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SELF-REPRODUCING KERNELS AND BILINEAR FORMULAS
FOR Q-ORTHOGONAL POLYNOMIALS

A. VERMA AND V.K. JAIN

1. Recently Ismail [7] obtained the connection relations and bilinear
formulas for the Jacobi and Hahn polynomials by using fractional oper-
ators. Later on, Rahman [9, 10] proved some related results by using a
completely different approach. Al-Salam and Ismail [1] obtained re-
producing kernels for g-Jacobi polynomials which are g-analogues of
Ismail’s results [7].

In §3 of this paper, following Rahman [10] we prove the following
formula for g-Jacobi polynomials

S w199 9)niald?; qlmaalxa' 25 qllygtte; gl (xy)mzmts
Hoih lq; ql.lq; ql.la¥*e; ql.lq't?; ql,q+on
(1.1) =3 lg™*2; qll9****?; q),1q°; ql,l9%; q], z7q"" ">
= la; ql,la™*?; ql.lq* ™75 ql,

ct+r dtre g —1—b
. z¢1[gz+a’+g+z, $4:24 }P,(x; a,b;q) P(y;a,b;q),

a g-analogue of a result of Feldheim [4].

In §4 we derive some self reproducing kernels and bilinear sums for
the g-Hahn polynomials which are g-analogues of results of Rahman
[9]. In §5 we also obtain g-analogues of Ismail’s [7] connection relations
and bilinear formulae for Hahn polynomials.

§6 contains an extension of a result of Andrews and Askey [2] (for
g-Jacobi polynomials) to g-Racah polynomials from which we obtain an
interesting bilinear formula for g-Racah polynomials.

The formulae obtained in this paper remain valid if we replace g2, g%,
...,bya,b, ... respectively.

2. Definitions and notations. Let |g| < 1, [¢%; q], = (1 — ¢9)(1 — g¢*D)
coee (=g, [g%; qlo = 1, [9%; )., = TI72o(1 — ¢*/) and the gener-
alized basic hypergeometric series is defined as
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100 A. VERMA AND V.K. JAIN
q%, ..., @15 q; x
k+1¢k+r qb] qblz+r

i [qﬂl q]n [qak+1 q] xn(_)nrqm(n—l)/z
= lg; ql.lg”; qls - - - [9°+; ql, ’

@2.1)

which is convergent for all non-negative values of r except that when
r = 0, it is convergent only when |x| < 1].
Following Hahn [6], we define the g-Jacobi polynomials as (see also [2])

” +a+b+n-
2.2) P.(x; a, b; q) = s ["Ha g g; ’“’]

which satisfy the orthogonality relation (1; 2.8]

1
ﬁfot“[l — qt], P,(t;a,b59) P,(t;a,b;q) d(t; q)

2.3) .
= H [ql+a2+q:_:b :| Fn(a’ b) 5n,m
where
1 (1 - xq)
[1 - X]]; = ;I;IO ma
2.9 1 . -
gy S 0 @) = x L an fxa)
and

—  lg; ql.lg**?; ql(1 —gttett) gdten
2.5) F,(a, b) = [g'*e; ql, [qT"e; ql, (I — g)iFeterzmy -

On the other hand the g-Hahn polynomials ¢,(J; a, b, N; q) are defined
as

n_ qltatbtn
(2.6) 0,(j; a, b, N; q) = 3¢2[gl+a i 35 q; q]’

These polynomials satisfy, for g; = g or p (where |g| < 1, pg = 1 through-
out the paper), the orthogonality relation (see [17] for details)

N
Z_Eg(j; q002.(J, a, b, N; ¢00Q,(J; a, b, N; q1)
].—

_ /0 ifm#n
~ /(s q7) ifm=n

@7

and the dual orthogonality relation
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N
Zoh(n; ql)Qn(j; a, b1 N; ql)Qn(l; a, b9 N; ql)

28) — {0 ifi#j
1g(js q1)  ifi=j
forn,m=20,1, ..., N, where

[91; ¢1nlgite; gallgit®; gily—j gt oW —>
[91; 91,11 g1dn—ilgi 75, s @il

29 8Usq) =g(sab;q) =

and

—~Y[s—N- 1+a.
o 0 = s o, b 0 = (TR O

[ql+a+b’ ql] (1 — q1+a+b+2n)q——n/2(n+1)+(N—a)n
[q2+a+b+N ql]n(l — q1+a+b)

(2.10)

Similarly, following Askey and Wilson [3] we define the g-Racah poly-
nomials by

P, (%) = P,(1(x); a, b, ¢, d; q)
—n gltatbin g—x gltctats; g- q}

2.11)
4¢3,:q1+a gitotd, ql+c

(u(x) = g% + g'tetdts and either glte, gltotd or gl is of the form g—¥).
These polynomials satisfy the orthogonality relation

@12 B ol QP Pau@) = {1y HTET

and the dual orthogonality relation [17]

@13) 3 705 QP PO = (Vs gy M3 2%

where
w(x; q) = ofx; a, b, ¢, d; q)

