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p-VALENT CLASSES RELATED TO CONVEX 
FUNCTIONS OF COMPLEX ORDER 

M. K. AOUF 

ABSTRACT. Let C(b, p) {b ^ 0 complex, p ^ 1) denote the class of 
functions / (z) = zp + £ £ ^ + 1 akz

k analytic in U = {z: \z\ < 1} 
which satisfy, for z — reie e U, 

-('+i('+w-'))»ft 

From C(6, /?), we can obtain many interesting known subclasses in
cluding the class of convex functions of complex order, the class of 
^-valent convex functions and the class of p-valent functions / for 
which zf is A-spirallike in U. In this paper we investigate certain 
properties of the above mentioned class. 

1. Introduction. Let Ap(p ^ 1) denote the class of functions f(z) = 
zp + ZU&/H-1 akzk which are analytic in U = {z: \z\ < 1}. Let Q denote 
the class of bounded analytic functions œ(z) in U, satisfying the condi
tions co(o) = o and \co(z)\ ^ |z|, for zeU. Also, let P(p) (with/? a positive 
integer) denote the class of functions with positive real parts that have the 
form P{z) — p + 2]£Li cÄ z*, which are analytic in U and satisfy the condi
tions P(o) = /? and Re {P(z)} > o in U. 

For /"e ,4^, we say that/belongs to the class C(b, p) (b ^ 0 complex, 
P è 1) if 

(1.1) Re{/> + i - ( l + ^ ^ -p)}>0, zeU. 

It is noticed that, by giving specific values to b and p, we obtain the 
following important subclasses studied by various authors in earlier 
works : 

(i) C(l, 1) = C is the well known class of convex functions; 
(ii) C(b, 1) = C(b), is the class of univalent convex functions introduced 

by Wiatrowski [11] and investigated in [8] and [9]; 
(iii) C(l, p) = C(p), is the class of /7-valent convex functions considered 

by Goodman [3] ; 
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(iv) C(cos X e~a, p), \X\ < x/2, is the class of/7-valent functions satisfy
ing 

Re W l + ^ÇM)} > 0, zeU, 

i.e., the class of functions/(z) for which zf'(z) is A-spiral-like in U; and 
(v) C(cos X e~a, 1) = CA, \k\ < TC/2, is the class of functions for which 

zf\z) is A-spirall-like introduced by Robertson [10] and studied by Libera 
and Ziegler [6], Bajpai and Mehrok [1] and Kulshrestha [5]. 

In [7] Nasr and Aouf introduced the class of starlike functions of order 
b (b # 0 complex) defined as follows. 

DEFINITION. A function f^Ax is said to be starlike function of order 
b (b * 0 complex), that i s / e S(b) if and only if f(z)/z # 0 in U and 

-WW-1)}»* «"• 
We state below some lemmas that are needed in our investigation. 

LEMMA 1 [8]. h(z) e C(b) if and only if 
(i) there exists q e C such that h'(z) — {q'(z))b\ and 

(ii) h\z) = exp {p$— 2b log (1 — ze~ü)dfi (t)}, where fx(t) is a real— 
valued non-negative non-decreasing function defined for t e [0, 2%\ with 
total variation pg dpt(t) = 1. 

LEMMA 2 [8]. Suppose h(z) e C(b). Then H(z\ defined by H(0) = 0 and 

H\z) = Kl+az h\a) (1 + äz)™ ' 

for \a\ < 1 and z e £/, also belongs to C(b). 

LEMMA 3 [9]. Ifh(z) = z + £~=2 bnz
n e C(b), then 

\b2\ è \b\, 

l ò s I S ^ m a x U , \2b + 1|}. 

These bounds are attained by the function h*(z) defined by 

(1.2) A'*(2) = (1 - z)-» = 1 + 2 0 ^ 4 f - z"-

LEMMA 4 [7]. G(z) e S(b) if and only if there is a function g(z) e S* (the 
well known class of starlike functions) such that 

G(z) = z(*ff. 
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LEMMA 5 [4]. Let w(z) = ££Li dkz
k be analytic with \œ(z)\ < 1 in U. 

If v is any complex number, then 

(1.3) \d2 -vd\\ ^ m a x { l , |v|}. 

Equality may be attained with functions co(z) = z2 and co(z) = z. 
We also need the following lemma. 

LEMMA 6. The function P e P(p) if and only if 

where Û ) 6 Û . 

