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TRIPLE PRODUCTS IN THE GATEGORY OF SPECTRA
OVER A SPACE

JAMES H. FIFE

ABSTRACT. We construct the category of spectra over a space and
define triple products in this category. We prove that the semitensor
product H*(B;Z,) ® «/(p) may be interpreted as a certain set of
morphisms in this category; as a consequence we define and discuss
triple products in H* (B;Z,) ® </(p).

1. Introduction. In this paper we shall study triple products in the cate-
gory of spectra over a space B. This category is a joint generalization of
the stable category of J.F. Adams [2] and the category of spaces over a
space introduced intependently by J. James [5], J. McClendon [8], and
others. The definition of triple products in this category is a straightfor-
ward generalization of our earlier definition of triple products in the
ordinary stable category [4], which in turn was a generalization of some
work of E. Spanier [10].

We shall also prove a theorem that interprets the semitensor product
H*B; Z,) ® «(p) [6, 7] as a set of morphisms in the category of
spectra over B. This enables us to define triple products in H*(B; Z,)
® (p), and to show that if X is a stable two-stage Postnikov system over
B, then the action of H*(B;Z,) ® «/(p) on H¥(X; Z,)is related to the
triple-product structure of H*(B; Z,) ® «/(p). We shall also give a re-
lationship between triple products in H*(B; Z,) ® 2/(p) and those in
(p), as defined in [4].

The results in this paper formed a portion of the author’s doctorial
dissertation, written at Yale University under Professor W.S. Massey.
The author would like to thank Professor Massey and Professor W.G.
Dwyer for their considerable help.

2. The category of spectra over B. In this section we shall construct the
category of spectra over a space B, and we shall define triple products in
this category.

Let B be a space. Then a space over B is a space X together with a map
p:X = B. A pointed space over B is a space X together with two maps,
p:X = Band s:B — X, such that ps = 1. Let (X, p, s) and (Y, ¢, r) be
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818 J.H. FIFE

pointed spaces over B. Then a B-map f: (X, p, s) — (Y, ¢, r) is a map
S+ X — Y such that the following diagrams commute.

x—I —y x—L .y
\ \
\
? \\ q s\ \ /"'r
\ ¥ YA
B B

Let (X, p, s) be a B-space, and let Y = X be such that s(B) = Y. Then
(Y,p|Y,s) is a subspace of the B-space X. Note that the inclusion map
i: Y — Xis a B-map.

In this way the collection of pointed spaces over B forms a category.
This category has been considered by several people, including I. James
[5] and J. McClendon [8]. (See also [9].)

If X is a pointed space over B, let ConegX be the (reduced) cone of X
over B and let };pX be the (reduced) suspension of X over B; these are
both pointed spaces over B([9, p.13]). Furthermore, if f: X — Yis a B-map,
then there are natural B-maps Conepg(f): ConegX — ConegY and X 5f:
XX - XY

If /2 X — Y is a map of pointed spaces over B, let C; be the (reduced)
mapping cone of f over B; it is a pointed space over B, and there are
B-maps i: ¥ - C;and j: C; - 3} X defined in the usual way [9, p.12].

A spectrum over B, or B-spectrum, is a sequence of pointed CW-com-
plexes over B, {X,}, together with cellular B-maps

En: ZBXn - Xn+la

such that each &, maps }]zX, homomorphically onto a subcomplex of
X,-1. These objects can be made into a category by mimicking the proce-
dure by which J.F. Adams constructed the ordinary stable category in
[2]. Furthermore, most of the constructions made in [2] for the ordinary
category carry over to this setting as well. In particular, let [X, Y]? denote
the set of homotopy classes of B-maps of degree r from X to Y. Then, as
in the ordinary case, [X, Y]Z has the structure of an abelian group, and
[X, X% has the structure of a graded ring, where the product of two B-
maps is their composition.

