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PROPERTIES OF PFAFFIANS 

J. S. LOMONT AND M. S. CHEEMA 

This paper is dedicated to E.G. Straus and R.A. Smith 

1. Introduction. Several properties of Pfaffians of real skew-symmetric 
matrices are studied. In §2, the Pfaffian of a skew-symmetric matrix A is 
expressed in terms of traces of powers of A. Pfaffians of inverses and 
Kronecker products are studied next. If A and B are 2(2m + 1) x 2(2m + 1) 
skew-symmetric matrices whose product is skew-symmetric, then at 
least one of the two matrices is singular. If A and B are 4 / x 4 / non-
singular skew-symmetric matrices whose product is skew-symmetric, then 
it is shown that Pf(^4), Pf(i?) and Pf(AB) are either all positive all or neg
ative. Finally, a multilinearity property of Pfaffian functions similar to the 
one in [4] for determinant functions is obtained, and a simple expression 
for the Frechet derivative of a Pfaffian function is obtained. 

2. Pfaffian in terms of traces. If A is a real skew-symmetric matrix of 
order 2n (denoted by A e M(2n, R)) then dct(A) is the square of a poly
nomial in matrix elements of A. This polynomial is called the Pfaffian 
of A, and is denoted by Pf(A). It is well known, (see [3, 6, 8]) that 

Pf(A) = T>ePahi2ahh . • . ahn_lhn, 

where P is the permutation 

II 2 . . . 2«I 

1**1 H hn\ 

€p its sign, and the sum is taken over all permutations with the restrictions 
h < '2, '3 < l4, - - - , hn-\ < hn* h < *3 < '5 ' ' ' < hn-V If 

I 0 a12 a13 au I 

A _ - « 1 2 0 #23 «24 

— fl13 - t f 2 3 0 «34 ' 

L-flH -«24 -«34 0 J 

then Pf(/0 = anau - ana2i + «u«23-
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LEMMA 2.1. Let A e M(2n, R). Then there exists a Te M(2n, R) such that 
(\)TA = AT, and 
(2)72 = - / . 

PROOF. Let d be a real In x In orthogonal matrix such that 

dAd~l = 

0 ax 

ax 0 

0 

-a2 

<*2 

0 

Define 

0 1 

1 0 

0 1 

- 1 0 

Then T(dA6~l) = (dAO-^f and f2 = - / . Define J = 0-if0 (so Tis 
skew-symmetric). Then 

(O 
TA = d-lTdA = 0-lT{dAd-l)d 

= d-l(6Ad-l)Td = Ad~lT6 = AT 

(2) J2 = (ö-irö)2 = 0-!f 20 = 0-\-I)6 = - L 

LEMMA 2.2. Lef Te M(2«, R) Z>e swc/z f/ktf J 2 = - / . JAéw 

Pf(r) = ±1. 

PROOF. From T2 = - / , it follows that (det(D)2 = (Pf(r))4 = 1. Since 
r i s r ea l , Pf(r) = ± 1 . 

THEOREM 2.1. Let n e N, A and Te M(2n, R), be such that 
(1) TA = AT, 
(2) T2 = - / . 

Then 
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Pf{A) = 
n!2» Pf(r) 

Tx 2 0 0 0 0 

T2 -Tx 4 0 0 0 

r3 r2 - TX 6 o o 

wAere 7\ = \x(A'T'\ Pf(7") = + 1. 
-r, 

PROOF. Let ß be a real 2« x 2n orthogonal matrix which transforms 
both A and J to skew-symmetric canonical forms. 
Thus 

0 ±1 

+ 1 0 

ere-1 = 
o ±i 

+ i o 

Since 

1 0' 
0 - 1 

we can assume that 

ere-1 = 

o e\n o\-!_/o -e 
•e OMO - 1 / ~\e 0 

0 1 

- 1 0 

0 1 

-1 0 

Let 

OA0-1 = 

0 
- f l l 

«1 

0 
0 

- « 2 

«2 

0 
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so that FfiOAO-1) = n?=i «/• If Sr = Sj=i ^ t hen> by o n e o f Newton's 
identities for symmetric functions, 

- S l 
s2 
S3 

• 

_s„ 

1 0 
St 2 
S2 Si 

S„-i 

0 
0 
3 

' 

0 • 
0 • 
0 • 

• 

" / I - l 
Si 

Since 

(dAd-1) (ere-1) = 

- 0 1 

-ax 

-<*2 

-<*2 

it is easily seen that 

Tr = tr{A'Tr) = tr{{AT)r) = * 

(-aiy 
(-aiY 

(~a2y 
(-a2y 

y=i 

or 

Therefore 

s,-^r,. 

