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LOCAL ESTIMATES THAT LEAD TO
WEIGHTED ESTIMATES FOR OSCILLATING KERNELS
IN TWO DIMENSIONS

G. SAMPSON

ABSTRACT. We prove here in 2 dimensions for the weights
w(z) = (1 + |z|?)* that

1K a,b+iy * Fllaw < (L + ly1*)IIfllgw

for2<g< 25 and0<a<bg+a—2

Also we obtain estimates independent of R and v for the

expression
| / Ko p(t)e™ " di|
R

for various rectangles R and all points v in 2 dimensions.

0. Introduction. Throughout we shall suppose that R = [a, 8] %
[v,7], a rectangle with sides parallel to the coordinate axis. Further-
more we set

||h” = sup |h(t)|,t = (tl,tz) and dt = dtldtz.
tER

We wish to analyze the weighted mapping properties of the kernels
ei|t|“

(0.1) Kop(t) = DG

witthl—%anda>1.

Here n in (0.1) is determined by the dimension of ¢. For the most part
this paper is concerned with n = 2 dimensions.

We generalize Lemma 4.5 of [1] to n = 2 dimensions, namely,

THEOREM 1. Let w(z) = (1+z|*)*,1<a,1-2<b< 1, andn =2.
Then for2<q¢< 14 and0<a<bg+a-—-2,
| Ka,b+iy * Fllgw < e(L+ 129 Fllg,0-

Copyright ©1988 Rocky Mountain Mathematics Consortium

535



536 G. SAMPSON

Furthermore, we generalize Lemma 3.1 and Theorem 3.2 of [1] to two
dimensions. These results are used to prove in a forthcoming paper
with W.B. Jurkat, necessary and sufficient conditions on v(z), which
are constant on annuli, so that for ¢ > 2,

Jasipye ik, s <c [v@ispe.
The proof of Theorem 1 is based upon showing that for a > 1
(0:2) SR =1 [ Kaa-g(e vt < B
R

for all rectangles parallel to the coordinate axis. The constant B is
independent of the point v = (v1,v2) and the rectangle R.

In case a > 2, (0.2) follows immediately from [5]; at the time we also
did the cases 1 < a < 2, but were reluctant to include it in that paper.
In all dimensions and for all a > 0,a # 1, (0,2) was shown by P. Sjolin
in [8] in case R is R™. It is not clear to us how to generalize this result
to include all rectangles. Let me add that if we replace rectangles R
by spheres then in that case (0.2) becomes unbounded when n > 2.
To see that consider the case where Kjo(t) = eil!l’ change to polar
coordinates, and consider v near 0 for n > 2.

Although the main features of showing (0.2) can be generalized to
n-dimensions (n > 2), we would prefer to generalize a simpler proof.

And so this paper will be organized as follows. In the first three
sections we obtain those results needed to do Theorem 1. In the last
section we do the cases 1 < a < 2 for (0.2).

1. Notation, preliminary estimates, and further discussions.
We note that S(R) is defined in (0.2). Although the next result applies
in very general situations, we shall state it in such a way that it applies
in our case.

PROPOSITION 1.1. If
(i) R? = U Ry, with |R,, N Rg| = 0 for m # k, and
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(ii) S(R.,) < S(Rp) for all R, C R, and all m, then for all
rectangles R

S(R) < (Rm).

PROOF. R = Uy, (Rp N R) by (i) and now by (ii) we get the result.

Note that if R;, R, are rectangles with sides parallel to the coordinate
axis then so is R; N Ry. And now by Proposition 1.1, if (0.2) holds for
a partition of R? into rectangles with sides parallel to the coordinate
axis and ), S(Rm) < B, then (0.2) holds for all rectangles with sides
parallel to the coordinate axis. Notice also in this special case that (ii)
need only hold for rectangles R, with sides parallel to the coordinate
axis.

Note our rectangles R are denoted as R = [, 8] x [y, T]. We say our
rectangles R satisfy (1.1) if,

(L1) (1.1)  0< gl <|g/ <2l and |y| +I7| < 218 or
(11") 0< Bl <ir| <2]y| and |of + 18] < 2I7].

In fact, if R satisfies (1.1), then it was shown in (1’) on p. 249 of [5]
that

02y | / Kan—g+iy(Bevdt| < B(1+ |yl?) sup S(R'),
R R'CR

where R’ is a rectangle with sides parallel to the coordinate axis.

Next suppose that R? = U,, R,,, a partition where R,, satisfies (1.1)
for m = 1,2,.... Then in order to show (0.2) (and hence (0.2')) it
suffices to prove that

(1.2) > " S(Rm) < B.

The idea we use in order to show (0.2) is to rewrite it as

_ ipt)—tv) 08 [filt)
SRy =| [ e0-t0Zl —uy. I
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where fi(t) = (v; — gg)‘l,i = 1,2 with ¢(¢t) = |t|* and v = (v1, v2);
then we use either Lemma B, Lemma B’ or Lemma C in order to

separate (1+|J: ilgt))" from the rest of the integrand. Next we integrate

out the ¢;-variable and hence we are left with a 1-dimensional problem.
Our main concern is where gg —v; = 0 and in particular where our
critical point p lies, i.e., that point where gg(p) =uy; fori =1 and 2.
And so we cut up the plane into rectangles R, respecting these critical
curves, and we have the option of taking i =1 or ¢ = 2.

