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BOUNDED AND ALMOST PERIODIC SOLUTIONS
OF SEMI-LINEAR PARABOLIC EQUATIONS

JAMES R. WARD, JR.

0. Introduction. Let Q) be a bounded domain in RN, N > 1, of
class C?t* 0 <a < 1,and let F: R x Q2 x RZ — R be a continuous
function. The purpose of this paper is to discuss the existence of
bounded and almost periodic (in time) solutions of nonlinear parabolic
boundary problems with a possible time delay. In particular semi-linear
problems of the form (0.1), (.02) or (0.1), (0.3) will be studied.

(0.1) ur — Au = F(t,z,u(t,z),u(t —r,z)) in R x Q
(0.2) u(t,z) =0 on R x 90
0.3) %(t, ) =0on R x 90
Here u = u(t, z) is a real valued function on R x O, A := Zfil ai:?
is the N-dimensional Laplacian, z = (21,...,zn),r > 0, and 8/dv

indicates the outward normal derivative on 9f1, the boundary of (2.

Suppose G: R xR"™ — R",n > 1, (t,z) — G(t,z), is continuous and
uniformly almost periodic in ¢. It is a well known result of Amerio that
if there is a compact set K C R" such that for every G* € Hull (G)
the ordinary differential equation

@ = G*(t, )

has a unique solution on R with range in K then each such solution is
an almost periodic function; see [4] for a proof and further references.
Amerio’s result has been generalized in several ways for both ordinary
differential equations and for abstract evolution equations. In the latter
case an extension has been made by Dafermos [3] by using the concept
of an almost periodic process, a two parameter family of maps related
to the usual evolution operator; his results depend upon the existence
of such a process on a complete metric space. Haraux [6] has also
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extended Amerio’s result to classes of evolution equations in Hilbert
space governed by monotone operators; he studies the equation directly.

Here we limit our attention to semi-linear parabolic equations of the
form (0.1) and obtain another extension of Amerio’s result. We study
the equation directly and do not need the existence of a process as-
sociated with (0.1), nor do we need monotonicity in our main result
or a restriction to Hilbert space. We obtain the existence of classical
solutions, however, and must make some smoothness assumptions on
011 and on F. Our approach is useful, e.g., if there is blow up in finite
time of some solutions, if time delays occur, if the nonlinearities pre-
clude a Hilbert space approach or if monotonicity is missing. We are
thus able to obtain the existence of classical almost periodic solutions
by, e.g., the method of upper and lower solutions to obtain a bounded
solution; a uniqueness argument then implies almost periodicity. To
illustrate our main result we apply it to obtain an existence result of
non-resonance type for (0.1), (0.2) or (0.1), (0.3). This will be done in
§2.

1. An Extension of Amerio’s result. Let 2 ¢ RN, N > 1, be
a bounded domain with boundary of class C2** for some 0 < o < 1.
Let F: R x (I x R? - R, (t,z,u,y) — F(t,z,u,9),t,u,y R,z €0,
be Hélder continuous in t and z, uniformly for u,y in bounded sets,
so that F(-,-,u,y) is of class C*/2%([a,b] x (1) for all real a < b. We
assume F is continuously differentiable.in u and y. Here and in the
following, let R = (—00,00) and R* = [0, 00).

We assume that F is bounded in (¢, z). Explicitly, we assume

(H1) For each m > 0 there is aconstant C(m) > 0 such that
| F(t,z,u,y) |< C(m) for all (t,z,u,y) € Dom(F) with |u| < m and
lyl < m.

We wish under certain condition to be able to conclude that a
bounded solution of (0.1), (0.2) or (0.3) must be almost periodic if it is
unique; it is thus convenient that bounded solutions are equicontinuous
on R x, which is perhaps already known, but we know of no reference;
we thus establish it in the following lemmas.

Let fe CR xO,R)N C"f""([a, b] x (O, R), for all @ < b (where
0 < a < 1) be bounded on R}, i.e., sup{|f(t,z)| : t € R,z € 1} < 00,
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and consider the linear problems

(1.1) us— Au= f(¢,z) in R x Q
(1.2) u=0onR x9N

and

(1.3) ut—Au+cu= f(t,z) in R x
(1.4) gg =0 on R x 99

where ¢ > 0 is a real number.