Pf(̂ ) = |0| Pf^Ö"1) = -I4 

-fr. 
4-r, 

-ir, 

1 

I T 

T7* 

0 

2 

I T 

T7* 

0 

0 

3 

0 

0 

0 
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or 

Pf(/J) = ~WF 

-Tx 2 

T2 -n 
0 0 0 0 
4 0 0 0 

-Tx 6 0 0 

Finally, 

Pf(D = \e\ P f ^ r r 1 ) = i0|Pf 

0 1 
- 1 0 

0 1 
- 1 0 = 101 

implies the theorem. 

3. Pfaffians of inverses. Let A e M(2n, R) be a non-singular matrix. From 

[Pf(A-W = Ml"* = \A~P = ([Pf^)]2)"1 = [Pf(^)]-2 

it follows that PfC^"1) = ±[Pf(A)]~1. In this section it is proved that 
Pf(^-i) = ( - lHPf(^) ] - i . 

LEMMA 3.1. Let A e M(2n, R) be a non-singular matrix in orthogonal 
canonical form. Then 

Pf(^-i) = (-l)»[Pf(^)]-i. 

PROOF. 

^iî!)*i;j)e-eiîJ) 
and Pf(v4) = a^ • • • a„. 

A-* = -«"(_? i)]©[-^(_ 0 1 
1 0 © ••• © [-«nX(_? J)]] 

and Pf(^-i) = ( - V K - ^ - 1 ) • • • ( - O = (-l)»[Pî(A)]-K 

THEOREM 3.1. Let A e M(2n, R) be non-singular. Then 

Pf(,f-i) = (-l)»[Pf(^)]-i. 

PROOF. Let d be a real 2n x 2n orthogonal matrix which transforms A 
to its canonical form Â. Then Â = 6Ad~l, and Â~l = gA-ld~l. By Lemma 
3.1, Pf(Ì-i) = (-l)»[Pf(Ì)]-i, so 
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Pf(0y*-10-1) = (-l)»[Pfi(0/M-l)]-l. 

Also Pf(Ö^-irx) = \e\ Pf(A-i) and P f^Ö" 1 ) = \0\ Pf(A), so 

pf(^-i) = (-l)»[Pf(^)]-i. 

EXAMPLE. 

j"0 0 0 

A — 
*± — 

0 0 1 
0 - 1 0 
1 0 0 

- 1 
0 
0 
0 

A* = _ / , A-* = Pf(4) = - 1 

Pf(^-l) = (_l)2[pf(^)]-l = _ 1 . 

4. Pfaffians of Kronecker products. Let A e M(2m, R), and B be a real 
n x n symmetric matrix. Then A ® Be. M (2mn, R) and [Pf(A ® B)]2 = 
\A ® B\ = \A\n\B\2" = [Pf(A)p»\B\*»m This implies 

Pf(A ® B) = ±[Pf(^)]»|Äh. 

In this section it is proved that 

Pf04 ® B) = (-l)ww(w-1)/2[Pf(^)]w|Ä|w 

and 

Pf(5 ® v4) = [Pf(yl)]»|Ä|w. 

LEMMA 4.1. Let A e M(2m, R), ö/rd Bbe ann x n real symmetric matrix. 
Then there exists a 2mn x 2mn permutation matrix P such that 

B ® A = P(A ® ^ P - 1 

0<?e[l, 2, 5, 7]), ara/so 

Pf(£ ® A) = |F|Pf(^ ® 5). 

EXAMPLE. 

m n = 2, 

1 
0 
0 
0 

0 
0 
1 
0 

0 
1 
0 
0 

0 
0 
0 
1 

\p\ = - 1 . 

