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LOCAL PROPAGATOR THEORY

STANLEY STEINBERG

ABSTRACT. A survey of abstract propagator theory (Ovcyannikov
or Ovsjannikov Theorem) is given. This theory is reminiscent of
semigroup theory. However, while semigroup theory is appropriate
to the study of well posed initial value problems, abstract propaga-
tor theory is most appropriate to the study of (so called) ill posed
initial value problems. A list of elementary ill posed problems is
presented and references to deeper and more difficult problems

are given.

Next, an exposition of the basic abstract structure and elementary
linear theory along with some elementary examples in given. This is
followed by a survey of the most recent linear theory, nonlinear

theory, and applications.
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I. Elementary Theory. 0. Introduction. In this paper we shall describe
an abstract theory which is useful in studying various initial value prob-
lems for partial differential equations. The theory involves the solvability
of an abstract initial value problem in a continuous family (usually called
a scale) or sequence of Banach spaces. The results are usually referred to
as the Ovcyannikov (or Ovsjannikov) theory or as an Abstract Cauchy-
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768 S. STEINBERG

Kowalewski theorem. We prefer to call these results “abstract propagator
theory’’, where by a propagator we mean an operator that maps the initial
data of an initial value problem into a solution of the problem at some
positive time.

The first appearance of a version of this theorem that used the concept
of a scale or a sequence of Banach spaces is in Gel’fand and Shilov [12],
v.3 page 94, in 1958 and later, but independently, by T. Yamanaka
[46], 1960, L.V. Ovcyannikov [26], 1965 and F. Treves [43], 1968. There
are currently many versions of these results including those in Ovcyan-
nikov [25], Du Chateau [8], Nirenberg [22], Yamagata [45], Steinberg
[34] and Baouendi and Goulaouic [3]. The cited literature shows that this
abstract theory has many deep and important consequences in the theory
of the initial value problem in partial differential equations. In order to
give the reader an idea of the types of applications, we give the follow-
ing list of elementary examples. The cited literature gives applications
to much more general problems.

A. Cauchy-Kowalewski and Holmgren’s Theorems. We note that these
techniques can be used to obtain the most general nonlinear form of the
Cauchy-Kowalewski Theorem, that is, where the data is analytic in the
space variables and only continuous in the time variable; see Nirenberg
[22]. It appears that any existence and uniqueness results for initial
value problems that can be obtained using power series techniques can
be obtained more easily using abstract propagator techniques. Also the
dual theory can be used to obtain Holmgren’s uniqueness theorem (see
(33,7, 31)).

B. The parametric osillator equation. The parametric oscillator equation
is given by

op _ _ 1 /(o*P _ °P op _ 0P
t <ax2 8y2>+xax TN

on o 2
P(xa Vs 0) = PO(x’ J’)
for (x, y, t) € R2 x [0, T). This equation belongs to a class of equations

0.2) oP/ot = Q(x, y, 0/ox, 0[0y)P

P = P(x, 1)

where Q is a quadratic expression in x, y, 8/0x, 9/0y and where no sym-
metry assumptions are placed on Q. Note that the right hand side of
the parametric oscillator equations has principal part which is the wave
equation and consequently the parametric oscillator equation in not of
classical type. For an extensive discussion of these equations, see Stein-
berg and Treves [38], where there are also references to many discussions
of equations of this type in the physics literature. However, we will make
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a few comments on the solutions of this problem. First, the solutions
bear some resemblance to the solutions of the backwards heat equation
(explicit solutions of the parametric oscillator equation can be found).
For the initial data exp(—a(x2 + »?)), there exists a classical solution of
the parametric oscillator equation for a finite interval of time. If one
allows the solution to be an analytic functional, then there exists a solu-
tion global in time. This may at first seem inconvenient, but the quantities
of physical interest are the moments of the solution (not the values at a
point) and analytic functionals possess well behaved moments, so this
type of solvability is appropriate to this situation.

C. Shot-put noise. The equations that appear in shot-put noise are
of infinite order; for instance,

offot = F(t,0/ox)f,  f=f(x,1)
0.3) f(x,0) = fo(x)

o]

F(1, &) = 2] a(t)én.

n=0

In some elementary cases some insight can be gained into the solvability
of these equations by the use of the Fourier transform. For a more
extensive treatment see Steinberg [37]. In some applications the equations
are truncated to second order and it is still unknown under what condi-
tions this approximation is valid.

D. The Cauchy-Goursat problems. An elementary problem of this type is

62{—- = P<x3 ty, Iy, ’aa;)f’ f= f(tl’ tz’ x)

o0t
f(O! t2’ x) = fi(tZ’ X), t2 g 0
f(rls O& x) = fé(tla x)’ tl g 0

where P is some partial differential operator. For an extensive discussion
of this type of problem see DuChateau [8].

E. Degenerate equations or equations with regular singular points. A sim-
ple problem of this type is

Iy Alxn D) =g f=fou 0, g=g0n0)

f(x,0) =7

where A is a regular partial differential operator and g is a given function.
For a discussion of higher order cases and a discussion of what initial
data is to be specified see Baouendi and Gaoulaouic [1, 2].

0.4)
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F. Hydrodynamics. Let us consider the following simple problem.

g=a%+b%+6ﬁ f=£0,1

110, 0) = £o(0)

where f(0, t) and fy(0) are to be periodic of period 2z in § and a, b, ¢ are
real constants. Here 9/0r is a shorthand notation for the following opera-
tor. Let u(r, 0, t) be harmonic in the unit disc with u(l, 8, t) = (6, t)
and then set

0.5)

9f(©0,1) _ du(r,0,1)

(0.6) or or r:I.

Using the Poisson kernel one can find an explicit expression for 3 f/or
and then one can easily verify that this operator is a non-local pseudo-
differential operator of order 1. It is also possible to solve this problem
explicitly, using Fourier series and see that the problem is not classically
well posed, that is, the equation has a non-real characteristic.

This equation is a simple prototype for the equations describing the
movement of a bubble in a fluid. The equation corresponds to the bound-
ary condition on the surface of the bubble in Lagrangian coordinates.
For further discussions of these problems see Ovcyannikov [25, 26]. We
note that there are many problems in hydrodynamics to which these
techniques should apply.

G. Hyperbolic equations with multiple characteristics. A simple example
of this type of equation is

b= s=fnn

otz ox’
0.7)

f6,0) = fi), 2L (x,0) = ().