The variable point v = (v1,v2) and we set f;(t) = (vi—gg)‘l,i =1,2
where ¢(t) = |t|*,a > 0,a # 1.

By |t| ~ u we mean that c;u < [t| < cou for two constants ¢y, co.

Let p = (p1, p2) denote the critical point where W‘%Tlﬂ' Also

set § = |p|'~% and let o = 3('%_1?+1whenl <a<2.

We let By, Bs,...,c1,c2,.- .., stand for positive constants and use the
letters B, c generically.

2. A local L*®-estimate and weighted L2-estimates. In this
section, (at the slight risk of confusion) let

(2.1) SR =1 [ Kupeuevear,

Actually, we should attach a,b,y and v to S(R) but find it more
convenient not to. In this section and the last section it will be clear
what the symbol denotes; in order to avoid confusion, early on it will
be made clear whether (0.2) or (2.1) is being used.

Before the main result of this section is stated we need some notation.
Let I, = [—u, u]x[—u, u] arectangle in R?, and set R(uy,us) = I,,—1I,,
with up > u;, which denotes an “annulus”. Let R(u) = R(u,2u).

Next we state a generalization of Lemma 3.1 of [1] to two dimensions.

LEMMA 2.1. Leta > 1,u > 1,n = 2 and d = max(4-8%~1,8). Set
Q = R(%u*!,adu®"') and J = R? — Q. Then there is a positive
constant c(a,b) so that

(22)  S(R@)O < e(1+ [y")u** >~ {xq(v) + () F xs(v)}.
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REMARK 2.1. Note that S(R(u)) is bounded trivially in case u < 1,
since the integrand is bounded by 1.

We shall begin with an n-dimensional result due to Sj6lin, Theorem
1(b) of [8]. Here n could be any integer greater than or equal to 1. In
case n = 1, this can also be found in [3].

THEOREM A. Let1— () <b<1,a>0 anda # 1. Then

Ifb < 1,||Kaptiy * fllg < e+ |y|™)]£llq

(2.3) a a
—_— < < —
for P — <¢g< 10’
and
2.4 ifo=1,|Kay* fllg < 1+ y[™)Iflq

for 1 < ¢ < 0.

(Here, we set Koy = Kg,144y and in case ¢ = 1 we mean the real
Hardy space H! of R™, see [2].)

The next result can be found in [5], as well as Lemma 1 of [4].

LEMMA B. Let f, g—t[;, gtf;, F?;%E and g be continuous on a rectangle

R. Furthermore, if f, a%é, g—t'e, do not change sign in R and f is real-
valued, then for some R' C R and vertex P of R

0% f
[ sal<es@n+ [ 1zt [

Using the supremum notation || - || introduced in §0 over R, we get

LEMMA 2.2. Let a # 1 and R satisfy (1.1) for (2.5) and (1.1') for
(2.6). Then

(2.5)  S(R) <c(Q+yA)+¢)7 e ifb>1— % and

2
26) SR <+ +2)7 ||<‘37§>-1u%-
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0?
[I|f1||+/ el

for |vy| < = s i 2 inf [t|°=t or |v1] > 2alft||> 2.

REMARK 2.2. We obtain a corresponding result to (2.6) for f2(¢). In
that case, we replace %? by %is?, f1 by fa, v1 by v2 and (1.1') by (1.1”).
2 1

PROOF. We first show (2.5). Note that
S(R) = | [ (Ko sig(@e )1+ 1278 et
R

Applying the second-mean-value theorem in each of the variables we
obtain,

S(R) < c||(1 + [t|2)~b-%+Y |/ Kavl_%ﬂy(t)e‘“'vdﬂ
Rl

where R’ C R. By (0.2) (or (0.2’)) the result follows. To see (2.6), note
that we can suppose that R lies in the ﬁrst quadrant. For the v; in the
lemma and with g = Kg p44y(t)(v1 — )e_” v f= (v — at,) 1=
observe that the hypothesis of Lemma B is satisfied.

Now by Lemma B for these v’s

2
SR < clfill+ [ 1-mtan] [ ool

By two applications of the second-mean-value theorem | [, g(t)dt| <
cl|(L+[E2) 78Il S e ®eit (v — §E )dt| where R” C R'. Next, noting
that we have an exact differential in the ¢;-variable, and then applying
Van der Corput’s lemma in the ¢2-variable, we get our result.

And now we are in a position to prove Lemma 2.1.

PROOF OF LEMMA 2.1. Because of our earlier remarks it suffices to
estimate S(R) where R = [u,2u] x [0, 2u].
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Case 1. 2us! < |v| < adu®':

In case b > 1~ ¢, use (2.5) of Lemma 2.2. Now for all other choices
of b, since for t € R, |t| ~ u, the proof of (2.5) still applies.

Case 2. |v| < gu®~1:
Here with f(t) = f1(t) (2.6) can be applied. Since for ¢ € R, ’%2??' 2

cus~? and | 2L 8t1 5l < ct—ai-f the result holds for this range of v.