THEOREM 4.1. Let A e M(2m, R) be nonsingular, and B be a real n x n 
nonsingular symmetric matrix. Then 

Pf(£ ® A) = [Pî(A)]»\B\»>. 

PROOF. Let JQ = (_? J), S and i? be real 2m x 2m and « x n rotation 
matrices such that 
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SAS'1 = 

axJ0 

aih 

a^Jo 

and 

RBR-1 = 

h 

Let A = SAS-\ B = RBR~\ Then 

T(B ® A)T~l = (RBRr1) ® (S^S-1) = 5 ® Â, 

where T = R ® S. Therefore 

Pf(5 ® ^) = Pf(r-!(^ ® Ì ) r ) = \T\Pï(Ê ® A) = Pî(Ê ® A). 

Now 

ûi^i/o 
a2biJ0 

B® A = 

^mMo 
aib2Jo 

a2b2Jo 

tfmMo 

am
bnJo 

and 

Pf(Z? ® A) = flïflg • . . fl*&ï^ • • • b% 

= [PfO*)]»|*|*, 

Pf(i) = |S|Pf(i4) = Pf(i4) 

so 
Pf(£ ® A) = [Pf(A)]»\B\>». 

THEOREM 4.2. Let A and B be the same as in Theorem 4.1. Then 
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Pf(A ®B) = (-l)mnin-1)/2[Pf(A)]»\B\™. 

PROOF. First let A e M(2m, R), and B be a real n x n matrix. Then 
B® A = P(A® B)P-\ where |P| = (-1)»<«-»/2. This follows from the 
fact that the number of transpositions needed to transform A ® B to 
B ® A under row and column interchanges i s l + 2 + • • • + ( « — 1) = 
(n(n - l))/2. Now let 

i) /<> = (-? è), 

ii) J = 

Jo. 

> ra/0's, 

iii) 5 e M(2ra, R) be non-singular and such that A = SJS*, 
iv) / G M{n, R) be the identity matrix, 
v) T= S® I(so Te M(2mn, R)). 

Then 

so 

Now 

A® B = (5/50 ® B = T(J® B)r, 

Pî(A ® B) = \T\?î(J ® B) = \S\nPf(J ® B) 

= [Pf(A)]»PÏ(J ® B). 

Jo® B 

J® B = 

J0® B 

J0® B 

so 

Pf(/ ® B) = [Pf(/0 ® B)]m = {Pf[P-HB ® ^o)^]}w 

= {|P|Pf(J9 ® / 0 )} w = ( - l y ^ - ^ p f o s ® y0)]». 

By the last theorem, Pf(£ ® /0) = [Pf(J0)]"\B\m = \B\m, so 

Pï(A ® B) = [Pf(y4)]«Pf(7 ® £) = ( - l)*»<»-1>/2[Pf(>4)]»|£|'». 

EXAMPLE. For y4 = (_JJ), i? = (J J), « = 2, « = 1, we have 
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B = 

0 0 1 0 " 
0 0 0 1 

- 1 0 0 0 
0 - 1 0 0 

B® A = 

0 1 0 0 
- 1 0 0 0 
0 0 0 1 
0 0 - 1 0 

and 

- 1 = Pf(^ ® B) = {-\y[W(A)Y\B\ = - 1 , 

1 = ?f(B <g> A) = [Pf(^)]2 \B\ = 1. 

5. Pfaffian of AB, where A, B G M(2(2m + 1), R). Let A and B be skew 
symmetric real matrices. A necessary and sufficient condition for AB to 
be skew symmetric is that AB = —BA because 

(ABy = -ABoBtAt = -ABoBA = -AB. 

LEMMA 5.1. Let 

0 1 
- 1 0 

0 1 
- 1 0 

0 1 
- 1 0 

and B be 2(2m 4- 1 ) x 2(2m 4- 1 ) real skew symmetric matrices such that 
JB = -BJ. Then\B\ = 0. 

PROOF. Observe that / ' = 7 - 1 , so 

B = -JBJ'1 = -JBJ* 

Pf(B) = Pf(-JBJ') = -Pf(JBJ0 (since n = 2m + 1 is odd) 

== - | / | P f ( £ ) = -Pf(Ä). 

Therefore Pf(£) = 0, and \B\ = 0. 