Let f: X — Y be a B-map of degree r, and let Z be a third B-spectrum.
Then we get, in the usual way, homomorphisms

f*: [Z9 X]n - [Z, Y]n+r
and

f*: [Ys Z]n - [Xa Z]n+r‘
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If fi ~ f,, then f;, = f;, and fi* = f3*. If /- X — Y is homotopic over B
to the constant map, then we shall write f ~ .

There are some other constructions we shall need. Let X be a B-spec-
trum. Then we define the cone spectrum of X over B, ConegX, by (Coneg
X), = Coneg(X,), with maps

Coneg (&,)
—_—

2.5Conep(X,) ~ ConepXpX, Conep(Xy+1).

There is a natural B-map of degree 0, i: X — ConegX. If f: ConegX —» Y
is a B-map, then we shall let f| X denote the composition fi. (See [2 p.151.])

Also, given any B-map f: X — Y there is a B-map Conegf: ConezX —
ConegY defined in the obvious way. Note that f ~ , if and only if there
is a B-map F: ConegX — Y such that F|X = f.

Again, let X be a B-spectrum. Then we can define a spectrum SusppX
by (SuspgX), = 2 p(X,), with the obvious structure maps. There is a B-
map ¢o: SusppX — X of degree — 1, defined by

0,7 (SusppX), = LpX, ——
(See [4].) Note that the image of ¢ is a cofinal subspectrum of X. Note
also that if X’ is a cofinal subspectrum of X, then ConezX’ and SuspzX’
are cofinal subspectra of ConezX and SuspgX, respectively.

Finally, let X and Y be B-spectra, and let f: X — Y be a B-map of degree
r. Then we can construct the mapping cone spectrum of f; E, as follows.
The map f is represented by a function f’: X’ — Y from some cofinal
subspectrum X’ of X. Define (Ey), to be E;,, the mapping cone over B
of the map f,: X, — Y,_,. The structure maps Y;(Ey),— (Ef),+; are the
obvious ones. Following Adams, we can write E; = Y |J; ConepX. Then,
as in the ordinary case, there are B-maps i: Y — E; and j: E; — X, where
degi = 0 and degj = — 1, such that, for any B-spectrum Z, the following
sequences are exact.

Xt

e [Z’ X]n l:’ [Za Y]n-r _l; [Z7 E/]n—r —JL’ [ZaA X]n—r—l — e

e = [X’ Z]n L [Yv Z]n~r ‘r— [Ef’ Z]n—-r‘i [X’ Z]n—r-—»l e

The triangle
x—'—y
\
4 \\ S I,
v
E;

is called an exact triangle over B. More generally, a triangle
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of B-spectra and B-maps is called exact (over B) if there is a homotopy
equivalence k: Z — E; such that the following diagram is homotopy
commutative.

z
2
N

Ey

We shall now show how to define triple products in the category of
B-spectra. First, let X and Y be two spectra over B, and let £, g: ConegX
— Y be two B-maps of degree r such that f| X = g| X. We define a B-map
0(f, g): X — Y of degree r + 1 in the following way. Let X’ be a cofinal
subspectrum of X, and let f”, g’: ConezX’ — Y be two functions represent-
ing f and g, respectively. Then, for each n, f,,: ConegX, — Y,_, and g,:
ConegX, — Y,_, are such that f,(x, 1) = g,(x, 1) for all x € X,. We can
then define a function

d(fr,n g;;)' ZBX; - ¥, —r
by the rule

Salx, 2t), if 0s¢t=1)2

a(fy, g, (x, 1) = i
(f> &) (x, 1) {g;(x,2—2t), if 12t 1.

It is easy to check that d(f, g,) is a map of B-spaces, and that the fol-
lowing diagram commutes.

asg;
Zo(ZsX) Sy,

ZBsn} JCn—r

X753 Yorn
B d(forrs &) T

Thus we get a function d(f”, g'): Susp X’ — Y, of degree r. Since Susp
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X' is cofinal in Susp X, we therefore get a B-map 0,(f, g): Susp E — F
of degree r. Finally, because of the B-map ¢: Suspg X —» X of degree —1
whose image is cofinal in X, there is a B-map d(f, g): X — Y of degree
r + 1 such that the following diagram commutes.