2.19) _ lg'*; qllgtt; q)IqttHe; gl Igttete; gl (1 — gltetdtzg—s ot
[q q]x[ql"'d’ q]x[ql"'c—b q]x[q1+c+d—a q]x(l — ql+¢‘+d)

and

z(n; q) = n(n; a, b, ¢, d; q)
1+d 1+c b 1+ctd—a 4—1—a—b-
(2.15) = H[Zd—a g, Zz+e+d ng ’ q:l
. 142 ql, [q'7; ql, [9"4; ql, [g™+"; gl,(1 — g*etitin)
(95 ql.[a™*?; qlalg*™e74; qllgtteti; ql,(1 — gitett)gUtctdn
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The orthogonality relation (2.12) for g-Racah polynomials reduces for
C — oo to a relation equivalent to the orthogonality relation (2.7) for
the g-Hahn polynomials for ¢; = g whereas for C - — o, (2.7) reduces
to a result equivalent to (2.7) for g; = p. Similarly the dual orthogonality
relation (2.8) for g-Hahn polynomials could be deduced from the dual
orthogonality relation (2.13) satisfied by g-Racah polynomials.

3. We begin this section by proving a bilinear formula for g-Jacobi
polynomials, viz.,

— v o [xg'; qllyg'tt; ql.(ep) izt i A,
X, y) =
9% ) mZ:—On—O (9, 9lnla; ql.a*t; qla.lg'?; ql, q+0n

3 1 = i ql+a, q]r[q1+a+b, q]’(l —_ ql+a+b+2’)zf qr(f—l)
G-D 0 lg; ql1q***; gl (1 — qltet?)

P/(x;a,b;q)P(y;a,b;q)

. Z°°: zmA”H_'q m (1+5)
m=0 [ ]m [¢12+“+", q]2r+m

where

— lg=+; 4],
A W,a>0,b>o,a,~>0,ﬁj>0,!zl<1.

Before proving (3.1) we prove the following connection relation

N e
(.2) O—-—_@on[l s 6% VP(y; a, b; 9)d(v;q)=AP,(x;a,b;q)

where
2+a+b-

< A
3. 3 = {qa q ) q} m+r .
G.3) A =11 gite, gits ;0 [4; g1 [%F°Y2; qlorim

PrOOF OF (3.2). The left hand side of (3.2) (say S) may be rewritten as

gmtr qrz—m(1+b)-ar

S= 3 3 [x g1, gl xmzmtnA,, . q "t
202, [a: al e e e T,

[g7"; qllg*tetttr; qlq° j‘ atstm[] — d(y; q)
e e o - ld (3 g
ql*“ q“” 202y 195 91.l4; 9109775 gl

q—r’ q1+a+b+r ql+a+m q; q
© 392 q1+a q2+a+b+m+n

34

However, in the transformation [11]
9% 4 4 4" 4 q}
93 [qg g%, q

=957 gllg= ™, ql, 4 [97% 9% 9% 475459
- [qg ; q]Z[qe"-g—a—b—c; q]" 4¢3 q°, qc—g+l—n’ qc-—h+l—» 4

(3.5)
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with a+b+c+1—n=e+ g+ h; substituting for h =a + b +
¢+ 1—n— e — gandthenlettinga - — o0, we get
4% 997" q; q‘*’""‘"“] lg5~; ql, [q‘ %497 q; q]
SIS [qa, ¢ a7 al, P2lae, e
Next, transforming the 3@, on the left hand side of (3.6) by using (3.6)
again withe — g, g — e, we get
—b qc =N e e- g—c- ] e—b_ gc

3.7 I:qg sq_,q_”’q,q]=[q aq]n[q s591n [q ’q_ Q_,q Q]
GD s gs, g [o7: allg: a1, P av, g1

Now, using 3.7V withn=r,c=1+4+a+b+rb=-mg=1+
a, e = —m — n, to transform the 3¢, on the right hand side of (3.4),
we get

S= H[ qZtath; q] = f: Ay xmzmxqt0; ql,[q1; q],
gt¥e, gt |20 20 Tar gl 1a; allav; allgeo; 9lotn

[q—m—-n; q]r qr(l+a+m+n)——n(l+b) q, q1+a+b+r q7"; q; q
' [q2+atotmn; g] 3 2[q1+b qg :l

_ H[ +2+";“" q] la77; qllg*tetot; g g°
qite, gitt ZA [a; q)dq**?; q],

. i m(xz)"’[q—"‘, q],[xq1+", q]s[q1+b; q]' qf(l+a+m)+sm
w2 a5 4)ala® s lpala?te; gl x0 g tID

o [qu+b+s g, q; q/xm—zs—l—b}

>

Summing the @, by a limiting case of the Gauss’ summation theorem
[12; 3.3.2.6.]

q%, q7"; q; qn+c a:l — [qc—a; q]”
2¢‘[ l95; al. °

we get

-2 [q1*e; gl (=) g rrth/2 g, qitatetr xqlts; q; q]
[qts; 4], qbr 392 q'te, 0.