LEMMA 5.2. £<?/ 

0 flj 

ax 0 
0 £l2 

- « 2 0 

0 a, 
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be a 2n x 2n matrix, where {a,-}f c R, J0 = (_J J), âwd /e/ 

#11 #12 * * * B\n 

#21 #22 ' * ' #2« 
B = 

ßn\ #n2 Bn 

be a 2n x 2n real matrix, where each B{j is a 2 x 2 submatrix such that 
ÂB = - BÂ. Then 

(l)o,Jo^iy = -aßijJfr 
(2) //7,y e {1, 2, . . ., n} are such that B{j # 0, //*eft ^ = aj. 

PROOF. (1) follows from ÂB = -BÂ. 
Let Bij = (a

r I). Then (1) implies 

— ata 
aß ajß ~aJa 

or 

üi -dt ß 
LTJ 

0 and 
a4 Of 

= 0. 

Since Bij # 0, either (£) ^ 0 or (f) # 0. Therefore ^ = ̂  
LEMMA 5.3. L*?/1 AI, nx, n2, . . . , nr e N £e SWC/J //IÖT/ nx + n2 + 

— n and let tfb a2 . . . , areRbe distinct. Let 
Ja = 

0 1 
- 1 0 

and 

+ nr 

Jj = 

Vo 

' 0 j 

be the 2n;- x 2nj direct sum ofn;- /0 's , for j = 1, . . . , r. Also let 

A = 

axJx 
a2J2 

arJr 
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where A is In x In, B be a real In x In matrix such that AB = — BÂ and 

Bn Bu • • • Blr 

#21 #22 * ' ' #2r 

B = 

I J9rl Br2 - - - Br 

where each BtJ is a real 2n{ x 2n; matrix, for / ,/ = 1, . . ., r. Then 

aJiBii = -ajBijJj i,j = 1 , r. 

//«? ^ «J i # y, f/iro 2?l7 = 0. 

The proof of this lemma follows from Lemma 5.2. 

LEMMA 5.4. With the notation of Lemma 5.3, assume that the numbers 
a\, a\, . . . , a2

r are distinct and non zero, and that n is odd. Then \B\ = 0. 

PROOF. By Lemma 5.3, 

B = 

B, 

B 22 

Br 

where all the off diagonal Z?,/s are zero. By Lemma 5.3, J{B{i = —BÜJ;, 
for / = 1, 2, . . . , r. 

Since n is odd and n = nx -f n2 + • • • + nr, at least one of the n{ is 
odd. Let tfm be odd. Since JmBmm = —BmmJm it follows from Lemma 4.1 
that \Bm 0. Therefore 

I*I = n \BJJ\ = o. 

THEOREM 5.1. L<?/ A, B e A/(2(2m + 1),R) 6e MC/I rAar v4# is skew 
symmetric. Then at least one of the two matrices A and B is singular. 

PROOF. Assume that A is non-singular. There exists a real orthogonal 
2(2m + 1) x 2(2m + 1) matrix R such that 
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0 ax 

-ax 0 0 ax 

-ax 0 

0 ax 

-öl 0 

R A R ! = 

0 a2 

-a2 0 
0 a2 

-a2 0 

0 a2 

~a20 
0 a3 

-a3 0 

where the real numbers ax, a2,. . . , or are positive and distinct. 
(1) Let A, B be defined by 

A = RAR1 

B = ÄJ9Ä-1. 

Thus A, B e M(2(2m + 1),R) and AB = - M By Lemma 5.4, |5 | 
= 0. Therefore \B\ = {R^BR] = \Ê\ = 0. 

(2) Assume B is non-singular. Then BA = —AB is skew symmetric 
and the argument of part (1) shows that \A\ = 0. 

EXAMPLE. 

A = 

0 0 0 - 1 0 0 
0 0 1 0 0 0 
0 - 1 0 0 0 0 
1 0 0 0 0 0 
0 0 0 0 0 1 
0 0 0 0 - 1 0 

B = 

0 0 1 0 0 0 
0 0 0 1 0 0 

- 1 0 0 0 0 0 
0 - 1 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 

6. Pfaffian of AB, where A, B e M(4/, R). Let A, B e M(4/, R). Then 

\Pf(AB)]* = \AB\ = \A\ \B\ = [Pf04)]2[Pf(i?)]2 

implies that Pf(^5) = ± Pï(A)Pï(B). For ^4^ to be skew symmetric we 
must have AB = -BA. In this section it is shown that Pf(^), Pf(i?) and 
PfG4i?) all have the same sign if A and B are nonsingular. 

