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IMPLICATIONS FOR SEMIGROUPS
EMBEDDABLE IN ORTHOCRYPTOGROUPS

KARL BYLEEN AND FRANCIS PASTIJN

Malcev [13] was the first to give necessary and sufficient conditions
for the embeddability of a semigroup in a group. His conditions are
countably infinite in number. No finite number of these conditions
is sufficient to ensure embeddability. A similar set of conditions, but
involving geometrical concepts, was given by Lambek [12]. An account
of these results, and of the necessary and sufficient conditions for the
embeddability of a semigroup in a group due to Ptdk [17], is presented
in Chapter 12 of Clifford and Preston [5]. The account of Clifford and
Preston employs the concept of a free group on a semigroup. If S is any
semigroup then the pair (G,~), where G isa groupand v: S — G is a
homomorphism for which S+ is a set of group generators for G, is said to
be a free group on the semigroup S if it satisfies the following universal
property: if H is a group and n : S — H is a homomorphism such that
Sn is a set of group generators for H, then there exists a homomorphism
0 : G — H such that v = n. The existence and uniqueness of the free
group on a semigroup are established, and it is shown that a semigroup
S is embeddable in a group if and only if the canonical homomorphism
~ of S into the free group on S is an embedding. Various aspects of
the work of Malcev and Lambek have been considered by Bush [4],
Bouleau (3], and Osondu [15]. Simpler conditions which are sufficient
to ensure the embeddability of a semigroup in a group have been given
by Doss (6], Trotter [23], and Bouleau [2]. Schein [18, 19] has given
necessary and sufficient conditions for a semigroup to be embeddable
in an inverse semigroup.

A semigroup which is a union of groups is said to be completely
regular. A completely regular semigroup S comes naturally equipped
with a unary operation of inverse by letting a™!, for a € S, be the
inverse of a in the maximal subgroup of S which contains a. The
class of completely regular semigroups forms a variety of type (2,1)
which has the defining identities a(bc) = (ab)c,aa 'a = a,aa™! =
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ala, and (a™!)™! = a. A completely regular semigroup which is
orthodox, that is, in which the idempotents form a subsemigroup, is
said to be an orthogroup. An orthogroup in which Green’s relation
H is a congruence is said to be an orthocryptogroup. The classes
of orthogroups and orthocryptogroups are both subvarieties of the
variety of all completely regular semigroups which have as defining
identities those for completely regular semigroups supplemented by
(aa™1bb)? = aa"'bb! or aa1bb~! = ab(ab)! respectively [16]. The
word problems for free orthogroups and free orthocryptogroups were
solved by Gerhard and Petrich [9]. If a is an element of a completely
regular semigroup it is often convenient to denote by a° the identity
element of the maximal subgroup to which a belongs, so that a® = aa™.

An equational implication is a formula of the form {uy = v }aca —
w = z, where A is a finite set and uq,va(a € A), w and z are words
in a free semigroup on a set of variables. The purpose of this paper
is to obtain a set F' of equational implications which defines the class
of all semigroups which are embeddable in orthocryptogroups (in the
sense that a semigroup S is embeddable in an orthocryptogroup if
and only if S satisfies each implification in F). In §1 we apply a
general result to guarantee that this class of semigroups can be defined
by implications. We also show that a cancellative semigroup can be
embedded in an orthogroup if and only if it can be embedded in a
group, and we give an example of a cancellative semigroup which is
embeddable in a completely simple semigroup but not in a group. In
§2 we obtain necessary and sufficient conditions for a semigroup with
identity to be embeddable in an orthocryptogroup. In §3 we obtain
equational implications which define the class of all semigroups which
are embeddable in V-orthocryptogroups, where V is any variety of
bands (an orthocryptogroup is said to be a V-orthocryptogroup if its
greatest band homomorphic image belongs to V).

For general terminology and notation related to semigroup theory
we refer the reader to Howie [11], and, for that related to universal
algebra, to Grétzer [10).

1. Generalities and examples. Classes of algebras which are de-
finable by equational implications are known as quasivarieties. General
results on quasi-varieties are discussed in Malcev [14] and in Taylor’s
survey article [22]; an abridged version of this article appears as §63 of
Gratzer [10]. In particular, a class € of algebras is a quasi-variety if and
only if £ is closed under the formation of isomorphic images, products,
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subalgebras and direct limits. This characterization of quasi-varieties
may be applied to yield the following result, which appears as Corollary
5 (p. 216) of [14].

