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THE N-TH ORDER ELLIPTIC BOUNDARY PROBLEM
FOR NONCOMPACT BOUNDARIES

H.O. CORDES AND A.K. ERKIP

0. Introduction. In this paper we will discuss the boundary problem
(p) ueHN(@D),Kapu=fonQ U ILbYu=9;onl,j=1,..,r,

where Q and ' are chosen as the halfspace R%*™ and its boundary
Rl = R~ as the simplest domain with noncompact boundary, while
{a) denotes an even order elliptic differential expression over Q| I, with
C*-coefficients. The order of {a) is N, and there are »r = N/2 boundary
conditions on [, determined by differential expressions {b/) over a neigh-
bourhood of I, of order N; < N. The (b7} again have C*-coefficients,
and the system <{a), {bl), ..., {(b") locally is assumed to be elliptic -or, in
other words, the {(b7) satisfy the so-called Lopatinskij-Shapiro conditions,
locally, at each point of I

Conditions at infinity will have to be added, of course, and we generally
assume that fe L¥Q), p,€ Hy_y; 12 (I'), with the L2-Sobolev spaces.
In fact our assumptions will restrict enough to imply the generalized
Sobolev estimates of Agmon-Douglis-Nirenberg [1], and F. Browder
[4]. However, since the domain and its boundary are non-conpact, these
do not imply finiteness of the nullspace or even normal solvability of the
problem.

Our result, below, just asserts this normal solvability of (p), replacing
in its proof the apriori estimate by a Banach algebra technique, under the
following assumptions on the coefficients.

<ay = a(x, D), {bi) = bi(%, D),
alx, §) = lzsNaa(xﬁa, bI%, &) = > b (F)Eagt,

al+k=N;j

X = (XO’ EREE) xn) = (xO’ 55)’ D= (DO’ ceey Dn) = (D09 D)’
§=(0-08) =608, 0={x1x>0}, I = {x:x, = 0}

lim aa(p X) = a(CDX), as le =1, Xp 2 0,
p>0, p—o0

lim by (p %) = @ (0 %), as |X| = 1,
>0, p—rco
where the convergence of the limits in the last row is uniform in x (or X¥),
and the limits a,(co - x), bj¥ (oo - X) are continuous over the half sphere
and its boundary, for all 8.
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THEOREM 0.1. Under the assumptions (0.1) problem (p) will be normally
solvable if {a) and {bi) are md-elliptic, a sharpening of the above condition
of ellipticity (Lopatinskij-Shapiro).

{a) is called md-elliptic (of order N) if
(02) 0 <c=lalx, I + E5)N2 forxe Q, Ee R, x| + [&] = do,

with ¢ independent of x, &, and 9, > O sufficiently large.

For md-elliptic {a), the system (b7}, j = 1, ..., r = N/2 of boundary
expressions is called md-elliptic (of orders (N),)), if for all x = (0, X) el
and all & = (y, &) e R#+1 with |%| + |&] = 6, (sufficiently large), the poly-
nomials

() = prz(p) = (1 + E)N2a(x, (1 + E2)12 &)
D=0, (=1 +E) N2 b (%, p(1+E)2, &), j=1, ..., 1,

satisfy the following conditions.

(i) p(y) (which cannot have real roots due to (0.2)) has precisely r =
N/2 roots, counting multiplicities, in the complex upper half plane
Imy >0, denoted by 77, ..., y/.

(ii) Let p*(p) = HI/_,(yp — 77); then the r polynomials g,(p), j = 1, ...,
r, are linearly independent modulo p*(y), and uniformly so, in X, ¢. That
is, if r(p) = X7} rym! denote the remainders of g;, modulo p*, then
we have 0 < ¢ < |det ((r;))], with ¢ independent of X, g.

The proof will use a ‘comparison’ with a simpler problem (py), discussed
in §2, with the same boundary conditions, but a different (constant coef-
ficients) equation {ay» u = f. Problem (py) is easily reduced to a system of
singular integral equations over R”, to which [8] provides necessary and
sufficient criteria. This uses more or less standard techniques, involving the
tangential Fourier transform. On the other hand, our comparison between
(p) and (py) reduces Theorem 0.1 to the discussion of a certain operator 4
(§4). (p) is normally solvable if and only if A4 is Fredholm. Moreover 4
belongs to a C* algebra ¥ investigated in [5], in particular in view of its
Fredholm theory.