It follows from the definition of C(b, p) and Lemma 6 t h a t / e C(b, p) 
if and only if, for z e U, 

(\ A\ z /"(z) - «te) (P ~ 2Pb - 1) + (/? - 1) M G Q 
(iA) IW) 1 + co(z) ' Ù)EU' 

2. Representation formulas for the class C(b, p). 

LEMMA 7. The function f e C(Z>,/?), where p ^ 1, if and only if 
(2.1) f'(z) = pzP-\h\z))P 

for some h G C(b). 

PROOF. Let f\z) = pzP~\h'(z))P for h(z) = z+ £~=2 bnz« e C(b), zeU. 
By direct computation, we obtain 

«•WO+ *$-')}-"*{'+ W H 
and the result follows from (1.1). 

An immediate consequence of Lemmas 7, 1 and 4 is 

THEOREM 1. f(z) e C(b, p), where p ^ 1, if and only if 
(i)/ '(z) = pzP-i exp{-2pb Jg* log (1 - ze-^dfji (t)}; 

(ii) there exists a starlike function g e S* such that 

O/lt/ \ * / 

(iii) f/zere exists a starlike function of order b (b ^ 0, complex), G e 
S(b), such that 

3. Coefficient estimates for the class C(b, p). 
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THEOREM 2. Iff(z) = z*> + ES£=*+i an
zn e C(b9 p) and /u is any complex 

number, then 

(3.1) \ap+2-val+l\ è (^)|ft|max{l,|(2^+l)-^P1+
2)^|}. 

This inequality is sharp for each ft. 

PROOF. Since/e C(b, /?), we get from (1.4), after expanding and equating 
coefficients, that 

(3.2) a , + 1 = - ( ^ ) , l s 

(3 3Ì a o - - ( p2b \d + ip + m2pb + l) J 

(3.3) ap+2 - [j^jjdz + 4p2b(p + 2 ) ap+1. 

Using (3.2), (3.3) and (1.3), we get 

| a , + 2 - K + i l ^ ( ^ ) ^ m a x { l , | ( 2 ^ + l ) - 4 ^ + ^ | } 

and since (1.3) is sharp, (3.1) is also sharp. 

COROLLARY 1. Iff e C(Z>,/?), then 

(3.4) | a ^ 1 | g ( _ 2 ^ r ) | f c | 

and 
(3.5) \ap+2\ S ( y ^ y ) | ò | m a x { l , | 2 ^ + 1|}. 

The bounds in (3.4) and (3.5) are attained by the function/*(z) defined by 

(3.6) f'*(z) = pz*-Hh'*(z))P, 

where /z*(z) is defined by (1.2). 

PROOF. The inequalities (3.4) and (3.5) follow directly from (3.2) and 
(3.1), respectively. 

The bounds on the modulus of the second and third coefficients for 
functions in C(b, p) are obtained by another method as follows. 

THEOREM 3. Iff(z) = z* + Z™=P+i anz« e C(b, p), p ^ 1, then 

(3.7) |a,+1|^(^V)l^l 
and 

(3.8) \ap+2\ g ( y j y ) l ^ l (max{l, \2b + 1|} + 2(p - 1) \b\). 

These results are sharp with equality for/*(z) defined by (3.6). 
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PROOF. By Lemma 7, there exists an h(z) = z + ££L2 bnz
n e C(b)9 such 

that 

(3.9) 
= pzp-y + S «^w"1ì. 

Expanding the right hand side of (3.9), we obtain 

(3.10) f\z) = pzP-i + IptbtfP + p(3pb3 + 2/>(/> - l)é§) z/>-i + . . . . 

Equating coefficients from (3.9) and (3.10), we have 

(P + l)<*p+i = 2/>262> 

(/> + 2 ) ^ 2 = />(3/>*3 + 2p(p - 1)61). 

Thus, the result follows from Lemma 3. 

REMARK. Comparing the results in Corollary 1 and Theorem 3 we see 
that: 

(1) when max{l, \2b + 1|} in Theorem 3 is \2b + 1|, Corollary 1 is 
a better result; and 

(2) when max{l, \2b + 1|} in Theorem 3 is 1, Theorem 3 is a better 
result. 

We now prove the following 

LEMMA 8. If integers p and m and greater than zero and b ^ 0 is com
plex, then 

"n1 \2pb+jV 

(3,2) Ä 0 + 1 ) 2 

= ^ {P W + g W + *Re{*}) h; ffif}. 
PROOF. We prove the lemma by induction on m. For m = 1, the lemma 

is obvious. 
Next suppose that the result is true for m — q — 1. 

