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MODERN PERSPECTIVES ON CLASSICAL FUNCTION THEORY
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Not long ago, I came across an article by a famous French mathemati-
cian, one of the foremost exponents of the Bourbakist school of mathe-
matics, purporting to describe the present direction of mathematical
research. By the end of the third paragraph he had managed to dismiss
the theory of analytic functions of a complex variable as having cut itself
off from the ‘“‘main stream’ of mathematics by ““indulging in overly speci-
alized questions.” Well, what can one reasonably expect from someone
who asserts that “‘the invention of functors is one of the main goals of
modern mathematicians’’? Perhaps benign neglect by those who favor
the Grand Design is not such a bad thing; it enables complex analysts
to work in peace. Not yet, at least, has anyone laid function theory on
the Procrustean bed of his own ideology and tried to trim it, head, limbs,
and all, to the specifications of his own taste, whim, or fancy. If function
theory is to be dubbed a ““living fossil”’ (like the Jews, in Toynbee’s scheme
of history), so be it.

Actually, the situation is not so bad. A discipline which can boast con-
temporary exponents of the caliber of Nevanlinna, Ahlfors, Beurling, and
Schiffer (not to mention the bright stars of several younger generations)
is surely far from played out. To tell the truth, few sensible people ever
thought it was. I had to look long and hard for an unfavorable comment,
and in the process I encountered numerous unsolicited encomia from men
of such high sensibility and diverse interests as Eugene Wigner, Felix
Browder, Georg Kreisel, and Clifford Truesdell (references available on
request). For such individuals, impervious to the fad of the hour, complex
variables has a permanent value.

And yet, there is something in Professor Dieudonné’s assessment [4]
that strikes a nerve. Function theory is a little bit like Euclid. All of us
have had to learn some, and the basic theory is so coherent, so all of a
piece, hangs together so well with no loose ends, that there is the ever
present temptation to conclude that one has learned it all.

*Text of an invited address delivered to the Fall Meeting of the American Mathemati-
cal Society in Charleston, South Carolina, on November 4, 1978.
Preparation of this manuscript was supported in part by NSF Grants MCS 75-06977
A02 and MCS 78-00811.
Received by the editors on November 30, 1979.
Copyright © 1982 Rocky Mountain Mathematics Consortium

75



76 L. ZALCMAN

It isn’t so. A hundred and fifty years young, function theory is going
strong, and if its greedy and ungrateful nephews and nieces are gathering
for a deathwatch and the reading of the will, they are in for a long wait.
Still, when you are 150 years old, you need, if not all the help you can
get, at least an occasional tonic. The prescription, for there is one, is a
remedy tried and true; it is the constant illumination and re-examination
of the subject and its problems both in the clear light of history and with
the laser beam provided by parallel progress in other branches of mathe-
matics. And, in this latter connection, while it hardly seems necessary to
justify the use of methods from other branches of mathematics in complex
analysis (or any other discipline), it is appropriate to note that function
theory has given mathematics so much (topology and algebraic geometry,
for instance) that it seems only fair that it get something in return.

So that is the sermon I would like to preach to this audience, which I
take to be sympathetic, today. It isn’t hard to illustrate. It would be enough
(if I may be permitted my own unsolicited encomia) for me to direct you
to Albert Baernstein’s brilliant application of ideas from real variables to
a broad spectrum of function-theoretic problems or to Carl FitzGerald’s
penetrating and ingenious use of classical techniques in the theory of
univalent functions and cognate areas.

Since it is I who am speaking today, not they, I have decided instead to
talk about the work I know best, my own. And I would like to use it as a
kind of peg on which to hang a pet thesis of mine, which is, quite simply,
that even the basic theorems of complex analysis, the classical corpus
covered in a first-year course in function theory, can afford an ample arena
for interesting and worthwhile research. I'd like to illustrate this thesis by
a number of specific examples taken from the most basic function theory,
things like the theorems of Cauchy and Morera, the mean-value-theorem
for harmonic functions, the theory of normal families, and the Picard
theorems. In each case, surprising new insights have been obtained and
unrealized connections uncovered, whether by a close re-examination of
old avenues of thought or by applying new lines of reasoning made avail-
able by developments elsewhere in mathematics. Thus, to crib a line from
Felix Klein, this talk might reasonably be entitled ‘“Elementary Complex
Analysis from an Advanced Point of View.”