Case 3. lv| >a-d-u*h:
This implies either |vi| > %%u®~! or |va| > %%u27l. Suppose
[va| > 22u®~! (the other case is similar). Then for t € R,

32 ty - ta—4 tt t2a—6
le_c{1lzf +12|L
Ota0t, v3 v3

2
Iaa—t?l > cu®? and |

Now using the counterpart to (2.6) explained in Remark 2.2 we obtain
our result for this range of v.

This completes the proof of Lemma 2.1.

Set Kg ptiy(t;u) = Kaptiy(t)x(t € I,) (and for b = 1 drop the b as
in (2.4)). It follows by (2.2) that ||Ka ptiy(;;u) * fll2 < (1 + |y]?)(1 +

u?)1=t=(@/2)||f||; for b > 1 — £. In particular, each of these kernels
Ko p+iy(+;;u) maps L2nto L2. In fact, we shall show the followmg
result [|Ka piy(;;u) * fllg < e(1+[y[?)]|f]lq for av6=1 S ¢ < 72 where
¢ is independent of v and y.

In order to see (2.9) we need a concept that first appeared in [6],
concerning regular kernels.

DEFINITION 2.3. A kernel K is called regular if it can be written as
K(t) = k(t)g(t) such that

i) lg(t)] < clg(x >| for Bl < Jt] < 2Jal,
ii) f{lzl>2ltl} |k(z —t) — k(z)| |g(z)|dz < z for t # 0 and
iii) K maps L? into L? (i.e., K € L™).
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For 0 < a,a # 1, the kernels K, ,(t;u) are regular for each u, in
fact the constants c¢ are independent of u. To see this, set g(t) =
et (1 + [t]2)2~1~% and then take k(t) = (1 + [t|?)~*/?x(t & I,.). We
see that (i) and (ii) are easily satisfied, and (iii) follows from (2.8) with
b = 1. We also need the following result concerning H'-mapping prop-
erties which first appeared in [3]. We should add that our applications
in the earlier papers were to kernels in 1-dimension but our notions
such as regular kernels and their H'-mapping properties are essentially
free of dimension.

THEOREM 2.4. Let K = kg be a regular kernel. Then

(2.10) LK * fllx < el fllan

if, and only if there is a constant B such that
[ k@l lgxbtolde < B,
{lt1>2(1}

for all (1,2)-atoms b supported in the n-sphere S(0; |I|), centered about
the origin.

Theorem 2.4 is a trivial generalization to the n dimensions of The-
orem 1 in [3]. Also note that in (2.10) ¢ < B + ¢(K), where ¢(K)
depends only on the constants in the definition of regular kernels and
the L®-norm of K.

To see (2.9) for a > 1, because of analytic interpolation (see [3]), it
suffices to prove that

(211) / k(®)llg * b(®)ldt < B+ [y[?)
{It1>2|1]}

where k(t) = (1 + [t|2)~%/2x(t & I,.) and K, (t;u) = k(t)g(t).
First note that by (0.2)

llg * fll2 < (X + [y fll2-

Case 1. |I| > 1.
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By Schwarz’s inequality
[ k@lgsbeldss ([ lb@)Pds) g ol
|z|>2|1] lz| 221
< e(L+ P 117 < (L + [yl?).

Case 2. |I| < 1.

/ Ik(2)llg * b(z)|dz
|z|>2|1]
-dx

/211|5|z|5211|2h—a5 2|1120-2) <|q
=U; + Us.

Note that

U= «/2|I|S|2|S2|I|75]—77 lk(x)”/dt(g(z B

since [ b= 0. Hence

U < / a0l [ W@lole =0~ g@lde <

Also

US(/ k(z)|2dz)?||g * b]|2 < (1 + |y|?).
1< D Pl Hl < (14

543

Hence we obtain (2.11) and as explained earlier this implies (2.9). The

proof where 0 < a < 1 is similar and will be omitted here.

For the next lemma define
Ktﬁﬂl:—)l-zy(t) = Ko btiy(t; 2m+3) — Ko ptiy(t; 2m—2)'

LEMMA 2.5. Leta > 1,1—(5) <b<1, andn=2. Then,

m=0

S [ R« S0P < e+ 1) 5P
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where Ep, = {z : 2™ < |z| < 2™*!} form =0,1,2,....
PROOF. We notice that

(o]

=3 | (1 +[e2)** 22| K+ f(2)|*ds
m=0 m

(o)
< et +lyf?) 3 e (K, ) @R @) da.

m=0

By Lemma 2.1

o0
I<c(1+]y Z §2m(a+2b-2)gdm(1-5-%)

m=0

( / Xo(mlf2 +27™ / X ) (@) f (@) Pd).

Since the sets Q(m) have bounded overlaps

1< e+ o) [ 117

and hence the result.

Now we are in a position to generalize Theorem 3.2 of [1] to n = 2
dimensions.