We have 

£{/W + § W + *Re{*}) g ! g ^ 
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= ( g - l ) 2 W \2pb + j \ 2 , (4^|&P+4p(g-l)Re{fr}) ç,2 M ± Ü 2 

<72 M 0"+l)2 <72 M 0 " + 1 ) 2 

= ff l 2 ^ + J\2 f (g - l)2 + M g - l)Re{&) + 4/>2|fr|2 
H (; + 1)2 V 2̂ 

M U + i)2 ' 

showing that the result is valid for m = q. This proves the lemma. 

THEOREM 4. Iff e C(Z>, />), 'Äen 

(3 13) i a | <A > " f t + 1 ) 12^ + fcl 

for n ~2: p + I, and these bounds are sharp for each n. 

PROOF. Since/e C(b, p), from (1.4) we have 

(zf"(z) + (2pb -p + l)/'(z))o)(z) = ((p - l)/'(z) - zf"(z)\ 

Hence 

p(p - l)z*-i + £(/> + *)(/> + k - \)a^kzP+^ 

+ (2pb -p + lXpzP-i + i,(p + k)ap+kzP+"-4a(z) 
*=i > 

= Up - l)(/ra>-i + £(/> + fc)a,+*z>+*-i) 

- pip - l)z>-i - £ (/, + £)(/> + * - l ) a ^ z ^ - i } , 
*=i 

or 

pip - 1) + (2p2è - p2 + p) + 2 (/» + k)ip + k-l) 

+ i2pb -p +\)ip + k)}ap+kz^wiz) 

oo 

= 2 ((/» - 0(/» + *)-(/» + *)(/» + * - i))<w*, 

which may be written as 

t (((/> + k)ip + k-l) + ilpb-p + l)ip + k))ap+l,z>)a>iz) 

= £ ( ( / » - i)(/> + *)- ( /> + *X/» + * - i))<w*, 

where ^ = 1 and œ(z) = ££=o</*+i z*+1-
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Equating coefficients of zm on both sides of (3.14), we obtain 

w - l 

2 ((P + k)(p + k - 1) + (2pb - p + \){p + K)ap+kdm_k) 

859 

*=o 

= ((/> - 0(/> + "0 - (/> + m)(P + ™ - l))ap+mi 

which shows that ap+m on the right-hand side depends only on ap, ap+i, 
. . . , ap+in^Y) of the left-hand side. Hence, for k ^ 0, we write 

m - l 

2 ((k(p + k) + 2pb{p + k))ap+kz*)a>(z) 
*=o 

= ^{-k{p + k))ap+kz*+ 2 ^*z*> 
*=0 k=m+l 

for m = 1, 2, 3 , . . . and a proper choice of /l*. 
Let z = re'", o < r < 1, o ^ 0 ^ 2ÎT. Then 

2 |*(p + A:) + 2pé(p + *) |* |ö*.»|2r» 

= J. 
2% 

>A 
=
 ITI 

ap+hr
kem 

> 2% 

V"\nE(k(p + k) + 2pb(p+k)} 
Jo l|=b 

f i ïV(/> + *) + 2pé(/> + *))a^r*e'« 
Jo IjR) 

PI 2 (-M/>+ £))«,+*>• v« + 2 V̂**"'1 

J 0 I £=0 k=m+\ 

de 

\co(re<°W dd 

dd 

ZJ]k\p + kY\ap+k\Zr»< + 2 \A>\2*2k 

m 

è 2 k2(P + *)2 l«?+*l2''2*-

(3.15) 

Setting r -> 1 in (3.15), the inequality (3.15) may be written as 

w - l 

(3.16) 2 mp + k) + 2pb(p + kW-kZ(p+k¥)\ap+k\^m2(p+m)2\ap+m\2. 

Simplification of (3.16) leads to 
w - l 

2 MP + WPW + kRc{b}) \ap+h\2 ^ m\p + my\ap+m\2, 
k~0 

i .e., 

Ap 
(3.17) \ap+m\* ^ m2(J+m)2 2 (P + k)2(p\b\2 + kRe{b}) \ a ^ 

Replacing/? + m by n in (3.17), we are led to 
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An n-(p+l) 
<3-18) W^nHnLpyz- g (P + QKPW + kRe{b})\a„t\*, 

where n ^ p + 1. 
For« = p + 1, (3.18) reduces to 

Ms((7^> 
2 

or 

(3.19) \ap¥l\^{J^\b\t 

which is equivalent to (3.13). 
To establish (3.13) for n > p + 1, we will apply an induction argument. 
Fix n, n ^ p + 2, and suppose (3.13) holds for & = 1, 2, 3, . . . , n — 

(p + 1). Then 

Thus, from (3.18), (3.20) and Lemma 8 with m = n — p, we obtain 

|fl»|8*£- E 
,2 »-IÉ+D ^ Z ? + 7 | 2 

J=o 0" + I)2 

This completes the proof of (3.13). This proof is based on a technique 
found in Clunie [2]. 