Now, after that lengthy preamble, let me begin.

1. The first result I’d like to discuss is also the most advanced, the Little
Theorem of Picard, proved almost exactly 100 years ago. It is not too
much to say that this theorem, which asserts that a nonconstant entire
function takes on every complex value with at most exception, caused a
revolution in mathematics, at least in function theory. For almost 20
years after it first was proved, mathematicians labored to find an “ele-
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mentary”’ proof of this result. (Finally Borel succeeded; his reasoning has
long since been discarded in favor of more agreeable arguments.) Even
today the result is regarded as deep. In a first graduate course in function
theory one typically proves it either (following Picard’s original line of
reasoning) using a combination of the modular function and the mono-
dromy theorem or, via the ‘‘elementary’ route, by means of Bloch’s
theorem or Schottky’s theorem.

Let me try to ““debunk’—the use of the word in such a connection is
due to Littlewood—Picard’s theorem. I want to show you that, at least for
a class of entire functions large enough to include all functions ever
encountered in practice, Picard’s theorem can be proved by finite induc-
tion! So far as I know, this is a new observation; at least, I haven’t met
anyone who will own to having seen the argument before [12].

The starting point is to observe that Picard’s theorem is, in a natural
sense, a generalization of the Fundamental Theorem of Algebra (which
says that a nonconstant polynomial takes on every finite value). Now
polynomials are characterized by the relation

lim sup log M(r).

< o,
00 log r

where M(r) = M(r, f) = max ,_, | f(z) | is the maximum modulus of
the function in question. It seems reasonable to explore the situation for
functions which satisfy
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where log, x = log(log(--- (log x) ---)) (n times). These are functions
which, roughly, grow no faster than exp(exp(--- (exp z9--)) (n — 1
times). While the collection of all functions which satisfy (1) for some n
does not exhaust the set of all entire functions, it does include all functions
ever normally encountered (and much more). For instance, functions
which satisfy (1) for n = 2 constitute the much-studied class of functions
of finite order.

Before proving Picard’s theorem for functions which satisfy (1), it will
be convenient to isolate a useful fact relating the growth of the maximum
modulus of an analytic function to the growth of the maximum of its
real part. To this end, let

A(r) = A(r, f) = max,,_, Re f(z)
What we need is an inequality of the form
2 M(r) < KiA(K, 1) (r large)

for some constants K;, K, > 0. Such an estimate is immediate from the
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classical lemma of Borel-Carathéodory, which gives
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The point is that this fact is completely elementary—it can be proved
using nothing more involved than the power series expansion for an
analytic function—so there is no dirt being swept under the rug.

To prove Picard’s theorem for functions satisfying (1), suppose it has
been shown to be true for n = N. Let f satisfy (1) with » = N + 1 and
suppose further that f fails to taken on some complex value wy. Since
f — wy then omits 0 and again satisfies (1), we may as well assume that
wo = 0. Then f = ¢4, where g is again entire. Since

logN A(r7 g) = 10gN+1 eA(r,8)
= logy1 M(r, e8) = logy . M(r, f),

we have

lim sup E%(:,g) = lim sup IOgN-i—(l)éVi(ra D¢ .

This, together with (2) yields

limsup-l—c’g'i’—(g(rr’—g)—<oo.

It follows from the induction hypothesis that g takes on every complex
value, with at most one exception. Thus, for fixed w e C, g takes on all
but one of the values w + 2z in,n = 0, +1, +2, ...; and so f = e? takes
on the value e” infinitely often. This completes the proof. We observe that
we have shown slightly more than we claimed; namely, either f takes on
every complex value or it omits a single value and takes on every other
value infinitely often.

When I’ve shown this argument to people, the usual response is some-
thing like, “Well, of course the whole point of Picard’s theorem is that
it works for all entire functions.”” I have no desire to debate the point
(though it is worth noting that Borel himself argued passionately against
precisely such a point of view [3]). But if that is so, it seems to me that it
becomes clear only in the light of an argument such as the one given above;
one comes to understand the power of a technique only by seeing what
one can prove without it. If Picard’s theorem is a deep result, it is because
of those inaccessible functions the induction argument cannot reach.

