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INDUCED SHAPE FIBRATIONS 
AND 

FIBER SHAPE EQUIVALENCE 

MAHENDRA JANT* 

ABSTRACT. In this paper we prove that a map induced from a 
shape fibration is a shape fibration. We define a fiber shape equi­
valence relation between shape fibrations. Also, generalizing the 
homotopy relation, we define a strong equivalence relation in the 
set of maps between compact metric spaces. Then we prove that 
two strongly equivalent maps induce fiber shape equivalent shape 
fibrations. As a corollary we show that the fibers over two points 
connected by a strong shape path are of the same shape. Finally, we 
prove that a fiber shape equivalence induces a relative shape map 
which induces an appropriate isomorphism on relative shape 
groups. 

1. Introduction. In a recent paper [11] S. Mardesic and T.B. Rushing 
have defined an important notion of 'shape fibration' by generalizing an 
approximate fibration of Coram and Du vail [4]. One expands a map 
p: E -+ B between compact metric spaces into a map p: E = (En, rnm) -* 
B = (Bn, qnm) of inverse sequences of compact ANR's. The map p is a 
shape fibration if p has the following approximate homotopy lifting 
property: each n and each e > 0 admit an index m ^ n and ö > 0 such 
that for any topological space X, whenever the maps h : X -• Em and 
H: X x I -+ Bm satisfy d(pmh, HQ) <| 5, then there is an homotopy G: 
X x / - • En satisfying d(G0, rnmh) < e and d(pnG, qnmH) < e. 

Analogously to fibrations, one may ask the following questions for 
shape fibrations. Is a map induced from a shape fibration a shape fibra­
tion? Is there a notion of a fiber shape map? In what sense are two shape 
fibrations fiber shape equivalent? Is it true that two nomotopic maps 
induce equivalent shape fibrations? 

In this paper we have studied all these questions and have found 
satisfactory positive answers. §2 contains basic definitions and some 
basic results that we need. In §3 we prove that a map induced from a 
shape fibration is a shape fibration. §4 contains the definition of a fiber 
shape equivalence. 

*This paper is essentially the author's Ph.D. thesis written under the direction of 
Professor Eldon Dyer at the City University of New York, 1978. 
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Let p: E -> B and p ' : E' -> B be shape fibrations expanded to maps 
p: E = (En, rnm) -+ B = (£w, #MW) and p : E' = (£; , r'nJ -» B of inverse 
sequences of compact ANR's respectively. Roughly, a fiber shape map 
f : p -> p' is an equivalence class of a map f : E -» E' of ANR-sequences 
satisfying the following condition : for every n and for every e > 0 there 
is /?* ^ n such that for all / ^ m ^ n* there is a homotopy H: rf

m/f/ ^ 
fmUmMs) such that for every * e / the maps qnmp'mHt and qna{/)pa{/) are 
s-close. 

Two such maps f, g: E -• E' are said to be equivalent if for every n 
and for every e > 0 there is « ^ n such that for all m ^ «, there exist 
/ ^ a(m) and an homotopy L: fmra{m)/ s gwra(m)/ such that for every 
/ e /, the maps qnmpmLt and qn/p, are e-close. 

Finally, two shape fibrations p and /?' are fiber shape equivalent if 
there are fiber shape maps [f ] : p -> p' and [g] : p' -> p such that gf ^ lp 

and fg ^ lp/. 
For example, the shape fibration p : W -* PF/̂ 4 « 51 , where PF is the 

Warsaw circle and v4 is its limit arc, is fiber shape equivalent to the obvious 
shape fibration l si: Sl -+ S1. 

In §5 we prove the main result that strongly equivalent maps induce 
fiber shape equivalent shape fibrations. 

Two maps/and g: C -> B between comapct metric spaces are strongly 
equivalent if there are maps f, g: C -+ B of inclusive inverse sequences 
of compact ANR's such that (i) for every n there exist «(*) such that for 
all m ^ /!(*) there is a homotopy Hm: qnmfm = qnmgm and (ii) for m' ^ 
n'(*) where ri ^ n there is a homotopy qnn'H

m' = Hm{qmm> x 17) (rei / ) . 
Two homotopic maps are strongly equivalent. Hence, in particular two 

induced shape fibrations by homotopic maps are fiber shape equivalent. 
One immediate corollary of the theorem is that if B is of a trivial shape 

then a shape fibrationp: E -+ Bis fiber shape equivalent to a trivial shape 
fibration %B\ Fx x B -+ B where Fx = p~x{x) for x e B. 

The strong equivalence notion leads naturally to a notion of strong 
shape path connectedness which we have discussed in §6. 

Two points x and y of a compact metric space B are connected by a 
strong shape path if for any ANR-sequence B = (Bn, qnm) with inj lim 
B = B there is a family of paths co = {œ: I -> Bn\ù)Q = x, coi = y} such 
that for all m ^ n, qnmcom = œn (rei / ) . 

A space is strongly shape path connected if any two of its points can 
be connected by a strong shape path. Clearly, path connected spaces are 
strongly shape path connected. Moreover, plane compact connected 
metric spaces and pointed 1-movable compact connected metric spaces 
are strongly shape path connected. But the fact that the dyadic solenoid 
is not strongly shape path connected shows that, unlike Borsuk's ap-
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proximate O-connectedness [2], not all compact connected spaces are 
strongly shape path connected. 

S. Mardesic and T.B. Rushing have asked the following question in 
[11]. For a shape fibration, is it true that two fibers over points lying in 
the same component are of the same shape? 

We have partially answered this question by the following corollary of 
the main theorem : for a shape fibration, two fibers over points connected 
by a strong shape path are of the same shape. 

Finally, in §7 we have proved that a fiber shape equivalence [f] : p -> p' 
induces a pointed relative shape map f : (E, F, e) -» (E', F\ e') which 
induces an appropriate isomorphism f* : %q(E9 F, e) -» fcq{E\ F\ e') of 
shape groups. 

I gratefully acknowledge useful and inspiring conversations with 
Professor A. Heller and I thank Professor H. Hastings for keeping me 
aware of recent developments in Shape Theory. 

By private correspondence the author came to know that A. Matsumoto 
has proved the theorem 3.1 independently in [13] and J. Krasinkewicz 
and P. Mine [7] have defined a notion called 'generalized paths' similar 
to the notion of 'strong shape path'. Also, the referee pointed out that 
the authors in [7] have proved Theorem 6.1 for 'generalized paths' and 
have described the example of Proposition 6.3. 

2. Preliminaries. All spaces considered will be metric spaces. Denote 
by d(x, y) the distance between two points x and y. For a number d > 0, 
two maps (continuous functions) / , g: X -> Y are 5-close if for each 
xeX, d(f(x), g(x)) < d. For such / and g we will write d(f, g) < 5. The 
maps / and g are <5-homotopic if there is an homotopy H: X x I -+ Y 
such that H0 = / , H1 = g and for each x e X, d(H(x, t), H(x, t')) <d 
for all r, t' e /. For the interior of a space X we write int X. Let A, Y be 
subspaces of the space X. Then Y is said to be a neighbourhood of A in 
Xiî A c int Y. 

By an ANR we mean absolute neighbourhood retract for metric spaces. 
It is well-known that if F is a compact ANR, then for every e > 0 there 
exists a ô > 0 such that any two 5-close maps from a space X to Y are 
£-homotopic [5]. We use this result freely without mentioning it further. 
For a map / : X -> Y between compact ANR's and a number e > 0, 
A(f, e) denotes the set of all <5's such that d(x, y) < ô implies d(f(x),f(y)) < 
e and r(Y, e) denotes the set of all 97's such that two 37-close maps from 
a metric space to Y are s-homotopic. Note that if 0 < 5' < ô and 0 < 
if < 7], then d'eAtf, e) and yf er(Y, e) if de A(f, e) and 17e TO e). By 
convention if <5 e A(f9 e) and 7]eT(Y, e), then <5, yj < e. 

A space E is a convenient ANR if each compact metric space X in E 
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has the following property : for each neighbourhood U of X in E there 
is a compact ANR M a U with X a int M. Every polyhedron is con­
venient and by the triangulation theorem [3] every g-manifold is con­
venient where Q is the Hilbert cube. Also if E is a locally compact ANR, 
then E x Q is convenient [4]. 

An ANR-sequence E = (Em rnm) is an inverse sequence of compact 
ANR's. A level map p = (pn): E -> B = (Bn, qnm) of ANR-sequences is 
a map of inverse sequences, i.e., p is a family of maps pn\ En -> Bn such 
that for m ^ n, pnrnm = qnmpm. Let inj lim E = (£", rn) and inj lim B = 
(B, qn). Then the unique map p: E -» i? is said to be the limit map of the 
level map p if for each n, qnp = pnrn. 