For sharpness of (3.13) consider the function f*(z) defined by (3.6). 

4. Properties of the class C(£, p). 

LEMMA 9. Iff e C(b, />), then the transformation Fa satisfying 

z + a 
paP-izP-1 f\ 

(4 lì F'(z) = ^ + äz / jj 
y } aK) f\a){z + d)P-\\ + äz)P^-i)+i > z fc u 

andFa(o) = o,isinC(b,p),forall\a\ < 1. 

The proof of this lemma follows by using Lemmas 7 and 2. 

LEMMA 10. For \z\ ^ r and f ranging over C(b, p), the domain of values 
of(zf"(z))lf\z)) is the disc with center ((/>(2Re{6} - 1 ) + \)r* + (p-l))l 
((1 - r2), (2/7 Im {ò} r2)/(l - r2)) and radius (2p*\b\r)/(l - r*). 

PROOF. Whenever/(z) = z* + ESLp+i ö«zW e C(/>> * ) > t n e n l i m^o(( / ' , ( z ) -
/>(/? - l)z^-2/z^i) = />(/> + 1)^+1- For / G C(ô, />), let Fa(z) = zP + 
Ti7=p+iAnz

n e C(£, p) be given by Lemma9 for |a| < 1. By direct calculation 
we have 
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(4.2) p(p + l)Am = p(i- |a|2) Ä - p(p(2b- 1) +1) |<i|2 + p(p- l)/a. 

Combining (3.4) and (4.2), we obtain 

(4.3) f"(a) (p(2b-\)+\)\a\2 + (p-l) 
f\a) a{\ - |fl|2) 

From (4.3), it follws that, for \z\ = r < 1, 

= (i-M2)" 

(4.4) zf'(z) (p(2b- 1) + l)rz + (p-l) 
1 - r2 

<2£mL 
f'(z) 

and the proof is completed. 

THEOREM 5. The sharp radius of convexity of the class C(b, p) is 

(4.5) {p\b\ + (/>2|è|2 _ 2Re{Z>} + l)i'2}-i. 

PROOF. From (4.4), we have 

where \z\ = r. Thus Re(l + (zf'\z)jf'{z))) > 0, for 

M = r < rc = Q>|0| + V/>2|6|2 - 2Re{è} + l)"1 . 

To show that (4.5) isjsharp, we let/*'(£) = pzP-^h'^z)]*, h'*{z) = (1 - z)"2* 
and w = (/-(/- — p ^bjb))l{\ — rp y/b\b) and obtain 

H , / » / l - 2/>|6|r + (2b - l ) r n 
A'(w) *\ 1 - r2 > 

which has a zero real part at r given by (4.5). This completes the proof of 
the theorem. 

5. Distortion and rotation theorems for the class C(b, p). It was shown 
[8] that, for h(z) e C(b), 

(5.1) 

and 

(5.2) 

where 

(5.3) 

02(r) ^ log \h'(z)\ g <*>!(/•), 

W2(r) S arg (h'(z)) g W^r), 

,1» = --eW1„8((,-(<^a)y%i») 
± 2ImW »„ - ( I 1 !* ) 
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and 

±2Re{i,}si„-.(lMÌ). 

The proof of the following two theorems follows from lemma 7 and 
the above bounds. 

THEOREM 6. Iff e C(b,p),p ^ 1, then for \z\ = r < 1, we obtain 

(5.5) ^^W^logl^rl^p^iW. 

Equality is attained in the left and right of (5.5) for the function /*(z) 
defined by (3.6), for z = ret6>,j = 1 , 2 , where 

I |6|2 * |*| V \ \b\ ) 

THEOREM 7. Iff e C(b, p), p ^ 1, then, for \z\ = r < \, we obtain 

(5.6) (p - 1)0 + p ^ r ) ^ arg (/'(z)) £ (/> - 1)0 + p¥1(r). 

Equality is attained in the left and right of (5.6) for the function f*(z) 
denned by (3.6) for z = re'e', j = 3, 4, where 

e3A = -sin-irIm{?.ReW ± ^ ( i - ( * ^ Y T Y V | 6 | 2 - | i | V V \b\ J J 
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