Transforming the 3@, of the above expression by the formula [16]
@ qgb: g+ ge—a—btx e—a_ ge—b- e gb g% qg:
CONIPALESCE MRS | kot PA LR tat gt

(where a, b or x is a non-negative integer, if only x = — N then), |ge—s—+%|
< 1weget(3.2).
However (3.2) may be rewritten in the form

(39) ey J1 6 DLOMO; ) = 24,09
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where

G(x, y) = {x2°[xq; qllyq; q1:}V2 ¢(x, y)
and

£ = { [4**2; ql[g'"?; glolg™te; gl lg*tet?; gl (1 —glteteten)
! [9; qlla7"7; ql.lg; ql1g™; q,(1—g'*%)

. 1/2
A (Efﬁ’,,ff]”} - P(y; a, b;9q)

Clearly (3.9) is an integral equation satisfied by P,(x; a, b; ¢q). The
kernel G(x, y) in (3.9) is a symmetric kernel and A, are the eigen-
values. The completeness of the system of orthogonal polynomials
{P(x; a,b; )}, follows on using [14; Th. 3.1.5]. The eigenvalues A, for

[g(‘e+2; ],
AT
are positive fora, b, a;, §; > Oand |z| < 1|.
Next, we observe that the symmetric kernel G(x, y) belongs to L2(dy)
where 4 is a measure defined as u(x, y) = v(x)»(y) and

_ [l ifx=gq,i=0,1, ...
du(x) = {0 if otherwise.

Indeed if || G||,, be the norm of L%(dy), we have

DPRCLEL R IPIPIIPIP)

(4?5 qlysald 25 gl g5 alorald™ 5 qlosald T gl
(9 qlnla; a1la®’; q)nrnla®;s gl 49 125 qlala™™?; qlale; q),
[q1+j+b; q]s gmtntrts q(r+m+a) +5)

[47?; qldq; qldq*™; ql,
0,0;4; 0,0,...,0,qM*; g; @D g;27]\2
= {[q 5 qls 2¢1[q1+b 1 q]m o [q(ﬁ,) 1 9 z:'t+2¢t+1|;gl+a, q&’aﬂ}

(see [15] for details). Hence the right hand side is convergent and positive
under the stated conditions.

Thus we are in a position to apply the extension of Mercer’s theorem
(see Al-Sslam and Ismail [1] for details) for the connection relation (3.9)
to get the bilinear formula

(3.10) if,(x)f,(y)l, = G(x, ).

Proof of (3.1) is completed by substituting for £,(x), £,(»), A, and G(r, y)
in (3.10)
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SpecIAL cASEs. (i) (3.1) for 4, = [q¢; q1q9; q]; yields (1.1).

(i) In (1.1) setting z = g*+?~<"4+3 and summing the inner 4, on the
right hand side by the g-analogue of Gauss’ summation theorem, we
get the following interesting bilinear formula for g-Jacobi polynomials:

37 37 53 dlnrald?s 91 1alXq"*?; q1u[yg' "5 gl (xy)™ g 27T drD (mim)

=) lg; 9l.lq; ql.lg'; ql.lq'™?; ql, g7 11D
(3.11) - H[ Zratize, gatettd; q} & Igtte; gl [Mett; g,
gitete qz*“ bre—d Z:% lg; 91,19 "%; q],

[qc’ q]'[qd; q]'(l — ql+a+b+27) q (r+2+a+2b—c—d)
[q2+a+b+c; q]r[q2+a+b—d; q]r(l — ql+a+b)

P/(x; a, b; 9)P(y; a, b; q)
provided |g2+2—<=d+3 ]| < 1. This is different from the bilinear generating

function for the g-Jacobi polynomials due to Stanton [13].
(iii) (1.1) for ¢, d — o0, yields the following bilinear formula;

[a; 9llq; 9l ju([xyz/ — x2yzq*?]; q) ji([zq~ 1% — zy]; q)

& (94 qllgttet?; qldg; qhierere, 279770
(3.12) = lg; gl,l9"**; ql1g*+**; gl

- (zq 1) WHatot2 2 I 4o (W2qg7 1705 q) P(x;a,b;q)
P(y; a, b; q),

where, following Jackson [8], the two Bessel functions are defined as

xat2r

T(x; q) = Z;W

— ylx; 4], x
Jallx + 9% 4) = ZA [q ql, g q]a+,
(3.12) is a g-analogue of a result of Bateman [18; p. 370] to which it
reduces on replacing z by (1 — ¢)?z and then letting g — 1. Other special
cases of (3.1) may also be discussed.