That brings me to a related point. The obvious question—and it is
always asked—is whether the argument can be completed to give the
result for all entire functions, say by transfinite induction. I don’t know.
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Whether and why one would want to prove Picard’s theorem in such a
fashion is, of course, an entirely different question.

Before turning to a slightly different topic, I'd like to make one further
point. The inductive proof of Picard’s theorem has, I think, a substantial
pedagogical value. While almost every graduate student in mathematics
has to take some complex function theory, there are many institutions
(and, I am sorry to say, the University of Maryland is one of them) where
it is entirely possible to satisfy the requirement in analysis by taking a year
of real variables and only a semester of complex analysis. Many students
do just that. If they’re lucky, they get to see the Riemann Mapping
Theorem at the very end of the semester; but it would be a rare lecturer
indeed who could manage to cover Picard’s theorem in the first semester.
The proof given above is so short, so elementary, fits so naturally into
the development of the basic theory, that it offers the instructor who is so
inclined the opportunity to hit one of the genuine high points of the
subject relatively early in the first semester.

2. It has always seemed to me a bit mysterious how much easier it is to
prove Picard’s Little Theorem than to prove the Great Theorem. Accord-
ing to the latter, a function analytic in a (punctured) neighborhood of an
essential singularity takes on every value, with at most one exception,
infinitely often. Since one may shrink the neighborhood at will, it is clearly
enough to show that in each such neighborhood all values (except one) are
taken on at least once. This formulation lays bare the essential difference
between the two results; in the Little Theorem, the function is defined for
all complex values, the singularity lies at infinity, and a global assertion is
made; in the Big Theorem, the function need be defined only locally, in
some neighborhood of the singularity (which may be taken to be the point
at infinity, if one so desires), and the assertion on the distribution of
values of the function is localized to the neighborhood in question.

Actually, there is no particular profit in distinguishing the value infinity
from other values; both theorems can be (and are most naturally) for-
mulated as assertions about meromorphic functions. The Little Theorem
then says that a nonconstant meromorphic function on C takes on every
value in the extended complex plane C with at most two exceptions (since
we now allow one more value, o), and the Big Theorem states that a
function meromorphic in a punctured neighborhood of an essential singu-
larity takes on all but at most two values in C on that neighborhood.
In the sequel we shall adopt these formulations.

One of the most agreeable proofs of the Big Theorem is via the theory of
normal families. More precisely, one uses Montel’s theorem, which states
that a family of meromorphic functions, all of which omit (the same) 3
values a, b, ce C on their common domain, is normal. The deduction of
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Picard’s Big Theorem from Montel’s theorem is very easy and by now
quite familiar, so I shall not trouble you with it. Usually one proves Mon-
tel’s theorem either via the modular function or by means of Schottky’s
theorem. Either route leads, in fact, to the desired destination without a
detour through Montel’s theorem, though of course the extra work can
be made to yield an additional payoff (Julia’s theorem).

Now Montel’s theorem bears a striking family resemblance to Picard’s
Little Theorem. Indeed, Picard’s Little Theorem says that a meromorphic
function omitting three values in Cisa constant, and Montel’s theorem
deduces from essentially the same hypothesis the normality of a family of
meromorphic functions. Is this anything more than coincidence?

Speculation in this direction goes back over fifty years to André Bloch,
a brilliantly original mathematician who was also a maniacal mass mur-
derer.! He laid down the heuristic principle that if a property forces an
entire (or a globally defined meromorphic) function to be constant, then
any family of analytic (meromorphic) functions on a domain which
enjoy that same property must be a normal family.

I first learned Bloch’s principle as a graduate student reading the second
volume of Hille’s Analytic Function Theory, and 1 promptly forgot about
it. More recently, I came across it again, in the late Abraham Robinson’s
splendid retiring address to the Association for Symbolic Logic [8]. In that
address, Robinson listed the explication of Bloch’s principle as one of
twelve problems worthy of the attention of logicians (and, by extension,
mathematicians). As luck would have it, at just that time I was sharing an
office with Christian Pommerenke, whose work on the boundary behavior
of analytic functions turned out to provide a better “‘explication’’ [11] than
even Robinson anticipated.

