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OF SEMI-LINEAR PARABOLIC EQUATIONS 

JAMES R. WARD, JR. 

0. Introduction. Let Q be a bounded domain in KN,N > 1, of 
class C2 + a ! , 0 < a < 1, and let F : R x l î x R 2 - ^ R b e a continuous 
function. The purpose of this paper is to discuss the existence of 
bounded and almost periodic (in time) solutions of nonlinear parabolic 
boundary problems with a possible time delay. In particular semi-linear 
problems of the form (0.1), (.02) or (0.1), (0.3) will be studied. 

(0.1) ut - Au = F(t, x, u(t, x), u(t - r, x)) in R x Q 

(0.2) u(t,x) = 0 o n R x < 9 Q 
3u 

(0.3) — ( * , x ) = 0 o n R x d n . 
au 

Here u = u(t, x) is a real valued function on R x Q, A := J2i=i ^ 
is the iV-dimensional Laplacian, x = (x i , . . . ,£jv),r > 0, and djdv 
indicates the outward normal derivative on <9Q, the boundary of H. 

Suppose G : R x R n —• R n , n > 1, (t, x) »—> G(t, x), is continuous and 
uniformly almost periodic in t. It is a well known result of Amerio that 
if there is a compact set K C R n such that for every G* G Hull (G) 
the ordinary differential equation 

ù = G*(t,u) 

has a unique solution on R with range in K then each such solution is 
an almost periodic function; see [4] for a proof and further references. 
Amerio 's result has been generalized in several ways for both ordinary 
differential equations and for abstract evolution equations. In the latter 
case an extension has been made by Dafermos [3] by using the concept 
of an almost periodic process, a two parameter family of maps related 
to the usual evolution operator; his results depend upon the existence 
of such a process on a complete metric space. Haraux [6] has also 
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extended Amerio's result to classes of evolution equations in Hilbert 
space governed by monotone operators; he studies the equation directly. 

Here we limit our attention to semi-linear parabolic equations of the 
form (0.1) and obtain another extension of Amerio's result. We study 
the equation directly and do not need the existence of a process as­
sociated with (0.1), nor do we need monotonicity in our main result 
or a restriction to Hilbert space. We obtain the existence of classical 
solutions, however, and must make some smoothness assumptions on 
dfi and on F . Our approach is useful, e.g., if there is blow up in finite 
time of some solutions, if time delays occur, if the nonlinearities pre­
clude a Hilbert space approach or if monotonicity is missing. We are 
thus able to obtain the existence of classical almost periodic solutions 
by, e.g., the method of upper and lower solutions to obtain a bounded 
solution; a uniqueness argument then implies almost periodicity. To 
illustrate our main result we apply it to obtain an existence result of 
non-resonance type for (0.1), (0.2) or (0.1), (0.3). This will be done in 
§2. 

1. An Extension of Amerio's result. Let fi C RN , iV > 1, be 
a bounded domain with boundary of class C 2 + a ! for some 0 < a < 1. 
Let F : R x Ü x R2 - • R, (£, x, u, y) »-• F(t, x, u, y), t, u, y e R, x € fi, 
be Holder continuous in t and x, uniformly for u,y in bounded sets, 
so that F(-, -,ti,y) is of class Ca/2 'a([a,6] x fi) for all real a < b. We 
assume F is continuously differentiate in u and y. Here and in the 
following, let R = (—00,00) and R + = [0,00). 

We assume that F is bounded in (£, x). Explicitly, we assume 

(HI) For each m > 0 there is aconstant C(m) > 0 such that 
I F(t,x,u,y) |< C(m) for all (t,x,u,y) G Dom(F) with \u\ < m and 
\y\ < m. 

We wish under certain condition to be able to conclude that a 
bounded solution of (0.1), (0.2) or (0.3) must be almost periodic if it is 
unique;_it is thus convenient that bounded solutions are equicontinuous 
on R x fi, which is perhaps already known, but we know of no reference; 
we thus establish it in the following lemmas. 

Let / e C(R x n , R ) H CQ/_2'a([a,6] x Q,R), for all a < b_ (where 
0 < a < 1) be bounded on RxH, i.e., sup{|/(£,x)| : t € R, x € fi} < 00, 
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and consider the linear problems 

(1.1) ut- Au = f(t, x) in R x O 

(1.2) u = 0 on R x dCl 

and 

(1.3) ut - Au + cu = f(t, x) in R x Q 
du 

(1.4) — =0 on R x dû 
du 

where c > 0 is a real number. 