LEMMA 1.1. Let f be as above; then if u € C1+2/2:2%e 45 the unique
bounded solution of either of the above linear problems then u = u(t, z)
18 uniformly continuous in t on C); i.e., for each € > 0 there is a 6 > 0
such that |t — s| < & implies |u(t,z) — u(s,z)| < € for all z € Q0.

PROOF. We consider only (1.1), (1.2); the Neumann case is similar.
Let p > N/2 and D(A) = W2?(Q) NnW,P(Ql). Define A : D(A) —
L?(Q) by Au = Au; then A is a sectorial operator and generates a
semigroup T'(t),t > 0 on LP(Q2); (see [5]). For ¢t > 0 this semigroup
maps LP(f2) into W22(Q) ¢ CP(Q) for 0 < B < 2 — N/p. Thus by
choosing p > N/2 we insure that T'(t)for t > 0 maps C(Q) into itself
compactly. Also (see [5], p. 31) there are constants M >0,0< 3 < 1,
and v > 0 such that for v € LP(Q) and ¢ > 0 we have

(1.5) IT ()l < Mllullzot™Pe".

Let %(t) = u(t,-) € C(Q) and use similar notation for f. We have the
representation

(1.6) a(t) = / T(t — s)f(s)ds.

—00
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Let n > 0 be fixed and let t,7 € R witht < 7 and pick 0 < e < 7 —¢;
we have using (1.6)

a(r) — at) = /t "T(r = 5)F(s)ds

+ / H[T(r —8) = T(t - s)|f(s)ds

— 00

+ / t [T(r — s) — T(t — s)]f(s)ds
t

—€

=hL+1+1Is.

Let | - |o denote the norm in C(12) and | - |, that in LP(Q2). Now the
boundedness of f(¢,z) implies that || f(s)||, < C; for some C; > 0 and
all s € R. Using (1.5) we have

Lo < / M(r — 5)Pe= 19|} (s)|pds

T—t

< MCI/O s Be~15gs.
Hence there exists a §; > 0 such that
(1.7) [1]o < for |t — 7] < 61.
We may estimate I3 similarly to get
| Islo < /OE 2MCys~Pe"3ds;
thus by choosing € > 0 sufficiently small we get
(1.8) I3]0 < 7.
As for I, we use the fact that T'(¢) is compact for ¢ > 0 on LP({2)
which implies that T'(¢)y is uniformly continuous in ¢ for y in bounded

L?(Q) sets, as long as t is bounded away from 0, say ¢t > €. Thus there
is a number 8 > 0 such that

(1.9) IT(r—t+e) —T(e))f(s)lp <m
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whenever 0 < 7—t < 62, and for all s € R. Writing T'(r—s)-T(t—s) =
T(t—s—¢€)[T(r —t+¢€) — T(g)] we have using (1.5) and (1.9)
(1.10)
t—e
[T2]o < M(t—s—e) P exp(—(t — s —¢). |[T(7 — s + &) = T(e))f (5)lpds

—00

oo
< n/ MsBe=7%ds = nCs.
0

Combining (1.7), (1.8), and (1.10) we get
1o < (2 + C3)m,

whenever 0 < 7 — ¢t < min(dy,82). Since Cj3 is fixed and 7 is arbitrary
this proves the lemma.

REMARK. If we already had bounds on Au(t,z) on R x {0 in (1.1),
then Lemma 1.1 would follow immediately from the equation (1.1).

LEMMA 1.2. Under the same hypotheses as Lemma 1.1 the unique
bounded solution u = u(t,z) of (1.1), (1.2) (or (1.3), (1.4)) ¢s contin-
uous in ¢ uniformly int € R, i.e., for each € > 0 there exists a § > 0
such that |z — y| < 6§ and t € R imply |u(t, z) — u(t,y)| < e.