01

SuspgX Y

7
|

X

e

Let X, Y, Z, and W be B-spectra, and let f: X - Y, g: Y —» Z, and
h: Z — W be B-maps of degrees, n, m, and r respectively. Suppose gf =~ ,
and hg ~ ,. Since gf =~ , there is a B-map F: ConezX — Z, of degree
n + m such that F|X = gf. Similarly, since hg =~ ,, there is a B-map
G: ConegY — W of degree m + r such that G|Y = hg. Consider the
B-maps AF: ConegX - W and G(Conegf): ConepX — W. These are B-
maps of degree n + m + r. Furthermore, AF|X = hgf and G(Conegf)|hgf.
Thus there is a B-map

O(hF, G(Conegf)): X » Y

of degree n + m + r + 1. Define (A, g, f> to be the homotopy class of
this map. Thus <4, g, /> € [X, W1E i 11

The definition of <A, g, /> depends on the choice of the B-maps F and
G. However, if Fy: ConegX — Z and Gy: ConegY — W are other B-maps
such that Fi|X = gf and G,|Y = hg, then there exist a €[X, Z]5,,+; and
BelY, W}, .1 suchthat

() [6(hFy, Gy(Coneyf)] = hi(a) + [0(hF, G(Coneg /)] + f*(B).

Conversely, for any a €[X, Z],,,,, and BelY, W], ., there are B-
maps Fj: ConegX — Z and G;: ConegY — W such that F{|X = gf and
G4|Y = gh, and such that (1) holds. (The proof is identical to that given in
[4] for the ordinary case.) Therefore <A, g, /> is a well-defined element of

X, W i (Wil X, Z)4 i + HLY, WIBL 1),

This triple product has the following properties.

THEOREM 2.1. Let X L Y % Z % W be maps of B-spectra such that
~ y and hg ~ ,. Let E; be the mapping cone over of f, and consider the
following diagram.
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x—L.y .7 " .y
NoT !

7 .b :a

ai
Ef—>X

(1) There are B-maps b: E; - Z and X — W such that this diagram
is a homotopy commutative.

(2) The B-map a in (1) is not unique; however, the homotopy class [a] €
(X, WIE is a well-defined element of the group [X, W1E| (h[X, Z]E +
FHY, WID.

(3) As an element of this group, [a]l = <{h, g, .

THEOREM 2.2. Let X 5, Y £ Z % W be as in Theorem 2.1. Let E, be
the mapping cone over B of h, and consider the following diagram.

W——E,
T T
S

X Y——Z W
f g h

(1) There are B-maps b: Y — E, and a: X — W such that this diagram
is homotopy commutative.

(2) The homotopy class[a) € [X, W1E is a well-defined element of the
group [X, WIE | (hi[X, ZI§ + f*[Y, W1D).

(3) As an element of this group, [a] = — {h, g, ).

COROLLARY 2.3. Let

X

Y
\\ /
\ /
R\
M /g
Z

be an exact triangle of B-spectra. Then the triple product {h, g, > is defined
and equals the homotopy class of the identity B-map X — X as an element
of the group [X, X1§ | (hi[X, Z1§ + f*[Y, X19).

THEOREM 2.4: Let X L Y5 Z X, W be as in Theorem 2.1, and let
XY 8 75 Whe such that f, ~ f, gy ~ g, and hy ~ h. Then gif; ~

hig1 =~ 4, and <hy, g1, f1) = <h, & f).
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THEOREM 2.5. Let X L Y £, Z % W be as in Theorem 2.1. Suppose
one of [, g, or h is the constant B-map. Then {h, g, [ is represented by the
constant B-map X - W.

COROLLARY 2.6. Let X L Y £ Z 2 W be as above. Suppose f ~ .,
g > y,orh =~ 4 Then{h, g, > is represented by the constant B-map X —
Ww.