THEOREM 2.6. Leta > 1,1- (%) < b < 1,n =2 and w(z) =
(1+ |z|?), with |a| < a+2b—2. Then

1Ka ptiy * fll2w < (14 g fll2,0-
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PROOF. The proof is like that of Theorem 3.2 in [1]. Notice that with

m = {z:2™ < |z| < 2™11},

/IKa,b+iy * f|2w(m)dx
- /l Koy St + 3 / Kapsiy * flPw(c)do
T

< c{/ | Ka,btiy * f|2dz + Z 92ma

/,,. /,|<2m_ Kopriy(z — t)f(t)|2dz

+ Z e [ / Koprig(z — 1) (0)dtdtfdc)
[t|>2m—1
=I+1I+1II.

For a > 0, by Theorem A. with ¢ = 2, we get that

I+ 11T <c(1+ |y ){/ |f2dz + Z 22’"“/ |f|?dz}

m=0 |z|22m—1

< o1+ ) / pPazs [ g 3 s mox(la] > 27 )dr}
|z|<1 |z|>1 m=0

log(1+|z|)

2 2d 2 2mad
<e D[ W ac+/|| PR 2mda),

m=0

We next notice that since 2™ < |z|] < 2™*! and |¢t| < 2™!
here, we can view K, p(z — t) as being supported in the annulus
2m=1 < |z — t| < 2™*2. Thus the kernel is supported between two

squares. Denote this kernel by Kl(:"g)(t).
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Then

oo
chZ?mQ/

m=0 m

o ]
<cyoome [ KD, s
—o Enm

t<am-1 a,b+iy

| K™ (z —t)f(t)dt|2dz
|

+c Y geme / | K (5 — 1) f(t)dt2do

m=0 m Jt[22m 1

=1L +II,.

The term Il can be estimated just as III was and so the earlier
argument applied because of (2.8). For @ = a + 2n — 2, use Lemma 2.5
for the term I1I;.

This gives the result for & = a + 2b — 2, and because of Theorem A
with ¢ = 2 and w = 1, we get by change of measures all weights where
0 <@ <a+ 2n— 2. The proof is completed by duality.

3. Weighted L7-estimates. Theorem 1 will be proved in this sec-
tion. We need a generalization of Proposition 1.9 of [1] to n dimensions.
But arguing as there one gets

PROPOSITION 3.1. Let a > 0,q > 2, and let T be a linear operator
satisfying

(i) (|2 E=/9T f(z)| < ellflla, and
(ii) [IT £l < c2f|fl2-

Then, there is a constant, ¢ < ¢gmax(c1, c2), such that

2,(|z|") (1~ (@)(a=2)

T fllg < cllfllq,z|m)e-2-

PROOF OF THEOREM 1. Arguing as in Theorem 2.6 (note it suffices
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to do the case where a = bg + a — 2
/IKa,bﬂ-y * f|w(z)dz

S C{ IKa,b+iy * flqu + Z 22ma/

| Ka,b+iy(~77 - t)f(t)dthd.’l,'

|t|<2'"-

£ 2 [ Kasle - 05@pda)

m=0 rn |t|22m_
=I+II+1I1I.
Since 2 < ¢ < 1%, and because of Theorem A, the arguments in

Theorem 2.6 apply to terms I,III. In order to do the II, term (i.e.,
II; in Theorem 2.6 to the gth power), appeal to (2.9).

This leaves the term

oo
Z szm"‘/E Ké'g_),_ly * f(z)|%dz.

m=0

Consider the linear operator

Tf(s) = (1+ fof?)?+ 5 Z Xm (@) (Kapriy * £) ().
First notice that for 2™ < |z| < 2™+

(1o 57 @) < ¢ [ Iflds, and
/(Ir! 1= @/ D)@ T £ (1) [2dz

<eY S VR # SR ey

m=0

<ec(l+ |y|2)/]f|2, by Lemma 2.5.
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Now since (i), (ii) of Proposition 3.1 are satisfied with n = 2,
[1rs@ds < 1+ 1o [ 16299 floda.
Since g—2 < bg+a—2 for ¢ < 723, the result follows for a = bg+a—2.

4. The proof of (0.2) in case 1 < a < 2. In this section S(R)
is defined in (0.2). Also let |||| be the supremum norm as defined in §0.

LEMMA B’. Let R be in the first quadrant. If fi1 satisfies the
hypothesis of Lemma B, |f1(t)| < & for allt € R, then

_1,,,0% 0
S(R) < B+ a? + 2GR+ [y

LEMMA C. If f satisfies the hypothesis of Lemma B and 3—t-—gt— does
not change sign in R (R in the first quadrant), then

S(R) < B(1 +a? +")’§a£2)— ll(atz) 122,

Both these lemmas follows from [4] and [5]. Note that here 1 < a < 2.
Also these lemmas both hold with fo in place of f; and %? in place of
2y ‘
ot

Let us discuss our strategy. In order to estimate S(R), we are
concerned with when ¢(t) —t-v has zero partials, i.e., a%% =wv,i=1,2.

As explained earlier, we can suppose that all of our rectangles lie in one
of the quadrants. And so we will begin working in the first quadrant.