Note that this problem corresponds to a physical problem where one
measures the temperature and flux at one point for all time and then
attempts to find the heat distribution. Also note that the principal part
of our operator is 92/0¢2 which is hyperbolic with respect to ¢t = 0 and
has a double characteristic and also that the problem is easily solved
using the Fourier transform. Using this explicit formula it is easily seen
that the problem is not classically well posed. Our techniques can be
used to study the initial value problem for higher order equations or
systems of equations that are linear but may have multiple characteristics.
The main hypothesis on the equations studied is that the characteristics
be real and smooth functions of the space and time variables. We also
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note that solvability is obtained in spaces of Gevrey functions, or their
duals, which can be seen to be a natural choice by looking at examples
similar to the one above.

Equations of this type appear in magnetohydrodynamics [6]. For a
discussion of these problems see Steinberg [34]. It should be possible to
extend these techniques to nonlinear problems. Also we note that there
is a relationship between the techniques in [38] and those of Beals [5] and
Leray and Ohya [18] for studying problems with multiple characteristics.

We note that in all the previous examples the abstract propagator
technique produces solvability results in spaces of functions which are
subspaces of the infinitely differentiable functions, such as analytic
functions, entire functions, or Gevrey functions, or in the duals of such
spaces. We wish to contrast this with the semi-group, energy or other
methods used to study strictly hyperbolic, parabolic or Schroedinger
type equations and which give solvability in spaces of functions which
are not subspaces of the infinitely differentiable functions. Also, the
abstract propagator technique always gives existence, uniqueness and
continuous dependence on the parameters of the problem. The continuous
dependence is given in either very strong or very weak topologies. In
general, the dependence on the time variable need only be continuous or
integrable. We can obtain both local and global existence in the time
variable; however, the technique is basically local in the time variable.

In general we use the notation of modern P.D.E. theory [15]. Re-
ferences [1-4, 7-10, 12, 22, 23, 25, 26, 28, 30-38, 41-43, 45-47] are
to papers that use local propagator theory directly, while references
[5, 6, 11, 13, 16-18, 20, 24, 27, 29, 39, 40] are to papers that do not
use local propagators but whose results have been obtained (or should
be able to be obtained) by using these techniques, and references
[14, 15, 19, 21, 44] are in neither of the above categories. This paper is
broken into two parts; the first gives an elementary version of the theory
while the second gives the general results.

These notes were developed in a seminar given in the Department of
Mathematics and Statistics, University of New Mexico. I wish to thank
the participants and, in particular, Professor Reuben Hersh for many
helpful suggestions. I would also like to thank the referee for several
helpful suggestions.

1. The abstract set up. We begin by setting up an abstract structure.

DEerFINITION 1.1. Let / be an open interval of real numbers. For each
sel, let X, be a Banach space with norm || - ||,. If for all s, ¢ € I we have

) X; € X,foro < s,and

ii) | xl, = ||l for x € X,
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then S = {X, I} is called a scale of Banach spaces on I.

DeriNITION 1.2. We will say that 4 is a bounded operator on S if for

every s, c€l, 0 <s, A is a bounded mapping of X, into X, i.e., A
L(X;, X,).

REMARK. L(X,, X,) is given the usual norm topology, that is, the uni-
form operator topology.

DEerNITION 1.3. If 0 < d < 00, and A4 is a bounded operator on the
scale S, then A is of type d on S if there is a constant C such that

IAx], = C(s — o)~ X,
foralls,cel,o < sandall x € X,.

REMARK. The anove can be stated somewhat more precisely by sup-
posing there are injection maps

(1.1) i ;

a s
i o0 Xy > X, foro = s,
that is, i is @ 1-1 linear map with dense range and

(1.2) i

500l = I fors’ <o < s
Also, the mapping

A=A, ,:X;,> X,foroc <5
(1.3) .
As,a oy st = As,s’

depends on s and . We will usually suppress the i, , map and the de-
pendence of 4 on s and ¢ because no confusion is likely to result.

EXAMPLE. Let 7 = (0, o) and X, = {f: f is analytic for |z| < s, fis
bounded and continuous for |z| < s},

171l = sup 1fI = sup |f(2)I.
If fe X,, then fe X, foroc < sand
(1.5) 'Szljlrgrlf(Z)l < sup L@l or [ fll, = 1f1s-

Also note that the polynomials are dense in Xj, so X; is dense in X,. Finally

|Ly s 6= o,
1/l < 171l

(1.6)
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The first inequality is called the Schwarz-Pick lemma and the second is
trivial. We will return to this example.

ProOPOSITION 1.1. If for i = 1, 2, A; is of type d; in X, then Ay> Ay is of
typed, + d,.

PropoSITION 1.2. If f is a continuously differentiable mapping of the in-
terval J into the interval I with f' = 0 and X, is a scale on I, then S’ =
{Y,J}, Y, =X f(s2> iS5 a scale on J. Moreover, if there exists a constant
M > O such that ' = M and A is of type d on S, then A is of type d on S'.

The proofs of Propositions 1.1 and 1.2 are left to the reader.

ExaMPLE. Let us now study the following simple situation. Let A be of
typedon S = {X,, I'}. We wish to define the operator

(1.7) edt
operating on X;. First note that 4 being of type d implies that
(1.8) I4xll, = C(s — o)~ “lIxll;, x € X;.
We now show by induction that
1.9 l4"x]l, = C*n/(s — o)) x|,
o4 An
——
o o
If we choose ¢’ such thatg < ¢’ < s, then

(1.10) [A"1x]|, < Clo" — o)~4C*(n/(s — o))" x|,
Choose ¢’ — ¢ = e¢(s — o) and ¢ = 1/(n + 1) so that

[ Antix|, < CrHl[e (1 — e)"Jd(s — g)~ tDd
Cn+l(n + 1)(n+l)d(s — 0-)—(n+1)d'

(1.11)

IA A

Next, let a € I and x € X, and define

(1.12) ety = 32 1A

!
=0 -

X.

Now this series is dominated in X term-by-term by the series

oo

(1.13) > 1 Crnlta — syyalxd

n=0

for s < a, that is,
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el tC n pnd
(114 ,,Zz:o< (a—s)? ) n!
Note that
(1.15) ntfn! < en.

Consequently, if d < 1, then the above series converges for all complex
t. If d = 1, then the series converges for

(1.16) lt] < (a — s5)/Ce.
If d > 1, the dominating series diverges.

When the dominating series converges, e4¢x is an analytic function and
consequently we have

(1.17) 4 pnix = gotix

dt
that is, x(t) = eA‘x is an analytic X,-valued function satisfying

(118) x'(t) = Ax(t),
x(0) = x.

Moreover, if y(¢) is a continuous X,-valued function, then
t

(1.19) x(t) = eftx + j eAt=0y(7) dr
0

provides an X,-valued solution of
x'(t) = Ax(t) + y(1)
x(0) = x

for sufficiently small ¢. The verification of this last formula is left to the
reader.