The algebra % is formed by means of operators relating to the Dirichlet
and Neumann problem of the Laplace operator only, except for multi-
plications by continuous functions. To construct a Fredholm inverse of 4
will require the investigation of two symbols, ¢ and 7, where ¢ is matrix-
valued. The inversion of ¢ requires a somewhat lengthy calculation (§4).

In §1 we define the basic concepts, and recall some results required
from earlier papers. In §3 we study the action of an (n + 1)-dimensional
singular integral operator on the symbol 7. This perhaps might be men-
tioned as an interesting addendum to the theory of the algebra U in [5].

(0.3)

1. Preparations and Notations. It will be convenient to use the double
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notation x = (xg, X, ..., X,) = (xp, X) = (y, %), with ye R, X € R?, for
vectors x € R*(Similarly & = (&, &) = (3, £)). Let R% = {(y, %):y > 0}
and 9R* = {(y, X): y = O}.

For m = 1, 2,... we denote by B~ the smallest compactification of
R~ such that the functions x;(1 + x2)~'/2 extend continuously, and H"*1
will denote the closure of R%™ in B#tl.

We define the differential operator D = (D, D), with D = (D, ..., D,),
and the multiplication operator M = (M,, M), with M = (M, ..., M),
by setting Du = —iou/ox;, and (Mu)(x) = xu(x), j=0,...,n. The
Fourier transform with respect to the X-variables will be denoted by F,
(c.f, [5, (3.1)]), over R*1 R%M or R” = gR%*.

We will mainly be working in the following Hilbert spaces: $ =
L2R%Y), h= L2([0, 0)), £ = L3R"), & = LAR*1). For any Hilbert or
Banach space X the algebra of continuous linear operators and the ideal
of compact operators will be denoted by #(X), and € (X), respectively.
In particular we shall use a pair of C*-operator algebras, denoted by
Ar,m = 1,2, ...,and U, as previously discussed in [8] and in [5], respec-
tively. In particular A = £ (L%Rm™)) is generated by the multiplications
a(M) with a e C(B™), and the convolutions 4 = (1 — 4)™2 and S; =
DA, j=1, ..., m. Also, A = L(H) is generated by the multiplications
a(M), with a € C(H*1), and the operators A, = (1 — 4,72 A, =
(I —4,),728;,, = D;jAs S;, = D;A,, j=0,1, ..., n. In each case we
mean the smallest operator norm closed algebra containing the generators.
4,4, 4, mean the Laplace operator with Dirichlet and Neumann conditions,
respectively.

In [8] and [5] the structure of AF and A was discussed. In particular,
Ap/C(LAR™)) is isometrically isomorphic to the algebra ¢ (M%) of
continuous complex-valued functions over the compact Hausdorff space
Mg = o(B” x Bm) = B» x B» — R» x Rm». The continuous function
assigned to A4 is denoted by ¢% and called the symbol of A. If € denotes
the commutator ideal of ¥, then /€ ~ C(M), where the compact Haus-
dorff space M consists of the ‘upper half” {(x, &) e 9(B*! x Brtl): y = 0}
of the space M#*!, augmented as follows: A space B* x{—o0 <7 <
+ 00} is attached in such a way, that the points (¥, 4+ o0) are identified
with the points ((0, X), co(£ 1,0)). For details c.f. [5]. We get € =€ for
n =0, but for n > 0 the ideal € is properly contained in €. In fact, then
we have

(1.1 G = U*(C(H) ® AU,
with the unitary operator U = TF, where

(1.2) (Tu)(y, X) = 22@u(AF)y, X), AX) = (1 + £2)712,
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and where the tensor decomposition is understood with respect to the
decomposition £ = § @ £. In particular this implies that

(1.3) G/C(h) = (M3, &(H)),

with the algebra of continuous functions from Mz to €(5). This provides
the operators Ee € with a compact operator valued symbol (mod @),
the function zz: Mg — €(h) associated to the coset {E + €} by (1.3).
Similarly the symbolg,: M — C is introduced for 4 € % as the function
associated to the coset {4 + C}.

An operator A€ UAF is Fredholm if and only if 6% # 0 on Mj. An
operator A € A is Fredholm if and only if (i) o4 # 0 on M, and if then
Be U can be found with 1 — AB = E, 1 — BA = E’ €@ such that (ii)
1 — zgand 1 — 7 areinvertible in () for all points of MZ. The symbols
usually can be easily calculated (c.f. (1.9) or (1.14)).