THEOREM 2.7. Suppose we have the following homotopy commutative
diagram of B-spectra and B-maps

f1

/JYI )"1 27 WJ/I
|

aj b c dl

Xo 5, e &2 Zy W2

such that g, fi ~ 4, g1 ~ «, 82fs ~ x, and hygs ~ . Then a*{hy, g,
f2 = dilly, g1 11> € [ X1, Wol§ | (hp[ X1, Z5)8 + fi¥[ Y1, WalE.

The proofs of these results are identical to those given in [4] for the or-
dinary case.

We can also define matrix triple products. For example, let X, Y, Z,
...,Z,be B-spectra, and let W be a ring B-spectrum with multiplication
u Letf: X > Y, g Y > Z, and h;: Z; > W be B-maps such that deg
g, + deg h; is the same for all i. Suppose g;f ~ 4 for all i and A; g1 + - - -
+ h,g, ~ 4. We can interpret this as saying that the two matrix products

&1 &1
(/) and (hy---hy)
&n &n

are homotopically trivial. Then the matrix triple product

81
*) (- m)| |0y
&n
is defined as follows. The maps g;: ¥ — Z, determineamap g: Y= Z; A

- A Z,, and the fact that g;f ~ , for all i implies that gf ~ ,. Also,
leth:Zy A --+ A Z, — W be the composition

By by
ZIA o N2

WA NWo W,

where the second map is induced by y. Then the fact that Ayg; + --- +
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h,g, ~ , implies that Ag ~ ,. We then define the matrix triple product
(*) to be the triple product <A, g, /.

3. Triple Products in H*(B; Z,) ® .«/(p). In this section we shall show
how the semi-tensor product H*(B; Z,) ® «/(p) can be interpreted as a
set of morphisms in the category of spectra over B. We shall then define
triple products in H*(B; Z,) ® /(p)and derive some easy consequences
of the results of the last section.

To begin, let Y be a pointed space. Then we can make B x Y into a
B-space as follows. Define 7: B x Y —» Band ¢: B— B x Y by n(b, »)
= b and o(b) = (b, *). Then, clearly, (B x Y, =, ¢) is a pointed space
over B. Now, it is easy to see that }jz(B x Y) = B x X} Y and that the
maps 7w: Np(B X Y) > Band g1: B— ) 5(B x Y) are the same as the
maps z: B x ;Y - Band ¢: B—> B x ) Y. If we have an ordinary
spectrum Y, we can form a B-spectrum B x Y by letting (B x Y), =B
x Y,, with maps }s(Bx Y,)=Bx )Y, X B x Y, +1.- These structure
maps are B-maps because the follcwing diagrams commute.

ToBx V) =Bx LY, "B x ¥,uB
S S

e

T T P

N
Sa

B

ZB(BX\Y,,) =Bx XY, "B X Y,

Therefore B x Y is a spectrum over B.
We now state the main theorem of this section.

THEOREM 3.1. For any prime number p, we have
H*(B; Z,) ® #(p) ~ [B x HZ,, B x HZ,J2
as algebras over Z .

For the proof of Theorem 3.1 we need some more constructions. For
the remainder of this section, we shall write o/ for &/(p), H*(X) for
H*(X;Z,)and H for HZ,.

Let X be a pointed space over B. Then X has an associated pointed

space X, defined by X = X/s(B) with the image of s(B) as the base-point.
It is easy to see that
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dYX =X
Also, if f2 X — Y is a map of B-spaces, then there is an induced map
f: X - Y of pointed spaces.
Let X be a spectrum over B. Then X has an associated ordinary spec-
trum X, defined as (X), = X,, with structure maps

ZX —ZBX GHI Xn+l

Let (X, p, s) be a B-spectrum, and let(B x Y, #, o) be a trivial B-spec-~
trum. Let f: X — B x Y be a B-map of degree k. Then, for each integer
n, the following diagrams are commutative.