THEOREM 1.1. Let 7 and n be types and suppose that n 1s larger than
7. Let V be a quasi-variety of algebras of type n. Let £ be the class of
all the algebras of type T which are subalgebras of T-reducts of algebras
of V. Then & is itself a quasi-variety.

Completely regular semigroups and inverse semigroups are algebras
of type (2, 1) whose (2)-reducts are semigroups. The following corollary
of Theorem 1.1 thus guarantees that the class of semigroups described
in the title is definable by equational implications.

COROLLARY 1.2. Let V be a variety of completely regular [inverse]
semigroups. The class & of all semigroups which are embeddable in
members of V is definable by equational tmplications.

Let S be a subsemigroup of a completely regular semigroup D. Even
if S is embeddable in a group, S need not be embedded in a subgroup
of D. Indeed, let X be a set and let V be a variety of completely
regular semigroups which contains the variety of all groups. Since the
free semigroup Fx on X can be embedded in the free group on X, the
subsemigroup of the free object F} in ¥V on X which is generated by X
is a copy of Fx. This copy of Fx intersects ail D-classes of Fx in case V
contains the variety of all semilattices. Also, this copy of Fx intersects
all ¥-classes of Fx if V is a variety of completely simple semigroups.

Obviously a semigroup which is embeddable in a completely regular
semigroup need not be embeddable in a group. We have however the
following theorem which was proved in special cases by Schutt [20].

THEOREM 1.3. A cancellative semigroup 1s embeddable in an or-
thogroup if and only if it vs embeddable in a group.

PROOF. Let S be a cancellative semigroup which is embedded in the
orthogroup O. We may suppose that O is generated as an algebra of
type < 2,1 > by the elements of S. Then S has a non-void intersection
with every D class of O.

One easily verifies that the least group congruence o on O is given by
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roy & zx2 = zyz for some z € 0 such that D, < Dy and D, < Dy in
0/D(z,y €0). If, for z,y,z € 0, we have zzz = 2yz and D, < D, and
D, < Dy in O/D, then czc = cyc for all ¢ € D,. Since every D-class
of O contains an element of S the condition above may be replaced by
zoy ¢ czc = cyc for some ¢ € S such that D, < D; and D, < D,
in O/D(z,y € O). Hence if a,b € S and acb, then cac = cbc for some
¢ € S, and thus a = b since S is cancellative. From this we infer that
o separates the elements of S. Therefore o% embeds S isomorphically
into the group O/o.

COROLLARY 1.4. Let V be a variety of orthogroups which contains
the variety of all groups. Let £ be the class of all the semigroups which
are embeddable in members of V. Then £ cannot be defined by a finite
set of equational implications.

PROOF. Let £ be defined by the set T of equational implications. The
set ¥ supplemented by the implications

zz=yz—z=yandzz=zy -z =y

will be denoted by ¥’. Since V contains the variety of all groups,
by Theorem 1.3, a semigroup with identity is embeddable in a group
if and only if it satisfies the implications of ¥'. In [13(1939)] Mal-
cev establishes a countably infinite set M of equational implications
which determines the class of all semigroups with identity which are
embeddable in groups. The implications in ¥’ can be derived from the
implications in a subset M’ of M according to the rules prescribed by
Selman [21]. If ¥ is finite, then ¥’ is finite and M’ can be chosen to
be finite. The set M’ would then be a finite set of implications which
determines the class of all semigroups embeddable in a group. Accord-
ing to Malcev [13 (1940)] this is impossible. Hence ¥ is infinite.

The following example shows that Theorem 1.3 does not necessarily
apply in a more general situation: we give an example of a cancellative
semigroup which is embeddable in a completely simple semigroup but
which is not embeddable in a group.

EXAMPLE 1.5. Let F be the free group on {a,c,p,v,y,2}, let I =
A={1,2} andlet P = (] ;). Let D denote the Rees matrix semigroup
M(I, F,A; P) and let S be the subsemigroup of D generated by the
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elements @ = (1,a,1),b = (1,2a,1),¢ = (2,¢,1),d = (1,2¢,1),T =
(1,92,1),7 = (1,9,1),7 = (1,v2,2), and ¥ = (1,v,1). One verifies
that S is cancellative by considering several cases. In S we have
Za = §b,Z¢ = §d,ud = Ub, but ¢ # vd. Thus S does not satisfy
the quotient condition and is therefore not embeddable in a group (see
Lemma 12.11 of [5]). Furthermore, S! is cancellative and, although
embeddable in a completely regular semigroup, is not embeddable in a
completely simple semigroup.