Generalizing Coram and DuvalFs approximate fibration [4] S. Mardesic 
and T.B. Rushing [11] have defined shape fibration. A map p: E -> B 
between compact metric spaces is called a shape fibration if it is a limit 
map of a level map p: E -> B of ANR-sequences which has the following 
approximate homotopy lifting property(AHLP) : each n and each e > 0 
admit an m ^ n and a ô > 0 such that for given maps h: X -• Em and 
H: X x / -» Bm with 

(1) d(pmh, i/o) ^ ö 

there is a homotopy G: X x I -> En such that 

(2) rf(G0, rnmh) < e 

and 

(3) d(pnG, qnmH) < e. 

Every such m is called a lifting index for (n. e) and ö is called a lifting 
mesh for («, e). We refer to (m, 5) as a lifting pair for («, s). It has been 
shown in [11] that if a map p: E -+ B between compact metric spaces is 
a limit map of level maps p: E -> B and p': E' -> B' of ANR-sequences 
and if p has AHLP, then so does p'. Also in [11] the authors have defined 
a homotopy lifting property (HLP) for a level map as follows: a level 
map p: E -> B of ANR-sequences has the HLP if each n admits an m ^ n 
such that for given maps h: X -+ Em and H: X x I -• Bm with 

(4) H0 = pji, 

there is a homotopy G: X x I -+ En such that 

( 5 ) <?o = >*WmÄ 

and 

(6) />WG = qnmH. 

For a level map p: E -• B of ANR-sequences, we will state two results 
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from [9] which relate the stronger lifting properties with the weaker 
properties. 

(I) If p has the AHLP, then it has the stronger lifting property obtained 
where (2) is replaced by (5). 

(II) p has the AHLP if it has the weaker lifting property obtained where 
(1) is replaced by (4). 

The following proposition follows immediately from (II). 

PROPOSITION 2.1. Let p: E-»B be a level map of ANR-sequences. 7/*p 
has the H LP, then the limit mapp: E -> Bis a shape fib rat ion. 

The reader is advised to refer to [10] for maps of ANR-sequences and 
the equivalence relation between them, to [15] for the shape groups and 
to [8] for the category pro-^ and to [6] for the detailed proofs of the 
results of this paper. 

3. Induced shape fibration. In this section we will prove that a map 
induced from a shape fibration by a map is a shape fibration. First we 
need the following proposition. 

PROPOSITION 3.1. For maps p: E -> B and f:C-*B between compact 
metric spaces, there are levelmapsp: E-^Bandi: C -• B of ANR-sequences 
with limit mapsp andf respectively. 

PROOF: Embed E, B, C in the Hilbert cube Q. Since Q is an AR and E, 
C are compact, maps p a n d / c a n be extended to p: Q-+Q and / : Q -> Q 
respectively. Choose for B a decreasing sequence of compact ANR-
neighbourhoods Bn of B with f)nBn = B. 

By induction we can choose a decreasing sequence of compact ANR-
neighbourhoods£wof£and CMof Cwith f]nEn = E, Ç\nCn = C,p(En) g 
Bn and f(Cn) g Bn. For m ^ n9 let rnm: Em u En and qnm: Cm <+ Cn be 
inclusions and for each n, let pn = p\En and fn =f\Cn. Hence p = (pn): 
E -• B and f = (fn): C -» B are level maps of ANR-sequences with limit 
maps/7 and/respectively. 

For maps p\E-+ B and / : C-> B between compact metric spaces, a 
triple (Z; / / , / ' ) is a pull-back of (B;p,f) in the category of compact metric 
spaces and maps where Z = {(e, e) e E x C \ p(è) = f(c)} and p'': Z -> C 
and / ' : Z -* E are the projections. Note that Z is also compact. We say 
that p' — p*(f) is a map induced from/7 by / . 

We now have the main theorem of this section. 

THEOREM 3.1. Let p: E-+ B be a shape fibration andf: C-± B be a map 
between compact metric spaces. Then the map p*(f) induced from p by f is 
also a shape fibration. 

PROOF. Let (Z; p',f) be the pull-back of (B; p,f). We want to show that 
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p' is a shape fibration. Let p: E -> B and f : C -» B be level maps of ANR-
sequences with limit maps/? and/respectively. Without loss of generality 
we can assume that for each n9 En x Cn is a compact convenient ANR. 
If this is not the case, then consider an ANR-sequence Q = (Qn9 anm) 
where for each n9 Qn = Q, the Hilbert cube and inj lim Q is a point. Then 
inj lim E x Q = E. Also, for each n9 let %n\ En x Qn -> En be the pro­
jection map. Then ?rp = (pn7zn): E x Q -> B has AHLP [11] since, for each 
n, En x Qn is a g-manifold and, therefore, is a convenient ANR. Note 
that inj lim E x Q x C = E x C. 

Consider an ANR-sequence of compact convenient ANR's E x C = 
(En x CH, r'nm) where r'nm = rnm x qnm\ Em x Cm-+ En x Cw. Then 
inj lim E x C = inj lim E x inj lim C = E x C. Let for each «, (Zw; 
^ I Z ^ / ^ Z J be the pull-back of (Bn ;pn9fn) where ̂ : £ „ x C ^ Cw and/w: 
En x C„ -+ En are projections. Thus Z = (Zw; r^JZOT) is an inverse 
sequence of compact spaces with inj lim Z = Z and the limit maps of p'\L 
and / ' | Z are y and / ' respectively. 

Now by induction, for each n = 1, 2, 3, . . . we will define a closed 
ANR-neighbourhood E'n of Zn in £"„ x C„, numbers en > 0 and <?„ > 0 
and an integer m such that (m, d„) is a lifting pair for (n, e„) with respect 
to p. Also we require 

( 0 r'nm(E'J a E'n where X <lnm\E 

(2) inj lim E' = Z where E r = (£" ,̂ r^w), 
(3) d{fmpf

m\Ef
m,pmf'm\E'm) < ôn and 

(4) for each n, d(pn(en)9 fn(cn)) < en implies (en9 cn) G E'n where (ew, 
CMJ G £Ln X C w . 

For each n, let dw be the composition dn: En x Cn -* Bn x Bn -+ R 
where d is the distance function and R is the set of reals. Note that Zn = 
d^iO). Choose a sequence of es, 0 < < en < en < en-\ < . . . , and 
compact ANR-neighbourhoods is ̂  of Zn in En x Cn such that 

Zn c d-x[09 en) c int E'n a E'n a d~l[09 e'J. 

Also we want </-!(*, ^) < en to imply dm(qnm(x\ qnm(y)) < em. Clearly 
E' = (E'n9 r'nn) is the required ANR-sequence. 

To show that/?' is a shape fibration, by Proposition 2.1, it is enough to 
show that p' has HLP. 

By I of §2, we can assume that p has the stronger lifting property where 
(2) is replaced by (5). Let (m9 ôn = e'm) be the lifting pair of (n, en). Let 
h : X -> E'm and H: X x I -• Bm be the maps such that 

(5) H0 = p'Ji. 

See Figure 1. By (3) and (5), 

(6) d(Pmfmh,fmHo) < Sn 
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Since (m, dn) is a lifting pair for (n, en), there is a map G'': Xx I 
such that 

(7) 

and 

(8) 

Go = rnmf'Ji 

d(pnG\ qnmfmH) < SH. 

Define G: X x / -• E'n by G(x, t) = (G'(x, t), q'nnfl(x, t)) for (x, 0 e JJf x 
/. Note that by (8) and (4) and qnmfm = fnq'nm, for every (x, t)eX x I, 
G(x, t) G ̂ ; . Hence G(X x / ) c £; . Also by (8) and (6) G0 = (Go, 
?«m#o) = (rnmfmh,qnmPmh) = r'nmh andp'nG = pn(G', q'nmH) = ?;m#. 

Thus P ' has HLP, which shows that p' is a shape fibration. We will 
refer to p' = />*(/) as a shape fibration induced from p by/. 

XxO 

Xxl 

Figure 1 

4. Fiber shape Equivalence. Analogous to fiber homotopy equivalence, 
we will define in this section the concept of a fiber shape equivalence. 
First we define a fiber morphism. 

DEFINITION 4.1. A fiber morphism F = (f, h): (E, p, B) -* (E', p \ B') 
between two level maps of ANR-sequences is defined to be a pair of maps 
f = (a, /„): E = (Eu; rnm) - E ' = (E'„ r'nn) and h = (ß, hn): B = {Bm 

qnm) -> B' = (Br
n, qnn) of ANR-sequences such that for every n and for 

every e > 0 there is an index n* = F(n, e) satisfying the following condi­
tions : 

(A) for all m ^ n*9 d(q^mp'mfmra(m)/, qnmhmq^m)/p^ < e where / ^ 
Max(a(m), /3(w));and 
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(B) if m' ^ m, there are homotopies K:fmra(mMmf) ^ r^fm, and 
H: hmqß{m)ß{mf) s qmm,hmf such that for every t G / 

(i) d(q'mJ*m4ßMß(m')> QnnfiT t) < £ and 
00 d(qf

nmp'mKtra{mf)/f, q'nmHtq %„,),, p,,) < £ w h e r e ' ' ^ Max(a(/n'), 
j8(ni')). 