(1.20)

2. A linear theorem. Let us assume we have a scale S on some interval
I and that ¢ is some positive number. Let us also assume that for each
t€[0, 0], A(t) is bounded operator on the scale S. We wish to consider
the problem of finding x(¢) satisfying

x'(t) = A@)x() + y(1)
x(O) = X0,
where A(2), y(t), x, satisfy the following conditions:

(I) There exists a constant C such thatif ¢, se I, 0 < s, t €[0, J], and
x € X, then

@.1)
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[A@®xll, = C(s — o) Hx]s
(D If ¢, sel, ¢ < s, then A(¢) is a continuous map of [0, J] into
L(X,, X,), i.e., A(t) € C[[0, 9], L(X,, X,)].
(IIT) x4 € X, and y(¢) € C[[0, 9], X,].
THEOREM 2.1. Assume (1) and (I1) hold. For some 6y, 0 < dy < 0, and

every pair of data xy, y(t) such that (II1) holds and for every sel, s < a,
there is a function x(t) € C[[0, do(a — 5)], X|] satisfying (2.1).

THEOREM 2.2. Assume (I) and (II) hold. For every 0y, 0 < dy < 0, and
every pair of data x,, f(t) satisfying (III), for every s€ I,s < a, there is at
most one function x(t) € [[0, d¢], X,] and satisfying (2.1).

PROOF OF THEOREMS 2.1 AND 2.2. This proof is a generalization of the
usual Picard iteration technique of ordinary differential equation theory.
We wish to find a solution of (2.1) in the form

@2) x(t) = 3 x(t)

k=0

where we will define x; inductively by

t
xo(t) = xo + joy(r)dr
(2.3)
t
Xens(t) = j' A@x@d, Kz 0

We will prove inductively that for all se I, s < a,

i) x,(¢) is a continuous X-valued function, and

ii) [|x(0)ll; = M(Cet/(a — s))*.
For k = 0, this is obvious. If we assume i) and ii) for k = n, then II im-

plies A(r)x,(z)is a continuous X;-valued function. Thus x,_; is well defined.
Next

24 Pensa(l, < [ Co = sy U@l e
foranys,s < o < a. We choose
(6 —s5)=cla—yv
(@a—-a)=({ —-¢)a—y)
and use the induction hypothesis to obtain
(2.6) xs1®lls = M(a — s) " 1C*len(tntl/(n + 1)e (1 — €)™

Note that the minimum of 1/(e(1 — ¢)”) for 0 < ¢ < 1 is given by ¢ =
1/(n + 1)sothat

(2.5)
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() X2, = M(Cet/(a — )11 — 1/(n + 1))"/e.

Noting that (1 + 1/n)* < e completes the induction.
Thus we have for any s < @, se I and 0 £ ¢t £ §y(a — s) where §, <
1/Ce that the series

e}

(2-8) x(1) = 25 x(t)

k=0

converges in X, uniformly in ¢. Thus x(¢) satisfies

2.9) X(t) = xo + j; A@)x(@)dr + j ; y(@)dr.

This in turn implies that x(¢) is C! and satisfies the differential equation.
Finally, if there are two solutions x,(#) and x,(¢) of (2.1) then set x(¢) =
x1(t) — x,(¢) and note that x(¢) satisfies

(2.10) X(t) = j ; A(2)x(z)d.

If x(t) = 0 for 0 < ¢ < 7, then by continuity x(») = 0. If x(¢) = 0 for
0 =1t £y, then

@11 x(1) = j " A@)x(@)dk.
7
Just as before we can prove that
(2.12) Ix(Oll, = M(Ce(t — /(s — 0))

for any ¢ < s, o€ I. Thus x(t) = 0 for t€[0, » + €] for some ¢. Con-
sequently x(z) = 0 wherever x(z) is defined.

There are many generalizations of the above material. First it is pos-
sible to generalize the continuity in ¢ conditions to integrable in ¢ condi-
tions (this is not recorded in the literature). It is also possible to study
problems with singularities at ¢ = 0 (see Baouendi and Goulaouic [1]).
There has also been an extensive study of nonlinear problems (see Baouen-
di and Goulaouic [3] and Nirenberg [22]).

3. A linear Cauchy-Kowalewski theorem. We shall prove a general ex-
istence and uniqueness theorem for the initial value problem for a first
order system of partial differential equations. We use the standard multi-
index notation

(3.1) z = (Zl, Z9y viuy Z”), etc.

and all functions will be complex valued.
We wish to solve the initial value problem
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D.ft, 2) = Z A;(t, 2D, f(t, 2) + Aolt, DS, 2) + g(t, 2)

3.2 10, 2) = fi(2)

for f(t, z) when we are given 4;, G, and f;.
Here we use the usual vector and matrix notaton for a system of
P.D.E.’s:

1, 2) = (fit, 2), ..., £(1, 2))
(3.3 8(t, 2) = (&1, 2), ..., gult, 2))
fo(2) = (f10(2), -, fmo(2))
We assume that
(i) A4, fy, g are analytic in z for |z| < a, and
(i) 4, g C[[0, 8] x 4,, Cl, 4, = {z, |z| < a}.

Note that assuming continuity and not analyticity in ¢ represents a major
departure from the classical Cauchy-Kowalewski theorem. We introduce
A; = {f(2); f is continuous and bounded for |z| < s, f is analytic for |z|
< S}, "f”s = Suplzlés'f(z)l; and C[[O’ 5]’ As] = {f(t) = f(t, Z); f is a
continuous map of [0, §] into A4,}.

Our assumptions imply that foralld < a

(i) g(1) = g(1, 2) € C[[0, 9], AF]
(3.6) (i) fo = fo(z) € A
(iii) 4,1, z) € C[[0, 5], A77].

THEOREM 3.1. For some 0y, 0 < 0y < 0, and every pair of data g and
Jo satisfying (3.5) and for every se I, s < b, there is a unique function f(t) €
CI[0, 0o(d — s)], 4] satisfying (3.2).

PROPOSITION 3.1. If 0 < g < s and fe A,, then there exists a constant
C such that

3.4)

(3.7 ID; fll; = Cls = o) 2 f1s-
Ifge A,, fe A;and 0 < s < a, then
(3.8) lgflls = liglall flls-

Proor. The first estimate is the Schwarz-Pick lemma and the second is
trivial.

PROOF OF THEOREM 3.1. We choose any @, b, b < a’ < a,and set I =
(0, a") and
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(3.9) X, =[] 4, = 4.
=1
If s < a', then the second estimate of Proposition 3.1 implies that
(3.10) 14,8, 2f@)ls = C_sup (141, )]l f1ls
iy
and

@B.11) (4,2, 2) — As(z, 2)f (@),
= C sup |4 lt, 2) = Az, 2ol [

1=k, /=m
0=t=o

for some constant C. If we set
(3.12) A1) = 34,1, 2)D; + A, 2),
=

then the above estimates and the first estimate of Proposition 3.1 imply
thatforallg < s < @’ and all fe X we have

(3.13) 14@Of e = Cls — o) S

and A(t) maps [0, §] continuously into L(X;, X,) for 0 < ¢ < s £ a. This
verifies conditions (I) and (II) of Theorems 2.1 and 2.2, while condition
(IIT) is given in (i) above.