4. In this section we obtain the following reproducing kernel of ¢-
Hahn polynomials, which is g-analogue of a result of Rahman [9];

[p; plp; ply-; pN are—otiteto
[pete; plpPtetee; pln—:
@.1) ,minzﬁ’ﬁ N [P Pli-ulP?; Pli-ilP%; PNt P5 Pliyty
=0  ko=max(i, /) [p; Pl ,'—h[P; P]kz—j[pd+g 5 p]kz—lq
. [pate=<; ple,—d % Pli[P°; Plioy, PP O oli—di—ic

[p; Pli—ilp; Plelp; Plici[P; PIN—,

KN(i’]; a, b’ (4 d. gap) =
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PROOF OF (4.1). Let
. -, a+b+d+g+n—1, b+g+N—j 5 q; 1+5
4.2) P,(j) = 3¢2|:Za+b+‘¢li+g+N’ gt 1 74 :I’
Multiplying both the sides of (4.2) by
[9%; 9);—[9%; gl q59 75
l9; 9lj—xlq; qle;
and summing with respect to j from k; to k,, we get
k2, 199 9)i-ulq®; gl 9597, .
S = 7Rl J P
YT AT 145 9enlt 9 U)

43) = i g [g7"; qllgetttatetn1; gl lqb*etN=i; q],19%; q)j—n
=7 lg; qllgetoratetN; qllq"*; qllg; qlip
. [qz; q]kz—j qr(1+f)+(i-k1)g
(95 9lej
On the right hand side of (4.3) replacing g/7[g?+¢+N~=i; q], by

. ’ [q_r; q] [qg+k2—j; q] qm(I—N+j)
[a"1%; 9, 4752 2 10 LN, g, gD

(g-analogue of Gauss’ summation theorem [13; 3.3.2.6)).
Rearranging the series, and summing the resulting innermost ,¢; by the
g-analogue of Vandermonde’s thereom [12; 3.3.2.7] and then multiply by

[9°; QIn—wla; qiprsla?T%70; gl q°%
[9; 9lv—sla7"; 9)eyil95 Qlen—si

summing with respect to k, from i to N, we get

b

N ok (945 qli—l9%5 9le-19°5 Av—4195 Alie—rl9975 5 Qlips
=50 4 9l 9195 adv-wla?tes )il 9l
n r —n-
. g8li—k0+bke—i) P () = lg7; q],
4.9 1 A rZ=:O g‘é‘o lg; 4l
. [qa+b+d+g+n—1; q]r[q—r; q]m[qg; q]m qr(l+g)+m(l—N+kz—b—g)
[getotatetN; g] [qv*2; qlq; ql.lg9t%; qln
& 195 glnida?Tees gl gttt g, gl
& (95 9ln—1,1a5 qle—lg* >N T2; g,

Once again in the right hand expression of (4.4) replacing [g4tet%2—*1; g],,
by

SZE

m —m . d+g—ctko—i . h
cHimky . [g7™; qlilg?te . 3 qln g
la 4l ;o lg; gl [q* ™ q],

(q-analogue of Vandermonde’s theorem [12; 3.3.2.7]) and rearranging
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the series, and summing the resulting innermost ,¢; by the g-analogue of
Vandermonde’s theorem [12; 3.3.27] and then multiplying by
[9°; qlulg®; q)i—n 4°
[9; qlla; q)is,
and summing with respect to k; from 0 to i, we get
S.= % z’v_": i (975 ql;-1l9%;5 9)ir-119°; 9IN-1:]95 DVito
3 _klgkzm';: o U ) VIR U/ E) PP ) Y U/ L P
_ g#te; qli-da®; qlila; gliy, qFe e ieH R
lg; 9le-l9; qlulas 9)is,

@5 =33 lamallerree i gllg T q1ulet: 41ula); )
L2 14 alla™ e 1% qla; alnla®*%; al,
a7 qllg™*®™e; qlilgP*ete—etrmth; gly_1q°; glivm(—)"
l9; 91da; qlilg; qlv-dg" =™ qls

; T / 9% 979
. qr(l+g+1+m)+m(1 g—¢)+h—m (m+1) 22¢1|:q1’—c—i—:»+h .

P,(j)

In (4.5) summing the inner ,¢; by the g-analogue of Vandermonde’s
theorem and once again replacing [got<*; g], by

h [q—h; q]s[qb+d+g—c+N -i+r—h; qls[qa+b+d+g+N +r~—h+s; q] s
Q [q’ q]s q—s GG+h+tatc) ’

we get on rearranging the series

O UML) Uit PR R Sl U ) 9 )
[9; 9lv-i lg5 9); tg = = 195 qldg; 9llg; gl

[getrratstn 1, q),. 095 qlmirdg®; a)imlg®t ot N, g,
[4%*5; gl 4 lgetttatetN; qllqate; ql,..l9°7; q],

lg°; qldq?te<; qln (= ymgt E+D+mlc—gtD+r+tmtd —m(mt1) /2
[gttate=; q],

(4.6)

. ¢ q—m, c+r, qc—b—d—g+1—l;q; qa+b+t
392 qa+c+r’ qc—d—g+l—m

Transforming the 3@, in (4.6) by (3.6) and then rearranging the series
and summing the resulting innermost ,¢;, by the g-analogue of Gauss’
theorem [19; 3.3.2.6], we get