LEMMA 1.1. Let f be as above; then ifuE C1+a/2>2+a is the unique 
bounded solution of either of the above linear problems then u = u(t, x) 
is uniformly continuous in t on Q; i.e., for each e > 0 there is a 6 > 0 
such that \t — s\ < S implies \u(t, x) — u(s, x)\ < e for all x G Q. 

PROOF. We consider only (1.1), (1.2); the Neumann case is similar. 
Let p > N/2 and D(A) = W2*{Q) f) ^o ' P ( ^ ) - D e f i n e A : D(A) "* 
LP(Q) by Au = Au; then A is a sectorial operator and generates a 
semigroup T{t),t > 0 on LP(Q); (see [5]). For t > 0 this semigroup 
maps LP((i) into W2*(ü) C Cß(ß) for 0 < ß < 2 - N/p. Thus by 
choosing p > N/2 we insure that T(t)îor t > 0 maps C(fi) into itself 
compactly. Also (see [5], p. 31) there are constants M > 0,0 < ß < 1, 
and 7 > 0 such that for u G LP(Q) and i > 0 w e have 

ßp-it (1.5) \T(t)u\c(Ti)<M\\u\\LPt^e 

Let u(i) = u(t, •) G C(Q) and use similar notation for / . We have the 
representation 

(t) = f 
J—o 

(1.6) ü{t) = / T{t - s)f(s)ds. 
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Let 77 > 0 be fixed and let i , r G R with t < r and pick 0 < e < r — t; 
we have using (1.6) 

fi(r) - ü{t) = T{T- s)f(s)ds 

+ f £[T(r-s)-T(t-8))f(s)ds 
J—00 

+ f* [T(T-s)-T(t-s)]~f(s)ds 
Jt-e 

Let I • |o denote the norm in C(Q) and | • |p that in LP(Q). Now the 
boundedness of /(£, x) implies that | | /(5)| |p < C\ for some C\ > 0 and 
all s € R. Using (1.5) we have 

I/1I0 < ! " M(r - 8)-0e-«T-*\~f{8)\pd8 

fT-t 

< Md l s-ße-^sds. 
Jo 

Hence there exists a 61 > 0 such that 

(1.7) IA lo <V for | * - r | < « i . 

We may estimate ^3 similarly to get 

I J3I0 < / 2MC1s-ße~lsds; 
Jo 

thus by choosing e > 0 sufficiently small we get 

(1.8) I/3I0 < *?• 

As for J2, we use the fact that T(t) is compact for t > 0 on LP(Q) 
which implies that T(t)y is uniformly continuous in t for y in bounded 
LP(Q) sets, as long as £ is bounded away from 0, say t>e. Thus there 
is a number 62 > 0 such that 

(1.9) |[r(T-« + e)-T(e)] /(«) |p<^ 
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whenever 0 < r-t < 62, and for all s € R. Writing T{r-s)-T(t-s) = 
T{t-s- e)[T{r -t + e)- T(e)} we have using (1.5) and (1.9) 
(1-10) 

N o < / M(t-a-e)-ßexp{-i{t-a-e). \{T(T - s + e)-T(e)]f(s)\pds 
J — OO 

/•OO 

< r\ l Ms-ße~'iads = »?C3. 
Jo 

Combining (1.7), (1.8), and (1.10) we get 

| / | o < ( 2 + C3)»j, 

whenever 0 < r — t < min(<$i, 62). Since C3 is fixed and rj is arbitrary 
this proves the lemma. 

REMARK. If we already had bounds on Au(t,x) on R x Q in (1.1), 
then Lemma 1.1 would follow immediately from the equation (1.1). 

LEMMA 1.2. Under the same hypotheses as Lemma 1.1 the unique 
bounded solution u = u(t,x) of (1.1), (1.2) (or (1.3), (1.4)) is contin­
uous in x uniformly in t € R, Le., for each e > 0 there exists a 6 > 0 
such that \x — y\ < 6 and i € R imply \u(t, x) — u(t, y)\ < e. 