4. Functorial remark. In this section we wish to construct new scales
from old scales by passing to dual spaces. Let

“.1) X¥ = L(X,, C).

The following diagram is helpful in understanding our results (¢ < s).
C
1

“4.2) X, 24X,
Xp—2oxy

The definition of A4* is
4.3) A¥() =70 A

forall 7e X*.
As before we can think of X| being injected into X, for ¢ < s and that
leads to the following diagram.

X— X,

4.4) Yo
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In order to view i* as an injection, we need i* to be one to one. Thus we
make the following assumption.

AssUMPTION 4.1. X, isdense in X, forallg,sel,g < s.

PROPOSITION 4.1. Using the above definitions we have:
1) i has dense range < i* is 1-1,
ii) i is 1-1 <> i* has weak* dense range.

If X; is reflexive we may replace weak* dense by dense.

This is a standard application of the Hahn-Banach theorem.

PROPOSITION 4.2. [f { X, I} is a scale, m(s) is a finite valued monotonically
decreasing function on I and I'* = m(I), then {X %, [*} is a scale. If m
is continuously differentiable with m’ < — M for some constant M > 0
and A is of type d on {X,, I}, then A* is of type d on { X%, I'*}.

ProOOF. This is an easy exercise.

In the following we set Z; = X} ), I* = m(I), m(a) = a — s for some
a.

THEOREM 4.1. Theorems 2.1 and 2.2 remain valid when x, y, A(¢), X,
and [ are replaced by y, v, 4*(t), Z, = X,,, and I* = m(I). That is, we
can solve

"(t) = A*(t)u(t) + v(t
5) AQ) @) ult) + (1)
#0) = 1o
in the dual scale S*.
PRrOOF. This is also easy.
ExAMPLE. As in Section 2, let X, = {f; f is analytic for |z| < s, f is
bounded and continuous for |z| < s}. We note that e X¥ if and only if

4.6) 4= a5
n=0

with certain conditions on a,. We leave finding these conditions as an
exercise. Recall that

% 1 = (= y(dldzyf(0) = (= 1y f( (0)
4.7
0 = @iz | (f@jerde.

It is also true that y has a Fourier transform
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) = {z), e

(4.8) oo
= D>, &y, zny/nl.

n=0
It turns out that /(&) is an entire function of &. What is its order and type?
We also note that the (g, z#) are called the moments of 4. Finally, if g
is an integrable function on |z| < s, then u, defined by

49) o> = [ @tz dz

belongs to X¥. For additional information about this and other types of
generalized function spaces the book Topological Vector Spaces, Dis-
tributions and Kernels by Francois Treves [44] is an excellent reference.

S. Holmgren’s uniqueness theorem. We present here an elementary uni-
queness theorem of Holmgren type. For more extensive results, see [7,
33, 47]. We use the notation of section 3 but change condition (3.4) to

(i) 4 is analytic in z for |z| < a,
(5.1 (ii) fo € C[4,, C], and
(iii) 4, g € C[[0, 0] x 4,, C].
Thus we have dropped the condition that f; and g be analytic.

THEOREM 5.1. If f ), i = 1, 2, satisfy
(i) f9(¢, z)e CI[R x C, C]
(ii) for some b < a and for each t, 0 <t <0, i =1, 2, support
(f9@,2) € 4y
(i) for i = 1,219 satisfies (3.2) with conditions (3.4) replaced by (5.1),

then fV(t, z) = f@(t,z)forallzand 0 £ ¢ < §.

PrOOE. First we note that &7 = [0 — @ satisfies (3.2) with f; = g = 0.
Because of (i), (ii), we see that A(¢) = A(t, z) e C[[0, 8], XF¥] (see 4.9). The
Uniqueness Theorem 2.2 implies that 2 = 0.

6. More scales of Banach spaces. In this section we wish to give some
additional examples of scales of Banach spaces. These examples are typical
of the types of scales in use at the present time. In a later section we will
introduce more general scales and show that in some sense scales are not
sensitive to the particulars of their description and that the scales are
intrinsic to the situation in which they are used. Thus one should take the
view that in the following we are making convenient and somewhat
arbitrary choices. We will usually attempt to make our scales consist of
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Banach algebras or Hilbert spaces. When we introduce a scale, we always
attempt to do the following:

(1) Give a classical description of the scale;

(2) Give a classical description of the dual scale;

(3) Estimate the operator norm of differentiation acting on the scale;

(4) Describe the multipliers on the scale.
In our first example we wish to describe certain scales of entire or analytic
functions of one complex variable which will depend on two real par-
ameters d,0 £ d < l,and 5, 0 < 5 < 0. If fis analytic near z = 0, then

(6.1) @) = S fznint.

We define

If Vs = 5 (fdsrintd?
Eqo={/ 1fllas < oo}.

PROPOSITION 6.1. For d fixed, 0 < d < 1, {E, ,, (0, )} is a scale in
the parameter s. Let

(6.3) k=1/(1-d),0=d< 1.

If0 £ d < 1 and fe E, , then f(2) is entire and there is a constant C such
that if t satisfies

(6.2)

6.4 thsk > 1,

then

(6.5) If@)] = Cexp(t|z]*).

Conversely,if 0 < d < 1, f(z)is entire, and there is a constant C such that
(6.6) /()| = exp(t|z]*),

and s satisfies

6.7) thsk < 1,

thenfe E; .. If d =1 and f € E, , then f is analytic for |z| < s. Conversely,
iffis analytic for |z| < t for somet > s, thenfe E, .

Proor. The proof that E, | is a scale is straightforward. Note that the
set {z%, 0 < n < oo} is dense in E, ,.
We need to know that for all r, € Rt, n, k € N*, we have

(6.8) m>i£1{r—"exp(trk)} = (tke/n)n/*
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and
M1pm < nlern=12 < Mn»

for some constant M > 0. The equality is a calculus exercise and the
inequality is Stirling’s formula.
Iffe E,, and r = |z|, then

1S = 25 rl fl/n!
(6.9) < (S ls7/nt a2V 2(X(rms—mnl @ D)2)L2
< 11 flla, exp(ere)( 2(sktke)—»(n7/n!)17#)2)172,

Stirling’s formula completes the estimate. On the other hand, if | f(z)] £ C
exp(tr¥) and r = |z|, then Cauchy’s integral theorem implies

(6.10) il = (-5 P FO)1 S nlr-rexp(urs.