PROOF. Using the same notation as in Lemma 1.1, fix p > 2N and
let B = —A. Then for 0 < o < 1 the fractional powers B* are defined
on X?, with X* ¢ C#(Q1) when 0 < u < 2o — N/p; choose 0 < o < 1
so close to one that X* c C'(Q2). Using the fact ([5], p. 26) that
[|BT(t)|], < Cat™*e~% for some constants C, > 0,6 > 0, and all
t > 0, we obtain, for each t € R

t

[EOllor @ < IB2EOll, < [ 18T~ )7 (lpds

[o <]
< K1/ s~ % %ds = K.
0

Hence |Vu(t,z)| < K, for all (t,z)e R x (1.
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Suppose that the lemma is false. Then there exist sequences (ty, )
and (tn,yn)(n = 1,2,...) and a number &g > 0 such that |z, — yn| <
n~! and |u(tn, Tn)—u(tn,yn)| > €0. We may assume that the sequences
(zr) and (y») converge to some z € Q). If z €  then there is a § > 0
such that the neighborhood N = {z : |z — 2| < 6} is contained in Q.
Moreover there is an integer m such that z,, y, € N for all n > m.
Thus the line segment joining z, and y, lies in 2 and by the mean
value theorem there is for each n a point ¢, on that line segment such
that

€o < Iu(tmzn) - u(tmyn” = Vu(tnacn) (T — Z/n)l
< |Vu(tn, cn)| - |Zn = ¥n| < |Vu(tn,cn)ln™t.

Thus |Vu(tn,cn)| — 0o as n — oo, contrary to |Vu(t,z)| < K for all
(t,z) € R x Q. Thus if there are such sequences (t,,Z,) and (tn,¥s)
we must have z € Q). This will also lead to a contradiction, as follows.
If 2 € 91, there is a number 6 > 0 such that for all 0 < § < §g if
N = N(z,6) = {z : |z — 2| < 6} then (i) N NIN is simply connected
and (ii) N — 9Q has two components N; and N, with N; C 2 and
N2NQ = 0. Now 80 is C?* (and hence C?, which is all we need here).
There is therefore for each 0 < § < 6y a number 79 = 79(6),0 < 7o < 4,
such that if 0 < n < 7o and z € 9NN N(z,n) there is a vector v = v(z)
with the properties: (i) |v| > 6/2 (ii) v = v(z) is perpendicular to the
hyperplane at z tangent to 4 (iii) z + v(z) € N;. Moreover we may
choose 79 so small that if z,y € 92N N(2,7),0 < n < ng, then the line
segment joining z + v(z) to y + v(y) lies in N3 = Ny(9).

Now since z,,,y, — z we may choose a sequence (6,),0 < 6, < do,
and corresponding (7,,),0 < 7, < 6,, with §, — 0 and z,,y, €
N(z,7m,). Let Z, denote a point on QN N(z,7y,) of minimal distance
to z,; at least one such exists; similarly define 3,,. If z, # T, and
Yn # U, the directed line segments joining Z,, to z, and 7, to y, lie in
0. We see that z,, and y,, may be joined by a polygonal line lying in
the closure of Ny(z,6,) and having at most five segments: a segment
from z, to E,, thence to T, + v(Z,), thence to 7, + v(7,); thence to
¥, and finally to y,. By the mean value theorem applied to each of
these segments (note, however, there maybe fewer than five segments).
We find a,,, by, Cn,dn, eneN(2,8,) with (letting u, = Tp, + v(Zp),vn =
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Un + ()

€0 < |u(tn, Tn) — u(tn, yn)| <
IVu(tn,an) - (Tn = Zn)| + [Vultn, bn) - (Tn — un)l
+ |Vu(tn,cn) - (un — vp)|+
IVu(tn,dn) - (vn = Tp)l + [ Vultn, en) - (Fn — yn)| < 10K26,.

Since 8,, — 0 we have a contradiction. This proves the lemma.

COROLLARY 1.3. If the hypotheses of Lemma 1.1 hold then the unique
bounded solutions of (1.1), (1.2) and of (1.3), (1.4) are uniformly con-
tinuous on R X ().