It will be of importance that we have

(1.4) (1 = Dy~ a(M )1 — Ay — a(M)eC(f),seR,

for every bounded a € C*(R”) with all derivatives tending to 0 at infinity,
where 4 denotes the tangential Laplace operator, interpreted as self-
adjoint operator of £ (c.f. [6], [7]).

Also we shall have to use the L2-Sobolev spaces (for k =1, 2, ...)

(15) ‘g)k(Ri+1) = {u € 5;3: u=y I R”'H, ve @k(R”+1)},

and H,(OR%) = H(R"), se R, where H(R™) is defined as usual ([6],
[7]). Evidently D* ue®, o, for ue®,, |al £ k. For ue H(R*) the
‘boundary-functions’ D*u | gR%*! = u, are meaningfully defined and in
Dr-1a—120RT), for || < k, by the ‘trace theorem’ (c.f. [10]).

By a calculation it is found that

(1.6) DR = {ue H: IHM)Uueh, O},

with 4 and U as in (1.1), (1.2), and §, = H(R4), Ry = Rl Again, for
v e hh, ® £ the restrictions (Djv) | 9R%'! are meaningful and in £, for / < k.
For u € $,(R*) let i = A*(M)U.

(1.7) F{(D=Dy)|oR%} = 2+ -2 (M) M={(Dy) | 9R%}, || + 1 < &,

as again follows by a calculation.

A Fredholm inverse of an operator A is an operator B such that 1 — AB
and 1 — BA have finite rank. It will exist if and only if 4 is Fredholm
and so will a special Fredholm inverse, defined by

(1.8) AB:PimA’ BA=1 —PkerA'

with P, denoting a continuous projection onto Z. If 4 e AFeven is a
finite sum of finite products of a(M), with a® € C(B”), for all 8, and
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factors A, S;, and has symbol # 0 on My then a special Green inverse
exists. That is, in addition to (1.8) the operator B maps H(R™) to H(R™),
forall s € R,and 1 — AB and 1 — BA map $_.(R*) to H,(R”). Using
the Fourier transform §,, may be replaced t,, = (),L%R™, (1 + x2)sdx).
Similar remarks hold for square matrices ((4;,)), 4, € A%

Finally, in this section, we provide a list of symbols of the generators
of AY and €, and a few further basic facts about A and €, all directly
taken from [8] and [5]. For A% over R” we let M7 = 9(B” x B») =
{(z, O):z, LeBm|z| + |{| = o}. For a(M) with ae C(B”), and
A= - D%12 S, = D;/A, welet

o?un(M)(z,0) = a(z), 07z, ) = (1 + (3713,
o%(z,0) = (1 + (&)1,

which uniquely determines the homeomorphism between M7 and
o(B” x Bm).

The following facts about the generators of % will be used. For multi-
plications a(M), with a € C(H**1), and E € € we have

(1.10) (a(M) — ay(M))E e §(9), with ay(X) = a(0, %).
Also, for ay e C(B”) and K € §(f)) and U = TF, as above, we get
(1.11) U(l ® aM))UXK ® 1) — K ® ag(— D) € 6(§),

(c.f. [5, Lemmas 3.7 and 3.8]). Furthermore, the operators UAU¥*, for all
the other generators of U, are explicitly calculated as follows:

(1.9)

UNU*=Q,®@AM),US,,U*=P,®1,US;, U*=0, ® M;,A(M),

1.12
( ) j=1..,nyr=dn,

where Q, and P, denotes the operators /, and S, for n = 0, respectively,
acting on the space ). The symbols of the generators of 9 will not be stated
explicitly, since they will not be used. Let it be mentionned that (1.12) may
serve for their calculation.

For the calculation of the symbol 75 of E € € we use
(1.1) : For E = U¥(F ® A)Ue §', Fe{(h), A € AL with

(1.13) €' = U0 @ AHDU < €,
with the ideal (5) of operators § — § of finite rank, we define
(1.14) (%, ) = F.ou§, — %) e C(M3, 6(D)),

and then use the fact that ¢’ is dense in €, under norm topology, (c.f. [3]).