REMARK 4.1. Cleary, lp = (1E, 1B): (E, p, B) -> (E, p, B) is a fiber 
morphism. 

REMARK 4.2. Let F, E\ B be compact ANR's, p: E -> B, p': E' -+ B be 
maps and / : F-> E' be a map over B (i.e., / ? ' / = /?). Then the trivial mor­
phism f = ( / ) : E -> E' is a fiber morphism. 

Now we will define an equivalence relation in the set of fiber mor­
phisms between level maps of ANR-sequences. 

DEFINITION 4.2. Two fiber morphisms F = (f, h), G = (g, k): (E, p, B) -• 
(E', p', B') where f = (<*,/„), h = (ß, hn), g = (r, gn), k = (8, kn) are said 
to be equivalent (in symbols, F ~ G) if for every n and for every e > 0 
there is an index ri = (F, G)(n, e) with the following property : for every 
m ^ ri there is an index / , / ^ Max(a(ra), /3(w), ^(m), 5(m)) and there 
are homotopies L :fmra(m)/ = g„/ r (mV and M: Am^(m)/ ^ fcmft(m)/ such that 
for every t e 7, d{q'nmhmqß{my, q'nmMt) < e and d(q'nmpmLt, qnmMtpù < e. 

REMARK 4.3. Denote the set of all such / by (F, G)(m; n, e). Clearly, if 
/ ' ^ / , then / ' e (F, G)(m; n, e) sincep/rut = q^'P,*. 

REMARK 4.4. If F = (f, h) - G = (g, k), then f s g and h s k. 

PROPOSITION 4.1. The relation ~ of Definition 4.2 w a« equivalence 
relation. 

PROOF. Only transitivity requires a proof. Let F = (f, h), F' = (f', h'), 
F" = (f", h"): (E, p, B) -+ (E\ p', B ) be morphisms of level maps such 
that F ~ F' and F ' - F". For given « and e > 0, let / ' = (F, F')(w; «, 
e/2) and Z"e(F' , F")(m\ n, e/2). There are homotopies L': fmra{m)/, ^ 

fmra'(m)/'> M''. hmqßr{m)/, = ^m#/3'(m)/" a n d ^ " : fmra'(m)/» = fmra"(m)/»> M"'. 

h'mQß'im)/» = ^"m^^im)/" satisfying the required conditions. For / ^ 
Max(/', /") , define the required homotopies L: fmra{my =fmra"(m)/ an<^ 
M: hmqß{m)/ ^ h"mqß„{m)/ by composing homotopies 1/ with L" and AT 
with M" respectively. 

REMARK 4.5. Let F = (f, h): (E, p, B) -» (E', p', B ) be a fiber morphism 
of level maps where f = (a,/M) and h = (ß, hn). Define an index function 
a = Max(#, ß): N -+ iVand maps f = (<$,/„), h = (a, hn) (with the same 
index function) by fn = fnra(nMn) and hn = hnqß(nMn) for every n. Then 
clearly, F = (f, h) : (E, p, B) -• (E', p', B') is a fiber morphism of level 
maps and is equivalent to F. 
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By this remark, from now on we will always consider fiber morphisms 
with one index function. 

Selecting appropriate indices, composing homotopies that are given by 
hypothesis and using well-known properties of ANR's, one can prove 
the following propositions. The proofs are complicated in details but the 
arguments are straightforward and so we omit them. 

PROPOSITION 4.2. The composition of two fiber morphisms of level maps 
is a fiber morphism of level maps. In other words, if F — (f, h):(E, p, B) -> 
(E', p', B') and G = (g, h): (E', p', B') -» (E", p", B") are fiber morphisms 
of level maps of ANR-sequences, then GF = (gf, kh): (E, p, B)->(E", p", 
B") is a fiber morphism of level map of ANR-sequences. 

PROPOSITION 4.3. Let F, F' : (E, p, B)-*(E', p', BO and G, G' : (E', p', B ) -+ 
(E", p", B") be fiber morphisms of level maps. Then F ~ F' implies GF ~ 
GF' and G ~ G' implies GF ~ G'F. 

We will define an equivalence relation in the set of level maps. 

DEFINITION 4.3. Two level maps (E, p, B) and (E\ p', B') are said to be 
equivalent (in symbols, (E, p, B) ^ (E', p', B')) if there are fiber morphisms 
F: (E, p, B) -• (E', p', B ) and G: (E', p', B ) -* (E, p, B) such that G F ~ 
1(E,P,B) and FG - 1(E',P',B)-

By Propositions 4.2 and 4.3 the following result is clear. 

PROPOSITION 4.4. The relation s is an equivalence relation in the set of 
level maps of ANR-sequences. 

Now we are in a position to define the concept of fiber shape equival­
ence. 

DEFINITION 4.4. Let E, E\ B be compact metric spaces. Two shape 
fibrations p\E-*B and p':E'-*B are said to be fiber shape equivalent 
if there are level maps (E, p, B) and (E\ p', B;) with limit maps p and p' 
respectively such that (E, p, B) £ (E', p \ B'). 

The following theorem justifies Definition 4.4. 

THEOREM 4.1. Let p\E-*B be a map between compact metric spaces. 
If (E, p, B) and (E', p', B') are level maps of ANR-sequences with limit 
mapp, then (E, p, B) £ (E', p \ B'). 

First we will state an useful lemma from [11]. 

LEMMA M. (MARDESIC). Let X = (Xn, rnm) be an ANR-sequence with 
inj lim X = {X, rn) and let Y be a compact ANR. Then the following asser­
tions hold: 

(\)for every e > 0 and for every map f: X-+Y there is an index n* such 
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that for each n ^ n* there is a mapfn: Xn -• Y with d(fnrn,f) < e; and 
(ii) ife>0 andfn, gn: Xn -» Fare mû/?.? SWCÄ fAâtf d(fnrn, gnrn) < e, 

there exists n ^ n such that d(fnrnm, gnrnm) < s for every m ^ h. 

PROOF OF THEOREM 4.1. For every m = 1, 2, 3, . . . we will select positive 
numbers (em, dm, êm9 ôm) where ex = 1, ew -» 0 as m -• oo, ôm ^ em for 
/w = 1, 2, . . . , and by induction on m, we will construct maps f = (a, 
/„) : E -» E' and h = (a, hn) : B -> B' of ANR-sequences such that the 
following conditions are satisfied : 

(a) for every n and for every e > 0 there is an index n* such that for 
all m ^ n*9 em e A(qnm, e); and 

(b) (i) d{rf
mJmra{m)) < BJ2, d{qm, hmqa(m)) < 5J2 

mPa(m)) "^ ^m 

(iii) for every m' ^ m there are êw-and £w/3-homotopies K: 
fmUmMm') = rmm>fm> and H : hmqa(mMmf) s w A m ' respectively such that 
for every t e I, d{pmKu Htpaimn) < em. 

Since emeA(qnm, e), by (ii) and (iii) for every m ^ «* d{qnmpmfm, 
Hnm'*'mPa(m) 

) < e and for every * e /, d(qnmpmKt, qnmHtpa(m)) < e. Hence 
F = (f, h) : (E, p, B) -> (E\ p', B') is a fiber morphism of level maps. 

Let m = 1. Select £ l = 1, Ôx e T 7 ^ , £ I / 3 ) , êi e yl(/>î, 3i/3) a n d ^ G T 7 ^ , 
êi/2). By lemma M(i) there is an index nx and there are maps/^: 2 ^ -• ^ 
and hx\ Bni -> ^ such that 

(1) dirlJ^) < 3j/2 and rffoi, £#„,) < ÔJ2. 

By the choice of d1 and by / ^ = q[p9 qnxp = /?M1rwl 

(2) dip'Jf^ hlPnirni) < 5i. 

By the lemma M(ii), there is an index a{\) à «î say, such that 
(3) ^ i / l ^ a d ) » ÄtfniaCD^aa)) < ^ . 

Write /irnia(1) = fx and Aigniaa) = hv Now by (1) and (3) 

(4) d(r[9 flUl)) < 3J2, d(q[, hqa{l)) < ÖJ2 

and 

(5) d(p[fl9 hxpa{l)) < <?!. 