Sy = lg¥tete; qlnv-_dq°™; q)s &t (9775 qlodgotitatet1; o],
l9; 9lv-da; g9l ,§ = lg:qldq; gl lgetttetetN; g],

@n . 1e%9llees 9lle’s qllg™t et gllqe; q], gt O
[9°%%; q)r+dq?*; qlo+dget; qllg™ 4t q),

-t g+r’ a, l+c—b—d—g-t, ;
° 4¢3[31"d_qt; qagc-i-rf]ql—b—t q q]
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Transforming the inner 4¢3 in (4.7) by (3.5), rearranging the series and
summing the resulting innermost 3¢, by the g-analogue of Saalschiitz
summation theorem [12; 3.3.2.2], we obtain on using (3.5) and replacing
g by 1/p on both the sides

N minG) N [pd:pl;_p[p%; Pl P Pln—ilPs Plir-t
7=0 =0 ky=max(, ) [p; P]j—kl[P ;P]kz—f[p;p]N—kz[pd+g QP]kz—k,
_ [p?*e<; pley iP5 Plpe; pliy, pRem8ob—di
[p; pli,—ilp; Pl lP; Plizs,

. ¢ p, Pa+b+d+g+n—1’ pb+g+N—-j 5D D
3¥P2 pb+g’ pa+b+d+g+N

(4.8)
_ [prtate—d; ply_[p**; plipete; pllp*tate—; pl,
[p; plv—dp; PlLp**e; plLp*™; pl,
pn (c—d)—ia+N (c—d—g)

[T g ]
pere, potd, phratee

. ¢ P, a+b+d+n—l, pb+d+g—c+N—l; ) 2

392 Pa+b+d+g+N’ pb+d+g—c .

Transforming the 3¢,’s on both the sides of (4.8) by the formula (3.7),
we get

4.9) ﬁbKN(i,j; a,b, ¢, d, g; p) 02() = 4,09),

where Ky(i, j, a, b, ¢, d, g; p) is given by (4.1), O9P() = Q,(i;a + c— 1,
b+d+g—c—1LN;p,02()=0Qs5a+d—-1,b+g—1,N;p)
and

/1 _ ¢ p—n, a+b+d+g+n—1’ pd’ Pd+g—c; DD
” 493 dt+g patd ptdtg—c i
petE, pttea, p

which completes the proof of (4.1).

Note that for ¢ = d, the g-Hahn polynomials on the two sides of (4.9)
have the same arguments and hence Q,(i) is an eigenvector of the matrix
K\(i, j) corresponding to the eigenvalue A,.

Let us now introduce the orthonormal systems

(4.10) RP(@) = {h®(n; p) g®(i; p)}2QP(D).

In terms of R¥(i), (4.9) may be rewritten in the form

N
(4.11) ZOGN(i’ Jsa, b, c, d, g; p) RP(j) = 11, RP(0)
7=

where
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. - pldp; Plv_idpte: plIpt+ete—<; ply_;
Gy, j; a, b, c, d, g; = {[P, P]/[P,P]N j[P s Dl s §
wG: s a.b, e, d, g p) [p; plLp; Ply—dp**%; pYIP"*e; Pln—;

N (c—d)+j(a+d)\1/2 L.
* E—;’t—(a_‘ﬁ'_)———_} KN(I’ Js a, bs C, d, g, P)

and

a+td- b+d+g—c+ ] 1/2
4.12 . { [P p] [p 5 Pln (c—d)n} l,,-
*12) a (754 pLLp; o,

If ¢ = d,Gy(i, j) is symmetric. It can be verified by interchanging ¢ < d
and g d + g — c that
N
(4.13) 3. Gy a, b, ¢, d, g; p) RP() = py RP().
J=0

Lastly, multiplying (4.11) by R?(x) and summing with respect to n
from O to N and using (2.8), we get

N

4.14) 3 RPORP(j) = Gy(i, j; a, b, ¢, d, g; p)
n=0

or

N [p~N; plLprtitate1; pl [ petd; pl(1 — petitdtetan-i)

fg) [p; plLpetetatdtN; pl,[ p¥*e; pl,

p—n/Z(n+1)—n(a+d—l—N) —n’ pa+b+d+g+n-1, pd, pd+g—:; p’ p
(1 — pototate=D)  473| pdtg petd phtdtg—c

(4.15) - Q@) QP()
_ Lpetorate; plylp; plilp; ply—,; p~Neetotitata
Lp; plnlpe*e; plptte; ply—;

‘ KN(I’J’ a, b, ¢, d, g; P)

SPECIAL CASEs. (i) (4.15) for a = 0 yields the following bilinear formula
for g-Hahn polynomials:

[p~; pllpttate1; pllp?; pllp®; pldlpe; pl.(1 —pratetani)
Zb[p splulpttatetN ,p],,[p”g,p],.[p"“*g“,p],,[p‘”ﬂ',p]n(l — prtateTl)

 pr2nt Dttt Q (jic — 1, b +d + g — ¢ — 1, N; p)
4.16) Q,(j;d—1,b+g—1,N; p)
_ P74 plnlp; pIn—ilp; pln—ipV 4~
[p; PINLP**%; Pln- A7 4% pln—;
& 15 Pl AP Pyl P; PlelP*tE 7 Pl PO
ky=max(s, j) [p; Plio—ilP; Pln-ilP?e; Plilp; Pl