2. General Boundary Conditions, for a Constant Coefficient Equation.
Let p > 0, and consider the boundary problem
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o0 u e Hy(Q), <apd u = DYu + pN(I — AN2u=fonQ U I,
Po bidu=0onl,j=1,..r

where f € 9, Q and [” denote R**! and its boundary, respectively, and
where {(b7) denote differential expressions of order N; < N = 2r:

N; .
2.1 b7y =3, 2. bj[(X)DDf,
k=0 la|=N;j—k

with coefficients in C*(I") satisfying b{'® € C(B»), for all .

Application of the tangential Fourier transform will convert all tangen-
tial derivatives into multiplications, but also the multiplications with
b}, (%) into convolutions. Also, application of T (as in (1.2)) will take D,
into A-Y(M)D,. Therefore, if we introduce the function # = A-N(M)Uu,
problem (pg) proves to be equivalent to

iehy®F (DY + pMi=gonQ J I,
2.2) Ny
Z Bjkﬁk = 0,_] - 1, R
k=0

with g = Uf, and the restrictions #, = D4i|[', and with the linear
operators B, € #(f) defined by

(2.3) Ejk = NN M) B, }N—Nj—l/Z( M)

with

24 Bj= 3 bl—D)se(M)WNiTt=(M), € A,
lal=N;—k

where s(g) = 52(5). In fact, also the Bjk are in YU}, due to (1.4), for
s=N—N;— 12, and o}, = 0},, since the difference Bj — B, is
compact.

Now, for a given g € ) the ordinary differential equation (D} + oY)y =
g admits precisely a family of solutions v € fy &® £ r arbitrary functions
¢, € t, explicitly given in the form

@5) v= Y@ e + 60 - et Dy,

where

.6) G(t) = X iy, e, 1 = 2p, I~ .
=1 PES

and where £, in any order, denote the r distinct roots of #¥ + p¥ =0
with positive imaginary part. Moreover, since the ‘Greens function’ G
must have (piecewise) continuous derivative up to order N — 1, it follows
that (2.5) may be differentiated under the integral sign, upto N — 1 times.
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Accordingly we may assume # of the form (2.5) and substitute into the
second equation (2.2), to determine the functions ¢;. We get

ﬁk = Z"clk {C[ + (_l)k iTlgl}’k = 05 15 ey Nj,

=1

2.7 X _ N
g(f) = jo e g(y', &) dy’

so that the second equation (2.2) takes the form
(2.8) I_ZI Qj,cl = 1_21 legl’ j = l, ey 1y
with

Q1 = A (M)Q,; (M), Pj, = 1(M)P;,A%(M),
tj=N—N;—1/2,0,=b/—D,(x/A(M), M)AN{(M),

GO = — i~ B, () (D), 81) 20D
b5 &) = bi(% ) = 31 bl

Clearly (2.8) is a (singular integral) equation within the C*-algebra A% -or
rather, within the tensor product #(C") ® %A%, an operator algebra over
C” ® t. There exists a Fredholm inverse (and even a special Green in-
verse, as described in §1 (c.f. (1.8)) ((Z;));.=1,., of the matrix ((Q;))
if and only if the matrix of symbols

(2.10) ((Bi(E, ki AE), EYANIEN) j1=1,....r

is non-singular for every (%, £) € M -that is for %, & e B» with | %| + |§l =
oo. The explicit calculation of symbols is easily done using (1.9). For a
somewhat informal surveying first discussion, using a special Green inverse
((Z;)) one will (normally) solve the boundary problem (p,) by solving
(2.8) for the ¢, (modulo finite rank) and substituting the formula obtained
into (2.5). It is likely then from the derivation that the boundary problem
(po) will be normally solvable if ang’ only if the determinant of the matrix
(2.10) does not vanish for every X, & € B* with | %] + I€| = oo. In that case
a Fredholm inverse T: $ — Hy(2) is given explicitly in the form

> oo -> k ~ >
10,8 = |60~ 0 B + 3 Rue ' @),
(21 1) 0 r, =1

R~kl = Zl ijﬁjl € 2[8.
j=

In order to formulate a theorem we introduce the polynomials

(212) g = q;:.:() = biE, plAE@), W), j= 1, ..., r,
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of the complex variable 7, and observe that g; is of degree N; and has
coefficients depending continuously on % and & over the compact space
B* x B* with boundary 9(B” x B*) = M3, after a continuous extension.
Then the matrix (2.10) may be written as ((¢;(x;))), and simlarly ((?;))
has symbols ((—iy,q,(— £)))).

