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DENSITY OF M-TUPLES WITH RESPECT TO POLYNOMIALS
J. CHIDAMBARASWAMY AND R. SITARAMACHANDRARAO

1. Introduction. Let /4, kK and m be positive integers with m = 2, x real
and 2 1, and f}, f5 ...,f, arbitrary nonconstant polynomials with
integer coefficients. Let M(x; f1, f3, . . . , f,s; h; k) denote the number of
m-tuples {xi, Xg, . .., X,,» of positive integers such that x; < x for 1 <
i £ mand (fi(xy), fo(x2), . . ., [u(X,))z = h. Here the symbol (a;, as, . . .,
a,,), stands for the greatest k-th power common divisor of ay, a,, . . ., a,,
with the convention that (0,0, ...,0), = 0. We also write d(fi, f2, . - - ,
Sos B3 k) = lim . x"M(x; f1, f2, . . . s fu; B k) and call this the density
of the m-tuples {xy, X3, ..., X,,» with (fi(x1), fo(x2), . . . , fru(X,))e = h.
In the special case when fi(x) = fo(x) = ..., f[,(x)=x, h=k =1, it
is known due to Césaro [2], J. J. Sylvester [7], D. N. Lehmer [5] and J. E.
Nymann [6] that this density is 1/{(m), {(s) being Riemann’s {-function.
Recently, R. N. Buttsworth [1] determined this density in the general case
with £ = 1 but his proof contains some serious errors—for example, his
lemma 2.2 basic to his work is fallacious (See Section 4). In this paper
we evaluate this density in the following cases: (1) £ = 1 and at least one
of the polynomials is of degree less than m (2) k = 2 and at least one of
the polynomials is linear and (3) & = 1 and the polynomials are primitive
and irreducible. In fact, in each of the cases we obtain an asymptotic
formula for M(x; fi, f2, ..., fm: h; k) with an O-estimate for the error
term (see Theorems 1, 2, and 3.)

2. Preliminaries. We denote by p,(n) the number of solutions mod n of
the congruence

f4x) = 0(mod n), p(n) = Ellp,-(n), 0¥(n) = max{1, p,(n)}
and

0*(n) = [T p*(n), D; = degfi(x), D = [] D;and u = min D,
=1 =1

l=ism

Also p(n) denotes the Mdbius function and w(n) the number of distinct
prime factors of n.
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It is not hard to see that there exists a positive integer C such that
pp) = Cfor 1 =i < m and for all primes p. Further, let

2.1 a,(n) = pA(n)p*(n*).
Also we shall use Vinogradov notation wherever convenient.

LEMMA 2.1 As x - ©

(22) D1 ay(n) < x*Dmtl(log x)Cm1,
2.3) k > a_klg’l)_ < x~mt(log x)¢"1
n>x N i

andfor0 <r <m—1,

2.4 ) [t hmit o 0 i (= Dmzkr = 1,

1, otherwise.
PrOOF. First we prove that as x —» o0

(2.5) D0 ke <« x(log x)F 1,

n=x

The proof is by induction on k. For & = 1, (2.5) is readily seen to be
true. Now assuming (2.5) for k and observing that

(k + 1)w<n> = Z /,LQ(d)k“’(d) é Z kcu(d)’
din

din
we have
w(d)
”;;(k+ l)w(n) < ’;;xgl:”kw(d) < ng:,kw(d) [g_] < x;:x k ; < x(log x)k

where in the last step we used partial summation in addition to the
inductive hypothesis. This proves (2.5).

We observe that (m, n) = 1 implies p*(mn) < p*(m)p*(n) and so for
k = 1, we have for square free n,

[l

1

m®=ﬁﬁ®§ I1 o¥(p) < (Crye»

and (2.2) follows in this case by virtue of (2.5).
For k > 1, we have

m

1

p¥(n*) =max{l, p,(n")} < max{l,n*1p,(n)} < n*"max{l, p/(n)} =n*"1p}(n)

and so again for square free n

2.6) ay(n) = [| p¥(n¥) < n*Vm g¥(n).
i=1
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Now, (2.6), (2.2) for k = 1, and partial summation give (2.2) for & > 1.
Finally, (2.3) and (2.4) follow from (2.2) by partial summation.

LEMMA 2.1*. If the polynomials f,(x) are primitive and irreducible, then

(2.2)* ; a,(n) < x(log x)P1
(2.3)* ; ay(n)/nt» < x1—km(log x)P-1

andfor0 <r<m-—1

(2.4)* )3 an) {(log XP,ifk=r=1

"=k NFT 1 otherwise.