2. Semigroups embeddable in orthocryptogroups. A semi-
group S is embeddable in an orthocryptogroup if and only if S* is.
Therefore, in order to characterize those semigroups which are embed-
dable in orthocryptogroups, we shall find implications which a semi-
group with identity satisfies if and only if it is embeddable in an or-
thocryptogroup. If S is any semigroup we denote the least semilattice
congruence on S by n. The n-classes of any completely regular semi-
group coincide with its D-classes. We make frequent use of the following
lemma from [9].

LEMMA 2.1. ([9]). Let S be an orthogroup. For a,b,e € S withe = €2
let Dy = Dy < D.. Then ab = aeb.

If S is any semigroup then the least band congruence § on S is
generated by the relation By = {(z,2?) : z € S}. Two elements s
and t of S are (-related if and only if there exists a finite sequence
of elementary (p-transitions from s to ¢t. (If R is any relation on a
semigroup S, then elements s,s’ € S are said to be connected by an
elementary R-transition if s = zpy, s’ = zqy for some z,y € S! where
either p = ¢ or (p,q) € R or (q,p) € R). The existence of such a
sequence of elementary [y-transitions is equivalent to the existence of
elements of S which satisfy a certain set of equations. We describe such
a set of equations for the case in which S has an identity element.

For any m > 1 let J,, denote the following sequence of 2m + 1
equations Ey, Ey,...,Eony in the 6m + 2 variables z,y, zi, gi, hi(t =
1,2,...,2m).
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Ey: z=g1z1hy

Esi—1: g2i-1(z2i-1)%hai—1 = g2i(22:)%ha (1 =1,2,...,m)
E3;i: goizaihe; = g2iv1T2i41h2i+1 (1 =1,2,...,m—1)
Eom : gomTomhom =y

LEMMA 2.2. Let S be a semigroup with identity. Then a(Bb if and
only if there exists a positive integer m and elemenis of S for which the
equations in J,, are satisfied when the values a and b are assigned to
and y respectively.

PROOF. If a8b, then there is a sequence of elementary (Bg-transitions
from a to b. Since S has an identity element, elementary Gy-transitions
of the form ulv — ul?v or ul?v — ulv may be inserted to produce a
sequence of elementary (g-transitions from a to b in which expansions
and contradictions alternate, ensuring that the equations in J,, for
some m are satisfied. Conversely, if the equations in J,, are satisfied,
then there is a sequence of elementary (y-transitions from a to b, so

afb.

LEMMA 2.3. Let S be a semigroup with identity. If S is embeddable
in an orthogroup, then S satisfies the following implication for each
positive integer m:

T12T9 = rLwre
Y = Ir12reT p — I2ZT = TWI
Jm

PROOF. Let S be embedded in the orthogroup T and suppose that the
elements r,,r,,2,w, and z of S satisfy the equations on the left-hand
side of (K,,) when substituted for r;, 2, 2, w, and z, respectively. Then
r,zr, =r,wr, and, by Lemma 2.2, xfxr, zr, x. Since § C n we have
XNXI2T5 X, S0 XN < 1,7, X7 < Ion, xn < 21, and xn < wn. Thus, by
Lemma 2.1, we have x2x = x(r 11, )2(r, 1" )x = X1y (1, 21,) I 'x =
X1y (1, wr,)ry'x = X WX as required.

If S is any semigroup with least semilattice congruence n and : € S/
welet S; = {s€ S :sn >1}. If r €S such that rn = 1 we define the
relation 7. on S; by s7,t < rsr = rtr(s,t € S;).
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LEMMA 2.4. Let S be a semigroup with identity which satisfies (K,,)
for allm > 1. Then:
(i) un < rnp =1 implies 74,|S; 2 7r;
(i1) 7y = 7, if and only if unr.
Furthermore, denoting by 7; the common value of 7, for r € in~!
(iii) 7; s a congruence on S; for alli € S/n; and
(iv) 7= U,es/n Tilin ™! is a congruence on S.