LEMMix 2.1. Let the r polynomials (2.12) be linearly independent for every
[X]| + [€] = oo (i.e., for (X, &) € MY). Then we have

(2.13) det ((g(r)) # 0, (%, &) e M3,

provided that the constant p in the differential equation of (po) is chosen
sufficiently large.

Proor. It suffices to consider a single point of MZ. If for each such
point (2.13) holds for p = gy, then by compactness of Mj and continuity
of coefficients a uniform p, valid for all of Mj, may be found. At a given
fixed point we may replace the polynomials by others, applying ‘row
operations’ in such a way that all of them have highest coefficient 1, and
any two of them have different orders. Clearly, x| = 0 = 0, as p — 00,
so that for large p the determinant (2.13) is approximated by

(2.14)  pNittNr det ((exp(2miN; - 1/N))) exp(in(Ny + ... + N,)/N)

The determinant in (2.14) is the van der Monde of the r distinct unit roots
e NN j =1, ..., r, and therefore is # 0, q.e.d.

THEOREM 2.2. If and only if (2.12) are linearly independent for all
|%| + |&] = o0, and if pin (po) is sufficiently large, then there exists a
Fredholm inverse T:9 — 9 < Hy(Q) of the linear operator Ly: & — 9 asso-
ciated to the problem (py), where

D = {ueHy(Q):<Kbi>u=0o0nTl,j=1,..r}

(2.15)
Lou = {agyu, ue g,

such that Ly,T = 1 — F, TLy= 1 — F', F € F(9), F' € (D), with F(X) =
C(Z) denoting the ideal of continuous operators of finite rank in the space
Z. (Note that 9 is a closed subspace of Hn(Q), and thus a Hilbert space.)

Moreover we get DoT e for all || £ N, if T is properly chosen. In fact
such a choice is explicitly given by

T=Ty+ K+ C,UT,U* = G® AN(M),

(2.16) r L y
UKU* = 3] (e)<e) ® GYIDRy), UCU* = 3¢, <o

kI

with the operators
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6)0) = |60 = y() dy,ve s Rye s
(X)W = ¢- j G wdz, 9, g, we LX), X < R,

(2.17) e(y) = ¢, y e Ry, (1, §) = kZ (Do),

=1
6,008 = E 0a0g@) + (0@ = 1, ..o,
Wjies Lt O € T
(@G =00) = (405, 8Ge0) (~ i, 5~ ),

where {ys..., ¢, form an orthonormal base in $ of the (finite dimensional)

orthogonal complement of im ULyU* < 9.
Moreover we have a corresponding representation for T« = DED*T:

The = T 4+ Kb 4 Che, UTHeU* = (DIG) ® (MaN—+(M))

Il

3 (she;> <ep) ® (MaN-+M)R,,),

7 =1

(2.18) UKka*
UCkaU* = 3 (DEMA—+(I1)g)><p;  lal + k < N.
=1

PRrROOF. Suppose (2.17) can be verified, then (2.18) follows by differen-
tiation, using that DDeU = UDEA—*(M)M=. Now, using the properties of
our special Green inverse ((Z)) of the operator matrix ((Q)) we first
introduce the operator T: $ — hy & £ by

(2.19) g—(G® g+ kél((e;&(e,) ® Ry)g = Tg = .

The operator T pertains to the transformed boundary problem (22) In
particular: (i) if u solves (2.2) then u = Tg + Y7 dje;, with (d) = (d) €
Cr ® t,, solving O(d) = 0,

(ii) For general g € §) we have ## = Tg solving

ey ®L MDY +oMa=g onQ U I,
(2.20)

~

£ 1Bjk171e =—( - Pimé)P(g), &) = (g
Therefore # = Tg solves (2.2) if and only if (1 — P, 5)P(g) = 0, which
amounts to a finite set of conditions (¢;, g) =0, j =1, ..., v, with ¢;
exactly of the form as in (2.17). If these vectors are orthogonalized, they
will preserve that form. From (i) and (ii) together it follows that

|
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(1) @ = Tg solves (2.2) if and only if g is orthogonal to ¢;,..., ¢, and
(2) then all solutions of (2.2) are of the formii = Tg + Y7 e, ® d, with
(d)eker 0 N E..