Let m = 2. Select e2, fe £2 and S2
 a s follows: e2e (̂̂ 12» ^i/22), <52e 

A * * ez/3), «2 e ^ ( / 4 ^2/3) fi Ä * hß2) and £2 e A ^ , Hß\ As in the 
case m = 1, by the lemma M(i), there is an index n2 ^ a(l) and there are 
maps/2 : En2 -• ^2 and h2: Bn2 -> 5 2

 s u c r i that 

(6) ^(^2,/2^2) < 52/2, d(qi h2qn2) < ô2/2 

and 
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(7) « W * h2Pn2) < S2. 

By the choices of d2 and ô2 and by the equalities r[2r2 = r'l9 q[2q2 = q[, 
(6) implies 

(8) d(r[, r[2f2rn2) < S{\22 and d(qi q'12h2qn2) < 3J2*. 

By (4) and (8), 

dUir^), Kj2rn2) < ÔJ2 + IJX 

d(hqa(x), q[2h2qn2) < ft/2 + ft/22. 

Since ra(1) = raa)n2rnz and #a(1) = qa(i)n2q„2, 

(l0) d(fxra{X)n<lrni) r[J2rn2) < ft 

d(hiqa(i)m<im> ?i2%«2) < <?i. 

By the lemma M(ii), there is an index «f such that for all indices a(2) ^ 
« | we have 

( H ) ^(/l/"a(l)a(2)» r12f2rn2a(2)) < ^1 

and 

0 2 ) ^(%a(l)a(2)> ^Ylh^maiz) < <?1-

Write /2rM2a(2) = / 2 and Ä2?W2a(2) = A2. Now, by the choice of ft and ft, 
there are êi/2- and ex/3-homotopies K: /ira(1)a(2) s r[2f2 and if: %a(i)a (2 ) s 
<7i'2A2. Hence 

(13) ^(/l>*a(l)a(2)> * Q < Ê1 

and 

(14) rf(Al9 a(l)«(2)> # , ) < ei/3 

for every t e 7. By the choice of £1? 

(15) ^(/>i/i^i)«<2)>/>itf*) < $i/3 < ei/3 

for every f e 7. Therefore by (14), for every tel, 

(16) ^l?„(l)a(2)/>«(2)> #*/>a(2)) < Sl/3. 

By (5), we have 

(17) ^(Pi/l^(l)a(2)5 Al/>aa/a(l)a(2)) < 51 < * l / 3 -

Since/7a(1)ra(1)a(2) = qailM2)pa(2), by (15), (16), and (17) 

(IB) d(p[Kti HtPai2)) < ei 

for every tel. 
Let m ^ 3. Select em e f| »=Mtó-». 8J2*-*"), Ômer{B'm, eJ3),ême 
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A(p'm9 ÖJ3) fi te1 A(r^9 ôn/2>»-«+i) and öm e r(E'm, ëJ2). The rest of 
the construction follows as above. 

CONSTRUCTION OF G. For every n = 1, 2, 3, . . . , similar to the numbers 
(en, ôn9 ên9 ôn), we can select numbers (Xn, fjtn9 Xn, fin) satisfying the following 
additional condition: 

eA(hm,3J2), /3), 
(c) 

Aa(m)£A(fm, ÔJ2) and fiaim) e r(Ea(m), Àa(m)/2). 
Similar to the maps f, h, we can construct maps q: E' -> E and k: B' -• B 
of ANR-sequences such that G = (q, k) : (E', p', B') -» (E, p, B) is a fiber 
morphism of level maps. See Figure 2. To show that FG ~ lp/, for given 
n and e > 0, let ri be such that for all m ^ ri, em e A(q'nm, e). By construc­
tion of Fand G we have 

(13) d(r^fmra(m)) < ÖJ2, d(q'm, hmqa{m)) < ÔJ2 

and 

, . A, d(ra(m)9 ga(m)rßa(m)) < ßa(m)ß, 

(14) 

By the choices of ßa(m) and ^ a ( w ) 

d(fmßa(m)rßa(m^fm§a(m)rßa(m)) < ^m-

By lemma M(ii), there is an index m* such that for all / ^ m* 

/ t ,. d(rm/,fmga(m)rßa(m)/) < <5W, 
(16) , r 

d(qm,,hmka{m)qBa{m)/) < ôm. 

By the choices of <5m and dm there are £OT/2- and £m/3-homotopies L:r'm/^ 

JmSa (m) rßa(m)/ 

and M : ^ ^ hmka(m)q^(m)/ such that 
(17) J ( C Lf) < gJ2 and fc, M,) < em/3 

for every / e /. But, by the choice of em9 d{qnmp'mLt, qnmMtp'ì) < e for every 
tel. Since this is true for all m ^ n\ FG ~ lp/. 

Now, if GÌ7 is not equivalent to lp, then similar to the fiber morphism 
G we can construct a fiber morphism F' = (f ', h') : (E, p, B) -> (E', p', B') 
satisfying the conditions (a), (b), (c) and such that GF' ~ lp. From these 
conditions it is clear that F ~ F'. 

Note that {FGF')G ~ FG ~ lp, and G(FGF') ~ G F - lp which 
shows that (E, p, B) ^ (E', p', B) . 
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Figure 2 

EXAMPLE. In the plane R2, let c be the closure of the diagram of the 
function y = sin(7c/x) for 0 < x g 1 and let / b e a simple arc with 
endpoints (0, — 1) and (1, 0) such that its interior lies in R2 — c. Denote 
the resulting space by W. Let A = {(0, y)\\y\ ^ 1}. It is known that the 
quotient map p: W-* W/A * 5 1 is a shape fibration. The identity map 
p' = l s i : W/A -* W/A is also a shape fibration. It is very easy to see that 
p and p' are fiber shape equivalent. 

Consider annuii E\ => E2 => • • • which are neighbourhoods of W in R2 

shrinking to W. For every n, there is a retract pn : En -> W/A with 
pn\En+i = pn+i. Then p = (pn): E -+ W/A is a level map. Let p' = (/?' = 
lsi): W/A -> fF/,4 be a trivial level map. 

Let F = (f):p '->p be a fiber morphism of level maps such that for 
each n, fn: S1-* En is a simple closed curve, fn ^ fn+1 in En and for every 
e > 0 there is an index n* 7> n such that for / ^ m ^ «*, d{pnHt, lsi) < e 
for every / e /where H\f, s / w in £"„. 

Let G = (g) : p -> p' be a fiber morphism of level maps such that for each 
n, gn:En-> S1 is a retract off^S1). Clearly, EG - lp and G77 - lp.. 

5. Strongly equivalent maps induce equivalent shape fibrations. In this 
section we will define a notion called 'strong equivalence' and prove the 
main result that two strongly equivalent maps induce fiber shape equi­
valent shape fibrations. 

Note that in this section we will only consider ANR-sequences with 
bonding maps as inclusions. 

DEFINITION 5.1. Two level maps f, g: C = (Cn, q'ntn) -+ B = (Bn, qnm) of 
ANR-sequences are said to be strongly equivalent (in symbols, f = g) 
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if for every n there is w* ^ n such that for all m ^ n* there is an homotopy 
H»» = H: Cmx I-+ Bn with H0 = / „ ^ = qnmfmH1 = gnqnm = qnmgm 

and if for n' ^ n, m! ;> m, # 'w w ' = # ' : / „ , gvm> = gn>q'n'm', then there is 
a homotopy G: Cm, x I x I -+ Bn such that G0 = qnn'H\ Gx = H(q'mm, x 
1/) and for every x e Cm/, t G /, G(*, 0, t) = qnm>fm>(x) and G(x, 1, /) = 

By choosing appropriate indices, composing homotopies one can prove 
the following proposition. 

PROPOSITION 5.2. The relation ^ is an equivalence relation in the set of 
level maps of ANR-sequences. 

DEFINITION 5.2. Two maps/ , g : C -> B between compact metric spaces 
are said to be strongly equivalent (in symbols,/ ~ g) if there are level maps 
f, g: C-+B of ANR-sequences with limit maps / a n d g respectively and 

THEOREM 5.1. The relation ~ is an equivalence relation. 

First we will prove two useful lemmas. 

LEMMA 5.1. Let g, g': C->B be level maps of ANR-sequences with 
limit map g. Then g = g'. 

PROOF. Consider C x / a Q x I « Q. Let H: C x I -» B be the con­
stant homotopy H(c, t) = g(c) for all e e C, t e I. By induction, for 
each n = 1, 2, 3, . . . we can find an index h ^ n and an homotopy Hn: 
Q x Ï -> Bn which is an extension of H such that Hn: gnrnil £ gnrnit and 
Hn\Cn+1 x I = Hn+1. By reindexing we get g ^ g'. 

LEMMA 5.2 Let f g, h: C -> B be maps between compact metric spaces, 
f, g: C = (CM, rnm) -> B = (Bni qnm) and g', h: C = ( C r'nm) - JT = 
C#»> Ü ^ level maps of ANR-sequences such that inj lim f = / , inj limg = 
inj lim g' = g, inj lim h = h, f = g and g' ^ h. Then there are ANR-
sequences C, B and level maps f, g, g', h: C -* B such that inj lim f = / , 
inj lim g = inj lim g' = g, inj lim h = A, f ^ g and g' ^ h. 