There are essentially two types of rectangles, the critical rectangle R
where p is in the interior of R, and the non-critical rectangles, which
are “far” from p. There are two cases to worry about: p; > p2 and
p2 > p1- But due to symmetry we need only concern ourselves with
one of these cases. In fact, when ps > p; decompose the first quadrant
as shown in figure 1 and when p — 1 > ppdecompose it as in figure 2.
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Hence we shall suppose throughout that p; > p;. In this case, the
critical rectangle takes the form

R; =[0,2#°py] x [cpa, 2V py],

with c*~! = 571:—; Since the kernel is bounded this rectangle ‘disap-
pears’ in the case that both p;,p2 < 1. In the case that only p; < 1,
replace p; by 1 in the critical rectangle. Hence we can suppose that
both p; > 1 and p; > 1.

We shall begin by proving that S(R;) < B. Following these ideas we
need to decompose R into rectangles for which we can obtain ‘good’

. . 2 ;
lower bounds for |v; — %‘:—I as well as determine either the sign of %&%

or ‘good’ upper bounds for IF?;&L;JI' Since these rectangles are con-
tained in Ry, it follows that they satisfy (1.1)

4.1. Lower bounds for |v; — g—f— i Ry.

Now -%‘P- = v; for i = 1,2, defines ¢, in terms of ¢;, denote this function

by y;(t) for i = 1,2 respectively. Note that

a)ﬁ‘@l _(@-12®+y} dyp _ (2—a)zy,
dz Ty "dr  (a—1)y2 + 22’

(411)  (2-

There are two cases, namely when 0 < = < p; andz > p;. Set
11 = [0,p1] x [cp2, 2"’°P2] Rip = [p1,2"°py] x [cp2, 20 py], so that
Ri=RiyUR,c* ! = Zts.

Define linear functions as follows,

p-(bi(z) — p2) = p2- (z — p1) if0<z<py,
pr-(La(x)—p2)=A-pz-(x—p1) if0<z<p,
(2 —a)p1(41(z) — p2) = p2(z — p1) ifz > py,
p1(la(z) — p2) = (2 —a)p2(z — p1) if 2> p1.

(4.1.2)

Take A = ITCI@CWI/Z—?_;;; and note that A < 1. Let hy, hy denote linear
functions which are inverse to £1, s respectively. Using these ideas we
obtain the next result.

PROPOSITION 4.1.1. Let (2 — a)mi8 = 1, mae) = (o) ypp
m;(p1) = p2 for i =1,2 and p2 > p1. Then
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2M°p1 -
Y
m,
I
Yi -
yl—1 B
p2+6 [~
P [ Y,
pz_6 "
I,
m;
I
m;,
Yi
1 1
cp, o 2,

Figure 2

() y2(z) < ma(z) < £a(z) < li(z) < mu(z) < yi(w) if £ > py, and
(ii) y1(z) < li(z) < o(z) < y2(2) 0 <z < p1.
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PROOF. Start with (i). Form F;(z) = log %(%, ¢ = 1,2 and note that
Fi(pl) = 0. Then

yi(z)  mi(z)
By (4.1.1) F{(z) > 0 while Fj(z) < 0. It follows that

Py = Y@ _ mit)

y2(z) < may(z) and my(z) < y19z) for x > p;, and
y2(z) > ma(z) and y1(z) < my(z) for 0 < z < p;.

Since mi(z) = pq - (;—l)ﬁ and ma(z) = p2 - (z/p1)?~° on setting

Fi(z) = £;(z) — mi(z) it follows that ma(z) > £a(z) andm,(z) < ¢1(x)
for £ > p; and it is clear that £3(z) < ¢;(x). This proves (i).

Next since mi(z) is concave and ma(z) is convex f2(z) < mq(zx)
for 7o . p1 < z < p; while £1(z) > my(z) for 0 < z < p— 1.
Since A < 1, for 0 < z < p; we get that fo(z) > £1(z). Next note
that £o(z) < £2(py - 6_2(21—_6) = c%pg for0 <z <p;- -cml_—u; since /5
is increasing here. While for all z,ays(x)(z? + y2(z))2 ™! = v, and
for £ = 0 we get y53'(0) = 2. Also p(p? + p3)%8~! > gf&_—;_; or

y2(0) > p2 - ¢t > L(z) for 0 < z < py . ¢T@=), This completes the
proof of (ii).
Now decompose the rectangle Ry as follows. Let d = i(S +
Zz_-la'ff) 1 To = pr+06,z¢ = p+6-d° and y; = 1(£1(ze—1) +£2(x4—1)) for
£=1,2,.... Note that d > 1. Next define subrectangles of Ry,
(4.1.3)
{R¢ = [ze-1,%e] X [yje, 2" p2], Be = [T¢—1,2¢] X [cp2,y;] and
Ry = [p1, p1 + 6] X [cp2, 20 py].

See Figure 1, which is constructed using Proposition 4.1.1 (i). Now

(4.1.4) Rir = U2 Ry UUZR, By.

In case of the rectangle Rj;,take d = #?—),zo = p — b6,z =
p1—6-d° and y; = 3(£— 1(z¢—1) + £2(z¢—1)) and define the rectangles

7, By in a similar fashion as above, keeping in mind that this time
Ty < Tg—1.
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Here we stop the construction till we get to that N whereby y3 < cp2
and take Ry = [0, zn—1]X[cps, 2#° p;] and Ry = [p1—6, p1] X [cpa, 2#0P2].
Then

(4.1.5) Ry =UNS'R,U B, U Ry U R, U RY,.