PROOF. (i). Suppose that un < rp = ¢ and let s7,t(s,t € S;) so that
rsr = rtr. Then (rsr)n = rn > un and (ursru)n = un, thus (ursru)Bu.
By (K,») for some sufficiently large m we have usu = utu, so sr,t. (ii)
follows immediately from (i). (iii). Suppose rn =1 and s7;t(s,t € S;).
Let ¢ € S;. Then rsr = rtr implies crc - s - crc = cre -t - cre by (ii)
since crenr. Furthermore, r(cre - s - ere)rnr implies r(cre - s - cre)rfr,
so by (K,,) for some sufficiently large m, rcsr = retr and rscr = rtcr,
that is, esmct and serite. (iv). Suppose stt for some s,t € S and let
c € S. Then there exists ¢ € S/n such that sn = tn =7 and s7;t. We
put (s¢)n = (tc)n = 7 and note that j <17 in S/n. By (i) we conclude
that s7;¢. So by (iii), scrjtc and cs7jct. Thus scrtc and csrct.

Let M = {(M,,) : m = 1,2,3,...} be a family of implications such
that a semigroup with identity is embeddable in a group if and only if it
satisfies each implication in M. We can, for example, take M to be the
family of implications of Malcev [13] which are described in [5]. For
any positive integer m we write (M,,) as {uq = Vo }acAd,, — Wm = Zm,
where the sets A,, for m > 1 are finite and disjoint. For each m let P,
denote the set of all variables which appear in uy,vo (@ € Am), wm and
Zm. For each m choose a word p,, which contains all the variables in
Py, and no other variables. Let y be a variable which does not belong
to any Pp,(m >1).

LEMMA 2.5. Let S be a semigroup. If S 13 embeddable in an

orthogroup, then S satisfies the following implication for every positive
integer m:

— {PmYUaPmy = PmYVaPm¥Y}acAm
(Mp)
= PmYWmPmY = PmYZmPmy-

PROOF. Let z;,z9,...,Z, be the elements of P,. We can consider
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Ug, Vo (0 € Apy), Wy, and 2y, to be n-ary polynomials in these variables,

Pm = pm(xlaz27' . ’zn)

Ug = Ua(T1,Z2,-..,Zn) (@ € Am)
Va = Va(Z1,Z2,...,2Zn) (€ € Ap)
Wy = W (Z1,Z2,...,Zn)

Zm = Zm(Z1,%2,...,Zn)

where every variable of course need not occur in each polynomial.

Let ay,aq,...,ay, b be elements of S such that, for each a € A,,,
Pmlay, ..., an)bug(ay,...,an)pm(as,...,an)b
=pm(a,...,an)bva(ay,...,an)pm(as,...,an)b

We must show that

pm(ai,...,an)bwp(a,...,an)pmlas, ..., an)b
= pm(@1,-..,an)b2m(as,...,an)pmas,...,an)b.

Let T be an orthogroup in which S is embedded. Let n be the least
semilattice congruence on T. Since p,, contains all of the variables
which occur in (M,,) we have

(Pm(a1,-..,an)b)nT < ualar,...,an)nr (0 € Am)
and

(pm(a1,---,an)b)nT < va(ay,...,an)nr (@ € Ap).

Let j = (pm(a1,..-,an)b)nr and let T; = {z € T : 7 < zn7}. We
define the mapping ¢ : T; — Hy,(a,,....an)b DY

$¢ = (pm(a1,-..,an)b)°s(Pm(as,-..,an)b)°. Let s,t € T;. Then
3¢ - td = (pm(ay,...,an)b)°s((Pm(a1,...,a:)0)°)%t(pm(as,. .., an)b)°
= (pm(a1,...,an)b)°s(pm(as,...,a:)0)°t(pm(ay,...,an)b)°
= (pm(as,... ,an)b)OSt(pm (a1,... ,an)b)o = (st)o,

where the third equality follows from Lemma 2.1. Thus ¢ is a
homomorphism of T; onto the maximal subgroup Hp,  (a,,....an)s-
Hence, for a € A,y,
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(pm(alv e aan)b)oua(ala oo »an)(pm(alv ey an)b)o = Ua(a1¢a e 7a‘n¢)a
(pm(alv e ’an)b)ova(ala e 7an)(pm(ala sy an)b)o = va(al¢’ ey an¢)7
(Pm(a1,...,a2)0)wm (a1, ..., an)(Pm(a1,-..,a0)b)° = wm(a14,...,and),
(om(a1,...,a2)b)%2m (a1, ..., an)(Pm(a1,-..,a4)0)° = 2m(a14,...,and).