PROOF. Using the same notation as in Lemma 1.1, fix p > 2N and 
let B = —A. Then for 0 < a < 1 the fractional powers Ba are defined 
on Xa, with Xa C C^(Q) when J) < /i < 2a - N/p; choose 0 < a < 1 
so close to one that Xa c Cx(ü). Using the fact ([5], p. 26) that 
||-BaT(0||p < Caï~

ae-6t for some constants Ca > 0,6 > 0, and all 
t > 0, we obtain, for each t Eu 

l|u(0lloi(n) * I I ^ Ö W I I P < f \\BaT{t - s)~f(s)\\pds 

/•OO 

<Ki I s-ae-6sds = K2. 
Jo 

Hence |Vu(*,x)| < K2 for all (£,x)e R x Ü . 
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Suppose that the lemma is false. Then there exist sequences (tn,xn) 
and (tn, yn)(n = 1,2,... ) and a number eo > 0 such that \xn — yn\ < 
n - 1 and \u(tnìxn)—u(tnìyn)\ > £o- We may assume that the sequences 
(xn) and (j/n) converge to some z G fi. If z G fi then there is a 8 > 0 
such that the neighborhood N = {x : \x — z\ < 8} is contained in fi. 
Moreover there is an integer m such that xni yn G N for all n > ra. 
Thus the line segment joining xn and yn lies in fi and by the mean 
value theorem there is for each n a point cn on that line segment such 
that 

£o < \u{tnixn) -u{tn,yn)\ = Vu(tn,cn) • (xn -yn)\ 

< \Vu{tn,cn)\ • \xn -yn\ < \Vu{tn,cn)\n~l. 

Thus |Vw(£n,cn)| —> oo as n —• oo, contrary to |Vu(£,x)| < K<i for all 
(t,x) G R x fi. Thus if there are such sequences {tn,xn) and (tn,yn) 
we must have z G dfi. This will also lead to a contradiction, as follows. 
If z G dfi, there is a number <5o > 0 such that for all 0 < 8 < 6$ if 
N = N(z, 8) = {x : \x — z\ < 6} then (i) N D dQ is simply connected 
and (ii) N — dQ has two components iVi and 7V2 with Ni C fi and 
N2 flfi = 0. Now 9fi is C 2 ' a (and hence C1 , which is all we need here). 
There is therefore for each 0 < 6 < 60 a number r/o = Wo(8), 0 < r/o < <$, 
such that if 0 < ry < r/o and £ £ # 0 H N(z, rj) there is a vector v = i>(x) 
with the properties: (i) \v\ > 8/2 (ii) v = v(x) is perpendicular to the 
hyperplane at x tangent to dû (iii) x + v(x) G iVi. Moreover we may 
choose r?o so small that if x, y G 9fi fìiV(^, 77), 0 < 77 < 770, then the line 
segment joining x + v(x) to y + v(y) lies in JVi = iVi(<$). 

Now since xn,yn —• 0 we may choose a sequence (6n)>0 < £n 5î <5o? 
and corresponding {rjn),0 < rjn < 8ni with 8n —• 0 and zn , i /n G 
iV(^, r7n). Let xn denote a point on dQ fl iV(^, rjn) of minimal distance 
to xn; at least one such exists; similarly define yn. If xn ^ xn and 
2/n ¥" Vn t n e directed line segments joining xn to xn and yn to yn lie in 
fi. We see that xn and yn may be joined by a polygonal line lying in 
the closure of Ni{z,8n) and having at most five segments: a segment 
from xn to äfn, thence to xn + i>(xn), thence to yn + v(yn); thence to 
yn and finally to yn. By the mean value theorem applied to each of 
these segments (note, however, there maybe fewer than five segments). 
We find dn,eneN{z,8n) with (letting un = xn + v(xn),vn = 
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Vn+*>(y„)): 

£o < \u(tni xn) - u(tn, yn)\ < 

\Vu(tn,an) • (xn-xn)\ + \Vu(tnibn) • \xn un)\ 

+ \Vu{tn,Cn) • (tin - Vn)| + 

\Vu(tn,dn) • (ün - y n ) | + |Vn(in ,en) • (yn - y n ) | < 10K26n. 

Since én —• 0 we have a contradiction. This proves the lemma. 

COROLLARY 1.3. If the hypotheses of Lemma 1.1 hold then the unique 
bounded solutions of (1.1), (1.2) and of (1.3), (1.4) are uniformly con­
tinuous on R x H. 

PROOF. Since |^(i,x) —u(s,2/)| < ^(£,2;) — ^(s,a;)| + |îi(s,a:)— i/(s,y)| 
we have only to apply each of Lemmas 1.1 and 1.2. 