PROOF. Since |u(t, z) —u(s,y)| < |u(t, z) —u(s, )|+ |u(s, ) —u(s, y)|
we have only to apply each of Lemmas 1.1 and 1.2.

We now recall the concept of a uniformly almost periodic function.
Let S C R” be a non-empty set. A continuous function f : RxS — R,
(t,z) — f(t, ), is said to be uniformly almost periodic (in t) on S (UAP
on S) if for any € > 0 and compact set K C S there exists a number
L = L(e,K) such that any interval of length L contains a number
such that |f(¢t + 7,z) — f(t,z)| < e for all t € R and =z € K. For the
convenience of the reader we quote three useful theorems; proofs maybe
found in [4] and [8].

THEOREM A. Let D C R™ and f € C(R x D,R) be UAP on D.
Then for any sequence o' = (al,) C R there is a subsequence o = (a,)
and a continuous function g(t,z) on R X D such that

nlgrgo ft+ an,z) = g(t, z)

uniformly on every R x K, K C D and compact. Moreover any such g
18 also UAP on D.

The set of all such functions g obtainable from a UAP function f via
some sequence as in Theorem A is called the hull of f, which we will
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write as Hull (f). Let & = (ay) be a real sequence and f,g : RxD — R
where D C R"™. We will write T, f = g to mean f(t + an,z) — f(t,2)
as nm — 00, where the convergence will be pointwise unless otherwise
indicated. The following is due to Bochner.

THEOREM B. Let f € C(R,R),g € C(R x D,R),D C R", and let
o = (o), B = (B) be real sequences. Then

(1) f s almost periodic if and only if there are common subsequences
aCa,BC B such that Toypf = ToTpf (pointwise).

(2) g is uniformly almost periodic on D if and only if there are com-
mon subsequences o C o, C ' such that To4+39 = ToTpg uniformly
on each R x K, K any compact subset of D.

THEOREM C. A function f € C(R x D,R),D C R", is uniformly
almost periodic on D if and only if:

(1) For each fized x € D the mapping t — f(t,z) is AP.

(2) For every compact K C D, f(t,z) is continuous in ¢ € K uni-
formly in t, i.e., for every x € K and € > 0 there exists a 6 > 0 such
that y € K and |z — y| < 6 implies |f(t,z) — f(t,y)| <€ for allt € R.

We now need the following:

LEMMA 1.3. Letu € C*?(RxQY) be a bounded solution of (1.1), (1.2)
or (1.3), (1.4) where f € C*/2*(R x Q,R) is a bounded function.
If for each = € Q1 and each pair o/, of sequences there are com-
mon subsequences o C o', C ' (which may depend on z) such that
To+pu(yz) = TaTau(-, z) (pointwise), then u = u(t,z) is UAP int on

PROOF. By Lemma 1.2, u(t, z) is continuous in z, uniformly in ¢. By
Theorem B, u(t,z) is AP in t for each fixed z € (2. Theorem C now
implies the conclusion.

Our extension of Amerio’s result may now be given.
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THEOREM 1.4. Let F : R x 1 x R? — R, (¢, zu,y)—»F(t T,u,y),
satisfy (H1) and be uniformly almost periodic on 0 x R? and suppose:

(1) Each F* € Hull (F) is Holder continuous with exponents o/2, o, a,
and ,0 < o < 1, in the variables t,z,u,y, respectively (o« may depend
on F*).

(2) There are function ¢,d on 1 with —oo < ¢(z) < d(z) < oo for all
z € Q such that for each F* € Hull (F) problem (0.1), (0.2) (or (0.3))
(with F* in place of F) has a unique bounded solution u* € CL2(Rx Q)
satisfying c(z) < u*(t,z) < d(z)for all (t,z) € RxQ. Then (0.1), (0.2)
(or (0.3)) has a uniformly almost periodic solution 4 € CV2(R x (1)
with c(z) < U(t,x) < d(z) for all (t,z) ER x Q.

REMARK. If F(t,z,u,y) = g(z,u,y) + h(t, z) then the regularity con-
dition are easy to check.