Before I proceed any further, let me pause to point out to you that
Bloch’s principle is false. Worse yet, it cannot possibly be true. Let me
explain. The property of omitting three distinct values forces a meromor-
phic function to be constant but does not force a family of functions to
be normal, (a counterexample is the family of functions { £,(2)}, f,(z) = nz,
on the unit disc); the functions in the family must all omit the same three
values. Yet for a single function these two properties coincide! Reasonable
men will see in this example neither untoward nit-picking nor the counsel
of despair; it shows, rather, the necessity for formulating precisely ap-
propriate restrictions (which one hopes will be minimal) on the properties
to be considered. Robinson himself recognized this need and formulated
a restricted version of the principle, which he hoped would be amenable
to proof by nonstandard analysis. In fact, the nonstandard analysis has
proved to be something of a red herring; as for the restrictions, it turns
out that one can actually get by with much less.

It happens to be convenient to adopt a rather pedantic notation for
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functions and properties if one intends to prove a version of Bloch’s
principle. Since I intend to do nothing of the sort here today, let me in-
stead describe the result in question in an informal fashion and make a
plea for good will.

Let P be a property which is

(i) hereditary (i.e., stable under restriction),

(ii) continuous (i.e., stable under convergence), and

(iii) invariant (i.e., stable under linear substitution).

Suppose that the only meromorphic [entire] functions on C, which have
P are constants. Then, for any domain D < C, the collection of all func-
tions meromorphic [analytic] on D which have P is a normal family.

It is important to note that the theorem holds equally for analytic and
meromorphic functions.

How does one prove this? By using the power of negative thinking and
giving a necessary and sufficient condition for a family of functions not to
be normal.2 More precisely, if a non-normal family of meromorphic func-
tions has a property P which satisfies (i), (ii), and (iii), one can construct
a nonconstant meromorphic function on C which has P; and this is a
contradiction. Such a construction occurs in the work of Lohwater and
Pommerenke [6] on the asymptotic embedding of parabolic Riemann
surfaces in the cluster sets of certain functions which are called, appropri-
ately enough, non-normal; it is easily modified to handle the present
situation. By one of those delicious ironies of history, there is nothing in
the argument that was not already available to Bloch fifty years earlier.
In fact, the proof is entirely elementary, and the only point that can be
said to be at all delicate is handled by a simple device popularized by
Landau in his proof of Bloch’s famous generalization of the one-quarter
theorem. The argument also has the distinction of affording one of the
very few instances of a nontrivial application of the well-known criterion
(due to Felix Marty) for normality in terms of the spherical derivative.

Where does all this lead? In case the property under consideration de-
pends only on the values taken on by the function, our theorem tells pretty
much the full story. Thus, to prove Montel’s theorem, take for P the
property “either f omits the (fixed) values a, b, ¢ € C or f is constant”.
Conditions (i) and (iii) are automatically satisfied and (ii) follows easily
from Hurwitz’s theorem. We drop the Little Picard Theorem in the
hopper, turn the crank, and out comes Montel’s theorem.

Actually, it is no harder to prove more involved variations on the same
theme. For instance, take for P the property that the function f omits
three values a, b, ¢ (allowed to depend on 1), the product of whose chordal
distances y(a, b)y(b, c)x(c, a) is bounded away from zero by some (small)
fixed constant ¢ > 0. Then, as before, P satisfies (i), (ii) and (iii), so we can
conclude that any family of functions which satisfy P is normal. Or, for a



82 L. ZALCMAN

somewhat more recondite example, suppose that fis meromorphic on C,
and that all its poles have multiplicity = 7, all its zeros multiplicity > m,
and all zeros of f(z) — 1 multiplicity = n. Nevanlinna’s Second Funda-
mental Theorem [7, p. 280] implies that if /=1 + m™1 + n~! < 1, then f
is constant. If follows just as before that any family of meromorphic func-
tions, all of which satisfy the above multiplicity conditions on some given
domain, is a normal family [5, p. 238].