Let 9 = A-N(M) U2, then T does not map § into &, but the operator
T =T( - F), F= Y%, ;> {p; will do this. From (1) and (2) it follows
that L, is a Fredholm operator. Since 1 — F projects onto the orthogonal
complement of the ¢; we get L,7 = 1 — F (with properly defined L, as
a transformation of L). Hence a Fredholm inverse exists and 7" is a right
Fredholm inverse, therefore also must be a left Fredholm inverse. All
remaining statements of the theorem now follow by transforming back
onto the original form, applying U* and AN(M), etc.

COROLLARY 2.3. In the decompositions (2.6) and (2.7) we have
(221) CheeF(D), Kbee G, The = I1((DED=(DY + pN(1 — 4r)1),

with E' of (1.13)and I’ of (3.5). In particular T§* depend on p and N, but
otherwise are entirely independent of the boundary conditions imposed in

(po)-

The proof is a matter of (1.13) and our explicit formulas for
UCHtaU* and UK#2U*.

3. A Relation between 2% and 9(, and its Effect on Symbols. Let us define
the isometries E,, E,, and E,, E_ from ) to !:

(Esu) (3, X) = u(y, X)on Q, = Owheny < 0, u, € 9,

3.1

3.1) (E_u) (¥, %) = u(—y, X), when y < 0, =0on Q, ue 9,
and

3.2) E,=2YWE,+E.), E,=2"YE, — E.).

Clearly E, and E, correspond to even and odd extension from R*™! into
R#*1 while E, simply extends as zero. All maps are isometries but not
unitary maps. Thus the adjoints are only partial isometries, explicitly

given as the restrictions

3.3) E¥v=2" |0,y =e 0, EXv=1(£y,x)|0,veS,
with the even and odd part

(v, %) + v(=p, D)2, vy, %)

0y, ) = v(=y, %))/2.

We define the linear contraction maps (not homomorphisms) I/ : % (®)
— £ (9) (with £(&) a Banach space with operator norm) by

(3.4) v(y, X)

(3'5) ”¢L=E:LE73LG$(@),IC,T= +, —.
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ProPOSITION 3.1. [T5: A5 — A, [15: G(R) — &), for &, 7 = +, —.

ProoF. Since E, and E% are partial isometries it is clear that compact-
ness is preserved by all the maps /I%. Also it suffices to show that II¥ maps
the generators a(M) (with a € C(B#t1)) and A, S, ..., S, of At into A.
For if A, Be A3™, and [[:A, [[:B € ¥, then we use the relation, which is
easily verified.

(3.6) E.E¥ + E E* =1
to show that
3.7 ITH(AB) = (ITTA)II1B) + (ITA)II{B) e Y.

Similarly for all other operators /[4(4B), with a slightly different formula
3.7).

But for a multiplication a(M) we get I a(M) = b (M), IZa(M) =
b_(M), with b.(y, x) = a(xy, x)|Q, while II7 a(M) = lIZa(M) = 0, so
that indeed /[fa(M) e %. Moreover we observe that

EXAE, = Ay, EXAE, = A,, E}S;E, = S; 4
Ee*SjEe = S',n’j = 1, e, Ny Ee*SOEo = SO,d’ EfSoEe = SO,”

7
(3.8) E*AE, = EfAE, = E}S,E, = E*S;E, = EXS,E,
= E*SE,=0,j=1,...,n,

using the fact that A, Sy, ..., S, preserve the spaces of even and odd func-
tions, while Sy takes even into odd functions, and vice versa. But (3.2) may
be solved for E, :

(3'9) Ei‘ = 271/2(Ee + Eo)a

which implies that /54 is a linear combination of EfAE,, u,v = e, O.
This completes the proof, since continuity of /7% allows closing.

It is clear from Proposition 3.1. that //% induce four continuous maps
Az /E(R) — A/C(H). The first algebra is equal (isometrically isomorphic)
to C(M7%*Y). On the other hand, %/€(H) induces algebras of linear opera-
tors on its closed two-sided ideal €/€(H)~ C(€(5), Mz), a Banach space,
by left and right multiplication. Accordingly, for every 7, x = +, —,
and every symbol a € C(Mj5™?) there exists an operator 4%: C(€(f), Mj)

- C(&(5), M) such that
AU, E, FreG, g% = a, Ff = (II}A)E
implies TrE = Aty

(3.10)

with the symbol 7 of E € €. Similarly for the right multiplication of sym-
bols of E e € with the coset of 4 modulo E(R).
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THEOREM 3.2. The operators A% of (3.10) coincide with those defined by
right multiplication and are explicitly given by