We now recall the concept of a uniformly almost periodic function. 
Let S C R n be a non-empty set. A continuous function / : R x S —• R, 
(£, x) »—• /(£, x), is said to be uniformly almost periodic (in t) on S (UAP 
on S) if for any e > 0 and compact set K Ç 5 there exists a number 
L = L(e, K) such that any interval of length L contains a number r 
such that \f(t 4- r, x) - /(£, z)| < e for alH € R and x e K. For the 
convenience of the reader we quote three useful theorems; proofs maybe 
found in [4] and [8]. 

THEOREM A. Let D Ç R n and f e C(R x D,R) be UAP on D. 
Then for any sequence a' = (a'n) Ç R there is a subsequence a = (an) 
and a continuous function g(t, x) on R x D such that 

lim f(t + anìx) = g(t,x) 
n—*oo 

uniformly on every R x K,K Ç D and compact. Moreover any such g 
is also UAP on D. 

The set of all such functions g obtainable from a UAP function / via 
some sequence as in Theorem A is called the hull of / , which we will 



486 JAMES R. WARD, JR. 

write as Hull (/) . Let a = (an) be a real sequence and / , g : R x D —• R 
where D Ç R n . We will write Taf = g to mean f(t + ani x) —• /(£, x) 
as n —> oo, where the convergence will be pointwise unless otherwise 
indicated. The following is due to Bochner. 

THEOREM B. Let f E C(R,R) ,g E C(R x D,R),£> Ç R n , and let 
a* = (a^),/?' = (ßf

n) be real sequences. Then 

(1) / is almost periodic if and only if there are common subsequences 
a C a',ß C /?' swc/i £/m£ Ta+ßf = TaTßf (pointwise). 

(2) 0 is uniformly almost periodic on D if and only if there are com­
mon subsequences a C a',/? C ß' suc/i £Aa£ Ta+ßg = TaTßg uniformly 
on each R x K, K any compact subset of D. 

THEOREM C. A function f E C(R x £>,R),Z? C R n , is uniformly 
almost periodic on D if and only if: 

(1) For each fixed x E D the mapping t •-• /(£, x) is AP. 

(2) For every compact K Ç £), /(£, x) es continuous in x E if wm-
formly in t, i.e., for every x E K and £ > 0 £Aere ernste a £ > 0 such 
that y E K and \x — y\ < 6 implies |/(£, x) — /(£, y)\ < £ for all t E R. 

We now need the following: 

LEMMA 1.3. LetuE C 1 , 2 (RxÜ) be a bounded solution of (1.1), (1.2) 
or (1.3), (1.4) where f E C a / 2 ' a ( R x fi,R) is a bounded function. 
If for each x E Q and each pair a',fl of sequences there are com­
mon subsequences a Ç a',ß Ç ß' (which may depend on x) such that 
Ta+ßu{>,x) = TaTßu(',x) (pointwise), then u = u(t,x) is UAP in t on 

n. 

PROOF. By Lemma 1.2, u(t, x) is continuous in x, uniformly in t. By 
Theorem B, u(t, x) is AP in t for each fixed x E H. Theorem C now 
implies the conclusion. 

Our extension of Amerio's result may now be given. 



SEMI-LINEAR PARABOLIC EQUATIONS 487 

THEOREM 1.4. Let F : R x fi x R2 - • R ^ x ^ y ) - • F{t,x,u,y), 
satisfy (HI) and be uniformly almost periodic on fi x R 2 and suppose: 

(1) Each F* G Hull (F) is Holder continuous with exponents a /2, a, a, 
and a, 0 < a < 1, m £Ae variables t,x,u,y, respectively (a may depend 
onF*). 

(2) T/iere are function c,d on fi with —oo < c(x) < d(x) < oo for all 
x G fi such that for each F* G Hull (F) problem (0.1), (0.2) (or (0.3)^ 
ftwïft F* m p/aee o/F^ Aas a unique bounded solution u* G C 1 , 2 (Rxfi) 
satisfyingc(x) < u*(t,x) < d(x)for all(t,x) G R x f i . Then (0.1), (0.2) 
(or (0.3) j ftas a uniformly almost periodic solution ü G C1 , 2(R x fi) 
with c(x) < &(£, x) < d(x) for ail (£, x) G R x fi. 

REMARK. If F(£, x, w, y) = #(x, M, y) + /i(£, x) then the regularity con­
dition are easy to check. 