X,——B x Y, X, Bx Y,

Now f,(x) = (f(x), fn(x)), where f,: X, —» B and f,: X, = Y,_,. Thus
p(x) = w(f(x)) = w(f,(x), £,(X)) = f,(x).

Thus £, = p. So f,(x) = (p(x), f(x)). Also, f,(s(b)) = a(b) = (b, ,); but
F(s(B)) = (p(s(b)), £1(s(b))) = (b, f,(s(b))). Thus f,/(s(b)) = 4 for all be B.
Therefore, f, induces a map f,,: X, = Y,_;.

Since f: X — B x Yis a map of B-spectra, the following diagram is
commutative,

Z?X » = Xyt

lzﬂfn fn+1
2p(BxXY, )=BxY, 2 B ) g}

It follows that the following diagram is commutative.

an = ZBXn —_"Xn+1

|

Yyt

Zyﬂ -

Therefore, the maps £, form a map of spectra f”: X — Y.
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Thus a map f* X —» B x Y of B-spectra determines a map f": X » Y
of spectra. Conversely, let /: X — Y be a map of spectra. Then define
f.ioX,—» B x Y, ,by

(p(x), fux))  if x ¢ 5(B)
Slx) = .
(p(x), *) if x € s(B).
Then the following diagrams are commutative.
X, BxY,, X, f BxY,,
\ " 7
? ST s /'/a
/ /
¥ /
B B

Thus f, is a B-map. Also, the following diagram is commutative, for
each n.

en
ZBXn Xn-H

Zpf Frsl

ZB(B X Yn—k) =B x ZYn—I&B X Yn—le+1

Therefore the maps f, form a map of B-spectra f: X — B x Y. It is easy
to see that the correspondences f < f” are inverses of each other. Thus
there is an isomorphism

é:[X, B x Y| X [X, Y],

defined by ¢(f) = /.
Let Y = H. Then we have

6:[X, B x HIZ 5 [X, H], = H*(X).
Let E be an ordinary spectrum, and let X = B x E. Then we have
¢:[B x E,B x Hf ¥ [B x E, Hl, = H*(B x E).
Let Sp(B) be the spectrum
{pt}, ifn<0
Sp(B)), =
Sp(2) {Z"B, ifn 20

Recall that H*(B) ~ H*(Sp(B)) = [Sp(B), Hl.
We now have the following lemma.
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LEMMA. B x E is cofinal in Sp(B) AE.

PROOF.

(BxE), =BxE,
= (B x E,)[o(B)
= (B x E)/(b, ») ~ «
= (B* x E)/(b, x) ~ x ~ (4 X)
= (Bt x E)/BT Vv E,
= BT A E,
where B+ denotes the union of B with a disjoint base point. The lemma

follows.

It follows from this lemma that the inclusion map i: B x E — Sp(B) A

E induces an isomorphism
i*: H¥*(Sp(B) A E) - H*(B x E).

Recall that if X and Y are ordinary spectra, then we have cross products
v H¥(X) ® H*(Y) - H*(X A Y) defined as follows. Let ue€ H*(X)
and ve H*(Y);thenu: X - Hand v: Y — H. Then y(u ® v) is the com-
position

XAY“ HAHH
Note that y(u ® v) = pu(u A v), where p [X AY, HA]-[XAY,
H],. By the Kunneth Theorem [1], y is an isomorphism.

If X is a CW-complex, then cup products in H*(X) can be defined
as follows. The diagonal map 4: X - X x X induces a map Sp(4):
Sp(X) - Sp(X x X) < Sp/X) A Sp(X). This map induces a homomor-
phism

Sp(d)*: H*(Sp(X) A Sp(X)) — H*(Sp(X)) = H*(X).