None of these theorems is new, but in each case Bloch’s principle puts
the work where it belongs; it puts the work into proving a theorem about
a single, globally defined function. In some cases, at least, the savings in
labor and clarity involved are very considerable. Thus, at the very least,
the principle has the value of a systematic approach.

Does it also lead to new theorems? No, at least, not yet.3 Let me explain
why, since the answer suggests a number of interesting open problems. The
crux occurs at (iii), where one least expects it. Typically, properties of an-
alytic functions involve not just the values of the functions themselves, but
also the values of their derivatives. No such condition is likely to be
linearly invariant. For instance, it has long been known, and is relatively
easy to show, that an entire function which satisfies

(3) f2) #0 and f'(z) # 1

must be constant. It is also true (Miranda) that a family of functions (on
the disc, say) which satisfy (3) is normal. Since (3) does not continue to
hold when f is replaced by g(z) = f(az + b), the hypothesis of linear
invariance is not satisfied; so we cannot obtain Miranda’s theorem as a
special case of our version of Bloch’s principle.

To make a virtue of adversity, let me note that this failure admits an
optimistic interpretation. It is a relatively recent (and highly nontrivial)
result of Clunie that an entire function with the property

@ J@f' @) # 1

must be constant. Property (4) also fails to satisfy linear invariance, and
it remains an open quesion whether it forces a family of analytic functions
to be normal. Now there is every reasonable expectation that an approach
on lines similar to those limned above can be developed to handle the
easy case (3). Since the difficulties encountered in applying Bloch’s princi-
ple to (4) seem rather similar to those which arise in dealing with (3), one
can at least hope that a successful approach to (3) will also enable one to
handle (4). (Naturally, pessimists can argue in exactly the opposite direc-
tion.) Of course, it is entirely possible that (4) does not force a family to be
normal, in which case our formulation of Bloch’s principle would provide
a kind of rough explanation for this failure. At the present stage, all this
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is only wishful thinking, but the question is well worth investigating.

I should also like to mention two further, much vaguer and chancier,
directions for possible research. Let P be a property of functions defined
on open subsets of the plane. Associate to each open set U = C the col-
lection of meromorphic functions on U which have P. In case P is heredi-
tary, the aggregate of all such collections (which we may identity with P)
has the structure of a pre-sheaf of sets, a fact pointed out to me by Mike
Razar. While it seems most unlikely that this structure could be exploited
to function-theoretic advantage, one cannot rule out the possibility al-
together, and someone may wish to examine it.

A second direction of possible research, suggested to me by Yakar Kan-
nai, is connected with the logical properties of the formulation of various
properties. It seems well within the realm of possibility that new elabora-
tions of Bloch’s principle, in which attention is focused on such logical
properties, await discovery. Unfortunately, my limited competence in
logic renders any detailed speculation in this direction out of the question.

Thus, for the moment at least, the principal interest of the circle of ideas
I’ve been discussing (beyond whatever philosophic interest attaches to the
transformation of a purely heuristic device into a bona fide theorem) is
pedagogic; it provides a new and fairly direct route to Montel’s theorem
and thence to Picard’s Big Theorem, Julia’s Theorem, the theorems of
Schottky and Landau, and points beyond.

3. Thus far, I have focused on results, proved by old methods, whose
interest lies mainly in the direction of casting new light on familiar pheno-
mena. Now I should like to make a sharp turn and talk instead about some
results which open altogether new vistas. Surprisingly (or, on reflection,
not-so-surprisingly) these come from re-examination of some extremely
elementary aspects of complex analysis.

Let me begin with a subject very close to my heart, Morera’s theorem.
One version of this result, due to Carleman, goes as follows. Let D be a
domain in C, and let f be continuous on D. Suppose that

®) j f@)dz =0

for all circles [" contained, with their interior, in D. Then f is analytic on
D. Since this is not the usual version of the theorem, let me also remind
you of the proof. Suppose fe C}(D). Fix zy € D and let [', be the disc of
radius r centered at z,. Then, for r sufficiently small, one has from Green’s
theorem

0= .f f()dz = 2;‘” 9 4 ay,
r, 4,02
where 4, is the disc bounded by [,. It follows that