PROOF. Let u = u(t,x) be the bounded solution of (0.1), (0.2) (if 
u satisfies (0.3) the proof is the same) with c(x) < u(t, x) < d(x) 
for all (£,x) G R x fi. Since F(t,x,u(t,x),u{t - r, x)) will be locally 
Holder continuous of exponent 0 < a < 1, we have that actually 
tt6Cl+aA2+a(RxÎJ). 

Let a, ß be real sequences. By Theorem B there are common 
subsequences, which we call again a and /?, such that Ta+ßF = 
ToTßF G Hull (F) uniformly on compact sets in fi x R2 . Let, for 
n = 1,2,..., un(t, x) := u(£ + /3n, x). Then wn satisfies 

- r ^ - Awn = F(t + /?n, x, un(t, x), wn(t - r, x)) on R x fi 

un = 0 on R x <9fi 

and c(x) < wn(^ #) < d(x) on R x fi. 

Now for each T > r/2 there is a CT > 0 such that 

where the subscripts a , T denote the norm in C1+a^2^a{[-T,T\ xfi). 
There is thus a subsequence of (wn), converging in (71 + a /2 '2 + a([—T, T] x 
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fi) for some 0 < a < a to a solution of the problem 

— -Au = Fß, on [-T + r ,T ]x H 

where F~ß = T~ßF(t,i,w,y),w = Oon [-T + R,T] x dQ. Here ß denotes 
the corresponding subsequence of ß. Letting T —• oo and using the 
usual diagonalization process gives us a function z € c1+a/2,2+a,0_< 
à < ä < 1, and a subsequence /?' of /? such that z = Tß>(u) on R x Q. 
In addition, c(x) < z(t, x) < d(x) on R x 0, and 

zt - Az = Tß>F on R x Q 

z = 0 on R x dn. 

If we now let zn{t,x) := z(t + anìx) a similar argument gives us 
y = TQ'Z = TaiTß'U which solves 

( 1 n ) yt-*V = Ta.Tß.F in R x n 

y = 0 on R x 3 Q . 

Moreover 
c(x) < y(t,x) < d{x). 

It is clear that we may again repeat the above procedure with 
subsequences a",ß" of ot',ß', respectively, obtaining a function v = 
Ta»+ß»u, v e C1,2(R x Q), c(x) < v(t, x) < d(x) o n R x i i , and solving 

,112) vt-A = Ta»+ß»F i n R x f i 

v = 0 o n R x ô n . 

However Ta.>+0I,F = Ta>+ß>F = T^TpF so that (1.11) and (1.12) 
are the same equation. Our uniqueness hypothesis implies y = v, that 
is, Tat/+ß/'U = TanTß"U. By Lemma 1.3, u = u(t,x) is uniformly al­
most periodic in t on Q. This completes the proof. 

Bounded solutions of almost periodic equation are not as hard to ob­
tain as one might expect as the following shows. 
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THEOREM 1.5. Let F : R XÏÏ x R2 ^ R, (*, x, u, y) -> F(t, x, ti, y) 
be locally Holder continuous with exponents a /2, a, a, a in t, x, u, y, re­
spectively. Suppose also that Fis V AP in t on fi x R 2 . / / there is a 
u € Ca/2>a({t0,oo) x Ï Ï )nC 1 + a / 2 » 2 + a ( ( t 0 + r,oo) xfi) ti*tcft M founded 
anrf sofoes (0.1), (0.2) ("or (0.3)) on (£o + r , oo) x fi then the same prob­
lem has a C1 '2 solution defined and bounded on R x fi. 

PROOF. Since F is UAP on fi x R2 there exists a sequence a = 
(a n ) , a n —• 00 as n —• 00, such that 

F(* + a n , x, ti, 2/) -+ F(£, x, ti, 2/) 

uniformly on compact subsets of fi xR 2 . If we let un{t, x) = ti(£+an , x) 
we see by arguments similar to those of Lemmas 1.1-1.3 and Theorem 
1.4 that a subsequence of (tin) converges in C1+?7,2+r?0 < rj < a, to a 
bounded function which solves (0.1), (0.2) (or (0.3)) on R x fi. 

2. An application to a non-resonance problem. It is our 
aim in this section to give just one application of Theorem 1.4, to 
an equation which satisfies a "non-resonance" condition. We thus 
illustrate Theorem 1.4 by obtaining more verifiable conditions for an 
almost periodic solution of (0.1), (0.2). 

