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HYPERBOLIC OPERATORS IN SPACES OF
GENERALIZED DISTRIBUTIONS

SALEH ABDULLAH

Hyperbolic operators were investigated by L. Ehrenpreis [4] in the
space of Schwartz distributions and by C. C. Chou [3] in the spaces of
Roumieu ultradistributions. In this paper we study hyperbolic operators
in spaces of Beurling generalized distributions. (See [1] and [2]).

Let D', E’, D,, E, be the spaces of distribution, distributions with
compact support, generalized distributions and generalized distributions
with compact support in R”, respectively.

DEerFINITION. The convolution operator S, Se€ E,, is said to be w-
hyperbolic with respect to t > 0 (resp. ¢t < 0) if there exists a fundamental
solution E*(resp. E-), E*; E~ € D], so that supp E* < {(x, 1) e R” x
R:t = — by + by|x|} for some by, by > O (resp. supp E- = {(x, t) e R x
R: ¢ £ by — by |x|} for some by, by > 0).

An operator is said to be w-hyperbolic if it is w-hyperbolic with res-
pect to t > 0 and ¢ < 0. This definition coincides with the definition of
hyperbolicity introduced by Ehrenpreis [4, Theorem 2] for Schwartz dis-
tributions.

For the notation and the properties of generalized distributions we
refer to [2]. Let w € .#, (see [2, Definition 1.3.23]). Using Proposition
1.2.1 of [2] we could extend w to C* without losing any of its original
properties; we will assume that w is the extended function. We use the
estimate

Q)] w(§) = o(|¢/log [£]), as |&] — oo,
from which it follows that
2 w(§) = M(1 + [&]),

for some constant M.

Following Ehrenpreis we prove the following theorem which char-
acterizes w-hyperbolic operators. The theorem and its proof will be given
in the case of w-hyperbolicity with respect to ¢ > 0, the other case could
be proved similarly.
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THEOREM. Let S € E., and let S denote its Fourier transform. The following
conditions are equivalent
(1) S is w-hyperbolic with respect to t > 0.
(ii) S is invertible and there exist constants C, A and A, so that

|

Imr < A<|[mZ| + ST aMAY

o(Re Z, Re r)),

for all (Z, t) e C* x C; S(Z, t) = 0, M is the constant of (2).
(iii) There exist positive constants C, a and A so that

IS(Z, 7)| = Cexp (—a[llm Z| + |[Im 7| + w(Re z, Re 7)],

whenever Im ¢ = A[|llm Z| + o(Z, 7); (Z, 7) e C* x C.

We prove the theorem by proving the implications (i) = (ii) = (iii) =
(i).

The implication (i) = (ii). For a > 0 we denote by E,, the space
E,(R” x (—a, a)) and by E}, the space E,(R" x (—a, o)) both en-
dowed with the obvious topologies [2]. Let s > 0 so that Supp S <
R” x (—s,s)and leta > 25 + by + 1. Denote by E,, ,(S) the vector space
of all e E,, so that (S*¢) (x, t) =0 for |[t| < a — 5. We provide
E, .(S) with the topology induced by E,,. The w-hyperbolicity of S
with respect to ¢ > 0 implies that, for all ¢ € E,, ,(S), there exists a unique
QeES sothat (S*¢) (x,2) =0forallsr=0and (¢ — ¢) (x, 1) =0
for all (x, t) with |t] < 5. Moreover, the mapping ¢ —» ¢ from E, ,(S)
into E}  is continuous. The proof, which makes use of the fact that
supp E* < {(x, t)eR* x R, t = —by + by |x|}, by, by > 0, is similar to
that of proposition V.1-2 of [3] and will be omitted. Since the embedding
E} — EJ, ,, where w)(§) = log(l + |&]), is continuous, it follows that
the map ¢ —» ¢ from E,,(S) into E, . is continuous. Hence, for any
compact subset K of R” x (—s, 00) and any m € N, there exist a positive
constant a and ¢ € D, (R” x (—a, a)) so that