Furthermore, (4.16) for ¢ = d gives
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v _[p™; pllpttate; pl[p?; plIp?; pllp?; pl(1 —ptatetanl)
Z, 10; PLLP#5%%; pl,[po7%; pLLpe; pllp#*e; pl,(1—prtete)

. pr2etD A=t tNQ (i3d — 1, b + g — 1, N ; p)
_ [p****e; pinlp; PIn—ilp; pPln—i PN €
Lp; pInlp?te; plv—iP**; Pln—i
¥ 1P PleilP%; PIn-ulP; PlelDF; Plip-i P72
k=max, ) LD Plig—ilD5 PN—i[P?8; DLl P Pl

(ii) In (4.15) setting @ = g — ¢ and letting b — 0, we get the following
interesting bilinear formula:

N [ p-N ; p]n[ pd—c-l; P]”[ pg-c; p],,(l —_ pd—c—1+2n) p—n/2(n+1)—n(g—c—~l—N )
,é) [p; pllp?=<tV; pllpete; pl,(1—pi—)
- Q,(i;8—1,d+g—c—1, N; p)Q,(j; d+g—c—1,g—1,N; p)

[p?—<; pInlp?; plilpe; p); p@ti—N) @
[pate; plylpete; p] 1pe; p);

g c l—d—g—N —je
P ,p75p;p
4¢3[pl"‘d—j pl—c—; p j|

5. Before obtaining the g-analogue of a connection relation for Hahn
polynomials due to Ismail [7] we need the following transform formula

(5.1 Ly{Q/(n; a, b, N; q); ¢w; x} = pi(x; a, b; q)
with Ly is defined as

(4.18)

N 1 — q)nxn(__)n qn(n—l)/Z

(52 Ly{f; ¢n; x} = 2 [q; 4]

() = Dy{gn(0)},

where D, f(x) = (f(x) — f(xq))/x(1 — q) and D% f(x) = D (D% 1f(x)). In
(5.2) setting f(n) = Q4n; a, b, N; q),

PR (x) f(n),

!

o) = 33 LA (g

k=0 [q ’
so that

P (x) = ,,ZZ: (= )[:1[?;;, E lq]i[qq_)i ) - g2 +kn

and rearranging the series, we get (5.1) on some simplification.
Now, using (5.1) in the orthogonality relation (2.3) for g-Jacobi poly-
nomials, we get
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f; N [g7N; qlla™; q1l9'7%; qlmialg'™?; qly—n(=)"tm

=h o [2; q1nl9; 91097775 qlmen q*FFoT™
~N+m pgltatm+n. g+ gl+N—n
53) . qm/Z(m+1)—n/Z(n—1)+N(1+a+m+n) 2¢1[;12+a+bimﬂ N 3454 ]

- Qj(n;a, b, N; q) Q(m; a, b, N; q)

_ [q, q]j[q1+b; q]](l — q1+a+b) qj(1+a)
- [q1+a; q]j[ql+a+b; q];(l —_— q1+a+b+2j)

Comparing (5.3) and (2.7) and using the uniqueness of the orthogonality
relation (2.7), we get a connection relation

(6X0) "go 0(n, m) Q{(m; a, b, N; q) = p; Qi(n; a, b, N; q)

where

_ g™ qli(— ) q=i2GHD+iN=1)
Hi [q2Fero N g, ’

o(n m) _ [q—N; q]m[ql+a+n; q]m[ql+b; q]N—n(_ )m qm/Z(m+l)+m (N—n)
’ [9; 9),Lq%F =N ; ql,l9v7%; q)n—s

. ¢ q—N+m, q1+a+m+n; q; q1+N—n
291 q2+a+b+m+N -

Multiplying both the sides of (5.4) by A(j; a, b; q) and Q,(y; a, b, N; q),
adding forj = 0, 1, ... N and using the dual orthogonality relation (2.8),
we get the bilinear formula

(5.5 3 uhUis a,b,q) Q05 a,b, N3 q) Oy, a,b, N3 g) = - 0B 2)_
. j;)ﬂ] .’9 > 9q JUEy & Uy ) I\ & Uy ’q g(y;a,b;q)'

On the other hand multiplying (5.4) by w;A(j; a, b; q) and Q,(y; a, b,
N; q), adding for j from 0 to N and using (5.5), we get a second bilinear
formula for g-Hahn polynomials

N
}_;y?h(j; a, b; 9)Qj(n; a, b, N; q) Q(y; a, b, N; q)
(5.6) / N o, »)
= 0(n, m) 2"V
,:éo , m) g(y; a, b; q)
Similarly one can use (5.4) and (5.6). to generate more complicated
bilinear formulas for g-Hahn polynomials.