PROOF. It is well known [4] that p,(n) < D¢™ and so pf(n) < D¢®
and p*(n) < D™, Now since w(n*) = w(n), (2.2)* results from (2.5) and
(2.3)* and (2.4)* result from (2.2)* by partial summation.

LEMMA 2.2. Let fi, f5, . . . , f,n have positive leading coefficients and u =
min, ;<,, deg fi(x). Then for any y satisfying x*'k < y < x#/k,

m sl ka
Ijm 3 w(n)o(n*H¥)

n=1 nkm

M(X;flﬁfZ’ e ’fm; Hk; k) =
" a(n) , a(n) —
+0<x L >+0<);Oxnz;y ! >+0(x 1),

ProoF. First we note that there exists an X = 1 such that f(X) = 1
and each f,(x) is increasing on [X, o). For x = X, let

Ax) = min -—(f"(’g)l/k .
Now
M(x’fl’flw--vfms H* k) = Z 1
(f1(x0), fz(xz), )fm(xm))k—Hk
= 2 2 p(d)

l=x;=x dk| (f; ./Hk
H¥I £ (x), 1si=m Yl HD)

2 u(d)

1=sx;=x
fi(x;) =0(dkHF) 1<i=m

2oud o+ 20 u(d)
X=x;=x 1=x;=X,1=i=m
fi(x;)=0(a*Hk)1=i=m fi (x,) =0(d*H*)and
x; < X for at least one ¢

dé%zu) #(d) ﬁ( Z 1 > + O(x™1)

fi (x,) —-O(d"H")
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= 5w [{{Zimedars + 0Gor @)

d=Ag(x)

+ O(xm1)

;{x),u( ){dkakm o(d*H*)

<Z d’"H’*' ( ) *(d*H ”))} + O(xm1)

_ xr & pd)p(drHR)
HFm = dkm
2 ko¥(Jk
d>24(x)
m—1 , ,uz(d)H”p*(dk)> -
+ 0<§0X d<T5tx) dkr + 06D,

Since A,(x) < y < A,(x), the lemma follows.

3. Main results.

THEOREM 1. Let f1, f5, . . ., f,, be arbitrary nonconstant polynomials with
integer coefficients and let min,_;.,, deg f(x) < m. Then

M3 fifo oS i 1) = S 35 E000D HOR) | oen(log x)°7.

Proor. Without loss of generality we can suppose that the leading
coeflicients of the polynomials f;(x) are all positive. Now by Lemma 2.2
with k£ = 1, we have

M(x;fl’f25~--’fm;h; 1)
_ a5 ) o 3 )

hm n=1 nyxt K™

3.1) n 0(21 xr Y aln(n) ) + O(xm1)

=0 n=x4

o)

= meM+O + 03 + O(xm1).

n=1
Now by (2.3) and (2.4),
3.2) 0; < xmumD (log x)°"1
and
0, < legx’(x“)l"(log x)Cm + ”’21 xr - 1
o= r=2

< x*(log x)°" + xm7L,

(3.3)
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Thus the theorem follows from (3.1), (3.2) and (3.3).

THEOREM 2. Let fi, fs, . . . , f,, be arbitrary nonconstant polynomials with
integer coefficients. If k Z 2 and at least one of the polynomials is linear,
then

M(x;f19f29'--,fm; Hk> k) Hmk "Z ﬂ(")fl%ka)

+0(xm—l+ x((k 1)m+1)/k(log x)C"‘)‘

Proor. Without loss of generality, we can suppose that the leading
coefficients of the polynomials f;(x) are all positive. Then by Lemma 2.2

M(x‘fl’fz"' fmahk)
- Z pmp(n*HY) - 0< > ak(n)>

k
(3.4) T 5 Wi

"~ ak(")) m—1
+ 0( S 5, 40) 4 oge,
By (2.3), the first O-term on the right side of (3.4) is O(x(*Dm+D/k
(log x°"1) while the second O-term is, by (2.4), O(x *~Dm+D/k (log x)°"
+ xm1). This completes the proof of Theorem 2.

THEOREM 3. Let f, f5, . .., f,, be nonconstant polynomials with integer
coefficients. If the polynomials are primitive and irreducible, then for k = 1

2 ”(”)ZE:W 9+ 0(xmi(log x)P).

M(x;.fi’f21"~9fm;Hk;k) Hk’”

PrOOF. The proof of this theorem is similar to that of Theorems 1 and
2 except that we use Lemma 2.1* instead of Lemma 2.1, and we omit
th details.