This time see Figure 1, which is constructed by employing Proposition
4.1.1 (ii). Again notice that here also d > 1.

Observe that for fixed to > 0 there is a unique w > 0 such that
gg(w,tg) = v; and similarly for fixed ¢; > 0 there is a unique w > 0
such that -g%(tl,w) = vy. Furthermore, note that ‘%‘é—(tl,tg) increases

as a function of t;and decreases as a function of ¢;. Similarly for ‘%%(t).
And also for t € Ry note that

2
o°¢ >B672 fori=1,2.

(4.1.6) 57 2

It follows that for t € R = [a, 8] % [y,7] C Ry,

s v 25267 - §E(Bw)
(4.1.7) 0 > B6~*(y—w) if v > w,

> 8 (a,7) ~ 2 (w,7)
> B6 %(a—w) if a > w.

o1 U1

We get similar estimates for v; — gf’%. In particular, for ¢t € B,

o _ 0 ¢ . L, .
418) V2751, 2 oy oW T gy, (evi) 2 BET(w —vi)

> B6™2(la(xe) — y;)

where the last of this string of inequalities follows from Proposition
4.1.1 (ii) since w = ya(ze) = L2(zy).

Next note that if R lies in one of the quadrants, then %fli, %t% do not
change signs in R if and only if f; does not change sign in R.
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THEOREM 4.1.2. If po > p—1, then for £ =1,2,... thereisad>1
such that

5L — vy > B§71d* £ forte Ry,

v — g > B2 forte By,
(4.1.9) 2¢ — v > B§1d! for t € By,

v — a%? > B 14t for t € R), and
vi— 32 > Bp-672  forte€Ry.

PROOF. Using (4.1.7) throughout the argument, we get for ¢ € Ry
that

¢ 2,
_— > — .
B, ve > B6 *(y; —w)

But for t € Ry by (i) of Proposition 4.1.1 w < £3(z¢). Thus
ye —w 2 yp —La(ze) 26 % -d.

For t € B, note that w < z* with 4;(z*) = y; and then argue as above.
In order to argue the case where ¢ € R}, note that y5 < cp, implies

that zy_; < %_'};—’\)pl, while w > cp; and proceed as above. The

other cases are similar and will be omitted here.

4.2. The sign of %g;—l for R;. We begin with (also see lemma 4 of
(5D,

LEMMA 4.2.1. If0 < v; < gt% and R is in the first quadrant then

& (. 4 9%)-1 ; ion i
mz—ml(v, + ati) remains one sign in R.

PROOF. Note that for 1 = 2
32
Ota0t,

_ o]
a(a =2)f3 - |t1°7° - [T + (a + 1)t§)<a—f: —v2) + 2v2(t] + (a — 1)83)].

0.y _
(vz_é)—tz) =

The proofs of all the other cases are similar and will be omitted here.
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Using (4.1.9) for t € R;UB; by Lemma 4.2.1 the hypothesis of Lemma,
C is satisfied by f; for each £ = 1,2,.... By Lemma C (¢ = 2 for
Ry,i =1 for By)

(4.2.1) S(R¢ U By) < B/d®, where d is defined above (4.1.3).
For the rectangles R/y, we need the next result.

PROPOSITION 4.2.2. R is in the first quadrant, 1 < a < 2.
(i) If for each t € R; there is an 1 so that
0¢ 0%
0<vg— = ———(n,t2) - (w—1t;) With 0 < w < n < ¢,
S U2 Oty Ota0t; (m,t2) - (w —t1) wi sSw<<n<nu
then a—tfa—tlfg remains one sign for all t € R.
(ii) If for each t € R, there is an 1 so that
op 0%

0< vy — —

=—2(t1,n) - (w—t2),p/2 < t <w < pa,
Bt atg(”’) (w—1t2),p/2 <tz <n<w< py

then -52—2%5 fa remains one sign for allt € R. Also a similar result holds

fOT fl.

PROOF. Using the fact that z(z2 + t3)(#)=! 1 as a function of z and
n < t1, we get that

A=21t1° 2t} + (a — 1)t3)(—t1 —w) - (a — 2) - n(n® + t3) 2 72(2 + (a — 3)t3)
> 27 2(2(8 + (a — 1)t3) — (1 — w)(2 — a)(3 — @)1t (n* + t3) ™)

but for 1 < a < 2 this term is non-negative and hence A > 0. Note
that the sign of E%"t'{ f2 is determined by A because of (i).
To see (ii), since F(z) = (¢ + (a — 1)22) - (2 + 22)32 | and ta, 7,
A=
2t2]t1°72(8] + (@ — )8) + (w — t2)(8 + 1) F72(8] + (a = Dn®)(8 + (a = 385,
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and so A > |t]274(t2 + (a — 1)t2)t2((5 —a)ta — (3 —a)w), but (3—a)w <
(83—a)py < L—lpg < (5 — a)tz since 1 < a < 2. This gives the result.