Now let x, y € H¥*(X). Then the cup product x (J y is Sp(d)*y(x ® y).
Let E be any spectrum. Then we have an isomorphism of Z,-vector
spaces

H*(B) @ H*(E)
= H*(Sp(B))® H*(E) & H*(Sp(B) A E) = H*(B x E)
—[BxE Hl,>[B xE, B x HE.
Let ®=¢~1i*y. Then we have proved

THEOREM 3.2. @ is an isomorphism of vector spaces
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¢: H*(B) ® H*(E) — [B x E, B x HJ5.
Let E = H. Then H*(H) = ./, and so we have
0: H*(B)® o —» [B x H, B x HE.
THEOREM 3.3. @ is a homomorphism of algebras
O: H¥(B) ® &/ —» [B x H, B x HJ].

Once we prove Theorem 3.3, then, from it and from Theorem 3.2, it will
follow that @ is an isomorphism of algebras. This will prove Theorem 3.1.

PrOOF (of Theorem 3.3). Let f: X —» Y be a map of B-spectra. Then
there is an induced map of spectra f/: X — Y. Furthermore, if ¥ is an
ordinary spectrum, then there is a ““projection’ 7,: B x ¥ —» Y thatis a
map of spectra. If /1 X » Bx Y is a B-map, then ¢(f) = 7/, where ¢:
[X, B x Y]B — [X, Y]2 is the above isomorphism.

Let x® a and y ® f€ H*(B) ® «/. We must show that O((x ® a)
(®P) =0x®)P(y®pH). Let D(x @ a) =fand O(y ® p) = g.
We must show that O((x ® «) (y ® B)) = fg. From O(x ® a) = f we have
o7 li*y(x @ a) = f, or i*y(x ® a) = §(f), and similarly i*y(y ® B) =
¢(g). We must show that i*y((x @ @) (¥ x §8)) = ¢(fg). Now, i*y(x ®
«) is the composition

N\

B x H——Sp(B) A H2% H A H—~ H,
and ¢(f) is the composition

Bx H- - Bx H-"-H

Thus the following diagram commutes.

Sp(B) A H —L“ HAH
- N
N
(1) B x H\\\‘ //2 H.
f \\ /2
B x H

Similarly, the following diagram commutes.

SPBYA H—LE  HAH

2 B x H__ H.
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Now let ¢p: o7 > o/ @ o/ be the coproduct, and let J(a) = ;o ®
o Then (x ® a) (y ® B) = Lx U ai(») ® a;B. So
2Wx @ @) (y @ B) = x(2(x U ai(») ® a;p)
= 22((x U ai(») ® aip)
= 2l(x U ai(3) A aip)
= ux((x U QCa) () A (XKa)P)
= y((x U (Xer) (1) ® (Za))P)-
Thus i*y((x ® a) (y ® B) = i*x((x U (Za)(») ® («))B). This last is

() Bx H---Sp(B) A HEDWDNEE g kL

Now x UJ (X a)) (v)is given by

4 Sp(B) — 2 . Sp(B) A Sp(B) EY, g A H L H.

Furthermore, (X «;) (») is given by

) Sp(B) —— v H-= H.

Substituting (5) into (4), we have

(6) Sp(B) L Sp(B) A Sp(B) =5 H A HYEL H A H - H.

Now (X a;)f is given by

(7) H 2 n ™. n

Substituting (6) and (7) into (3), we have

) Bx H—-Sp(B)A H2LLS5(BYASP(B)AH L HAHAH
WEIE gNHAH S H A H—4H.

On the other hand, @(fg) is given by

) Bx H-LZBxH-"H.

Now fg is just the composition

(10) BxH—* Bx H--BxH.
Substituting (10) into (9), we have

(11) BxH-*-BxH ' Bx H = H

We must show that (8) and (11) are equal.



Sp(d) A 1 2AYA 1A Ya, A Yo Al
Sp(B)/\HL()*”—’Sp(B)/\Sp(B)/\H Y NP HANHAH L L HAHAH#——»HAH
7\ / ' \ “
| /
/
i j I g/ \1 AYAB '\1 A p LAp :\\p
/ \ ©) (B) (A
\ \
’ /"’v N\
R
B x H Sp(BYASp(B)AH Sp(ByYAHAH — HAH — HAH
(G) ,; K
(D)
g "\ LARy p IAu XA« T2/
\ / /
v / o ) /
Bx —— Sp(B) A H — Bx H
— . 7
—— e

Figure 3.1

0€8

SIONAodd A1dIAL
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Consider the diagram in Figure 3.1. The proof will be complete if we
show that the various parts of this diagram commute.

