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ON ROTA’S MODELS FOR LINEAR OPERATORS

B.S. YADAV AND RANJANA BANSAL*

ABSTRACT. In this note Rota type models for linear operators
in terms of weighted shifts are obtained.

The role of shift operators in the structure theory of Hilbert space oper-
ators is well known. It was first pointed out by Rota [6] that they can be
regarded as ‘universal’ operators, see also de Branges and Rovnyak [1]
and Foias [2]. The object of this note is to obtain Rota type theorems for
weighted shift operators and to generalize some of the known results in
this direction. For a beautiful and almost exhaustive account of the liter-
ature on weighted shifts through 1973, we refer to Shields [7]. However,
the aspect of their study which forms the subject of this note has not been
touched there. A model for quasinilpotent operators in terms of weighted
shifts has been obtained by Foias, and Pearcy [3].

Let H be an infinite-dimensional, separable complex Hilbert space with
an orthonormal basis {e,}>,. We shall denote by B(H) the algebra of all
bounded operators on H. Let a = {a,};2; be a bounded sequence of
complex numbers. The operator S, on H defined by

Sq.0 = 0and S,e, = a,e,_forn =1

is called the backward weighted shift with the weight sequence .. If @, = 1
for all n, then S, is simply called the backward! shift which we shall
denote by S. We may and shall take a to be a bounded sequence of positive
real numbers [4], [5]. If ~2(H) denotes the Hilbert space of all square-sum-
mable sequences x = {xg, X1, ..., X,, ...} of vectors x,’s in H, then
S, on <2%(H) appears as

S (x) = {ax1, azxz, ..., Cpr1Xpi1s - -}

We write 8, = aja ... a, for n = 1 and B, = 1. We shall denote by

r(T) the spectral radius of an operator T in B(H). A subspace M of H is
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invariant under an operator T if TM S M. By a part of T we shall mean
the restriction T, of T to its invariant subspace M. T is said to be power
bounded if there exists a real number § > 0 such that |77 < ¢ for all
nz0.

THEOREM 1. If T is in B(H) and o = {a,};, is a bounded sequence of
positive real numbers such that

1) 6T < oo,
then T is similar to a part of S, on /2%(H).
PRrOOF. Define A: H — /% H) by
Ax = {fo'x, fiiTx, B T%x, ..., BT, ...}

It is easy to see that 4 is one-to-one and linear. A4 is also bounded, for it
follows from (1) that

| dx]? = gnﬁ;mxnz

IA

3 621771 N2
< 0.

Since
|2 = 3 16, Tw]2 2 %12

for each x in H, A is bounded below, and hence its range M is a closed
subspace of /2(H).
Now
(S A)(x) = S{Bo'x, BTiTx, B3 T2, ..., B T, ...}
= {al(,Bl—lTx)s (Xz(ﬁz—lTZX), aS(ﬁIi—lTax)’ ] CX”+1(‘B;~;1T”+IX), .. }
= (B (T), BrT(T), B THTX), ..., 6 TH(Tx), ...}
= A(Tx)
= (AT)x

for each x in H. Thus S,4 = AT. This implies that M is an invariant
subspace of S, and T is similar to S|,

COROLLARY 1.1. (RoTA’s THEOREM). If an operator T € B(H) has spectral
radius r(T) less than 1, then T is similar to a part of S.

PRrOOF. In this case it suffices to observe that
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lim (| 7#|2)V» = n(T)? < 1,

n—co

and hence (1) follows for a, = 1 for all n.

CoROLLARY 1.2. If T is a power bounded operator in B(H), then T is
similar to a part of S, with 3}52.08,% < .

PrOOF. Let § > 0 be such that |[T#| < ¢ foralln = 0.
Then

ST 52{';0 B < .

THEOREM 2. For every T in B(H), there exists an S, with r(S,) < r(T)
such that T is similar to a part of S,.

Proor. If T is not nilpotent, then choose
a, = (n + DIT"|/(n| T*1])
for all n = 1. Clearly ,%|T"|? = (n 4+ 1)~2 for all n, and therefore
Theorem 1 shows that T is similar to a part of S,. Moreover,
IS%ll = sup(@p@est - - - @prn—1) = (1 + DI,

which implies that #(S,) < #(T). If T'is nilpotent, let N = inf{n: T» = 0}.
Choose a, = 1 if k < Nand a, = 0 if kK = N. Then r(S,) = 0 = (7).
Define 4;: H —» /%H) by A;x = {x, Tx, ..., T¥1x, 0, 0, ...}. Then
Ay is one-one and bounded and has closed range M;. Also

(SeAD(x) = Suix, Tx, ..., TN-1x,0,0, ...}
= {Tx, T(Tx), ..., TN"Tx), 0,0, ...}
= (AIT)X

for each x in H. So M is invariant under S, and T 'is similar to S/,

COROLLARY 2.1. (FORrIAS-PEARCY) [3]. Let T be a quasinilpotent operator
in B(H). Then there exists a quasinilpotent S, on /% H) such that T is similar
to a part of S,.
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