6. Feldheim [4] obtained an explicit formula (a 3F, hypergeometric
function) for the connection coefficients between two arbitrary Jacobi
polynomials. Later on, Gasper [5] proved a discrete analogue of Feldheim’s
result by obtaining an explicit formula for the connection coefficients
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between two arbitrary Hahn polynomials and discussed some of its special
cases. Recently, Andrews and Askey [2] obtained the g-analogue of
Feldheim’s formula. In this section we obtain an explicit formula for the
connection coefficients between two g-Racah polynomials and discuss
some of its interesting special cases. In fact we prove

3+ l97; qldg™ =t qllq™=; qldg 4= gl q°
s‘gb lg; qlda*t*; qldq*+#t4; qldq*te; ql; :

6.1) |
=} Aun Pu(p(x); @, b, ¢, d; q)
m=0
where
_ g“; q)
[g®; q];°
( )m qm(m+1)/2[q—n q] [q1+a+ﬁ+n q] [q1+b+d q] [q1+a ]
a =
™ lg; 9l,la*"%; qllg*Pte; ql,lq Tetetm; q),

_mr[grtm; gl lgttetErtmy g [qitetm; q] [qititdtm; q],

= lgs qllgte; ql lgtrratm; q) lgErererEm; g, Thrim

andeither 1l + a,1 + b + dor 1 + cisof the form — N (N a non-negative
integer).

PROOF OF (6.1). Multiplying (6.1) by w(x; )P (u(x); a, b, c, d; q) with
w(x; q) defined by (2.14), summing with respect to x from 0 to N (assum-
ing that either 1 + @, 1 + b + dor 1 + ¢ is of the form — N) and using
the orthogonality relation (2.12), we get

(6.2)

" Ttatptn; g [g—=; Ictdts, A,
= =:4) Zo;:)[q ({; [qq] lg**=; Zi{g”ﬂg’] [g]s[q”‘ qc]]s] -

o(x; QP x); a, b, ¢, d; q)
. gy 147774 allgttetes g], gtamere
= 7(t;
=t 9) [g*teHd; qldgt*e; q),
. lg; qlda*; qls
&b g qldg; 9l

gitetsing gl lqttetott; qllg®tetd; qladgtte; glialg o4 gl
[q'*=; qllqt#+4; q)lq s qllgt 45 qli [gttete<; ql,

[qto+d; q], A (=) ghst+D/2=sat®
[g'*<7; qllg**<*ee; q)lq™™; q];

1+ct+d+2s q(3+c+d+23) /12 _ g @Btectdt2s) /2 1+a+s+k
6¢5 q (1+c+d+2$) /2 —q (1+c+d+2$) /2 q1+c+d—a+s k

1:5‘:-5, qll‘*"b"'dis; q; q—S"‘k"‘a‘b'—].].
q d s, qlte bts
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Summing ¢@#s by the summation theorem [12; 3.3.1.4], we get

a - [ql+a; q]’ [q1+a+b; q]t(l _ql+a+b+2t) q—i(l+a)
i lq; qq™%; q1(1 — g™ Fet?)

& g7 q)s [gtretet; qllgtte; qldqttete; gl g°4,
;6 [q; qldg*te; qllgtt#te; qllq?tet?; q];

. q—t’ q1+a+b+t’ q1+a+s; q; q
3¢2 q1+a, q2+a+b+s g

on summing 3@, by the g-analogue of Saalschiitz summation theorem
[13; 3.3.2.2], we get the required result on some simplification.

SPECIAL CASES. (i) For 4, = 1, (6.1) yields

P(u(x); a, B, —N — 1, d; q)

(6.3) n
= Z am,n Pm(ﬂ(x)a a, b’ _N - 1: d> q)
m=0
where
a. = )mgnmtD g, ql,[qt et ql,l9 e ql,l9™; gl

lg; ql.la*e; ql.lg'™P74; ql,lgtteteim; ql,

. —n+m’ q1+a+ﬁ+n+m, q1+a+m’ ql+b+d+m; q; q
4¢3 ql+a+m’ q1+ﬁ+d+m’ q2+a+b+3m -

(6.3) is an extension of a result of Andrews and Askey [2;3.10] to which
it reduces on replacing x by replacing x by N — x and letting d, N — co.

(ii) In (6.1), setting A, = [q1*8*4; ql,/[g™;q),,1 + b + d = —N and
letting ¢ — oo, we get the g-analogue of a result of Gasper [5; 3.1], viz.,

n
6.4 O.(x;a, f, M; q) = 2. BysQu(x; a, b, N; q)
where
B = ()mgmtL g ql,[gttetEtn; q),091; qlulg N5 gl
™" [9; qlnlg*™e; qlula™; qlalgtHetom; ql,

. ¢ q—n+m’ q1+a+ﬁ+n+m, q1+a+m, q—N+m; q;q
493 q1+a+m, q2+a+b+2m’ q—M+m -

Furthermore some of interesting special cases of (6.4) may be discussed
on the lines of Gasper [5], we omit them for sake of brevity.