If we minimize over r and apply Stirling’s formula, we obtain

|ful < C(tke/n)"/*n!

(6.11) =
< Csmnnld(skth)r'*(en!/n®)1/*.

Summing this gives the result.
We leave as an exercise whether or not f'€ E) ; can be characterized by
its behavior on |z| = s.

PrROPOSITION 6.2. [f0 S d<1,0<e<lande <0 <s < l/e, then
IDfll, = Cle)(s — o)~ fls
Izfll, = Cle)(s — o)1 flls-

Here, C(¢) is a constant independent of s and g, and |||l = | - |l4 s

(6.12)

ProoF. First we note that calculus implies that
(6.13) sug(r”n") < (d/e)i(In(1/r))¢
for0 < r<landd > 0. Also
6.14) 1/In(1/r) < (1/(1 = r)).

Now we compute

(6.15) Df = i:;l nf, 2 1n! = i}o friaznin!
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I1Dfll, = (‘_50 (| fosrlonnld)2)12

= (B (fuls1fn + D192 sup (o7)s2)n + 1}

< o7 sd/e)¥(s — o) f s

oo

(6.16) of = 3 firin! = 3 nf,_yzinl,
n=0

n=1
171y = (3 @lfprlfomjmiteye
= (Z (fucals 1/ = D212 sup {(g7js- =<}

< s71s(1 — d)/)74s — o) | [l

It is not known whether or not there exist nontrivial functions g(z)
such that

(6.17) lgflls = Cllfls

that is; are there multipliers of type zero.
We are now left with the problems of describing the dual scale Ej..
To motivate our descriptions we note that if

(6.18) = 2 fuz"n!

and g is a linear functional, then, at least formally,

(6.19) ROESWATCITE
For any analytic functional we define the nth moment of y by
(6.20) fn = (s 27,
We will also define the Fourier-Borel transform of y by
(6.21) A) = we®) = 33wz n!
if either expression is well defined.
PROPOSITION 6.3. [f0 = d =< 1,0 < s < o0, then
(6.22) neEY,
if and only if
(6.23) AUE) € E1-g,1/5
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Moreover
) = 20 pib"in!
(6.24) p=2(=1yud " n!
<> = p(f) = X fuptnln!

Proor. First we note that if fe E, ,, then

(6.25) f@) = X fuzr/nl, £, = D"f(0)

in the sense that the series converges to fin E, ;. Thus if x € Ef, then
(6.26) () = 2 futtalnt)s g = 1uz").

If we set

(6.27) S f5 = 20 tnfaln!

which is a weighted inner product, then we can view the duality between
E;  and E}; as a weighted duality between sequences. Thus the 4
duality implies that 4 € E} if and only if

(6.28) (| pals— 1412 < 00,
that is if and only if

(6.29) A€ Ey_g4;
Moreover

(6.30) lella,s = Nl all1-a 15
This equality implies that the series

(631) (=13 !
converges in E} . Finally, we note that if

(6.32) B=p— X(=1ruo®/nl,

then g(z#) = 0, and because z* is dense in E, ;, we have 7 = 0.

In our next example we wish to give spaces that correspond to our
previous spaces when d > 1. For a discussion of these types of spaces
(called Gevrey spaces) including the fact that these spaces contain com-
pactly supported functions and thus are not quasi-analytic, see Gel’'fand
and Shilov [12 v. 2] or Lions and Magenes [79]. Although we are most
interested in these spaces when d > 1, we note that the definitions make
sense for d = 0 and give a slightly different version of the previous spaces
when d < 1.

Letd 20,0 < s < o0, Q2 S Rand fe C*(f), and then define
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1112 = Llf(x)lzdx, Ly = {£, If < o}

(6.33) 1113, = 221 D*fl|s7/n1)?
Gd,s = {f; ”f”d,s < OO}

PROPOSITION 6.4. If d > |1 and 0 < s < o0, then G, ; is a scale in s.
Moreover, there is a set E of functions such that E is dense in G, ; for all s.

Proor. All is straightforward except for the density of E. First note
that there exists a function g(d, s, &) such that

1713, = [ 17©F ¢(d,s, e,

If y is the characteristic Afunction of Q, then we can take the Fourier
transform E of Eto be E = {f(§); f(§) = x(&) » g(¢) for all ge CP(R)}
where * is convolution.

Let us consider the problem of multipliers. For this we need Leibniz’s
formula

(6.34) Dr(gf) = ,;O(Z)(Dkg)(D"‘V ).
We also need the definitions

gl = sup|fl, Lo, = {g; gl < 0}

(6.35) llglla,s = i (1 D7g]l.os7/n')
MGd.s = {ga mg”'d,s < Oo}

PropPOSITION 6.5. If d > 1, 0 < s < o0, fe G, ,and ge MG, ,, then
(6.36) I&fllas = Nglla,s IS4 s

Ifdz0,0<e<l,esg<5= /e, and fe G, ,, then there exists a
constant C(¢) such that

(6.37) IDfll, < Cle)(s — )| flls
PRrROOF. We calculate:

Iflla.s S (5 (DID™gDi [swjntayeyie

(638 = (i} (kél) (D)2 D"*gllos"H(n — k)!~¢|| DHf ||skk\=4)2)12

= llglla,sllfNa,s-
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The proof of the inequality for differentiation is given in Proposition 5.3.

It is not known whether or not we can modify G, , so that it becomes a
Banach algebra.

II. General theory. 0. Introduction. The purpose of this section is to
give general versions of the results in the previous section.

Our first project will be to set up a general linear theory where we re-
place the operator d/dt in Theorem 1.2.1 by a more general operator D,
which we will call an evolution operator. In the applications, D is generally
a hyperbolic or parabolic operator. We give an example in Section 2.
Also this particular version of our results was used to study the initial
value problem for hyperbolic equations with multiple characteristics, see
[33].

The second project will be to give an account of some nonlinear results.
Finally we will give a general discussion of how to choose a scale of spaces
in a given problem.

1. The linear theorem. In this section we wish to discuss problems of the
form

dx(t)/dt — A(t)x(t) = B(t)x(t) + y(¢t)

D x(0) = z.

Thus, in terms of the previous material, we have replaced (A(¢) by A(¢) +
B(t). The idea is to assume that the problem

dx(t)]dt —A()x(t) = 0

(1.2) ) — 2

is well posed in the classical sense and then perturb this well posed
problem with some operator B(¢) so that (1.1) is not well posed in the clas-
sical sense. In the applications we see that A(¢)and B(¢) are differential or
pseudo-differential operators. For this theory to give better results than
the previous material, B(t) must be of lower order than A(?). In general
both A(t) and B(t) are unbounded as operators on any individual space
X,. We give our results for systems because the extension to systems is
not straightforward.