PROOF. Let u = u(t,z) be the bounded solution of (0.1), (0.2) (if
u satisfies (0.3) the proof is the same) with ¢(z) < u(t,z) < d(z)
for all (t,z) € R x Q. Since F(t,z,u(t,z),u(t — r,z)) will be locally
Holder continuous of exponent 0 < a < 1, we have that actually
= Cl+a/2,2+a(R X ﬁ)

Let «,8 be real sequences. By Theorem B there are common
subsequences, which we call again o and S, such that To4gF =
T,T3F € Hull (F) uniformly on compact sets in {I x RZ. Let, for
n=12,...,un(t, ) := u(t + Bp,z). Then u, satisfies

6un

5 — Aup = F(t + Pn, T, un(t,z),un(t — r,z)) on R X

un, =00on R x 9102

and ¢(z) < un(t,z) < d(z) on R x Q.
Now for each T > r/2 there is a Ct > 0 such that

|un|a,T < Cr

where the subscripts o, T denote the norm in C1*+¢/2:2+¢([—T, T|x {Q0).
There is thus a subsequence of (uy, ), converging in C1+%/2.2+%([—T, T|x
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(1) for some 0 < @ < a to a solution of the problem

% —Au=Fp, on [-T+r,T] x 0

where Fj; = TBF(t, z,u,y),u = 0on [-T+ R, T] x 9. Here B denotes
the corresponding subsequence of 3. Letting 7' — oo and using the
usual diagonalization process gives us a function z € C114/2:2+& o <
& < @ < 1, and a subsequence 3’ of 3 such that z = T (u) on R x Q.
In addition, ¢(z) < 2(t,z) < d(z) on R x {1, and

zz—Az=TgFonRx()
z=0 onR x090.

If we now let z,(t,z) := z(t + an,z) a similar argument gives us
y = Tz = To/Tpu which solves

Yyt — Ay =T TpF in RXx(]

(1.11)
y=0 on R x o0

Moreover
c(z) < y(t,z) < d(z).

It is clear that we may again repeat the above procedure with
subsequences a”, 3" of o, #', respectively, obtaining a function v =
Tor+p5u,v € CL2(R x ), ¢(z) < v(t,z) < d(z) on R x , and solving

(1.12) vy — A= Ta”+ﬁ”F in R xQ
v=0 on R x 01).

However Ty F = To1p F = TowTp F so that (1.11) and (1.12)
are the same equation. Our uniqueness hypothesis implies y = v, that
is, Tar4pru = TauTgru. By Lemma 1.3, u = u(t, z) is uniformly al-
most periodic in ¢t on Q. This completes the proof.

Bounded solutions of almost periodic equation are not as hard to ob-
tain as one might expect as the following shows.
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THEOREM 1.5. Let F: R x I x R? = R, (t,z,u,y) — F(t,z,u,y)
be locally Hélder continuous with exponents af2,a, o, o int, z,u,y, re-
spectively. Suppose also that Fis UAP int on (I x R2. If there is a
L € C*/2%((tg,00) x ) NCHH+*/ 2242 ((t4 47, 00) x ) which is bounded
and solves (0.1), (0.2) (or (0.3)) on (to+r,00) X ) then the same prob-
lem has a CY? solution defined and bounded on R x Q.

PROOF. Since F is UAP on Q x R? there exists a sequence a =
(an), @n, — 00 as n — o0, such that

F(t+ on,z,u,y) = F(t,z,u,y)

uniformly on compact subsets of I xR2. If we let uy, (t,z) = u(t+an, )
we see by arguments similar to those of Lemmas 1.1-1.3 and Theorem
1.4 that a subsequence of (u,) converges in C'*72+10 < n < a, to a
bounded function which solves (0.1), (0.2) (or (0.3)) on R x Q.

2. An application to a non-resonance problem. It is our
aim in this section to give just one application of Theorem 1.4, to
an equation which satisfies a “non-resonance” condition. We thus
illustrate Theorem 1.4 by obtaining more verifiable conditions for an
almost periodic solution of (0.1), (0.2).