We assume F = F(t, x, u^ y) is uniformly almost periodic on fi x R2 , 
each F* € Hull (F) is Holder continuous in t and x with exponents 
a/2 and a, respectively, 0 < a < 1, uniformly on bounded subsets on 
R2 , and continuously differentiable in u and y. We also assume fi is a 
bounded domain in RN with boundary of class C 2 + a . 

Let Ài > 0 be the first eigenvalue for the Dirichlet problem 

(2.1) -At i = Ati in fi 

(2.2) ti = 0 on dfi. 

We let e e C2+a(fi) be a positive eigenfunction for (2.1),(2.2) with 
A = Ài, so that 0(x) > 0 for x G fi. We recall that there exists CQ > 0 
such that 

dB 
(2.3) —(as) < -c 0 , x € dU, 

au 



490 JAMES R. WARD, JR. 

where djdv denotes the outer normal derivative on dfi. 

THEOREM 2.1. Let F and n be as described above. In addition 
suppose that for each F* G Hull (F): 

(i) There is a number /ii < Ai such that dF*/du < ß\ for all 
{t,x,u,y) G R X H X R 2 . 

(ii) 0 < dF*/dy< 60 for some 60 >Oandall(t,x,u,y) G R x Ï Ï x R 2 . 

(iii) 60 < Ai - / i i . 

Then (0.1), (0.2)has a unique C1'2 uniformly almost periodic solution 
o n R x f i . 

PROOF. We first show there can be no more than one bounded 
solution; we will afterwards sketch an existence proof. 

Suppose u, v G C1,2(R x Q) are bounded solutions of (0.1), (0.2) and 
let z = u - v. Define S e C ^ R , R) by 

(2.4) S(t) = l I z2(t,x)dx 

and let 

(2.5) M = supS(*). 
t€R 

We will show that M = 0. All the following integrals are over Q. 

Now 

S'(*) = f zzt= f z{Az + F{u) - F(v)) 

where by F(u) we mean F(i,x,u(t,x),tx(f — r,z)), etc. An integration 
by parts and the mean value theorem yield 

S'{t) = f[-\Vz\2 + F u - 2 2 + Fyz{t, x)z(t - r, x))dx 

< (/ii — Ai) / z2dx + ôo / \z{t,x)z(t — r,x)\dx. 
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Applying the Cauchy-Schwartz inequality to the last integral and 
using (2.4),(2.5) we obtain 

(2.6) S'(t) < 2(/ü - Xi)S(t) + 60M. 

Fixing to G R and integrating (2.6) on [to,t] we have 

(2.7) S{t) < S(t0)e
K(t0-V + 80M(K-l)(l - eK^'% 

where K = 2(Ài - ß\) > 0. Using IS^o)! < M and letting £0 —• —oo 
in (2.7) we see that 

S{t) < 6K-XM 

for all t € R. Since 6o(Xi — / / î ) " 1 < 1, this contradicts the definition of 
M unless M = 0. We conclude that there is at most one C1 , 2 bounded 
solution of (0.1), (0.2). 

We sketch the proof for existence. 

Let ft(£,x) = F(t,x,0,0) and choose fx so that 6o + /ii < // < Ài. Let 
q = g(£, x) be the unique bounded solution of the linear problem. 

qt-Aq-fxq = h(t, x) in R x Q 
1 ' J ç = 0 o n R x f f l . 

Notice # will be UAP since h is. By using arguments like those of 
Lemma 1.2 can show that there must be a constant C\ > 0 such that 

(2.9) \dq/dv(t,x)\<Ci 

for all (*, x) € R x dft. 

Thus there exists a number OCQ > 0 such that for all c*i > a0 

(2.10) - a i0 (x ) + ?(*, x) < 0 < aiö(x) + ?(*, x) 

on R x fi. 

Now let 

B = {ve C a / 2 ' a ( R x ÏÏ) : v is UAP on fi 

and — aiö(x) < v(t, x) < a\6{x) on R x fi}, 



492 JAMES R. WARD, JR. 

and define Fi (£, x, u, y) = F(t, z, u, y) — F(t, x, 0,0) — //// and for each 
veB, 

Gv(t,x,z) := Fi(t,x,z + q(t,x),v(t - r,x) + q(t-r,x)). 

We first find a bounded solution in R x Q of 

(2.11) zt- Az- fiz = Gv(t, x, z) 

(2.12) ^ O o n R x ö a 

Let z\ = —ai$(x) and Z2 = ai8(x),ai > ŒQ. We claim zi,Z2 are 
respectively lower and upper solution of (2.11), (2.12). 