REMARK 4.2.1. Let ¢®"1 =22 p, > p;,1<a < 2.
1) It > c?p; then a%:a% stays one sign for ¢ € R).
(ii) If p2/2 < to then a—‘z;% stays one sign for ¢t € B.

To see (i) note that y;(t;) = 0 implies v; = #$¢ aand so if
t27t > pi(p} + pz)f‘1 then there is a w so that v; = Bt 5¢ (11, w).

Also, p1|p|*™2 < 2—1£T§-)-, while,

¢ ¢ 0¢ %9

v — o = (¢ w)‘gg(tl,tz)_ 5,01,

= 5t o ) - (w = ).

Now by (4.1.9) and (i) of Proposition 4.2.2 the result holds.
For (ii) note that for ¢t € By and t3 > p2/2

¢ _ 9% o¢ 09
< — cw — == - =
0< v — ot atz (t1,m) - w —t2) ETe (t1,w) ot (t1,t2)
and & <t; <n < w < pz. Now (ii) of Proposition 4.2.2 applies.
4.2. Upper bounds for S(Ry). We begin with,

PROPOSITION 4.3.1. If p; > p;, then

/ d € 0 < B and
ti| €p; T ioN1—(2) t; S , an i, .’G 1727 .
ti-pil<s (L[ ® T heilz]

PROOF. Notice that for |t; — p;| < 6 and p; > p; that

J

2, ¢ ,—iv-t
/ J —ezl——mdtjl < ——?—(m
pj (1 + lt‘ ) 2 (p?)l_(i)pjz
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by Van der Corput’s lemma since %]Zf > Bp;_z. This gives the result.
It follows from Proposition 4.3.1 that
(4.3.1) S(Ro) + S(Ry) < B.
PROPOSITION 4.3.2. Fiz i € {1,2,} and take R = R}, fori=1 and
R = R; in case i = 2. vai—g% > Bp; - 672 fort € R, then
S(R) < B.

PROOF. In case ¢ = 2,

3 fa

B
<—=andb
Iatzatll - anc by

a+1
P2

Lemma, B’, the result follows.
Incasei=1,if py < p;_%, then p; < é and since R C R}, then by
Proposition 4.3.1 withi=1and j =2
S(R) < B.

Otherwise p; > p;_% and since py > p; this implies

o? B
< :
0011 = s ot

And now by Lemma B’

1—-g

2
sry<B2_<p
P1

and hence the result is true.
THEOREM 4.3.3. If po > p1, then S(R;) < B.

PROOF. By (4.2.1)

3" S(R¢UBy) < B and by (4.3.1) S(Ro) < B.

=1
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By (4.1.4) S(Ryy) £ B. It remains to show that S(R};) < B.

By remark 4.2.1 if ¢t € R} and ¢; > c'/2p; then f; satisfies Lemma
C. And by Lemma C and (4.1.9) there is a d;1 so that S(R)) < B/d’,
hence

(4.3.2) > S(R) < B,
LeAy
Ay ={t:t€ Rt >c/?p-1}.

Now in case t € R, and £ ¢€ A; then t; < ¢'/?p; and this implies
there is at most a finite number of £’s so that z, < ¢*/2p;, say M. M
only depends on a. Thus,

URj C Ugea, Ry U Ugga, Ry U Ry
Then

(4.3.3) S(UR) < ) S(R)+ Y S(R) + S(Ry).
£EA, LZA,

For £ ¢ A, since §-d® > (1 —c'/?)p, we get by (4.1.9) and Proposition
4.3.2 that
S(Ry)+ > S(Ry)<M-B
28 A,

where M is the number of terms.
By (4.3.2) and (4.3.3)

(4.3.4) S(URy) < B.
Next let Ay = {€:y; > %pz}. First note that
By = [ze, Te-1] X [p2/2,y"] U [we, Te-1] X [cp2, p2/2] = By U BY’,
where By = By'z¢, x4—1 X [cp2,y;] in case y; < p2/2. By Remark 4.2.1
and Lemma C, (4.1.9), for f, and ¢t € By there is a d > 1 such that
S(B}) < B/d* and hence

(4.3.5) > S(B{)< B.
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Arguing as in (4.1.8) it follows that for ¢t € By’

0 -
v - a—j: > B (ta(w0) - ).

(436) Vg — -gt— > B6_2p2.

If £ ¢ Ay then y; < % p2 and thus 6d¢ > Bp — 1. This implies there
is at most a finite number, say M, of rectangles such that £ ¢ A;. By
(4.1.9)

(437) Vg — —g—¢ > B& P2 fort € Bl”) + Z S)Bm C BQ,E ¢ Az.
£Z A2

By (4.3.6), (4.3.7) and Proposition 4.3.2

> SBY)+ Y S(B)") = S(Utea,B)') + M -B < B,
LeA, L¢€A2

where M is the number of terms in the second sum. Now by (4.3.5)

> S(B,<B.

(4.3.1) and (4.3.4) yield the result.