We assume F = F(t,z,u,y) is uniformly almost periodic on {I x R,
each F* € Hull (F) is Holder continuous in ¢ and z with exponents
a/2 and o, respectively, 0 < a < 1, uniformly on bounded subsets on
R?, and continuously differentiable in u and y. We also assume  is a
bounded domain in R" with boundary of class C2+.

Let A1 > 0 be the first eigenvalue for the Dirichlet problem

(2.1) —Au= Ay in 1
(2.2) u=0 on N
We let § € C?*+*(0)) be a positive eigenfunction for (2.1),(2.2) with

A = Ay, so that 8(x) > 0 for = € ). We recall that there exists ¢o > 0
such that

a0
. ()< -
(2.3) aV(:::) < —co, T €01,
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where 9/0v denotes the outer normal derivative on 9.

THEOREM 2.1. Let F and 0 be as described above. In addition
suppose that for each F* € Hull (F):

( (i) Ti)tereRz's aﬁnugb;r p1 < A1 such that 3F*/du < p; for all
t,z,u,y) e R X x .

(ii) 0 < F* /3y < & for some 8o > 0 and all (t,z,u,y) € RxOxR2.
(lll) bo < A1 — p1.

Then (0.1), (0.2)has a unique C'2 uniformly almost periodic solution
on R x .

PROOF. We first show there can be no more than one bounded
solution; we will afterwards sketch an existence proof.

Suppose u,v € C1'2(R x (1) are bounded solutions of (0.1), (0.2) and
let 2 = u —v. Define S € C}(R,R) by

(2-4) S(t) = —;—/ 22(t,z)dz
Q
and let
(2.5) M = sup S(t).
teR

We will show that M = 0. All the following integrals are over (2.

Now

S'(t) = / o= / (B2 + F(u) - F(v))

where by F(u) we mean F(t,z,u(t,z), u(t — r,z)), etc. An integration
by parts and the mean value theorem yield

S'(t) = /[—leI2 + Fy - 22 + Fy2(t,2)2(t — r,2)|dz

< (p1— Al)/zzda: + 60/|z(t, z)z(t — r,z)|dz.
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Applying the Cauchy-Schwartz inequality to the last integral and
using (2.4),(2.5) we obtain

(2.6) §'(t) < 2(p1 — M1)S(t) + 6o M.

Fixing ¢o € R and integrating (2.6) on [to,t] we have
(2.7) S(t) < S(to)ef o™t 4+ soM(K~1)(1 — eK(to=t)),

where K = 2(A; — p1) > 0. Using |S(¢o)| £ M and letting tg — —o0
in (2.7) we see that
St)<éK'M

for all t € R. Since (A1 —u1)~! < 1, this contradicts the definition of
M unless M = 0. We conclude that there is at most one C*:2 bounded
solution of (0.1), (0.2).

We sketch the proof for existence.

Let h(t,z) = F(t,z,0,0) and choose u so that & + 1 < p < A;. Let
g = q(t, z) be the unique bounded solution of the linear problem.

g — Ag—pug=nh(t,z) nRxQ

2.8
(28) qg=0 on R x 91).

Notice ¢ will be UAP since h is. By using arguments like those of
Lemma 1.2 can show that there must be a constant C; > 0 such that

(2.9) 10g/0v(t,z)| < Cy

for all (t,2) € R x 9Q.
Thus there exists a number o > 0 such that for all a; > ag

(2.10) —010(z) + q(t,z) <0< a16(x) +q(t, x)

on R x 1.
Now let

B={veC*¥**R x0):vis UAP on 0
and — o;0(z) <v(t,z) < 010(z) on R x (0},
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and define Fi(t,z,u,y) = F(t,z,u,y) — F(t,z,0,0) — pp and for each
v € B,

Gy(t,z,2) := Fi(t,z,z + q(t,z),v(t — r,z) + q(t — 7, ).

We first find a bounded solution in R x {1 of

(2.11) 2t — Az — pz = Gy(t, z, 2)
(2.12) z=0on R x 90.
Let 23 = —a16(z) and 29 = a10(z),a1 > apg. We claim 21,29 are

respectively lower and upper solution of (2.11), (2.12).
To begin with,

(2.13) 2t — Azy —pzy = (M — p)z; = —a1 (A1 — u)d <0.