LEMMA 6.1. Let / = ra/2, where m is even. Let I be the m x m identity 
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matrix, 

0 / 
- / 0 , and B = ^11 ^12 

•^12 ^22J 

a 2m x 2m skew symmetric matrix where each B0 is m x m and 
= -Bu and let AB = -BA. Then 

Vï(AB) = Pï(B) = (-l)^2/-i) p f ^ p f ^ ) . 

PROOF. 

AB = -BA 

Therefore 

so 

Now 

so 

AB = 

implies 

AB = [ 

[: BÌ2 

Bn -
^22 
^12_ 

, A* = f - ^ 1 2 
L-^22 

that B[2= -B12,B22=-Bn. 

Thus B = [_B12 -Bnj 

B\2 - ^ n l 
-Bn —Bu\ 

1 
- 2 

/ r 
-11 ]# "/ -r 

1 1 

?î{AB) = J I 1 I I\ 
m\-I J\ W). 

_ - 7 7_ L-i ij ® /, 

1 / / 1 1 
- 1 1 

itn 
= 2' w 

Therefore Pf(AB) = Pf(B) and 

Pf(yj) = Pf(/0® /) = (-i)m('"-1>/2[Pf(y0)]'"|/| = ( - l y ß ' - D , 

where 

Therefore 

LEMMA 6.2. Let 

0 1 
- 1 0 

Pf(AB) = ( - i y^ - i ) pf(^)Pf(5). 

0 1 
- 1 0 a > 0, 
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'Jo 
'0 

2/Jo's (so A e M(4/, R)), 

B G M(4/, R) be such that AB = - BA. Then 

Pf(AB) = Pf(^)Pf(5). 

PROOF. Let 7 be the 2 / x 2 / identity matrix. Then A = al ® J0. Let 
P be a real 4 / x 4 / permutation matrix such that if U is 2 x 2 and 
K is 2 / x 2 / , K ® £/ = P(U ® K)P-!. Then 

A-A = I®J0 =P(JQ ® / )P- i = P 0 / 
-70 P-i. 

Let À = J0 ® / = l/aP~lAP, B = P~lBP, so i ^ = - M By Lemma 
6.1 Pî(ÂÊ) = Pf(2?) and Pf[P-i((l/«)>4Ä)P] = Pf (P-^P) . Therefore 

Pf(y*5) = a2/Pf(£) = Pf(A)Pf(B). 

LEMMA 6.3. Let Ö > 0, / 0 = [_} J], e, = ± 1, / = 1, . . . , 2 / , 

A = a 

S\JQ 

^2-A) 

£2/"A)_ 

be a 4/ x 4 / matrix, and B e M(4/, R) fo such that AB = -BA. Then 

Pf (AB) = Pï(A)Pï(B), if Pf (A) > 0. 

= -Pf(^)Pf(5), if Pf(A) < 0. 

PROOF. Define ox = [Î J], so er* is orthogonal, and \ax\ = — 1, OXJQOX 

= -JQ. Let 

l - e i 

Ox 2 

R = 

1 - 6 2 

1—£2/ 

Ö-, 2 
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be a 4 / x 4 / matrix. Then R is orthogonal, R = R~x, and 

im = ( _ n(l-ei/2) + (l-e2/2)H----+(l-e2//2) _ ( — 1 ) \ 

where N is the number of e{ equal to - 1. Pf(A) = ( - 1 ) ^ 2 / = \R\a2/, and 

/M/*"1 = a 

/ o 

Now define i = /M/*-1, 5 = ÄÄÄ"1, so AB = -£yL By Lemma 6.2, 
Pf(Ì£) = Pf(Ì)Pf(£). Therefore 

So 

PfC^O^)/*-1) = Prç/MA-^PfCRJW*-1). 