Since a;¢,...,a,¢ belong to the same subgroup and since
Ua (810, ... ,and) = Va(a19,...,a,¢) for all @ € A,,, we conclude by
the definition of the family M of implications that wmy,(a1¢,...,an¢) =
zm(a19,...,a,¢), from which we deduce that the required equality is
satisfied.

LEMMA 2.6. Let S be a semigroup with identity which satisfies (K, )

and (M,,) for allm > 1. Then S;/7; is embeddable in a group for all
1€ 8/n.

PROOF. To establish the result we show that S;/7; satisfies each

implication (My,) in the family M. Let a;,as, ..., a, be any elements of
S; such that a7, a27;,...,a,7; satisfy the equations uy = Vo, @ € Apy.
Then uq(ay,...,an)7 = ua(@17i,...,an7) = Va(@17i,...,QnTi) =
val(ai,...,an)r;. Hence, for b € in~ !, ppn(ai,...,an)b € in!, and thus,

by Lemma 2.4 we have
(D@1 -, 6n)D) (@1, -1 8n) (Pra(a1, - 3n)D)
=(pm(@1,---,an)b)va(as,...,an)(Pm(a1,...,as)b)
for each a € A,,. But S satisfies (M,,) so
(pm(ay,-..,an)b)wm(a, ... an)(Pm(ai,...,an)b)
=(pm(ai,---,an)b)zm(a,...,an)(Pmlas,...,an)b).

Therefore, by Lemma 2.4, wp(a17,...,an7i) = Wm(a1,...,ax)7 =
Zm, (a1, ..,80)Ti = zm(a17i,...,anT;), as required.

LEMMA 2.7. Let S be a semigroup with identity. If S 13 embeddable
in an orthocryptogroup, then S satisfies the following implication for
every positive integer m:
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3
(Lm) zJ;’”} —z=y

PROOF. Suppose S is embedded in the orthocryptogroup T and let
a and b be elements of S which satisfy the left-hand side of (L,,),
that is, suppose a® = aba and, by Lemma 2.2, aBb. Since T is an
orthocryptogroup, afb implies that a and b belong to the same maximal
subgroup of T. Therefore since a® = aba we conclude that a = b.

LEMMA 2.8. Let S be a semigroup with identity which satisfies (K,,)
and (Ly,) for allm > 1. Then B(\7 is the equality on S.

PROOF. Suppose that (a,b) € (7. Then by the definition of r,
an = bn = 1 for some 7 € S/n and ar;b. By Lemma 2.4 we have 7, = 7,
thus a® = aba. Since af3b, there exists, by Lemma 2.2, some m such
that a and b satisfy J,,, and hence by applying (L,,) we conclude that
a=b.

THEOREM 2.9. A semigroup S with identity is embeddable in an
orthocryptogroup if and only if S satisfies the implications (Kp,), (M)
and (Ly,) for allm > 1.

PROOF. The direct part is immediate from Lemmas 2.3, 2.5 and 2.7.
Suppose, conversely, that S satisfies the implications (K, ), (M) and
(L) for all m > 1. By Lemma 2.4, 7; is a congruence on S; for each
1 € S/n; let G; be the free group on the semigroup S;/7;. By Lemma
2.6, the canonical homomorphism 6; : S;/7; — G; is an embedding. If
1> j in S/n, then, by Lemma 2.4, the mapping S;/7; — S;/7; defined
by st; — s7; is a homomorphism which, by the universal property of
the free group on a semigroup, can be extended in a unique way to a
homomorphism ¢;; of G; into G;. Let T be the semilattice of groups
G;,1 € S/n, which is obtained in this way.

By Lemma 2.4 7 is a congruence on S. Let ¢ : S/7 — T be the map-
ping defined by st — (s7;)0; where i = sn. Then ¢ is injective since
each 6, is an embedding. Furthermore, if s,t € S with sn = i,tn = 7,
then, setting (st)n = k, we have ((s7)(tr))y = ((st)r)¢ = ((st)7k)bk =
((s7x) (t7%)) 0k = ((s7k)0k ) ((t7x)0k) = ((57:)05)Bir ((t7;)0;) 5k = (sT)¥-
(t7)9, so ¢ is also a homomorphism, and thus an embedding of S/7 in
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T.

The mapping € : S — S/B x T defined by s — (88, (s7)¥) is a homo-
morphism since §# and 7 are congruences and ¥ is a homomorphism. If
s,t € S and s€ = t&, then sBt and, since ¢ is injective, stt. Therefore
s =t by Lemma 2.8, so £ is also injective and is thus an embedding of
S in the orthocryptogroup S/8 x T.