NeXta %Fl(t,z,%y) < —p < 070 < %‘(t,x,%y) < 607 and
Fy(t,z,0,0) = 0. Since 6o + u1 — 4 < 0 an application of these facts
and the mean value theorem (in the variables u and y) yields (using
21 < v(t =T 23))3

(2 14) Gv(taza Zl) = Fl(t,x’ 21 +q(t’ z),v(t g x) +Q(t ) 1))
. 2Fl(t,x3zl +Q(taz))zl+Q(t_T’x))20'

Since 2z; < 0, inequalities (2.13) and (2.14) show z; = —a;0 to be a
lower solution of (2.11), (2.12).

Much the same argument shows that z; = ;6 is an upper solution.
Well known results now imply that the initial value problem z(0,z) =0
for (2.11), (2.12) has a solution 2 € C*+%/2:2+2((0, 00) x 1) continuous
on [0, 00) X with values between —a; 0(z) and a3 0(z). Since G,(t, z, 2)
is UAP onR x ), by Theorem 1.5 a bounded solution of (2.11),(2.12)
exists on R x 1. That solution must lie between —a;0(z) and o;6(z).
An argument like that for uniqueness given above shows that for each
v € B the solution so obtained is unique. Thus the obtained solution is
UAP by Theorem 1.4 and we have a well defined mapping & : 8 — B.
By Lemma 1.3 each solution is uniformly continuous on R x ), but
in fact the arguments of Lemmas 1.1-1.3 maybe used to show that the
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entire image, ®(B8), is a uniformly continuous family on R x 2. From
this it follows that there is a constant C; > 0 such that |0z/0t|p < C1
for all 2 € ®(B), and hence also |Az|g < C2 for some Cz > 0 and all
z € ®(B). We thus have that ®(B8) is bounded in the C}2(R x Q)
norm. That is, there exists C3 > 0 such that

< Cs.

5|
. O0z;,0z;l0 ~

N
(2.15) |zlo + |2tlo + |V2|o + Z

i,j=

Thus it follows that in particular there is a number M > 0 such that
z € ®(B) implies |z|o,7 < M for all T > 0. (Recall | |q,r is the norm
in C%([-T,T] x Q1)).

Let B* = {v € B : |v|oq,r £ M for all T > 0} and let B; be the closure
of B* in the topology of norm convergence in C*([—T, T] x ) for each
T > 0 (i.e., we use the compact-open topology of C*(R x Q1)). B is
just all u € C*(R x (1) with —10 < u < ;0. We may extend ® as
a mapping of By into itself as follows. Let v € B; and(v,) C B* with
vp — U (in C*(R x 1)). Let (25, ) be any subsequence of ®(vy,). It
has a subsequence converging in C1:?(R x ) to some zy € B; which
must be a solution of (2.11), (2.12) with right hand side G, (¢, z, ). If
we take any other subsequence of ®(v,) we get a solution of the same
problem; since solutions are unique we can define ®(7) = 2. Thus ®
may be extended to be a self map of 8;. Arguments like those just given
for the extension show that ®(B;) is relatively compact and that ® is
continuous on B;. The generalized version of the Schauder-Tychonov
Theorem ([7], p. 25) now implies that ® has a fixed point Z in B;.
This fixed point is C11t2/2:2+a and is bounded (since —a10 < v < 040
for all v € B;). In addition % = Z + ¢ is a bounded C1? solution of
(0.1), (0.2). We have shown such solutions are unique. This existence
argument maybe made for each F* € Hull (F). It follows by Theorem
1.4 that 4 is uniformly almost periodic.

REMARKS. Theorem 2.1 maybe compared with a result of Cor-
duneanu [1] who has shown that if the non-delay problem ((0.1), (0.2)
with F' independent of y) satisfies dF/0u < u; < A; and (0.1), (0.2)
has an L2-bounded solution then it has an L2?-almost periodic solution
(see also [2])
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