) Sup l(D*4) (x.0)| = Sup expla (&1, &) — Hy, () — I7DIg) ),

lal=m

where { = ({3, §2); {; = & + i, A denotes the Fourier transform, and
Hy, is the support function of K;, K; = supp ¢. Let (Z, 1) e C" x C,
Z =2Z; + iZy, v = 11 + i 75,50 that § (Z, 7) = 0. By taking the function
¢ to be d(x, t) = e<&D®1> one gets, from (1),

(4) 1900, 2a)|=e*2 < sup exp (ae(§y, &)~ Hi(n) = PG +Z, Co+al-

One also has
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~Hu(n) = —sup <&y + Im(Z, 7)) + sup (€, Im(Z, 7))

“SUP &+ 1Im(Z,7)) + SUP L Zy)y + SUP (&2 T2y
(51,52) (51 62)

IIA

&)

IIA

—sup<§&, 9 + Im(Z, 7)) + k1 |Zy| + alzyl,
§EK)

for some constant k; > 0. By using (5) and the subadditivity of w to
estimate the right hand side of (4), one gets
e’ < explaa(Zy, 71) + (ky + 1) |Zg] + (a + 1) |z2])
X sup exp(aw(él + Zy, & + 1) — Hg (9 + Im(Z, 7))
— Ip + Im(Z, 2)' - [$(C + (Z, D))
exp(aw(Zy, 71) + (k1 + DIZ,| + (a + Dol 4112,

(6

I

which implies that
) (@a—DIm<7 = aw(Zy, 1) + ky |ImZ]
for some potitive constant k,. Since S has a fundamental solution E*

it follows that § is invertible in D, and

Sup lg(y)l = Cle—Alw(x), x € R,
iy
e

for some positive constants 4; and C;. Take

ko 23 + 2MA1)a}
-1’ a—1

A= max{
a

Then inequality (7) gives

1
203 + 2MA;

The implication (ii) = (iii). Suppose that (Z,7)eC* x C; Z = Z; +
iZy, T = 71 + iy, 50 that 7, = A(|Zy] + w(Zy, 71)). The invertibility of
S implies that there exist positive constants C;, 4; so that

Im¢ < A(llle + o(Re Z, Re z’)).

sup IS(Zy + Zi, 71 + )| 2 Cp e Ae@vm,
1(Z7, )| = A1w(Zy,11)
(Z1, 11) ER?" X R
Hence there exists a point (xq, ) €R? X R, [x; — Z1| + |t; — 73] £ 410
(Zl, '1.'1) so that
(® 1S(x1, #)| 2 Crehe@um

Next, consider the entire function of one complex variable
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fN=SZ+ -2+ w-0)  A=h+ik
1 1

We claim that g(1) # 0 whenever 3| < 1/4. For, put T = 7t + (3/4,)
(ty — 1), Z = Z + (AA)(x;y — Z). From (i) it suffices to show that

ImT > A<|Im 7| + @Re Z Re T>.

23 + 2 MA)

From the assumption on Im 7 and the fact that w is increasing it follows
that

Im Tg<l —%)7:2 ——lji—‘ltl -7l
&)
A

= /’%)[um Zl + o(Z, r):’ _ i/%' It — 7.

Also, one has
(10) (1 - A)nm Zl 2 im z| - e~z
Ay Ay
By using (10) to estimate the right hand side of (9) it follows that
Im 7 2 Allm 2|~ A% vy = Z3 4 4(1 = 4 )z, 2) - el 1, —
A, 4, 4,
(n > Allm 2| = - 12l (1= Zl + =)+ A(1 -4 ol Z, )
> AlIm 2| +A<l —%l-—llzl>w(2, 0= A(llm,@”l +1uz, 1)>,
1

where we assumed without loss of generality that 4 > A4, > 1. Since|(Z, T)|
< (Z, o) + |x1 — Zy| + |t; — 71| + |(Z32, 72), the monotonicity and the
subadditvity of w together with the fact that [x;| — Z¢| + t|; — 71| £
A1w(Zq, 71) imply that w(Z, T) = 1/(3 + 2MA))w(Z, T), where M is the
constant of (2). Hence, (11) becomes

1

(12) Im T>A<|Im 21+ s a2 D

>;A<|Im 2| +w(Re£’,Re T)>,

2(3 + 2MA,)

which completes the proof of the claim.