Pf(^Ä) = \R\Pî{A)Vï{B) 

= Pf(^)Pf(Ä), if Pf(^) > 0 

= -Pf(^)Pf(5), if Pf(>4) < 0. 

THEOREM 6.1. Let A, B e M(4/, R) be non-singular matrices such that 
all eigenvalues of A have the same absolute value, and AB = — BA. Then 

Pf(AB) = Pf(A)Pf(B), ifPf(A) > 0 

= -Pf(A)Pf(B), if Pf(>4) < 0. 

PROOF. Let a be the common absolute value of the eigenvalues of A, 
let J0 = [_y J], and let R be a rotation matrix such that 

RAR'1 = a 

BIJQ 

^2^0 

^2/^0 

where e{ = ± 1, for / = 1 , 2 , . . . , 2 / . Let A = RAR~l and Ê = i^tf"1. 
Then 

By Lemma 6.3, 

AB = - J 5 ^ . 

Pï(ÂÊ) = Pf(i)Pf(2?), if Pf(i) > 0 

= -Pf(i)Pf(£), if Pf(i) < 0. 
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Since Pf(Ì) = Pf(A), Pf(2?) = Pf(5), and Pï(ÂÊ) = Pf(AB)9 the assertion 
follows. 

LEMMA 6.4. Let r e {2, 3, 4, . . .} and {rajf c N. Also, for i = 1, 2, 
. . . , r, let At-, Bï e M(2mï, R) be non-singular matrices such that 

(1) Aßt = -B{A{, and 
(2) JftiÄßd = e,PM,)Pf(*,), 

where e{ = sgn[Pf(^(,-)]- ^ 

^ = 

' ^ i 

and 5 = 

B, 
B9 

Then 

where e = sgn[Pf(v4)]. 

PROOF. 

Pf(AB) = Pf 

Pf(AB) = ePf(A)Pf(B), 

A,B i ^ i 

AoB. 2D2 

ArBr 

Br 

= n p«̂  A) 
*=i 

= n e,pf(^)pf(^) = n£l.pf(^)Pf(Ä). 

J7 et= J] sgn(Pf>4,) = sgn J] Pf(^,) = sgn[Pf(^)]. 

LEMMA 6.5. L ^ m, w e N, a, a e (0, oo), a ^ â, e{ = ± 1, êy = ± 1, 

i = 1, . . . , m,j = 1, . . . , m, J0 = [_? I], 

J = 

SIJQ 

£2^0 

£m^0. 

SIJQ 

h^o 

ènJb 

and B be a real 2m x 2m matrix such that aJB = —âBJ. Then B = 0. 
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PROOF. J'1 = / ' , so JBp = - â/ccB. Thus (7® J)ß = - a/aß, where 
ß is a 4mm x 1 column vector whose elements are the elements of B in 
appropriate order. Since — a/a ^ ± 1 and all eigenvalues of J ® / being 
± 1, it follows that ß = 0 so B = 0. 

LEMMA 6.6. Let r eN, ax, . . . , are (0, oo) 6<? distinct, {^Jï <= N, e,y = 
± 1, for / = 1,. . . , r,j = 1, . . . , mz ; fer / 0 = [_? J], üwd 

^ = of, 

Le? m = 2]r=i w*> 

Sil«A) 
£i2^0 

£imJo J 

/ = 

^ = 

v4, 

>*r. 

tftfd 

B = 

Bn B 

B2\ B 
12 

22 

# r l i?r2 • • • B 

\r 

2r 

e M(2m, R) 

be a non-singular matrix, where each BtJ is a 2mt- x 2mj matrix such that 
AB = - 5 ^ . Then 

( 1 ) ^ = - / ? , , , / = 1 , r; 
(2)B}j= -BJt., ij= 1, . . . , r ; 
(3)i , /? l 7 = -2* l 7 i y , #,7 = 1 r; 
(4)5,y = 0, i,j = 1, . . . , / % / ^ y ; 
(5) eac/z w,- 75 even; 
(6) P f ( M , ) = f ,Pf(Ì,)Pf(^,,), / = 1, . . . , r, 

where et- = sgn[Pf(^)] ; 
(7) Pf(/*£) = ePï(A)PÎ(B), where e = sgn [Pf(A)}. 