We introduce the notion of an evolution operator as a way of saying
that (1.2) is well posed. However, before we do this we need to set up a
few things.

DEeFINITION 1.1. A real valued function r(¢) on the interval 0 <t < ¢
will be called a scale function if it satisfies
a)r0 =1, r@)>0
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b) r(¢) is continuously differentiable
c)r'(t) £0.

DEFINITION 1.2. Let § > 0, S = {X,, I} be a scale, r(t) be a scale func-
tion on [0, J], k € N+ and s € I. Then we will say x(¢) € C[d, X, r] if there
exists a constant C such that

X(t) € C[[O9 77]9 Xsr (7)] and ”x(t)”sr<t) =C

for all », 0 £ 9 < g, such that sr(p)el Also x(¢t) € CHo, X,, r] if
(dldt)ix(t) e Clo, X,, rlforallj,0 < j < k.

PROPOSITION 1.1. If x(t) € C[J, X, ], then g(¢t) = || x(t)|,, » is @ measur-
able function of x on [0, 6].

ProOOF. For 7 < ¢ we have

[X®llsr 0 = X500 = 1x(2) = x(2)llsr 0
which implies that g(¢) is left lower semi-continuous and thus measurable.

DEFINITION 1.3. Let § > 0, S = {X,, I} be a scale, r(¢) be a scale func-
tion, and for each ¢ € [0, §] let 4A(¢) be a bounded operator on S. If A(¢)
satisfies:

(I) There are positive constants C and d such that if ¢, se [, ¢ < s,
te|0, 0], x € X, then

14@®xll, = C(s — a)~?lIx[ls;

(D) Forallg,se I,o < s, A(t) € C[[0, 0], L(X,, X,)];

(III) There exists C > 0 such that if s e 7and y(¢) € C[y, X, r] for some
7 < 0, then there exists a unique x(¢)e Cl[y, X,, r]forallogel, o <,
satisfying

dx(t)/dr — A(1)x(1) = ¥(1)
x(0) = 0

and

t
15 Ollrir < € [ 19 Nor e

for0 <t =<d,andor(t)el;
then D = 9/dt — A(¢) is said to be an evolution operator.

ReMARK. If in Definitions 1.1, 1.2, 1.3, I is replaced by I’ < [, then the
definitions still hold.
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We are now in a position to state our initial value problem. We wish
to solve

(ddt — AL)x1) = EIL‘ B, (0x,(0) + yi(0)
xi(O) =z

(1.3)

for x{(t), 1 £ i £ N. We will need the following conditions (here § > 0
is fixed and S = {X|, I}is a scale).

(D) For 1 £i £ N, (d/dt — A{t)) are evolution operators on S with
common scale function r(z).

(II) There exists N numbers p; and constant C; ; such that if g, d € I,

o < sand x € X, then
IB;, {()xll, = C;, (s — o)1 PH25|x ]

Also B; ,(t) € CI[0, 3], L(X,, X,)].
(III) There exists a € I such that z; € X, and forallse I, s < a, y(t) €
Clo, X, rl.

REMARK. If 1 + p; — p; < 0, then B; ; = 0. The concept of type can
be generalized so as to avoid this restriction. However, we have no ap-
plications for this generalization, so we avoid it here.

ReMaRrK. The condition III on y(¢) is implied by the simpler condition
y(t) € C[o, X,, r], which is in turn implied by the even simpler condition
y(t) e C[[0, 6], X,]. The stated condition is used because it is most appro-
priate to the methods used to prove the next theorem.

THEOREM 1.1. We assume system (1.3) satisfies conditions 1, 11, and 111.
For every s < a, se I, there exists p = n(s) < 0 and functions x(t) €
Clly, X,, r] satisfying (1.3). Conversely, if for some 5 < 0 and se I, x(t),
x{t) € Cly, X;, rland x(t), X{t) satisfy (1.3), then x(t) = %(t) for t suf-
ficiently small.

ProOF. We shall show that x(t) = z; + D2, x{”(t) is the solution of
our problem where we define x™ (¢) inductively by

@) (dldt — A)xV(t) = §At) = yAt) + yAt) + A1)z,
x{0) = 0
(i) (@/dt — AL)X(E) = Z0(1) = 32 By ()xP(1)
F=!
X (0) = 0

for n = 0. We first note that there are constants C;, C, and K’ such that
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”Bi,j(t)x”o‘ § Cl(s - o)_l_pi-hbj”x”s
[AL)xll, = Cols — o)™

4
15Ol < K [ 15@ 0 de

provided (d/dt — A,(t))x(t) = y(t), x(0) = O, for some j, 1 < i
this and what follows we always have g < a,0,s€ Iand0 < ¢ <
if sr(¢) € I, then j(t) € C[o, X, r] and

“j;i(t)”sr(t) é ”yt'(t)”sr(t) + CZ(a - S)—di!lzz"la
é Ki + C(a - S)Qd"”zi”a

In

< N.
0. Next,

where K; is given in the definition of y; € C[d, X, r].
If we set

M’ = max (K; + Cla — )% z;]|)K’,

then because d/dt — A; is an evolution operator, we have
x0(t) e Cl[o, X, r]

and

¢
nwmmm§KLW@mm&§Mz

for all (s, t) such that sr(t) e I.
We shall prove by induction that for all (s, ) such that se/, s < a,
0 <t < J and sr(¢) € I'that
@) x(t) e CYo, X, r]
) 1 xP@lsrr £ ME?n + 1)?(r(t)(a — s))y PP nil
where p = max;|p;|, M = M’ max,(a?*?/) and K is to be chosen later.
The above estimates give the case n = 0; so we now do the induction
step. Thus we have

Izl r S MK 71C,

' i((a - S)”(t))—p‘J’p"(n + I)P,'((a —_ o‘)r(t))—”—ﬁ,'-ﬁ
=1
for any ¢, s < ¢ < a. In particular, if (¢ — 5) = (@ — 5)/(n + 1), (a — 7)
= (a - S)/(l + l/”), K = Cle 4I’K', then
(1 + lnyrttits < e 4#
and

Iz () = (K)'MK* (r(t)(@ — s)) 72 8(n + 1)2tigntl,
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The continuity of B, (¢) in ¢ and the above estimate imply that z{”(¢) €

C[o, X,, r]. Consequently, there exist x** satisfying x{"tD(¢) €
Clo, X,, r]and

t
I Olliy S K [ 126Gy

IIA

MK (g —s ) 1m=0i~b(n + 1)pitl jt o (g) bty
0

However r(z) = r(t), so that the integral is estimated by
(@ (n + D)r(ey1r
which gives the desired estimate.