We note that a semigroup S with identity satisfies both of the
implications {uq = votaca — w = 2z and {upg = vg}lgep — W' = 2’
(where we assume that the sets of variables appearing in the two
implications are disjoint) if and only if S satisfies the implication {u, =
VatacAs{us = vg}pep — ww' = zz'. Therefore the implications of
Theorem 2.9 can be replaced by a countable sequence (I1), (I2), ({3), - - -
of implications with the property that if S satisfies (I,,), then S satisfies
(Ix) for k < n.

3. Semigroups embeddable in V-orthocryptogroups. Let
V be a variety of bands. An orthocryptogroup S is said to be a V-
orthocryptogroup if the greatest band homomorphic image of S belongs
to V, that is, if S is an orthodox V-band of groups. The class of
V-orthocryptogroups is clearly a variety of type (2, 1). Unlike the situ-
ation for orthocryptogroups in general, it is not necessarily true that S
is embeddable in a V-orthocryptogroup if and only if S! is. Therefore,
unlike §2 in which conditions for embeddability were given in terms of
semigroups with identity, we now obtain implications which define the
class of semigroups which are embeddable in V-orthocryptogroups.

We begin by obtaining implications which define the class of semi-
groups which are embeddable in groups. Asin §2 M = {(My,) : m =
1,2,3,...} denotes a family of implications such that a semigroup S
with identity is embeddable in a group if and only if S satisfies each
(M), m > 1. The complication which results from working with semi-
groups rather than semigroups with identity is that each implication
(Mp,) must be replaced by a finite set M,;, of implications. We use the
notation preceeding Lemma 2.5. For each subset Q of P, let (M, (Q))
denote the implication obtained by substituting the empty word A for
each variable from Q which appears in (M,,), and then replacing each
equation of the form ¢ = A or A = t (where t # A) by ¢t = t?, and
replacing each equation of the form A = A by u = u (where u is any
variable). Let M}, = {(Mn(Q)) : @ C Pn}, let (Mp) denote the im-
plication u = u?,v =v? > u =, and let M* = (U,._, M) U(Mp).
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LEMMA 3.1. A semigroup S is embeddable in a group if and only if
S satisfies each implication in M™.

PROOF. Suppose S is embedded in the group G. Then S! is embedded
in G and the sole idempotent 1 of S is the identity of G. The implication
(My) is clearly satisfied by S. Let m be a positive integer, let Q be
a subset of P,,, and suppose the equations on the left-hand side of
the implication (M,,(Q)) are satisfied by elements of S. Then these
same elements of S, together with 1, comprise a set of elements from
S! which satisfy (M,,) when all variables in Q are set equal to 1 (for,
since S is embedded in G, if a,,...,a, are elements of S which satisfy
t = t? where t = t(z1,...,7n), then t(ay,...,a,) = 1 in S!). Therefore
the right-hand side, say w = z, of (M,,) is satisfied by these elements of
S!, and thus the right-hand side, say w’ = 2/, of (M;,(Q)) is satisfied
by the required elements of S.

Conversely, suppose that S satisfies each implication in M*. Let m
be a positive integer and suppose the equations on the left-hand side
of (M,,) are satisfied by elements of S!. Then these elements, other
than 1, satisfy the equations on the left-hand side of M,,(Q) where Q
is the set of variables in (M,,) which are assigned the value 1. Hence
the right-hand side, say w’ = 2/, of (M, (Q)) is satisfied, and hence the
right-hand side, say w = z, of (M,,) is satisfied (in case w' = 2’ has
the form t = 2 and t(ay,...,a,) = t(ai,...,a,)%, we conclude that
t(a,...,an) = 1 applying (Mp)). Since each (My,) is thus satisfied by
S! we conclude that S!, and thus S, is embeddable in a group.

We let M* be the family of implications obtained from M* in the
same way that M was obtained from M; that is, if the implication (I)
belongs to M*, then each side of each equation of (I) is pre-multiplied
and post-multipled by pry, where p; is a word containing all the vari-
ables used in (I) and no other variables, and where y is a variable which
does not appear in (I).

