 = /MA(WA + «fc+i) = ^A/AAfe+1(^A + ^Afc+1) > 
hAx/Au{(wx+Ay)+{äk+i+Ay)) > min{hAx/Au(w\+A1/),hAx/Ai/(äk+i + 
Ay)} = min{hk,hAx/Au(äk+i + A»)} if \ n < v < An + i . Assume 
hk > hAx/Au{hk+i + Au). Then we have ftfc+1 < hAx/Av{w\ + afe+i + 
^i/) = /^/^„(ûfc+i + Ay) < hk a contradiction. Therefore /i^ < 
/ ^ / ^ ( « f c + l + Av) = / lAA /A,(à/c+l - âfc + Aj,) = AAA/A1/(P/Ifcûfc+1 + 

Av) < hk and /iAA/Ai/(afc+i + A„) = 0. 

This implies 

(*) CLk+i + A^ generates a cyclic summand of A\n+1/Ay 

for all An < v < An+i 

It is routine to verify 

If if : A\ ^ Af
x is an isomorphism such that ip(an) = an 

for n > no, then (p lifts to an isomorphism ip' : AA+i —> A\+\. 

Now let /i < À (w.l.o.g. // < Ai) and let / : Aß —> Aß be a 
level preserving isomorphism such that / \ A^[p] = a \ Aß[p\. 
Using induction we may show that / extends to some level preserving 
f : A'p—> A'ß where Ai = /z' + l. Since a-\-A\1(a

f + Af
Xi) generate cyclic 

summands of A\1/AtJL'(Ax /Ar ) and cr(phla) = a(äi) = a[ = phla[, we 
can extend / to / ' such that f'{a\) = a[. Assume we already found 
gn : A\n —> A'Xn extending gn-i(f ='• g — 1)- Again (*) implies that 
we may extend gn to #n+i : A\n+1 —> A'x being a level preserving 
isomorphism. 

We may now repeat Eklof's argument [3, p. 507] to obtain a level 
preserving isomorphism /„ : Av —•> A'v for all v < ui. 

COROLLARY 2.5 (MA + -*CH). Two Lüi-separable p-groups of car
dinality Ki are isomorphic if they are both of type Z(p°°) and have 
isometric socles. 

PROOF. Assumption of Martin's axiom and the denial of the contin
uum hypothesis makes all weakly ^-separable p-groups uj\-separable, 
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(cf. [9, Thm 2.2]) and filtration-equivalence means isomorphic, cf. [9, 
Thm 4.1] or [2] in the torsion free case. 

Combining 2.2 and 2.5 we obtain 

COROLLARY 2.6. The question "Are uj\-separable p-groups of type 
Z(p°°) determined - up to isomorphism - by their socles" is undecidable 
in ZFC. 

We will conclude our paper with a construction which answers a 
question of M. Huber [7, p. 316] and also provides a proof of an 
assertion of Megibben's [9]. Consult [7, p. 312] for the definition of 
quotient-equivalence. 

THEOREM 2.7 Let E be a stationary subset of uj\. Then there exist 
ui-separable p-groups A, A' of cardinality ^i such that 

(a) A\p]and A'\p]are isometric. 

(b) T{A) = T(A') = E. 

(c) A and A' have the same basic subgroup. 

(d) A and A' are not quotient-equivalent. 

PROOF. Let Bß = ®{(a,n,e)Z\a < ß,n < LU,s G {0,1}} and 
B = Uß<ujlBß where 0(a,n,e) = p n + 1 . By induction on À G E we 
define À* < uj\ such that 

(I) A* is a limit ordinal and A* > A. 

(II) sup{/z*|// < A} < A*. 

We may choose for each A G E a ladder An, A™ of successor ordinals 
such that sup{An|n < UJ] = A,sup{A*|n < uo} — A* and A* > 
sup{/x*|/i < A}. For A G £ , let Wx,k = T,™=k(

Xmn,0)pn-k and 
W?'k = Wx,k + VKk where Vx,k = E ~ = * - i ( ^ M ) p n - * + 1 for k > 1 
and Vx,o = 0. Then we have phWKk = Wx,0 - Etoi^hVtf = 
pkW^k for all A G E and k G N. Moreover, the elements W^k, k > 1 
are independent modulo Ax + 1. 

Define Aa = ((z/,n,s),Wx,k\v < a ,n < LJ,a > A G £ \ k < UJ,E — 0,1) 
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and A'a = {{v,n,e),W^k\v < a,n < uo,a > A G E,k < v,e = 0,1). 

For A € E, we have v4A+i/,4A ^ Z(p°°) and ^ A + 1 M A = P, the 
reduced Prüfer-group, i.e., P = ((W^k\k < u) + A'x)/A'x,P\p] = 
(W?'° + A'x) and P/P[p] *Ê eg i^W* '* + 4'A). Observe that A'A+1 + 
B\m/B\^ is divisible and the identity serves as a height-preserving 
isomorphism of ^4A+i[p] onto ^4A+1[p]. This implies that A = Ua<CVlAa 

and A' — Ua<UJlA'a are the desired groups. We leave the details to the 
reader. 
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