The above estimate implies that x7(¢) is summable in X, for t/r(t) <
(a — s)/K, provided sr(t) € I. Because r(¢) is decreasing and r(0) = 1, we
can choose 7 = y(s) depending on s such that 0 < ¢ < » implies #/r(z)
< ela — 9)/K, sr(t)el, for any ¢, 0 < ¢ < 1. Thus, if 0 £ ¢ < 7, then

2@ r = M"(n + 1)Pie»

for some constant M"”. However,

1@l S X7 @l 00 S M"(n + DPier,

which implies that x{”(z) is summable in X, ,, uniformly in 7, 0 £ ¢
< t, that is, x(t) € C[y, X, r]. Next, because of (1.3) we see that for any
o <58 0= ¢ £t def”()/dt is uniformly summable in X,,(,, that is,
x{(t) e Cl[y, X,, r]. However, for ¢ sufficiently close to s and 0 < ¢ < 7,
we have t/r(t) < ¢’'(a — 0)/K for any ¢', ¢ < ¢’ < 1. Clearly x,(¢) satisfy
the differential equation (1.3). If we replace o by s, we have the existence
part of our result.

Because of linearity, the problem of uniqueness can be reduced to show-
ing that if z; =0, y(t) =0 and for some » < J and sel, x(t)e
Cly, X, r], then x(t) = 0 for ¢ sufficiently small.

In essentially the same way we obtain our estimates above, we can ob-
tain the following result. If ¢ < s,0€ I, t€[0,y],and gr(¢) € 1,
then

“xi(t)“sr o = K"(”l + 1)1"'("(1‘)(3 — g'))‘"‘!’f*.btrﬁl‘

Thus, for all ¢ such that ¢/r(t) < (s — 0)/K, or(t)e I, for some ¢ € I, we
obtain x(t) = 0. Forany ¢ < s, the above inequalities hold for ¢ sufficient-
ly small. This implies the uniqueness.

2. Example Let us consider a non-skewadjoint perturbation of the
Schroedinger equation
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offot — i0%f]ox2 = coffox + g

2.1 =) = flx, 1), g = g(t) = g(x, 1)
f(x, 0) = fo(x).
Here i2 = —1, ¢ is a complex number and f(x) and g(x, t) are given com-
plex valued functions of x € R, ¢ € [0, §]. If ¢ were real, then
2.2) i 0%/0x2 + co/ox

would be formally skewadjoint and it would be reasonable to use the
theory of semi-groups to find a solution in L,(and in fact this has been
done). If ¢ is not real, then this is not reasonable. In fact, using the Fourier
transform, one can easily see that the equation does not, in general, pos-
sess L, solutions for f; in L, and g(x, t) = 0 when c is not real.

We now apply the previous theory to this example. It is easily seen that
these results agree with the Fourier transform results. However the ab-
stract propagator theory can handle much more general situations and the
Fourier transform techniques cannot.

In this elementary situation we can take r(¢) = I,

D = 9ot — i9?/ox2,
2.3) X,=0G,,d=1,
I = (0, )

where G, ; was given in (16.34). The classical results for the Schroedinger
equation imply that if

Df(t) = g(t),f(t) =f(xs t)’ g(t) = g(x’ t)
f(0) =0)

and g(t) € CJ[[0, 8], L,] (is a continuous mapping of [0, §] into L,), then there
exists f(¢) € C1[[0, 6], L,] such that

2.4)

2.5) 101 = | 1e@lds.
This easily implies that
@6 1, = [ lg@lde

provided g € C[[0, J], X,]. Note that C[d, X, r] = C[[0, 9], X,] when r(z)
= 1. It is now clear that D is an evolution operator on S.Next, Proposi-
tion (16.5) implies that for some constant C > 0 that

(2.7) lcofoxll, < Cls — o) fs
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if we make the additional restriction that I = (e, 1/¢) where 0 < ¢ < 1.

ProrposITiON 2.1. If for some 6 > 0, a > 0, g(t) = g(x, t) e C[[0, 3],
X,), fo = fo(x) e X,, then for every s, 0 < s < a, there exists 7 = 7(s)
and a function f(t) € CY[[0, 9], X ] satisfying (2.1). Conversely, if f(t), f(t)
e CY[0, 5], X, and satisfy (1.3), then f(t) = (@) for t sufficiently small.

ProOF. This is an immediate consequence of Theorem IIl.1 and the
above remarks.

ReMARK. This result is not a consequence of the classical semigroup
theore or the Cauchy-Kowalewski theory. As pointed out before, these
results can be obtained using the Fourier transform. However, if any of
the coefficients of the problem were to depend on the variable x, then the
Fourier transform would not help. It is still unknown to which class of
equations with variable coefficients this version of the abstract propagator
theory applies. We also note that if 92/x2 has a coefficient that depends on
x, then one can no longer take r(¢) = 1. For much deeper results in this
direction see [45].

3. Nonlinear theorems. In this seciton we will study a nonlinear Cauchy
problem of the form

dx(t)/dt = F(x(t), t)
x(0) =0
for x(t) e S = {X, I} where S'is a scale.

3.D

REMARK. There are several nonlinear versions of Theorem 1.2.1. in the
literature. In general they assume F(x, t) is Lipschitz continuous in x and
is globally defined in x. It is a major technical difficulty to weaken these
conditions and have F(x, t) defined only locally.

For some fixed > 0 and R > 0, let

(3.2) B(s, R) = {xe X,, |x], < R}.

We will always assume the following conditions.

(I) There exists 5, R > 0 such that for every g, sel, ¢ < s, (x, t) >
F(x, t) is a continuous mapping of B(s, R) x (-7, 5) into X,.

(II) There exists a constant C such that for every ¢, |t| < », allu and v
with u, ve B(s, R)and all g, s € I withg < s,

Sup |F(u, 1) — FO, D), < —C

lu — v,
1t1<y s —0 s

(I1I) F(0, t) € C[[— 7, 3), X,] and there exists a constant K such that
Sup Sup [[F(0, 1), = K.

sel Itlsy -
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THEOREM 3.1. (Nishida). Under hypotheses 1,11, and 111 there exists a
constant a < ) and a unique function x(t) such that for every b, se I, s < b,
x(t) e Cl[(—a(b — s), a(b — s)), Xs], x(¢) € B(s, R) and for |t| < a(b — s),
x(¢) satisfies (3.1).

ProoF. The proof is given in [23] if one makes appropriate changes in
the interval 1.

In [3] Baouendi and Goulaouic give an existence and uniqueness the-
orem for nonlinear singular problems of the form

éifi(ti)_ - A_)‘t(!l = F(x(1), 1)

where /A is a bounded operator. These results contain Theorem 3.1 asa
special case (41 = 0).

