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INFINITE SUMS OF PRODUCTS OF CONTINUOUS
¢-ULTRASPHERICAL FUNCTIONS

MIZAN RAHMAN AND ARUN VERMA

ABSTRACT. Let Cn (z; B|q) be the continuous g-ultra-spherical
polynomial and Dy (z; 8|g) be the g-ultraspherical function of
the second kind. By exploiting a special case of the recently
found g-Feldheim bilinear sum, the following infinite sums are

computed:
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1. Introduction. Recently, Rahman (8] showed that
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372 M. RAHMAN AND A. VERMA

where Cy,(z; 8]q) is Rogers’ g-ultraspherical polynomial [3], and D, (z; 8|q)
is the g-ultraspherical function of the second kind, see [1], defined by
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oo n+
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Dy (cos8; Blq) = 4sinb

(1.3)

In addition to the standard finite series expression, Cy(z; 8]q) has an
infinite series form which is obtained from (1.3) by simply replacing
cos(n+2k+1)0 by sin(n+2k+1)8. The g-shifted factorials are defined
by

1, ifn=0
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We also use the notation (aj,as, ..., ak; q)n to mean (a;; q)rn(asz; ¢)n,- - -
..(ak;@)n. In (1.1) and (1.2), Qn(z;a,b,c,d) is the g-Wilson function
of the second kind [8], defined by

Qn(z;a,b,c,d)
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(1.5)

where gW7 represents a special type of the basic hypergeometric series

ai, G2, ..., Gr41
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The series (1.6) is called balanced if 2 = ¢ and bjbe...b, =
qaiasz...ar41. It is called well-poised if agby = agbs = ... = ar41b, =
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qay; and very-well-poised if, in addition, b; = alé , b = ——a% . The series
(1.6) is called nearly-poised of the first kind if ga; # agb; = aszbs =
. = ar+1by, and nearly-poised of the second kind if qa; = agb; =
.. = ayby_1 # ar4+1b,. The W notation is for a very-well-poised series:
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The principal results of this paper are:
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0 <6, p,v < 7. For convergence of the series (1.8), we need
lg/B] < 1,|8] < 1, while for (1.9), we require |g| < 1,0 < 8 < 1.
To avoid unnecessary complications we shall assume throughout the
paper that 0 < ¢,8 < 1. In [11] we stated (1.9) without proof. In
the following sections we shall present detailed proofs of both (1.8) and
(1.9).

2. The g-Feldheim formula. The fundamental formula that we
need to evaluate the infinite sums in (1.8) and (1.9) is the g-Feldheim
formula recently obtained by Rahman [10]:
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where the integral on the right hand side is a ¢-integral defined by

Laﬂm%z=au—m§:fwwmm

=0

Abﬂ@%z=4bﬂﬂ%z—40ﬂ@%%

and z = cosf, y = cos p.

The g¢-integral notation makes the expression look a bit simpler than
what it really is. In fact, it is the sum of multiples of two balanced,
non-terminating and very-well-poised 199 series. Despite its long and
cumbersome appearance, (2.1) is actually a very useful formula. In [10],
it was shown how a special case of it leads to the Poisson kernel for
continuous g-Jacobi polynomials in much the same way as Feldheim’s
formula [7] gives Bailey’s Poisson kernel for the Jacobi polynomials
as a special case, see [4,9]. The parameters a,b,c are assumed to be
real and d, f, g, h are arbitrary complex numbers. We assume, for the
moment, that ¢ is real and |t| < 1. Convergence of the infinite series
on both sides requires further restrictions on the parameters, but there
is no need to mention them here since we only need some special cases
of (2.1). The polynomials p,, on the left hand side of (2.1) are special
cases of the Askey-Wilson polynomials [2] defined by

S

(2.2)

g~" abcdg™Y, ae®, ae~*
(2.3) pn(z50,b,¢,d) =4 3 54,9 |,
ab, ac, ad

x = cosd,

where max(|q|, |al, |], ||, |d]) < 1. The connection of these polynomials
with Cp(z; B|q) was given by Askey and Ismail [3],

(24) pn(x; a, aq’i’, —a, —aq%) = (q‘Q)n a"Cn(a:; a2|q).

(a*;q)n

Since we are interested orllly in the case of g-ultraspherical polyno-
mials, we shall set b = agz,c = —a in (2.1), and choose the other
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parameters as follows:

(25) CaseI'd=q,f—a2q%,g——a2q,h— —a? %,t az;
. Casell:d=a ,f—azqé,g——a q,h——azq%,t—zq 2 /a,

where z is a complex number which we shall assume to be outside the
basic interval [-1,1]. Note that when ¢ is complex, the products like
|(t€*%; q)n|? are to be interpreted as (te'?,te™°;q)y.