PROOF. Let Bx \] B[ be disjoint union. For each b e B identify b e Bx 

to b eB{. Let the quotient space be denoted by B1 [jB B[. Note that for 
each«, Bn+1 \JB B'n+l a Bn \JB B'n. Embed B1\JBB[ in Q. Choose a de­
creasing sequence B of compact ANR-neighbourhoods Bn such that 
fl Bn = B. For every n there is n' ^ n such that Bn, [jB B'n, c= int Bn. 

Now, consider an ANR-sequence C x C = {Cn x Cn, rnm x r'nm}. 
Without loss of generality we may assume that for each «, Cn x C'n is a 
compact convenient ANR. Let J(C) = {(e, e) e C x C} c Cn x C'n be 
the diagonal. Since J(c) is a closed subspace of Cn x C'n, for each n, we 
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can select a decreasing sequence C of compact ANR-neighbourhoods 
Cn of A{C) in Cn x C'n such that for each n, Cn a int Cn x C'n and fi Cn = 
AC * C. 

For each n, let %n\ Cnx Cn-+ Cn and %n\ Cn x C'n -> C'n be the pro­
jections. We will denote %n \ Cn by %n and 7zr̂  | Cn by ?^. Clearly, by rein-
dexing if necessary, fzr, gn, gf7u\ h?r', : C -* B are level maps of ANR-
sequences with inj lim frr = / , inj lim gn = inj lim g'ic' = g, inj lim hn' = 
h, îiz £ gir and g V = hzr'. 

PROOF OF THEOREM 5.1. Only transitivity requires a proof. Let/ , g, /*: 
C -> 2? be maps between compact metric spaces such that f ~ g and 
g ~ h. Then by Lemma 5.2 there are level maps of ANR-sequences 
f» g> g> h: C -> B such that inj lim f = / , inj lim g = inj lim g = g, inj lim h 
= h and f £ g, g = h. By Lemma 5.1, g s g and by Proposition 5.2, then 
f = h which proves the theorem. 

The following proposition shows that this equivalence relation is a 
generalization of a homotopy relation. 

PROPOSITION 5.3. Two homotopic maps f, g: C -» B between compact 
metric spaces are strongly equivalent. 

PROOF. Let H: C x I -> B be the homotopy with H0 = / a n d Hx = g. 
Embed C x / i n ß x / « ß and Bin Q. Select a decreasing sequence B 
of compact ANR-neighbourhoods Bn of i? in g with H ^» = ^- Let H: 
Q -• g be an extension of i7. For each «, we can select a compact ANR-
neighbourhood Cn x I of C x I in H~l{B^) such that Cw+1 x 7 c Cn x I 
and D(CÄ x I) = C x I. Write Hn = H\Cn x I. Note that for every n, 
Hn\C x I=H. Write fH = Hn(0) and #„ = HH(l). Thus f = ( / „ ) s g = 
(gw), showing tha t / and g are strongly equivalent. 

REMARK 5.1. Two strongly equivalent maps may not be homotopic. 
Let Zbe the sin(l/x) curve in R2 with domain (0, 1] and let A be the closure 
of X. Let C = {*} be a space with one point. Define/and g from C to X 
such that /(*) = a e A — X and g(*) = b e X. Choose a decreasing se­
quence A = (An) of compact ANR-neighbourhoods of A in R2 such that 
for each n, An is contractible in itself and f]A„ = A. Hence for every n9 there 
is a path from a to b in A n which shows that / and g are strongly equivalent. 
But there is no path from a to b in A. So/and g are not homotopic. 

Now, we will prove the main theorem of this paper. 

THEOREM 5.2. Let E, B, C be compact metric spaces, p: E -> B be a 
shape fibration and / g: C -+ B be strongly equivalent maps. Then the 
shape fibrations p' = p*{f) and p" = p%{g) induced from p by f and g re­
spectively are fiber shape equivalent. 
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PROOF. Let p : E -» B, f, g : C -> B be level maps of ANR-eequences with 
limit maps p, f, g respectively and f = g. For each n, let (Z'n\f'n9 p'n) and 
(Z"n\ gl p"n) be the pull-backs of (Bn;fH9 p») and (Bn9 gn9 pn) respectively. 
Then Z' = (Z'n9 r^w+1) and Z" = (Z£, r£n+1) are inverse sequences of 
compact metric spaces with inj lim Z' = (Z', / ' , p') and inj lim Z" = 
(Z", g", p"), the pullbacks of (B;f9 p) and (B; g9 p) respectively. 

Now by induction, for each n = 1, 2, 3, . . . we can select positive 
numbers en and ^w (TJ„ < en)9 compact ANR-neighbourhoods E'n and E^ 
of Z^ and Z£ respectively such that 

(2) inj lim E' = Z', inj lim E" = Z"9 

(3) d(pnf'n\E^fnp'n\EÛ <en,d(pngn\Elgnpl\E'u < en where/;, g ^ : ^ x 
CM -+ £ w a n d / ? ^ , ^ : £ w x Cn -> C„ are the projections 

(4) for e', e" e En and x j e Cn9 d(pn(e')9fn(x)) < 7]n implies (e'9 x) e E'n 

and d(pn(e")9 gn(y)) < rjn implies (e"9 y) e E"n9 

(5) as n -> oo, £w -• 0 (so does ç„) and en+1 e /1(#W) w+1, 7}n). 
Selections of the neighbourhoods are similar to those that are shown 

in the proof of Theorem 3.1. 
Now we will define fiber morphisms h' : E' -+ E" and h" : E" -* E' such 

that (h", lc) - (h\ lc) ~ lp, and (h', lc) . (h', l c) - lp,, 
For the fiber morphism h": E" -• E \ since p has AHLP and e„ -• 0 as 

« -> oo every pair («, e) has a lifting pair (m, em). Let (/, et) be a lifting 
pair for (n9 7jn) and (y, ej) be a lifting pair for (/, rji). Since f s g, for y 
there is an index m and a homotopy H': Cm x I -+ Bj such that 77Ó = 
/^r;w and H[ = gflim. Define a homotopy H*»:E'^x / -> £y by # « = 
# ' • (/C x !/)• Let hm\ E"m-+ Ej be the composition Am = rjmgm. Consider 
Figure 3. 

F i g u r e 3 
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By (3) and the choice of em, d(pjhm, / / f ) < ey. Since (j, ej) is a lifting 
pair for (/, 77,), there is a homotopy Gm\E"m x / -+ Et such that 

(6) G? = rt-jh
m 

and 

(7) d(pfi«, qijH") < Vi. 

By the choice of rji and (4), there is a map h"n = (Gjf, # , ' m / 0 : E"m -» is,'. 
Write Ä; = r ^ . 

Similarly for «' ^ «, there is a map K'n> = r'nfi,h"n,\ E"mt -* i v . Now we 
have to show that for every e > 0 there is a homotopy G: r'nnrKr

nf = hn
nr"mmt 

such that for every f G 7, d(p'nGt, q'nm'p"m') < e. 
Since f = g, there is a homotopy # : qjjrH" ^ / / ' • (#^w> x 17) where 

H":fjqj>m> = g,?>m', such that H(x9 0, 0 = ffljm>(x) and #(x, 1, 0 = 
gjq'jm>{x) for every x e C'm and f G I. Write H = ^ 7 H(p"m x 17 x 17). 
Let g: E"m* x J -> E{ be defined by 

r 6 -CL. ' x !/)(*, s) / = 1 

£(x, j , 0 = j rim,g"m,(x) s = 1 

( rti,G
m'(x, s) t = 0 

where / = / x 1 U 1 x / y / x O . Note that for t = 1, 

/ / |2C ' x / x 1 = ? , y # 0 C x 17 x 17)|£;, x / x 1 

= qijH'Wnm' X 1/X/V X h) 

= qïfH>»(Cm, x 17), 

for s = 1, 
/ / | 2 ^ x 1 x / = qiJH\p"m,(K>) x 1 x / 

and for/ = 0, H\E"m, x / x 0 = qiyH'\pmf x 17) = ? ( 7 # m \ 
Hence, by the choice of em, and çf-/, 

(8) rffog, # Ü V x 7) < T;,. 