THEOREM 4. Let f1, fo, . . ., f,, and the integer k satisfy the hypotheses of
either Theorem 1,2 or 3. Then d(fy, fo, . . -, fous B3 k)

(3.5 = /ﬁ g _/ﬁnzliin”h)
Ik "
(3.6) =51;ﬂr”[h{p(pl) p(p )}H{ _ pl(:m)}
(d)old*h) ()
3.7 <Z;, L ?). > ,Qh{ Ltal 29}

if his a k** power and = 0 otherwise.

PRrOOF. If & is not a kth power, then clearly M(x; fi,...,f,; h: k) =0
for all x = 1 and the assertion follows. So let & be a k* power. Then
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(3.5) is an immediate consequence of Theorems 1, 2 and 3. To prove (3.6),
we observe the following generalization of the familiar Euler’s infinite
product factorization Theorem (cf. [3], Theorem 286): If f(n) and g(n)
are multiplicative arithmetical functions, /4 a positive integer with A =
[1p! and the series Y52, f(n)g(hn) converges absolutely, then

(39) 3 fpgtim) = TT{, frmg(pm)}.

In fact, a special case of this appears in E. C. Titchmarsh (cf. [8], p. 9).
Now (3.6) follows from (3.5) and (3.8). Also (3.7) could be deduced from
(3.6) in view of the following: If F(n)and G(n) are multiplicative functions
and 4 = [], p', then

(3.9 ;;’,u(d)F(d)G(dh) = Hh{(;(pl) — F(p)G(p'+))).

It may be of interest to note that (3.9) could be deduced from (3.8) above
by taking w(n) F(n) ¢,(n) for f(n) and G(n) for g(n) where the function ¢,
is defined by

1 if nlh,
0 otherwise.

ex(n) = {

This completes the proof of the theorem.

COROLLARY 4.1. Let f1, f5, . . ., [,, and k satisfy the hypothesis of Theorem
1, 2 or 3. Then if h is a k' power, the density d(f1, for . . - > f; B k) = O
iff either p(p")p*» = o( p**) for some p [ h, i.e., either pp') =0 for some i
and some p'||h or p(p'*) = pto(p') for 1 < i < m and some p'| h or
0/(p¥) = pt for 1 < i < m and for some p | h.

4. REMARKS. Buttsworth [1] mentions in the introduction of his paper
that his results are valid for arbitrary non-constant polynomials with
integer coefficients. But in course of his proof, he uses the result (his
Lemma 2.5) that p,(n) = O(d#™) which is not true generally. For example,
for fi(x) = x2, p,(n?) = n for all n whereas d¢™ = 2@ = O(n¢) for each
e > 0. His Lemma 2.5 is (IV) of Lemma 4 of C. Hooley [4] and he refers
to this fact. But Hooley clearly states, at the outset of the section in
which this Lemma appears, that throughout that section the polynomial
fis primitive and irreducible.

Even if we restrict the polynomials f; to be primitive and irreducible,
Buttsworth’s Lemma 2.2, basic to his work, is fallacious. Specifically, the
upper limit for the summation over j in his Lemma 2.2, as stated by him,
is not valid generally. In fact, if we take m = 2, fi(x) = fo(x) = xt + 1,
then the upper limit in the sum should be [(x* + 1)/A] but not [x/Ah] as
stated by Buttsworth. Also it is not hard to see that the proof of his main
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theorem (Theorem 2.7) breaks down in this special case. In fact, equation
(2.7.3) of his paper cannot be justified.

REFERENCES

1. R. N. Buttsworth, On the probability that given polynomials have a specified highest
common factor, Jour. Number Theory 12 (1980), p. 487-498.

2. E. Césaro, Mathesis, 1 (1881), p. 184.

3. G. H. Hardy and E. M. Wright, An introduction to the theory of Numbers,4th edi-
tion, Oxford, 1960.

4. C. Hooley, On the distribution of the roots of polynomial congruences, Mathematika
11 (1964), p. 39-44.

5. D. N. Lehmer, An asymptotic evaluation of certain totient usms, Amer. Jour. Math.
22 (1900), p. 293-355.

6. J. E. Nymann, On the probability that k positive integers are relatively prime, Jour,
Numb. Theory 4 (1972), p. 469—473.

7. J. J. Sylvester, The collected Mathematical papers of James Joseph Sylvester, Vol.
111, p.675, Cambridge University Press, London/New York, 1909.

8. E. C. Titchmarsh, The Theory of the Riemann Zeta function, Oxford, 1961.

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF TOLEDO, ToLEDO, OH 43606

R. Sitaramachandrarao is on leave from: ANDHRA UNIVERSITY, WALTAIR, INDIA