Any variety V of bands is, apart from the equation which guar-
antees associativity, determined by the equation z = z2? and, in
case V is a proper subvariety of the variety of all bands, by one
more equation of the form u = v [1,7,8]. If S is any semigroup,
then the least V-congruence 3y on S is generated by the relation
{(z,2?), (u(z1,...,Zn),v(21,...,Zn)) : T,Z1,...,Zn € S}. A family
of equations can be used to characterize those pairs of elements which
are (y-related in S, by analogy with Lemma 2.2.
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First suppose V is a proper subvariety of the variety of all bands.
A [y-sequence is a finite sequence by, bs,...,b,, of length m > 1
where each b; is one of the symbols in the set {L,L*, R, R*}. Any
Bv-sequence B of length m determines a sequence B,, of m + 1 equa-
tions Fy, Fy,. .., Fy, in the m(n+ 2) + 2 variables z,y, z,;, g5, h;, where
1=1,2,...,mand j =1,2,...n, as follows.

Fo: z = g120h1,
F: giwihi = giv1zihiyr, 1=1,2,...,m—1,
Fo : gmwmbhm =y,

where, for7=0,1,...,m -1
Tit1 ifbiyr =1L
2 T
2= T %f bir1 =1L
u(Tyri41, " 5 Tnit1) if by =R
’U(.’El,i+1,"’ y Tn,it1 if bi+1 = R*,
and, fori =1,2,...,m,
I; if b,‘ =L
z? ifb; =1L
w; = .
t u(Z1i41, " 5 Tng+1) by =R*
V(Z1it1, ", Tnit1) if b= R.

If V is the variety of all bands the situation is simplified by the absence
of the equation u = v. Specifically, a Bv-sequence is now a finite
sequence by, bq, - by, of length m > 1 where each b; € {L,L*}.
Any (v-sequence B of length m determines a sequence By, of m + 1
equations Fy, Fi,---,F,, as defined above in the 3m + 2 variables
z,Y,Zi,gi,h; where 1 =1,2,--- ,m.

Now if V is either the variety of all bands or a proper subvariety,
for every subset @ of the set G, = {gi,hi : ¢ = 1,2,--- ,m}, let
B,,,(Q) denote the sequence of equations obtained from B, by deleting
each occurence of each element of @ in the equations of B,,. Let
B, = {Bn(Q) : @ C G} and let J3 = Up_; By,. The elements
of J3} are thus finite sequences of equations. Since each sequence of
elementary (8 )o-transitions is associated with some element of J3, we
have the following result.

LEMMA 3.2. Let S be a semigroup. Then afBvb if and only if there
exists some element J of J3, and elements of S for which the equations
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in J are satisfied when the values a and b are assigned to z and y
respectively.

Let K3 denote the family consisting of all implications

T12T2 = T1wre
Y =TrRTeX ) — IRT = TWT

J

for J an element of J3, and let Lj, denote the family consisting of all
implications

for J an element of J3).

THEOREM 3.3. Let V be a variety of bands. A semigroup S 1is
embeddable in a V-orthocryptogroup if and only if S satisfies each
implication in K3, LY, and M*.

PROOF. The result follows from the observation that Lemmas 2.2
through 2.8 hold if “semigroup with identity” is replaced by “semi-
group”, “orthogroup” and “orthocryptogroup” are replaced by “V-
orthocryptogroup”, “B” is replaced by “#y”, and the families {J,, :
m > 1}, {(Kpn) : m > 1}, {(Ly) : m > 1} and {(M,,) : m > 1}
are replaced by J3, K3, L3 and M* respectively. In fact, with these
replacements the proofs of the lemmas hold verbatim with one excep-
tion; in Lemma 2.3 the fact that 8 C n was used. In general, for a
semigroup S, By need not be contained in 7. If V contains the variety
of semilattices, however, then 8y C 7 and the proof of Lemma 2.3,
with the replacements above, is valid. It remains to establish the ana-
logue of Lemma 2.3 for V a variety of bands contained in the variety
of rectangular bands. So suppose the semigroup S is embedded in the
rectangular group T. If a,b,c1,c2 and d are elements of S such that
c1acg = c1beo, then since T is a rectangular group we have aorb, where
or denotes the least group congruence on 7. Hence dadordbd. But dad
and dbd belong to the same maximal subgroup of T and so dad = dbd
since or restricts to the equality on subgroups of a rectangular group.
Therefore S satisfies the implication r; 2ro = rywry — 2z = zwz, and
thus S satisfies each implication in K3,. This establishes the analogue
of Lemma 2.3 and thus completes the proof of the theorem.
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