Since (i, e,-) is a lifting pair for («, 7]n), there is a homotopy G: E"m> x 
7 x I -+ En such that G|2v x / = rw,g and d(p„G, qniH) < 7]n. Write 
G = (<5, qnm>P"m> x 0 x 17). We have to show that for every (x, t) G JE /̂ x 7, 
d(pnG(x, 0, 0, fn<lnm'Pm'(x> °> 0) < ^n which by the choice of rjn implies 
that ((?(*, 0, /), q'^plfa 0, 0) e ^ ; . Ä 

For (x, /) G jE1 /̂ x 7, we have d(pnG(x, 0, t), qniH{x, 0, t) < 7]n. By the 
definition of 77, d(pnG(x, 0, /)» qnfliß(jfm'(x\ 0, 0 < çn. This implies 
that d(pnG(x, 0, /), ?MW>/w>/v(*, 0, 0) < yn- Hence, d(pnG(x9 0, /), 
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ftA'tm'Pm'ix, 0, 0) < Vn- This shows that (G(x9 0, t), qnm>p^(x9 0, t)) e 
E'n for every (x, t) e Ë'mt x /. So, G is well-defined. 

Now, 

G0 = (G(x9 0, 0), qnmfp"m,(x, 0, 0)) 

= (rnig(x9 0, 0,), q'^Prfix)) 

= r'^r'wiGF'ix, 0), qï>m>p"m'(x)) = r'^hj 

and 

Gx = (G(x, 0, 1), q'^p^x, 0, 1)) 

= (rnig(x, 0, 1), q'nrnfp"m'{x)) 

= r'nt{Gm(rL>'(x)> °)> qimPmrlm'W) 

for x e 2s^/. Thus, G is the required homotopy: r'nnM'nf ^ hj^ and (h", 
l c ) : (E", p", C) -> (E', p', C) is a fiber morphism of level maps. 

For the fiber morphism h' : E' -• E" let (/w, ein) be a lifting pair for 
(ra, ??m) and (ym, £yJ be a lifting pair for (zw, ^ m ) . Define a homotopy 
K:E,x I-+ Bjm byK = iT(/v * 1/) where K':C,x I-+ Bjm is a homo­
topy K'\fjmq)m/ ^ gjm^;m/. Let fc: £ ; -> £>m be the composition k = rjm,f',. 
Note that d(pJmk, KQ) < eJm. Since (Jm9 ejt) is a lifting pair for (/m, ç,.J, 
there is a map £ : E', x / -» ^ such that £ 0 = rim/m* an(^ ^(Pim^> 
qimjmK) < Tjim. Again, by the choice of the rjim9 there is a map h'm = 
(Ri™q'imsP',Y™K - £;m. Write Ä ; = C M Ä ; : E"-> E"m. By similar argu­
ments asbefore one can show that (h', 1C):(E', p', C)-+(E", p", C) is 
a fiber morphism of level maps. 

To show that h"h' ~ lp, consider Figure 4. 

F i g u r e 4 
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Observe thatp'nr'n/ = q'n/p'/ and 

/ » ft j t / / 7JI n Tf 

PnKhm = Pnrnihnrmim
hm 

= Pnrni(Go> qimP"nùr'miSJl> 4Ï*/P') 

= q'mqïmPmrïnim(Jh 4im/P'/) 

= q'nimQim'P'' = y'n/P/' 

Therefore , /?»^ = />>«/• 
We have to show that for every e > 0, there is a homotopy L : A'̂ /4 ̂  r'n/ 

such that d(p'nLt, qn/p^) < e for every r e / . 
Since f ~ g, there is a homotopy 0: C/x I x I-+ By such that 0: 

qjJmK' s tf'folr x 17). Write 0 = <7,70(/v x 17 x 17): E', x I x I-* B4. 
Let ^ : 2v x / -> £ , be a map defined by 

(riim&{x9s) t = 0 

<f>(x, s, t) = I ^ » / i W •* = 1 

I 0 ( /4 x l7)(x, s) t = 1 

where ; = / x 1 [ J 1 x / U / x 0 « / x 0 . Observe that for t = 0, 
</(/>^, 0\K x I x 0) = d(qümPiJ, qiJmK\ for s = 1, £/(/><£ 0 | ^ x 1 
x / ) = d(qtimPiJh qiimqimJmKÒ and for / = 1, </(/>^, Q\E', x / x 1) = 
d(pfi™{tim x \j\qijH\pn x 1 7 ) ( A ; x 17)). Hence rf(^, 0 | £ ; x / ) < 7 , 
where 37,. <; $,-. 

Since (1, £,-) is a lifting pair for («, 37J, there is a map W'.E, x I x I -* En 

such that 1F\E', x J = rni<f> and d(pnW, qni0) < rjn. Define a homotopy 
L: JE1; x / -> ^ ; by L(x, 0 = (^(x, 0, 0 , q'nsPXx)) for J c e ^ a n d / G /. 

Since qni0{x, 0, /) = fnq'n/p/(x)f and </(/?„#T(x, 0, 0 , qnMx, 0, 0) < Vn for 
x e E', and / 6 /, L{E', x I) <= £^. Hence L is well-defined. Also, L(x, 0) = 
r^(x) and L(x, 1) = H'ntim(x) for x e E', and /^L, = tf^/v for every * G /. 
Hence L is the required homotopy. 

By similar arguments, one can show that h'h" ~ lp which proves 
Theorem 5.2. 

6. Strong shape path connectedness. In this section we will define a 
concept of strong shape path connectedness and will find the class of such 
spaces. Then as a corollary of Theorem 5.2 we will show that with respect 
to a shape fibration, the fibers over two points which are connected by a 
strong shape path are of the same shape. This partially answers the ques­
tion raised by Mardesic and Rushing in [11]. 

Let B be a compact metric space and B = (Bn9 qnm) be an ANR-sequence 
with inj lim B = (B, qn). Let Z>, c e B be any two points and b = (bn = 
qn{b)). c = (cn = qn(c)) be sequences of points with limits b and c re­
spectively. First, we will define a path-family from b to c in B. 

file:///j/qijH/pn
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DEFINITION 6.1. A path-family from b = (bn) to c = (cn) in an ANR-
sequence B = (Bn9 qnm) is a seuqnce of paths co = {con: I -> 5M|cow(0) = bn, 
œJS) = cn) such that for each m ^ n,œn = qnmo)m(xQ\i) where/ = {0,1}. 

A routine check shows the following proposition. 

PROPOSITION 6A.LetB = (Bn, qnm) and B' = (Bn9 q'nn) be ANR-sequ-
ences such that inj lim B = inj lim B' = B. For points b, e e B, let b = 
(àn = <ln(b)\ c = (cn = qn(c)\ b' = (b'n = qn(b)) and c' = (cn = qn(c)). 
If there is a path-family co from b to c in B, then there is a path-family co' 
from b' to c! in B'. 

Now we can define the principal concept of this section. 

DEFINITION 6.2. A compact metric space B is said to be strongly 
shape path connected if there is an ANR-sequence B = (Bn, qnm) with 
inj lim B = (B, qn) and for every pair of points b, c e B there is a path-
family co = (ÛO from b = (bn = qn(b)) to c = (cn = qn{c)). 

REMARK 6.1. Let C = {*} be a space with one point and B be a strongly 
shape path connected space. Then any two maps / , g: C-> B will be 
strongly equivalent (Definition 5.2). 

Let/(*) = x and g(*) = y. If p: E-+ B is a shape fibration, then the 
shape fibrations induced from p by f and g are p*(f) : Fx-+ C and p*(g) : 
Fy -> C respectively where Fx = p~l(x) and Fy = p~x(y). Analogous to 
the path component, we can define strong shape path component. Then 
by Remark 6.1, we have the following corollary of Theorem 5.2. 

COROLLARY 5.2.1. Let p: E-+ B be a shape fibration and x, y e B be any 
two points in the same strong shape path component. Then the fibers Fx = 
p~l(x) and Fy = p~l(y) are of the same shape. 

REMARK 6.2. S. Mardesic has showed in [9] that the result of Corollary 
5.2.1 can also be obtained by using the notion of 'generalized paths' and 
the results of [7]. 

The rest of the section is devoted to finding the class of strongly shape 
path connected spaces. 

(i) By Definition 6.2 it is clear that path connected spaces are strongly 
shape path connected. 

(ii) The spaces homotopy dominated by strongly shape path connected 
spaces are strongly shape path connected. 

Let a compact metric space Y homotopy dominate a compact metric 
space X and Y be strongly shape path connected. We want to show that 
X'\s then strongly shape path connected. 

Le t / : X-+ Y and g: Y-+ X be maps such that gf= \x- We can find 
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ANR-sequences X = (Xn, rnm) and Y = (Yn, qnm) with bonding maps as 
inclusions such that f\Xn = X, Ç}Yn = Y, and also we can find level maps 
f : X -> Y and g: Y -> X with limit maps / a n d g respectively. Let xh x2 be 
any two points of X. Write yx = f(xi) and y2 = f(x2). Since gf is homo-
topic to 1 x, there are paths X and p, from *! to gf(xx) and from x2 to gf(x2) 
in X respectively. Since Y is strongly shape path connected, there is a 
path-family co from yj to y2 in Y. Then a/ = (X)g(a))(/u) is a path-family 
from Xx to x2 in X where (X) = (Xn = X) and (/*) = (jun = ^). 