(A). This commutes by the associativity of .

(B). The map yu: H A H — H induces

H*H) ~~ H*(H A H) -~ H*(H) ® H*(H)
Il Il
o ¢ A @ o

Since (@) = Ya; ® af, we have y 1u*(a) = Ya; ® ). Thus we have
aop = #*(a)
= (2 ® a))
= 2ylai ® af)
= 2uMai A )
= po(La; A 2al).
Thus the following diagram commutes.
HAH —*— H

Ta’/NLa”a

HAH H

Thus (B) commutes.
(C) and (D). These commute by basic properties of the smash product.
(E). This commutes because diagram (1) commutes.
(F). This commutes because diagram (2) commutes.
(G). To show that (G) commutes, it suffices to show that the following

diagram commutes, for each n.

B*AH, " Bt A B+ A H,
g 1Ngn
Bt ANH,_, B*ABt*ANH,,

1NAxg

The commutativity of this diagram follows from the fact that g,(b, x) =
(b, 7,g,(b, x)). This completes the proof of the theorem.
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Let X be a spectrum over B. Earlier we showed that [X, B x HE ~
H*(X). This suggests defining the B-cohomology of X, H5(X) = [X,B x
H]Z. Then H¥(X)can be given the structure of a module over H*(B) ® &/
in the same way that H*(X) is a module over .o/ for ordinary spectra X;
that is, let v € H}(X)and let a € H*(B) ® «7. Then u is represented by a
B-map X - B x H, and by Theorem 3.1, a is represented by a B-map
B x H— B x H. Then a-u is represented by the composition X =
B x HS B x H. It is easy to see that this makes HE(X) into a module
over H*(B) ® «.

Let a, b, and c€ H*(B) ® o be such that ba = 0 and ¢b = 0. By
Theorem 3.1 we may regard a, b, and c as elements of [B x H, B x HIE,
and, therefore, by the material in §2, the triple product {c, b, a) is defined
and is an element of [B x H, B x H]Z = H*(B) ® «. More precisely,
{¢, b, a) =01 {P(c), D(b), D(a)), where : H*(B) ® & — [B x H, B x
H)EZ is the isomorphism of Theorem 3.2. The indeterminacy of <c¢, b, a)
is [H¥(B) ® ] a + c[H*(B) ® «/]. Thus {c, b, a) is a well-defined ele-
ment of

H*(B) © o | ((H*(B) © «)a + c[H*(B) ® ¥)).

Let ae H¥*(B) ® «/. Regard a as a B-map a: B x H » B x H, and
let E, be the mapping cone over B of a. We can think of E, as a stable two-
stage Postnikov system over B, with k-invariant ¢. Then we can get in-
formation about the structure of H}(E,),as a module over H*(B) ® &,
from the triple product structure of H*(B) ® « as follows.

Consider the following exact triangle of maps over B

BxH_‘Z,BxX

\ /.

7 \\ /’ :
" Y
E,
Passing to cohomology, we have

H*B)® o — % ,H¥B)O®

N

HE(E,)

Let b€ H*(B) ® &/ be such that ba = 0, and let ce H*(B) - &/ be
such that ¢b = 0. Then b = i*(x), for some xe€ H¥(E,), and ¢ - x =
j*(y), for some y € H*(B) ® «.
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THEOREM 3.4. The indeterminacy in the definition of y is [H*(B) ® «]
a + c[H¥(B) ® &), and y = {c, b, a) modulo this indeterminacy.

Proor. This follows from Theorem 2.1.