4.4. Estimates of S(R) for the remaining R. We shall begin with the
next set of results.

LEMMA 4.4.1. Let R = [k,2k] x [¢,2¢],7 = max(k,£) and f; satisfy
Lemma B fort G R, where i = 1 when k > ¢ and t=2 when > k. If
fork >t v+ 22 2| > Bk®~! and if for £ > k 122 2 £ vp| > BL*7, then

S(R) < Br™/2,
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PROOF. Let 7 = min(k, £). Then

8?2 B-7
|6t23t1 fil = rat2 and hence
by Lemma B’
2 2)(a/2)-1 2
s(r)s BEETET) L ik}
(7 +72)3(@-D a1 T a2

The result follows

As an immediate consequence of Lemma 4.4.1 we get

PROPOSITION 4.4.2. Let p > 0,m > l,a dn Ry = [k,2k] %

(292,26 1po), £ = 0,1,2,.... If R = UL, R, and the hypothesis of
Lemma 4.4.1 is satisfied for each Ry, then

S(R) < B (QMZ:)a 5, if 2mp2 <k< 2m+1p2’ and
T m k<2

REMARK 4.4.1. Note Proposition 4.4.2 handles the case [k,2k] x
[1,00), i.e., p2 = 1 and also with a similar hypothesis it handles the
case where R = [p1,00) x [£,2¢].

THEOREM 4.4.3. The first quadrant can be decomposed [0,00) x
[0,00) = U R, so that the hypothesis of Proposition 1.1 is satisfied,
each Ry, satisfies (1.1) and ), S(Rn) < B.

PROOF. To complete the first quadrant, we begin by obtaining esti-
mates of |v; — gEL Recall that pg(a—1) > 3(2—a), 1 < p; < ps and

the increasing and decreasing properties of g?‘.

Set, (with c®~! = 2972)

Up = S1USUURL, R, Us = URL

=u0Rk,£7 {= 11 25 3,
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where, S1 = [0, p1]x[0, cp2], Sz = [p1, 240 pa] X [0, cps], Ry = [2%pa, 25 py)
x[0, cpz), Ri,1 = [2¥pa, 26+ pa] x[cpa, 2K0 pa], k2 = [0, p1] X [2F pa, 25+ py],
and Ry 3 = [p1,2H0p2) x [2Fp2, 251 py]. We get that

¢ pat for t € S; U Sz, and
4. - > 2 1202
(4.42) I’Uz ot l 2B { (2kp2)”_1 fort e Ry 2 U Ry 3,
and
64) k a—1
(4.4.2) — —v1 2 B(2%p2)% " for t € Ry, U Ry 1.

oty
. . . a _a—1 8¢
Since p; > p; this implies vy > FoF P2 and for t € S, 5t
g%((),cpz). Hence (4.4.1) is true fort € S;. For t € Sz%% <

(%‘%(p — 1,¢p2) and (4.4.1) holds for ¢ € Sy. The other inequalities
in (4.4.1) and (4.4.2) follow in a similar fashion.

Now to complete the first quadrant set Uy = U32 o Uz o Ry ), where
Rek = [2%p2, 2641 po] x [2F g, 21 py].
If £ >k, then

<
<

o¢ . a(2%pp)*!

(443) a_tl — vV 2 ——51_(%)

- ap‘l'_1 > B(2ep2)"’1 for t € Ry,
while for k > ¢

Io]
(4.4.4) éti: — vy > B(2’°pz)“_1 fort € Ry .

Now by (4.4.1-4) and Proposition 4.4.2

Putting these results together with Theorem 4.3.3 gives the result.

We are in a position to show,
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THEOREM 4.4.4. Let1 < a < 2. There is a decomposition of the plane
R? = U, R, that satisfies the hypothesis of Proposition 1.1 where each
R, satisfies (1.1) and

> S(Rm) < B.

PROOF. If R is in the fourth quadrant, we can shift everything to the
first quadrant by changing variables. This time we need to estimate
vy + a%% and |vy; — %%l from below. We get that all the non-critical
rectangles will go as before.

The only cases that are not clear are for the critical rectangles Ry =
[0,2#0 po] x [cpa, 2H0 po] with pp > p1 and R} = [cp1,2#°p1] x [0, 2#0 pq]
with p — 1 > py. In case ps > p — 1 since vy + g—% > Bpa|p|*~? by
Proposition 4.3.2

S(Rr) < B.

In case p; > po, set

R} = [cp1,2"°p1] x [0,6] UUR Ry, = RU U Ry,

Ry = [cp1,2#0p — 1] x [2k6,2FF16] and 2F+16 < 2H0p,.
Then

62

B
< .
a0, | (268)2p°~1 for ¢ € Ry

% + vy > B(2F6)p272 and |
Ot2

Using Lemma B’, since 2819 < 240 p,; for all k, we get

a—2

}:,S(Rk) SB;’;‘M <B.

By Proposition 4.3.1 S(R) < B. Since all other quadrants can be dealt
with in a similar fashion the theorem follows.

COROLLARY 4.4.5. Let a > 1,a # 1. Then for any rectangle R with
sides parallel to the coordinate azis

| /R Kan—(3ysiy(Be*7dt] < B(1 + [y]2),
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where B is a positive constant independent of R,y and v.

PROOF. In case a > 2, we refer the reader to [5] and incase 1 < a < 2
use Theorem 4.4.4. Now apply Proposition (1.1) and (0.2).
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