By applying the minimum modulus theorem of Chou [3, Theorem
I1.2.1] with R = Ag = Ay, r = 1/6, 7 < 1/(964,), to the function g, one
obtains

(M 120 = IS(Z, 2)| Z 1g(ADPH*D] sup [g(APH sup |g(R)I2.
1A1=<3eA; 1AI=1/4

Next, we estimate the denominator of the right hand side of (I). By
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applying the Paley-Wienner theorem to S it follows that there exist
constants C,, A5 so that

sup [P sup [g(A)*

121=3eA1
sup |g(/1)|3” 2
1A1=3eA;

= S Ay - A - 3H+2
(13) IAIS;sEAI (IS(Z + A, (1= 2) 7+ A; (t ’L'))|> *

/ A A A
CZCXP(AZw(Zl + 74‘11“XI - 711~ZI + A—ZIZZ,

II/\

IA

71 + ll ll

71— N 71 + Z 72) + Hp,s(Im Z, Im T)),

where Hy,,, s is the support function of supp S. Since supp S is compact,
one can assume that it is contained in the closed ball B(0, k) for some
positive integer k. Hence, one has

Hypos(Im Z, Im T)

(14) = sup (x,—z—le— 1lzz+zz>+<z zl—i-zz+z2>
(x,t) Esupp S A

< 2k |Im Z| + 2k |[Im ¢| + d,
for some constant d. Also, one has
, M Az Ay
Ao(Zy + Z(xl -Z)+ —/—GZZ, 71 +-—(t1 —7)+ Efz)

S Aw(Zy, 1) + Aol —Zy, t1 — 1) + La(Zs, 73)
< Lo (Zy, ©1) + M1+ |x1 = Zy| + |t = 71]) + AM(1 + | Zo| +|72])

< M<2/1§ + (1}7+ A1>/12’w(21,4:1) + Im Z| + AJIm T|>,

(15)

where M is the constant of (2).
Now, using inequalities (14) and (15) to estimate the right hand side of
(13), one gets

sup [g(APH*2 sup [g(A)P
(16) 1A1=3eA

< Crexp(A(1 + MADw(Z4, 1) + Rk + MA3) (Im Z| +Im 7)),

where C, = CpeP™2M% Next, using inequalities (8) and (16) to estimate
the right hand side of (I) one gets

IS(Z, 7)| = C exp(—a(lImZ| + Imz + w(ReZ, Rer))),

where C=1/C; - C;#*V and a = max{(3H + 3 + M)A14; + 1, 2k + MA;}.
The implication (iii) = (i). We want to find a fundamental solution
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E for S, E€ D), so that supp E = {(x, ) eR* x R; 1t = —by + by|x|}
for some positive constants by and b;. For any Z € C», we define, in C, the
curve [(Z) = {t = 71 +ity; 71 € R, 72 = A(Im Z| + o(Re Z, 7))}
directed in the sense that z; is increasing. Let us assume that n = 1.
Define the linear form E on D, by

(In) o= N 829 4y

mz=urz S(—-Z, —
" 11>10 ( ’ T)

From the condition on the growth of S one has for re/(Z), Z = x —
ill» 11 > O’

|
m < %exp(a(,ll + Im 7 + w(x, 71)))

)

IIA

LC exp(l + A)ai; + a(l + Aw(x, 71)),

where a and 4 are the constants of condition (iii). By applying the standard
Paley-Weiner theorem to ¢ € D and using (17), it follows that the integral
on the right hand side of (II) converges. Thus the linear form E is weli
defined. Next, we show that F is continuous. Since D, is a Montel space,
it suffices to show that E is sequentially continuous. Suppose that ¢; — 0
in D, as j — oo; it follows that, for all A, > 0,

sup |$AZ, 7)| e - 0 asj— co.
(Z,r)eCxC
1 (=21, 72) | = Ao (x, 71)