Finally, it should be noted that Theorem 3.1 can be used to give a
triple product definition of twisted secondary cohomology operations;
this is entirely analogous to the triple product definition of ordinary
secondary operations as discussed by Spanier in [10]. Properties of these
twisted operations can then be easily deduced from the corresponding
properties of triple products we listed in §2. We shall leave the details to
the reader. One application is a relatively painless proof of the Generating
Class Theorem of E. Thomas ([11, Theorem 5.9]); the reader can consult
[3] for the details.

4. A relationship between triple products in .« and in H*(B) ® «. In
this section we shall continue the practice of writing .o/ for «/(p), H*(X)
for H¥(X; Z,), and H for HZ,. Let a, 8 € =7, and suppose (o) = | @
a+ Yal®al + a® 1. Then, for 1€ HY(B), a/(1) = 0 unless a) =
1 € o. Thus, in H¥*(B) ® «,

(I®a)(1®p)

21U ai() ® aif
LU ®ap
1 ® ap.

Thus (1 ®@ @) (1 ® B) = | ® apf.
Let a, 8, and 7 € o7 be such that 8a = 0 and y8 = 0. Then <7, 3, a)
is defined and is an element of .o7/(s7 -a + 7-.27). (See [4].) But also,
1®pH(I®a)=1® fa
=1®0
=0
and similarly (1 ® 7) (1 ® 8) = 0. Thus the triple product {1 ® 7,1 ®
B, 1 ® a) is defined and is an element of
H*(B) © & | ([H*(B) ® #1(1 ® @) + (1 ® 7) [H*(B) © «)).

Define 1 ® {7, 8, a) = {l ® € H*(B) ® «&: €<y, B, ad}. Then
I x<r, B8, a) c H(B) ® o. If 67y, B, @), then also § + aa + 7b €
{7, B, ay, for any a, b € o of appropriate degrees. Then

1 ® (@ + aa + 7b) €1 ® {7, B, a).
But

1 ® (@ + ax + 1b)

]

(1®0) + (I ®aa) + (1 ® rb)
=1®0+(1®a(®a)+(1®7(1QD>H).
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Thus | ® {7, B, @) is a well defined element of
H*B) © o | ([H*(B) © 1 (1 ® @) + (1 @ 1) [H*(B) © ).
THEOREM 4.1. {1 ®@ 7, 1 ® 3, 1 @ a) = 1 ® {7, B, a) as elements of
H*B) © o | ([H*B) ©® #]1(1 ® a) + (1 @ P [H*(B) © ).

The proof is straightforward and is omitted.
REFERENCES

1. J. F. Adams, Lectures on generalized cohomology, Category Theory, Homology
Theory and Their Applications 111, 1-138. Lecture Notes in Mathematics 99, Springer-
Verlag, Berlin, 1969.

2. , Stable Homotopy and Generalized Homology, University of Chicago Press,
Chicago, 1974.

3. James H. Fife, Triple Products in the Steenrod Algebra, thesis, Yale University
(New Haven), 1982.

4. , Triple Products in the Steenrod Algebra, to appear in Math. Scand.

5. 1. M. James, Ex-homotopy Theory 1, Ill. J. of Math. 15 (1971), 324-337.

6. W. S. Massey and F. P. Peterson, The cohomology structure of certain fibre spaces
I, Topology 4 (1065), 47-65.

7. and , The mod 2 Cohomology structure of certain fibre spaces, Mem-
oirs of the Am. Math. Soc. 74 (1967).

8. J. F. McClendon, Higher order twisted cohomology operations, Invent. Math. 7
(1969), 183-214.

9. Larry Smith, Lectures on the Eilenberg-Moore Spectral Seuuence, Springer-Verlag,
Berlin, 1970.

10. E. Spanier, Secondary Operations on Mappings and Cohomology, Ann. of Math.
75 (1962), 260-282.

11. Emery Thomas, Postnikov invariants and higher order cohomology operations,
Ann. of Math. 85 (1967), 184-217.

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, UNIVERSITY OF RICHMOND,
RICHMOND, VA 23173