To begin with, 

(2.13) zu - Azi - \xz\ = (Ai - y)zx = -c*i(Ai - fi)0 < 0. 

Next, -§^Fi(t,x,u,y) < /ii - / i < 0,0 < ^(t,x,u,y) < <50, and 
Fi (£, a;, 0,0) = 0. Since So + //i — /i < 0 an application of these facts 
and the mean value theorem (in the variables u and y) yields (using 
z\ < v(t — r, x)): 

(2 14) Gv^ti Xi Zl^ = Fl^'XiZl + q^^'V^ ~ r ' X ) + g ^ ~ r ' xïï 
> Fi(t,x,zi +q(t,x),zi +q{t-r,x)) > 0. 

Since zi < 0, inequalities (2.13) and (2.14) show z\ = —ot\d to be a 
lower solution of (2.11), (2.12). 

Much the same argument shows that z<i = OL\Q is an upper solution. 
Well known results now imply that the initial value problem z(0, x) = 0 
for (2.11), (2.12) has a solution z € C 1 + a / 2 ' 2 + a ( (0 ,oo) xÏÏ) continuous 
on [0, oo) xQ with values between — ai6{x) and a\6{x). Since Gv(£, x, z) 
is UAP onR x_n, by Theorem 1.5 a bounded solution of (2.11),(2.12) 
exists on R x 11. That solution must lie between — ot\0{x) and a\6{x). 
An argument like that for uniqueness given above shows that for each 
v £ B the solution so obtained is unique. Thus the obtained solution is 
UAP by Theorem 1.4 and we have a well defined mapping $ : B —• S. 
By Lemma 1.3 each solution is uniformly continuous on R x Q, but 
in fact the arguments of Lemmas 1.1-1.3 maybe used to show that the 
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entire image, $(B), is a uniformly continuous family on R x fi. From 
this it follows that there is a constant C\ > 0 such that \dz/dt\o < C\ 
for all z G $(B), and hence also |A;z|o < C2 for some C2 > 0 and all 
z G $(S). We thus have that $(B) is bounded in the CÒ

12(R x fi) 
norm. That is, there exists C3 > 0 such that 

" Q2„ 

(2.15) W o + W o + |V,|0+S|^|n<C,. 
0 

Thus it follows that in particular there is a number M > 0 such that 
z G $(B) implies |^ | a , r < -W f° r all T > 0. (Recall | | a j j - is the norm 
i n C a ( [ - T , T ] x Ü ) ) . ' 

Let B* = {v G S : | t; |a , r < M for all T > 0} and let Bx be_t_he closure 
of B* in the topology of norm convergence in Ca([—T, T] x Q) for each 
T > 0 (i.e., we use the compact-open topology of C a ( R x Q)). Bi is 
just all u e C a ( R x Q ) with -OL\0 <u<ot\9. We may extend $ as 
a mapping of h\ into itself as follows. Let v G Bi and(vn) c B* with 
^n —• v (in C a ( R x fi)). Let (^n/c) be any subsequence of $(vn)- It 
has a subsequence converging in C1 , 2(R x fi) to some ZQ G B\ which 
must be a solution of (2.11), (2.12) with right hand side Gv{t,x,z). If 
we take any other subsequence of $(vn) we get a solution of the same 
problem; since solutions are unique we can define $(U) = ZQ. Thus $ 
may be extended to be a self map of h\. Arguments like those just given 
for the extension show that $(Bi) is relatively compact and that $ is 
continuous on Si. The generalized version of the Schauder-Tychonov 
Theorem ([7], p. 25) now implies that $ has a fixed point z in Si. 
This fixed point is C1+a/2i2+a and is bounded (since —OL\Q <v<ai0 
for all v G Si). In addition ü = z -f q is a bounded C1 , 2 solution of 
(0.1), (0.2). We have shown such solutions are unique. This existence 
argument maybe made for each F* G Hull (F). It follows by Theorem 
1.4 that u is uniformly almost periodic. 

REMARKS. Theorem 2.1 maybe compared with a result of Cor-
duneanu [1] who has shown that if the non-delay problem ((0.1), (0.2) 
with F independent of y) satisfies dF/du < ni < Ài and (0.1), (0.2) 
has an L2-bounded solution then it has an L2-almost periodic solution 
(see also [2]) 
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