PROOF. The proof of (4) follows from (3) and Lemma 6.5. To prove 
(5) note that \B\ = [T^il^vl- Since \B\ * 0, \B„\ * 0. By parts (1), (3) 
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and §5 it follows that each m{ is even. The proof of (6) follows from 
Theorem 6.1. The proof of (7) follows from (6) and Lemma 6.4. 

THEOREM 6.2. Let A, B e M(4/, R) he non-singular matrices such that 
AB is skew symmetric. Then 

Pf(AB) = ePf(A)Pf(B), 

where e = sgnfPf(^)]. 

PROOF. Let R be a real 4 / x 4 / rotation matrix such that (with the 
notation of Lemma 6.6) 

RAR'1 = 

A, 

A = RAR-\ and B = RBR~\ Then AB = -ÊÂ. By Lemma 6.6, Pf(Ì£) 
= êPf(Â)Pf(Ê), where ê = sgn[Pf(Ì)]. Since Pf(A) = Pf(i), Pf(B) = 
Pf(2?), and Pî(AB) = Pf(lê), the assertion follows. 

COROLLARY 6.1. Let A, Be M(2m, R) be nonsingular matrices such 
that AB is skew-symmetric. Then Pf(v4), Pf(i?) and Pf(AB) all have the 
same sign. 

PROOF. Let eA = sgn[Pf(v4)], eB = sgn[Pf(£)], and eAB = sgn[Pf(^5)]. 
By Theorem 6.2, Pf(AB) = eAPî(A)Pf(B). Since AB =* -BA, Pf(AB) = 
Pf(-BA) = (-l)*Pf(Ä4)- By Theorem 5.1, m is even. Therefore 
Pt(AB) = Pf(BA). By Theorem 6.2 Pf(BA) = sBPf(B)H(A). Thus eA = eB. 
Finally, 

SAB = sgn[Pf(^^)] 

= eAsgn[T>f(A)?f(B)} = eA sgn[Pf(^)]sgn[Pf(2?)] 

= eA£B = eB. 

EXAMPLES. For 

A = 

0 
0 
0 
1 

0 0 
0 1 

- 1 0 
0 0 

- 1 " 
0 
0 
0 

, B = 

0 0 1 0 
0 0 0 1 

- 1 0 0 0 
0 - 1 0 0 

we have 
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AB = - BA = 

For 

we have 

AB = -BA = 

0 1 0 0 
- 1 0 0 0 
0 0 0 - 1 
0 0 1 0 

0 1 0 0 
- 1 0 0 0 
0 0 0 1 
0 0 - 1 0 

0 0 0 - 1 
0 0 - 1 0 
0 1 0 0 
1 0 0 0 

Pf(A) = Pf(£) = Pf (AB) = - 1 . 

B = 

0 0 1 0 
0 0 0 - 1 

- 1 0 0 0 
0 1 0 0 

Pf(^) = Pf(B) = Pf(AB) = 1. 

7. A muitilinearity property of Pfaffian functions and the Frechet deri
vative of a Pfaffian function. Let n e N, and K = R or C, let M(2n, K) be 
the set of all In x 2n skew symmetric matrices over K. Let Pf :M(2n,K) 
-> K be the Pfaffian function on A/(2H, K), and let Fn: [M(2n,K)]n -* K 
be defined by 

F„(/*i, ^ 2 , An) 

= P f ( ^ + A2 + 

1=1 

>'.À=.l 

•<J 
+ ••• 

• +An) 

+ /*,-_! + Ai+1 + ••• +A„) 

+ A^ + Ai+1 +•••+ Aj-i + Am + ---+A„) 

so 

+ ( - 0 - 2 2 Pf(Ar + A,) + (-l)«-^Pf(As), 
5 = 1 r, s=l 

F ^ ) = Pf(>4). 

THEOREM 7.1. Fn(Ah A2,. . . , An) is an n-multilinearfunction. 

THEOREM 7.2. For all A, Be M(2n, K), with any norm on M(2n, K), 
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{Pf'(A)]B = ( „ _ * ! ) , Fn{A,A,...,A,B). 
n—lA's 

The proofs of these theorems are similar to these for similar functions 
defined for determinants instead of Pfaffians. For details, see [4]. 
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