REMARK. Theorem 3.1 is used to derive the most general version of the
nonlinear Cauchy-Kowalewski Theorem (see [22]).

We next consider a different nonlinear version of Theorem [.2.1. because
of the unusual form of the scale estimate this result uses. This theorem is
based on the observation that in the linear case the condition

[Axll; = C(s — o) xll;
can be replaced by
I4x]; = C@/0s)l|x];.

We need the following conditions.
(IV) There exists a function G(¢) for 0 £ t < oo such that G = 0,
G' 2 0, G" z 0. Moreover, for all x, y € B(s, R),

1FGe 0) = Foy o, 5 (1+ 2)1G01, + I1)lx = vl

(V) F(0, t) € B(s, R).
We also need an additional restriction on the scale S.
(VD) If x € S, then || x|, is convex downward and for all x, y € S,

@/99)llx + yli; = @/0s)llx]ls + @09l ;-

THEOREM 3.2 (Ovcyannikov). Under the hypotheses 1, IV, V, and VI
there exists k > 0 and a unique function x(t) such that if se I and 4, =
{t; s + kt < R, t 2 0}, then x(t)e C1[4,, X|), x(t) € B(s, R), t € 4,, and
x(t) satisfies (3.1.)

ProOF. The proof was given in [25] where this result was used to discuss
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certain nonlinear problems occurring in hydrodynamics. This result can
also be obtained from the previous theorem.

It would also be extremely useful to have a nonlinear version of The-
orem IL.1.1.

4. Lie algebras and scales. In this section we shall point out that the
scales we have introduced are related to the notion of an analytic vector
for a Lie algebra. Let X be a Banach space with ||-||. Let 4;,,1 < i < N,
be closed linear operators on X. We assume that the set o7 = {1 ¥; a;4,,
a;€ C} is a finite dimensional Lie algebra with

N
(i, Aj] = A;A; — AjA; = 2] BijnAs

k=1

for some §;;, € C and the 4, are linearly independent. In this circumstance
we will define

Ixlls = x5 s = (23 I Anx]|s™/ntd)2)1 2,

X=Xy, ={xeX |xll; < o}
where 0 < s< 0,1 S p < 0,0=<d < o0,n=(n,ny,...,Hy), 1H; =0,
Ar = APAR -+ A7,
|n| = ny + 0y + -+« + ny, d=(dy, d,...,d,), d; = 0, and
nld = pl4 ...opy AN
(p = oo gives the sup norm).
PROPOSITION 4.1. §' = {X,, (0, )} is a scale.
ProOF. This is easy.

REeMARK. In general one would expect X, to consist of the zero element.
We will now explore when this is not the case.

In many of the applications the Lie algebra consists of one differential
operator A in which case n is an integer and d is a real number. The follow-
ing result shows that the scales generated are nontrivial.

THEOREM 4.1 (Beals). Let .« = {cA, c € C}. Suppose that the spectrum
of A is contained in a region of the form

Re(q) < a + bq|

for some constants a, b, 3,0 < B < 1. Suppose that for q outside this region,
the resolvent operator satisfies

gl = A7 = el + |ghY
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for some constants c, N. Then ) ;0X,, ., is dense in X for anyp,1 < p < oo,
andd > 1.

PrOOF. The proofis an elementary modification of the proof of Theorem

1.1, [5].

At this point it is not clear that Lie algebras play any role. The next
example illustrates that, in fact, Lie algebras do play a role. This example
has interesting applications in quantum mechanics [28].

PROPOSITION 4.2. Let A and B be closed operators on a Banach space X
with norm || -||. Let a, B satisfy 0 < a < 1,0 < B8 < X, and suppose

x5 = Xllag, 55 = QI B*A x| s*t(mt)-(n!)=F)2)1/#
and X; = Xgp5,5s = {%; x| < oo}. If [A, B] = I, then
[A4x[, = C(s — o) Ellx];, 0 < s,

and
IBxll, = C((s — o)™ + (s — 0)F Dlxl;, 0 < s.
PrROOF. We compute

4xll, = (@) sup((n + Dg/s)"Dxll; = Cls — o) P x|

By induction we can show that A»B = BA" + nA»"1, and consequently
I1Bxll, = (Q2(I B*1Ax||(g)*tm(m!)~(n!)-F)P)L/?
+ (X (ll B A7 1x| (o) m(m!)~=(n!)-F)2)1/»
£ (o)t sup((m + D*(a/s)"tY)|x]
+ ssup n@=P(g/sy"|| x|
= Qs = o) + (s — )FDlixlls.

We are again left with the problem of the non-triviality of the spaces
Xa,5, s Which is answered by the following theorem.

THEOREM 4.2. Let X = L2 be the space of square integrable functions on
the real line with the usual norm and for fe X, Af = dfldx, Bf = xf. Let
Xa, 8,2, s be defined as in Proposition 4.2. If ¢ > 0, 8 > 0, ¢ + 8 > 1, then
Xa,p2.5 is dense in X. If > 0, o + B = 1 and s is sufficiently small, then
Xo,p,2,sis densein X. If « >0, >0, a + 3 < 1, then X, 5, , = {0}.

ProoF. This follows from Lemma 5.1 in [14] and a minor extension of
the proof of Corollary 5.1 in [14]. Here we obtain the density of X, g 5 , in
X because X is a(weighted) L?-space. As X, g 5 ,is not a weighted L?-space,
it seems impossible to generalize this to prove that X, 5, ; is dense in
Xy 520 for0 < o < s (see page 236 of [12 v. 2]).
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EXAMPLE. In the above we can choose @ = 8 = 1/2 and then we have
X; = Xy/2.1/2,2,s Is dense in X for s small. Also

l4xll, = C(s — s)712||x],,

IBxll, = C(s — s')~12]|x]s,

and, consequently, and quadratic expression in 4 and B is of type 1 on Xj.
‘We can now apply our theory to examples such as the prarmetric oscillator
equation, see Section 10.

REMARK. In the above we have not shown that X is dense in X, for
o < s. What we have shown is that X; is a fairly large space. We note that
much of the previous theory does not depend on the density of X; in X,;
in fact, just the duality results depend on this density. However, the duality
results have many important applications in P.D.E.’s and thus we believe
that the density of X in X, is a most interesting question.

Because of the complexity of the description of the scales of spaces used
in these notes, it is difficult to believe that they could be intrinsic. However,
if we define Y, , = U0 Xy, p, s> then the techniques used in [38] will show
that Y, , is independent of p. We claim that if an initial value problem is
“well posed” in the scale X, , ;, then the number d measures how far the
problem is from being classically well posed. Consequently the number d
is intrinsic to the problem. Clearly the numbers p and s are not intrinsic.
for more details on this point, see [28].
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