Hence, it follows that

KE, ;5] < _é_ea(Aﬂ)zl j‘ 1pAZ, 7)| eAtAautn|de| dZ
ImZ==21(2)
A1>0

1 sup I{b (Z T)I e(l+MA)23m(x,tl)
é _ea(1+A)11e2MAl3 z @ \£s
(18) C it
= 3o(x,71)
ea(A+1)w(x,rl) deldz
X T
I 1 oSz s 4142
ZeC (2
ImZ=—24

where M and b are (fixed) positive constants. Since the double integral
on the right hand side of (18) converges for A3 large enough and the
supremum on the same side converges to zero for all 3 > 0 as j — oo, it
follows that (E, ;> = 0 as j — oo, i.e., E is continuous. Hence E € D,

Next, we show that S * E = §. From the definition of FE it follows that
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(S*E, p) = <E, Sxp) = I j $(Z, 7)dedZ, peD,

ZeC I'(2)
ImZ=—4

Since § is entire, it follows from Cauchy’s theorem and a change of variable
that

(SyE, 0D = j‘ 5 #(zx, t)drdx = p(0, 0) = (3,p), i.e., SuE =0.

xR 7€R

Finally, we prove that supp E < {(x,t) e RxR,t = —by + by |x|, for
some by, by > 0}. Take by = 3a(l + 1/A), by = 1/4 where a and A4 are
the constants of condition (iii) above. Let ¢ € D, so that supp ¢ <«
{(x,t)eR%;t < —by + by |x|}. We prove that (E, ¢p> = 0 .Let’s assume
that x > 0. There exists an ¢;, 0 < ¢; < 0.1 so that t = — by —¢&; +
bix. Since D% o(Z, 1) = (D¥D3sp) (Z, 7) = Z*t* $(Z, 7), for all k, 7€ N,
it follows from the Paley-Wiener theorem applied to D% ¢ that, for
all 2 > 0, there exists a constant C; ., so that

IP(Z, 7)| £ Cp | Z| Hz| 7 eAeRe 2 Re D

+ Hyoo(ImZ, Im 7) + &|(Im Z, Im 7).

suppp

(19)

For Z=x—il, A4 >0, Im7 =44 + Aw(x, r1) and t £ —by — &
+ byx, it follows that
H,ppo(Im Z, Im 7)
= sup (=4, x> + <t A4 + do(x, 71))

(%, ) € supp ¢

Sup (=1, x>+ (5 —bo—er, A +Aolx, 7))

(x,t) € supp g

S —boAl —ei(MA+ Aw(x, 71)) + (k1 — by — e))Aw(x,74),

(20)

IIA

for some constant k,. Using (20) to estimate the right hand side of (19)
one gets

(21) l¢(Z, T)I é Cl o e$111+81/11A—b011A|Z|—kl,ﬂ—/ e—(H—boA—lzlA—slA)a)(x, rl)_
Using condition (iii) and the estimate (21) it follows that

|<E’ (P>| —S CCX,sle—(boA—51_51A"ﬂA—a)).1

(22) % |Z|#|¢|~ e~ Gthd—hA-ad-aw(Z,) |dr| dZ.

Im 2=k 2
By choosing A, k and ¢ large enough, it follows that the double integral
on the right hand side of (22) is bounded and (22) gives

(23 IKE, 9> | £ C, exp(—Ai(bod — &1 — Aer — ad — a)).
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By the choice of b and ¢; one has by4d — ¢; — ;4 — a4 — a > 0, and by
sending 2; to infinity it follows that (E, > = 0.Incase x <0,?= — by —
bix we consider the curve I'(Z); Z = x + il, A1 > 0 and we send A
to infinity. This proves the implication in case n = 1. For n > 1 we
consider the corresponding hyperplanes and the argument is similar to the
case n = 1. This completes the proof of the theorem.
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