To get other classes of strongly shape path connected spaces we will 
state a property (*) which, in general, is known as the Mittag-Leffier 
property. 

DEFINITION 6.4. A pointed ANR-sequence (X, x) is said to have property 
(*) if for every n, there is an index «(*) such that for all m ^ «(*) the fol­
lowing condition is satisfied : for every co„ e 7Ui(Xn, xn) with con = qnm*(com) 
for some com e %\{Xm, xm), there is ÛJ, e %\{X/, x^) for every / ^ m such 
that <7M/*(ÛV) = ct)n. 

First we prove the following proposition. 

PROPOSITION 6.2. Let (X, x) and (X'} x') be ANR-sequences associated 
with a compact metric space (X, x). If(X, x) has the property (*), then so 
does (X', x'). 

PROOF. By assumption there are pointed maps f = (a,fn): (X, x) -» (X', 
x') and g = (ß, gn): (X', x') -> (X, x) such that gf s l(X,x) and fg s l(x>,xo-
Let f* : ^i(X, x) -* TTI(X', X') and g* : TZTI(X', X') -» TTI(X, X) be the induced 
homomorphisms. Then g#f* ~ l(x,*)* a n d f*g* ~ 1(X',X')*- Note that for 
every w ^ « and / £ TI, ^M*/m* = /»•?«(»)«(»)* and gv*/,* = gn*q'ß(n)ß(/r. 
For any « let m ^ a(«)(*). Since f^g* ~ 1(X',X')*> there is an index m' ^ 
/3(m) such that fn*ga{.nYaßa{nW* = Qnm'*' It is easy to see that for m! = 
«(*), if Xn e ^ i t ó , x^) with Xn = ^m'*(Am/), then for / ^ ra' there is 
^/ = fAo>ai/y) s u c h t h a t 4V*W/) = tf«m'*(/U') which proves that (X', x') 
has the property (*). 

DEFINITION 6.5. A pointed compact metric space (X, x) has property 
(*) if there is an ANR-sequence (X, x) associated with (X9 x) which has 
property (*). 

DEFINITION 6.6. A compact metric space X is said to have property (*) 
if (X, x) has property (*) for every x e X. 

THEOREM 6.1. (see also [7]). If a compact connected metric space has 
property (*), then it is strongly shape path connected. 

PROOF. Embed Xin the Hilbert cube Q. Since Zis a compact connected 
metric space, we can select a decreasing sequence of compact connected 
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ANR's X = (Xn) with Ç\ Xn = X. Note that for each n, Xn is a compact 
path connected ANR. 

Let x, y e X be any two points. For each n, write qn(x) = xn and qn(y) = 
yn where #w: ^-»A^ is the inclusion map. By assumption X has the prop­
erty (*). So, we can select a cofinal subsequence which we will again 
denote by X = (Xn) such that n -b 1 = «(*). 

By induction we will construct a path-family o> from x = (xn) to y = (yn) 
in X as follows (for simplicity we will not distinguish a class and its repre­
sentative). 

First select a family of paths X = {kn: I-*Xn\Xn(0) = xn9 Àn(l) = yn) 
from x to y in X. This may not be the required path-family from x to y. 
Write o)i = quh- Now if X2(q23h)~1 is n o t the trivial element in %\{X2, x2), 
then by assumption there is ju3 e 7Z\{X^ x3) such that q^il^ù = #12*̂ 2 * 
(̂ 23^3)""1)- Write o)2 = #23*0^3) • Then <7I2*(<*>2(Ü>I)_1) is the trivial element 
of 7Zi{Xi, xi). Again, if fi^{quh)~l is the trivial element of ^1(^3, x3), 
then write 0)3 = ^34(^4). If this is not the case, then there is an element 
fa e ia(Xi, x4) such that q2v([xd = fe*(^3^3(^34^4)_1)- Write œ3 = 
^34(̂ 4^4) and so on. 

Since x and y are any two points of X this argument shows that X is 
strongly shape path connected space. 

Now, a pointed compact metric space (X, x) a (Q, x) is 1-movable 
[14] if for every neighbourhood U of X in Q, there is a neighbourhood 
V of X in Q( V cz U) such that for any neighbourhood W of X in 
Q{W c K), any loop at x in V can be deformed within U into a loop 
in W leaving x fixed. 

A compact metric space X is pointed 1-movable if (X, x) is 1-movable 
for every x e X. Note that if x, y e Zare in the same connected component 
of X, then (X, x) is 1-movable implies (X, y) is 1-movable [1]. 

Clearly, a pointed 1-movable compact metric space has property (*). 
Hence 

(iii) pointed 1-movable compact connected metric spaces are strongly 
shape path connected. 

Borsuk has proved [1] that every plane pointed compact connected 
metric space is movable and therefore 1-movable. So, in particular, 

(iii)' every plane compact connected metric space is strongly shape 
path connected. 

The following proposition shows that not all compact connected metric 
spaces are strongly shape path connected. 

PROPOSITION 6.3. (see also [7]). The dyadic solenoid is not strongly shape 
path connected. 

PROOF. The dyadic solenoid 22 is an inverse limit of X = (S*, qn,n+i) 
where for each n, S\ = S1, the unit circle, and qn>n+i: S^+1 -* Si is defined 
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to be qn,n+i(z) = z2 for z e Sl+1. It is well known that 22 is not path con­
nected. Let x, y e 22 be two points in the different path components. 
Assume that 22 is strongly shape path connected. Then by definition there 
is a path-family a) = {con: I -> Sl\œn(0) = xn, con(l) = yn) from x = (xn) 
to y = (yn) in X where qn{x) = xn and qn(y) = yn for each n. Also #wma>w = 
con(re\ / ) . Assume that for each n, o)n is a 'shortest path' from xM to yn in 
Xw. Then co„ = <,<JWAW where /l„ is a contractible path from xn to j w in 
S*, an is the generator of %^S\, x) ^ Z and /„ is an integer. If /n = 0, 
thence = ln. Let/W ^ 0. Then:qn,n+v(/n+i(rn+i) = ^ n and #„,„+1^+1 = 
Xn since ^w, W+I(Û)W+I) = û>M(rel / ) . Hence there is a path X: I-*22 where 
1 = inj lim Aw from x to j ^ . This contradicts our assumption that x and 
y are in different path components. So, 2^ is not strongly shape path 
connected. 

7. Isomorphism of shape groups. In this section we will prove that a 
fiber shape induces an 'appropriate isomorphism' on relative shape groups 
which also justifies the definition of 'fiber shape map'. 

THEOREM 7.1. Letp: E-+B andp' : E' -* B be shapefibrations. Let e' e E\ 
p'{e') = b and F' = (p'YKb). Then for any fiber shape map F = (f):pf -> p 
there is e e F = p~\b) and an induced homomorphism /* : 7Cq(E', F', e') -> 
7zq(E9 F, e) such thatf* = p*lp'*. 

Note that/* is then an isomorphism. 

PROOF. Let p ' : E' -> B and p: E-> B be level maps of ANR-sequences 
and F — (f): E' -» E be a fiber shape map. By [11] we can assume that p 
has HLP. For each n, let en = r'n(e'}^E'n and bn = qn(b)eBn. By induction, 
for each n = 1, 2, 3, . . . we can define a lifting index m = m(n) > n and 
a closed neighbourhood Qn ofbn&Q such that 

( 0 qnmiQm) E int Qn, m > n 

and 

(2) inj lim(ßw, <7wm|ßw) = {è}. 

Furthermore we can choose closed ANR-neighbourhoods Cn of gw 

such that 

(3) qnm(Cm) c ^ t Qn, m > it, 

and therefore 

(4) inj lim(Cw, qnm\cm) = {è}. 

Next choose closed ANR-neighbourhoods F'n and Fw of ( /0 - 1(ô») and 
Z7» Hô») respectively so small that 
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(5) F'n g (p'nY\cn\ Fn g p-\cn). 

Notice that by (3) 

(6) qnm Pm(K) <= int ßw c ß„, qnmpm(Fm) cz int ß„ a Qn for m > n 
Select an £ > 0. Since f : E' -» E is a fiber shape map, for each n there is an 
index n* ^ « such that for all «' ^ n * 

(7) d(qnn,pn,fn,, qna(n>)p'a{n>)) < 5. 

Also by (1) we can choose «' such that for any x e Qa(nf) and y eBn 

(8) <*($W)(*)> y) < e implies j ; e ßw. 