(iii) In (6.3), 4¢3 reduces to 3¢, in two cases (i) @ = a, and (i) = b
which when summed by the g-analogue of Saalschiitz summation theorem
[12; 3.3.2.2], yield the following connection relation for g-Racah poly-
nomials
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P,(x); a, B, ¢, d; q)
_ n ( — )m q—m (m+1) /24+-mn+ A+b+d) n—(b+d) m[q—n; q]m
h ,;::o [9; ql.lg'tF74; ql,lqttetetm; q],

[gttetttn; q]m[q””[“ ;+4117£;1ﬂ‘b;]q],,_m[q”""’*"‘; /] 2
q a s 9lp—m

- P,(u(x); a, b, ¢, d; q)
(provided either 1 + a or 1 + ¢ is of the form — N) and

6.5

” m g—m(m+1)/2+n(1+at+m)—am[g—n-
P (u(x); a b, c, d; q) = (=)"q 97 gl
(pue); 9 ",Z:o lg; glulg*te; qllgttettt™; ql,

(6.6) gttt g0 qluld s gl e
[q2+a+b+2m; q]n—m

- P,(u(x); a, b, ¢, d; q)

(provided either 1 + b + d or 1 + c is of the form — N). (6.5) and (6.6)
for d — oo yield the results which are g-analogues of Gasper’s result for
Hahn polynomials [5; 3.8, 3.7].

(iv) In (6.3) setting 1 + a = 1 + a = — N and letting 8 — o0, we get

67) Qun; ¢, d, N5 q) = 35 Him, mPo(u(x); =N = 1, b, ¢, d; )

where

H(m,ny=19""""341l9"":alnld" "% q1ulg""; gl N qlon( ="
(6.8) [N qlurmlds a)nld®™V 5 qlonla™ V5 gl
. qn (1+b+d) +m(n—b—d) —m (m+1) /2_

On the other hand, we get an inverse formula of (6.7) by setting in (6.3)
l1+a=1+ a= —N and letting b - o0, viz.,
(= )rgrintD /2t Eron[g=d—N; g],
[g"*F%4; ql,

L 00 gLa VS e o d N ).
L @allg i, e s N

(v) Lastly, substituting (6.7) in the orthogonality relation (2.7) of
g-Hahn polynomials, we get

Pn(,u(x)a -N-—1, ﬁ, ¢, d; ‘1) =
6.9)

N M "
(6.10) 2, 8(n; ¢, ds q) 35 H(m,mP,(u(x); =N — 1,b, ¢, d; q) X, Hee,ny

- P(u(»); =N = 1, b, ¢, d; q) = 1/h(x; ¢, d; q),

where g(n; ¢, d; q), h(x; ¢, d; q) and H(m, n) are defined by (2.9), (2.10)
and (6.8) respectively.
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Now, (6.10) may be rewritten in the form

ZN n(m; —N—1,b, ¢, d)
m=0
{2 ¥ h(x; ¢, d; q)g(n; c, d; q)H(m, n)H(t, n)
(611) n=max(m, t) w(x; "'N_'I’ b’ (&% d; 4)75("1, —'N"'l’ba C, d; C)

P(uOY; =N = 1, b, ¢, d; Q) P(u(¥); =N =1, b, ¢, d; )
= l/w(x; =N — 1, b, ¢, d; q).

In view of the uniqueness of the dual orthogonality relation of g-Racah
polynomials (2.13), (6.11) yields the connection relation

N N
Ax) P (u(x); —N —1,b,¢,d; q) = m, n)H(t, n)
6.12) (%) Pp(pex) q9) ;‘An=maz,«m,t> wm, n)H(
* Pt(,u(x); —N - 1, b9 C, d; (I),
where
1+b+d - x % (x+1) /24+% (c—b)

) = 14745 q1(=)q

*) [gte?; ql,
and

[q¥*<; qlla™V; ql,lg~?; qly g 1HoN+G—an
[q; ql.lg™7N; ql,lqite?; qly

[q—n; q]m[ql+b; q]m[qb_c‘“N ; q]m( —_ )mq—m (m+1) /24m (A+ntc—b)
la7; qlulg™*; qlalg™ "N gl

Multiplying (6.12) by w(x; —N— 1, b, ¢, d; q) and P, (u(x); —N — 1,
b, ¢, d; q), summing with respect to x from 0 to N and using the ortho-
gonality relation (2.12) of g-Racah polynomials, we get a bilinear formula
for g-Racah polynomials

,u(m, n) =

g)'(x) (D(x; —N_l’ b’ [ d; q)Pm(,u(x); ""N'_l’ b, c, d; q)
.13 *

N
—N—1,b,¢,d; ) = m, n) Hz n)
Pz(#(x)’ N c q) n=max(m, z) TC(Z;—N— 1’ b, ¢, d; q)

Similarly other bilinear formulas of g-Racah polynomials may be
obtained with the help of connection relations (6.5) and (6.6).
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