Using a limiting case of Bailey’s transformation formula [4, 8.5(1)],
namely,

Gt o asbc d e, 0, e
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where A = qa?/bcd, we first express the gWWy series on the left hand side
of (2.1) as a multiple of @, (z;a, aq?,—a, —aq%) via (1.5), then simplify
the coefficients to obtain the following special cases of (2.1):
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in case I, where
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where I5(u) is the same as I (u) with z replaced by zq? /a2.
Evaluation of the expressions on the right hand side of (2.7) and
(2.10) is clearly a formidable job. Fortunately, there do exist quadratic

transformation formulas that enable us to simplify these expressions
considerably.
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3. Partial reductions of (2.7) and (2.10). Jain and Verma [14]
found the following extension of Bailey’s transformation formula [5,13]:

2 (ﬂbﬂ.ﬂd_“ﬂ-)dqu
/f q’q’q’q’q700
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where A = 9% and f = ¢4 _ e®  Using d = —(aq)? i
= % = @55 = %r. Usingd = —(ag)? in

Bailey’s formula, that is, the terminating case of (3.1), we obtain a
transformation of the first ;9¢9 series on the right hand sides of (2.7)
and (2.10) as a balanced 4¢3 series:

(3.2)
k 32—k
—k—1. 0 —i0 ; —ip —4° q° —k
IOWQ (_q faael ,ae t ’aew’ae up’ a2 ) Cl2 »qd 54,9

. . . L L
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_a2q§ez(<p—0)’ —a2q§e"’(0+"°), ql—kea

For the g-integral parts of (2.7) and (2.10), we again use d = —(agq)?
in (3.1), apply Bailey’s 4-term transformation formula [6] for balanced
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and nonterminating ;0Wy series and obtain the needed result: (3.3)

q — -
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where A = —-a2q2/bc, = ea?/A\2. If we now replace az,b,c,e by

—ae™ ', —qie~0+9) _q3¢i(6~9) and —aq?—* /2, respectively, we get
an expression for f_ a I1(u)dgu in terms of two balanced 4¢3 series.
Combination of (3.2) and (3.3) then give, after some simplifications,

(3.4)
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k
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2,2 a?. —2i 1 ,10—i
+h (G,) (a < 7%’71Q)oo(q’a2e upa_qzew ztp’
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Similarly, replacing a?, b, ¢, e in (3.3) by —ae~ %, —qze~"(0+9) _gi¢i(6-¢)
and —a3q~*/z, respectively, we obtain a transformation of fi’q I1(u) dqu.
(3.2) and (3.3) then lead to the formula
(3.5)
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1 L _.0—1 L 20— —
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4. Proof of (1.8). We now use Watson’s formula [4, 8.5(2)] to
convert the 43 series in (3.5) to an gy series, and Bailey’s formula
[4,8.5(3)] to convert the g-integral to another gp7 series. We then
interchange the order of summation in both terms of the right hand
side of (3.5), use (2.8), simplify, and obtain
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Setting k + j = £ and using the well-known formula for a very-well-
poised gps series [13, IV.7], we find that the double series above
reduces to

s o 1 1o L
(azq2e ™07 azqre 0" a2q7e? " az2q7€* ;)
(—az, —azq, —azqe=?%, —azqe=%¥; q)oo

Thus, we get
(4.2)

[o <]
1—-a 1 1
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Use of (1.2) followed by replacement of a? by # completes the proof
of (1.8).

5. Proof of (1.9). We now turn to (3.4) and observe that the
coefficients of the first two 403 series on the right hand side are so
matched that they can be combined into a single gy series by Bai-
ley’s formula [4, 8.5(3)]. It can be easily seen that this series is
3W7(a4 2/q’ 4/q azeif—ie aze—w—up —azq2 —azq —k—3g2ip. :q, qk+1).
On the other hand, the termmatmg 43 serles in (3.4) transforms to
sWz(a%2%;a%/q, azeid—ie ,aze~ 01 _qzq3 q7F; g, —azgkt2e2°), by
Watson'’s formula 4, 8. 5(2)] When we use them in (3.4), simplify
the coefficients and interchange the order of summations, we find that
the right hand side of (3.4) equals
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p(z)(a“’_azq%;Q)oo n=0 (q;q)n(l — af2? )(qz2 —adzq~ 7,‘])

' (aze? % aze~ . q),
(@326, g3 g0, q).,

(=

—1 o o 1 o
3zq—ﬁ—’a328w+up, _03zeup 0 _ aBan+5e 2z<p; Q)oo

—— — Y
(a%22,aze=0-1% aze?—10, —azq" " 2€2¥; q)
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Y 1 oin_ . 1 g
aZe 2up’ _q7610 up’ —qe 10—ip
3¢2 14,9

. L 1 o
+ (aze-—Zlgo’ _q%eta—up’ —1176’19 “O; Q)oo

. . . . . . . . % —2ip
(azqn610+1<p’ azqnez«:—w, aze—w—zw, azew—z@; Q)oo(l + L‘;z_)

2 CC7 1 q)n(azqe?e)

(—azq?e2%;q)n(a422;q)2n

o azqnei0+igo, azqneigo—ie’ _a3zqn—1%;q.,q
372 az?q?", —azq"tze?® ’
where
2 -2
z4,27%q _
(52) pe) = —pZ 1B ooty

(a222,a2/2%;¢) oo

The coefficients of the two balanced 3¢ series in (5.1) are so matched
that Sears’ summation formula {12, 13]is applicable. Thus, we obtain,
after some simplifications,

(5.3)

i (¢:9)n 1—a*q®"

(a*;q)n 1—at

hl(a)(q, 22; q)oo (a326i0+i<p, asze—ie—-w, aSzeiG——ip, aszeizp—iﬂ; Q)oo

a"Cn(z; a%|q)Cn (y; a*|9)Qn (2; a,aq®, —a, —ag?)

n=0

B p(z)(a4aa422§Q)oo, (azei9+i¢,aze—i9—1zp’ azeiﬁ—igo, azei‘p—w;Q)oo
4,2 .4
a%z® a S i o o
- gWy <_q ;—q ,aze 010 2= 0710 261010 gaete 1. g q).

Replacing a by A%, and using (1.1) and Bailey’s summation formula
(13, IV.15] , we finally obtain (1.9).
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