Note that (8) is true for all / ^ ri. Let x e F'a{nf). Then by (7), 

By (8), pnrnn>fn*{x) e Qn. Since p~\Qn) c Fw, rnn,fn,(x) e Fn for any x e 
F ; ( M 0 . Hence rnn,fn,{F*wì E F„. Define a function 0: tf- # b y #*) = ri. 
Note that /3 is an increasing function. Let f'n = rnnrfn,. Thenf = (/3, 
ff

n): (E', F') -• (E, F) is a map of ANR-sequences of pairs. 
It is easy to see that another choice of e > 0 gives an equivalent map of 

ANR-sequences of pairs. 
Now for each n,f'n induces a homomorphism/^*: 7cq(Eß(n), Fßin), e'ß{n))-+ 

7Cq(En, Fn,f'n(e'ß(n)). Since f ' is a fiber shape map, for / ^ n there is a relative 
homotopy Ln/: (Eß{/), Fß{/)) x I-*{En, Fn). Hence there is a path co(L) 
from rn/fX

e'ß(,)) t o fn(eß(n)) which induces an isomorphism œ{L)* : %q(En, 
Fn, V//(4(/))) "* %<kEm Fn9fn(eßin))). 

Now for each n, the sequence of points {rn/fX
eß(/))}/^n converges to a 

point en e Fw such that rnm(em) = en. Hence the sequence of points {en} 
determines a point e e F a E such that for each n, rn(e) = e„. Also notice 
that in the sequence of points {v//(^3(/))}> a n y two consecutive points, 
and so any two points, are connected by a path in Fn. Also, Fn being an 
ANR, for every s-ball containing en there is a contractible ball containing 
en in the s-ball which contains all but finitely many points of the sequence. 
Therefore there is a path a>n joining en a n d / ^ ( w ) ) in Fn. Let hZu)nl be the 
induced isomorphism hL(0nl : 7Cq(En, Fn9 en)-+%q(En, F„, fn(eßin)). Finally, 
let rnm,:nq{Em, Fm, em) -* %q{En> Fm en) be the homomorphism rnm* = 
^L^rnm,hLo)ml for all m ^ n. Clearly rn/* = rnm*rm/*. Hence (^,(E, F, e), 
rnm*) is an inverse sequence of groups or in other words is an object of 
pro-«?. Define a morphism of pro-^ g* = (gn*):(7cq(E\ F , e'), rnm*) -• 
(^(E, F, e), rnm*) by gn* = h^f'n* for every n. Clearly g* is well defined, 
and iff" ~ f ' and f " induces g%, then g* ~ g* in pro-^". 

By modifying the arguments of Mardesic's theorem in [12] we can prove 
that with these new bonding maps p* = (pn*) : (7Cq(En, Fn, en), rnm*) -• 
(7uq(Bn, Cw, bn), qnm*) is still an isomorphism of pro-^. It suffices to show 
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that for each n there is an index / > n and a homomorphism K: 7Cq(B/9 C/5 

è/) -* icq(EH9 Fn, en) such that the Figure 5 commutes. 

VW^ 
P £ * 

V B l ' C £ ' b J 

r n £ * 

lnV 

* VEn'Pn' en> 

Pn* 

-» TT (B ,C , b ) 
q n ' n ' n 

F i g u r e 5 

Let / be the lifting index for m and m be the lifting index for n. Con­
sider [ 0 6 ^ , ( 5 , , C„ *,) where 0:(/«, 37«, /«-i) -+ (B„ C„ b,) is the 
map and /«-i = @/*-i x / ) U (Z«"1 x 1). Let ^ fy] = [ f ] ejr,(*„ C„ 
/>/// 0/V)))- Let ê': 7«-1 -*• £,, be the constant m a p / X ^ ) . Then p,e' = 
<j>'\Ji-\ Since (/«, /*-!) « (/«, 7*-i x 0) and / i s a lifting index for m, 
there is a map $: 7« -> £„, such that $ /« - i = rm/e' and pm$ = #m /0'. See 
Figure 6. 

/ I 
-> E 'ml 

x0 
%«, 

-» B„ 

Since Pmfyidl*) 
Define tf: *,(£, 

F i g u r e 6 

ôm, #@/«) <= F,,. Hence [ $ e ^ ( £ w 

v» Q» £/)• • ̂ (j?,,, Fw, eff) by # [ $ = r ^ , 
m/f/(eß(/)))> 

-l r«/ Wm]^'4^]. By 
straightforward arguments one can show that K is a well-defined homo 
morphism and that/?w*A: = qn/+ and Ä/?/+ = rM/*. 

At the end we have to show that the two isomorphisms g* and (p*)-1(P*) 
from Or,(E', F , e'), / w ) to (^,(E, F, e), rnm*) are equal. It suffices to show 
that for each n there is an index / ' g /such that Figure 7 commutes. 
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T I q ( E ß ( £ , ) ' P ß ( Ä , ) ' e ß ( i l ' ) ) 

y V > P £ " e £ ' 

\(Bß(l')'C^(i')'b&(l1)) 

VWV 

ÏÏ (E ,F , e ) qv n* n5 rr 

F igu re 7 

where the index / and the homomorphism KSLVQ as defined above. 
Let ef be a positive number such that e' < diameter of C,. Choose 

Ô e riß,, e). Since f ' = (ß, ff
n) : (E', F') -> (E, F) is a fiber shape map, for 

/ and 5 there is an index /* such that for all / ' ^ / * 

(9) d(q,ß(/>)Pßu>)> <l/<>P/'f'/ò < d-

See Figure 8. 

E U ? ) 

P ß U ' ) 

Qo ' 
3 ßU ) 
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-> Ec 

-> Bc 

F igu re 8 
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By choice ö is so small that any two 5-close maps are connected by an 
e'-homotopy. Let We 7Uq(E\ F , e') and [W] e 7Cq(E'ß(/,)9 Fß{/f> eß(/f)) which is 
represented by a continuous function W: (Jq, dlq, Jq~l) -» {E^/f)9 Fß(/r)9 
eß(/'))' Note that h^^p^M^^ = p,r* where a),, : / -• E/t is a path from 
*/' t o / ; / ( ^ ( / 0 ) and fjL/f = p,,&,,. Since q//tp,, = p/r,,,, q^p,** = jW/'*-
Now by the choice of / ' and d > 0, (9) implies that there is a homo­
topy G': (Eß(/,)9 F'ß{/f)) x I -* (B„ C,) such that Go = p,r'„,?,, and G[ = 
QW)Pfc/'y Hence G = G'>(W x 17): (/*, 9/<0 _> (B/9 C,) is a homotopy 
such that G0 = Gf

0W = p/r//rf'/rWa.nd Gi = G[W = q/ßu^Pß^')®- Therefore 

(10) [G0] = P/*„..f',.. [W] 

and 

(11) [GÛ = q,fK,>rPfK,>y[n 

The path JJL,, = /V'ÛV '• I -> B/f from 6// to p,'fXe'ß(/')) induces a homo­
topy / T : (^ / , C » x 7-4 (£,,,, C » such that i^ó = W ^ o a n d #'lè/' x 

7 = / v . Then q^H': (B,,, C,>) x / -* (J5/5 C,) is a homotopy such that 
q/s'H'o = #„/ and q//fH'\b/f x I = q^fi^: I-* B, is a path from 6, to 

/VO/'//'(^(/'))-
Let i / = q„'H'(q,>fK,')PßU')W * !/)• Then # : (/9> 3 /g) ~* ( ^ c / ) i s a 

homotopy such that 

(12) H0 = GÌ and / / | / ? - i x / = q//fH'\b/f x I. 

Note that 

(13) [H0] = [ i / J e j^CB,, C/? PSss'fXeft/)))-

Define a homotopy M: (/?, dlq) x J -* (£ /? C,) by 

(G(x,2s) 0 5 ; ^ i 
M(x, 5-) = { 

1 #(x, 2J - 1) \ S s S 1 

for xelq
9 sel. For any x e / H 5 M(x, s): I-+C, is a loop at 

ZW/'//'(£/?(/'))• Since C, is contractible in itself, this loop is contractible. 
Hence [M0] = [MJ e *,(!*„ C/JP, r//ffXe^))\ i.e., [Gol = [#iL By (10), 
(13), (12) and (11) 

(14) P/*r„>*f'AV] = Kq^^flsßis'yP'ßts'Y-

Therefore 

(15) pJtì,iLiCr„,.f'AW] 

which implies that 

0 6 ) PS„"g,"W\ = ?//'.?/'«/')•/'«/')•[*•]• 
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Since q„,. = q//f. 

(17) P^r^g/'AW] = q„'*q,'fr,>yPß{,>)W]. 

which implies that 

(18) fns*„>*g,-m = KqwrPKMn 

Since W is any element of 7cq(E\ F , e'), (18) shows that g* and 
(P*)_1(P*) a r e equivalent in pro-^. Hence inj lim g* = inj lim (p*)_1 (p*) : 
itq(E9 F, e') -• ftq(E9 F, è). 
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