(3'1 l) A;()‘E, g) = ﬂ;a(oa x—7 (1 + 52)1/2 DO’ _é), ae C(Mg+1)s T, K= +9 T

where w;: L(LXR)) — £(Y) denote the operators II5 for n = 0. That is,
for A e ARt E, Ff, Gie G, with 04 = a, Ff = (IIFA)E, Gi = E(Il;A), we
have (for (%, &) € M)

(B.12) 7% E) = AXE, E)ru(®, E), tex(®, &) = vp(%, E)AXZ, &).

ProoF. First, for the operators £ = U*(C ® B)U, Ce €(Y), Be Uz,
and a multiplication a(M), a € C(B**1), the assertion is a direct conse-
quence of (1.10) and (1.11), by a calculation. Also for E, as above, and
one of the other generators /A, S; of A*, one will use (3.8) and (1.12) to
directly calculate the symbols 7z, TFS TG thus confirming (3.12). Finally,
formula (3.6) is valid for dimension 1 just as well as for dimension # + 1,
which makes the 7§ behave just like the //5. For example we get

B.13)  7{(PQ) =7ni(P)w Q) + zi(P)x(Q), P, Q e Z (LXR)),

similar as (3.7). This implies that (3.11) and (3.12) are valid for 4B € A,
if they hold for 4 and B e A3 All maps introduced clearly are contin-
uous, so that the proof is completed by taking closures. Also the corollary,
below, is evident.

CoroLLARY 3.3. The operators Az = ntA, Ac U™, take € + &(9)
to itself.

4. The operator 4 = (@) T and its Normal Solvability. We now approach
the boundary problem (p), as posed in the introduction, by substituting
u = Tv, v e H, with the Fredholm inverse 7:  — 2 constructed for the
problem (py), in §2. We want the boundary expressions {b/) for (p) and
(po) to be identical, and also N = 2r. Also we assume ¢; = 0,/ = 1, ..., r,
which is no restriction of generality: For general ¢; e $y_y,—1,2 it is
possible to determine we Hy(Q) satisfying the boundary conditions
b7y w = ¢; on [, but not necessarily the differential equation, using
standard extension procedures and linear independence of the polynomials
g;. Then v = u — w will satisfy (p), with f replaced by f — {a)w, and with
homogeneous boundary conditions.

We assume <{a) and <{b’) to be md-elliptic, as formulated in the in-
troduction. This will imply linear independence of the g;, as required for
construction of w above, and for Proposition 2.1.

The substitution ¥ = Tv will automatically satisfy u € Hy(2), and the
boundary conditions {b/du = 0, since Tve & by construction. Since
T:9 - 2 < Hu(Q) is Fredholm, its image will have finite codimension
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in 2. Therefore we always can write u = Tv if only finitely many condi-
tions are satisfied. Moreover, the second equation of (p) takes the form
“.1) Av = f,A = ) ay(M)DFT)e A

IBI=N

using that DAT = THB ¢ 9 by Theorem 2.2. and that ag(M) € A by
(0.1), which may be written as a{® e C(H#*1). This makes the proposition
below evident.

PROPOSITION 4.1. Problem (p), with homogeneous boundary conditions,

is normally solvable if and if the operator A of (4.1) is Fredholm as a map
from $to H.

PRrROPOSITION 4.2. Let {a) be md-elliptic, and assume that {b7) and p
satisfy the assumptions of Lemma 2.1, so that T of Theorem 2.2 exists.
Then there exists an inverse of A (in (4.1)) modulo G.

ProOF. From Corollary 2.3 it follows that

A= ”_—:Ao + KQ + C(), KO = Z a(k’a)(M)Kkv"‘e ¢ + @({3),
N

(42) lal+k=
Co= 2. aua(M)Ch=eF (),
lal+k=N
while
4.3) 4, = E;N aQ(M)D*(DY + oN(1 + D271, af = 22E a,.

Since Cy, Kj € €, it clearly suffices to construct an inverse mod € of 74,
only. But 4, € A%*! has symbol

alix, §) = X a0 (& + pNANE)

(44) lal=N

as x, § € R™L x| + [§] = 0.

But o7 # 0 on Mj*! since a is md-elliptic. Thus there exists a Fredholm
inverse By € A%t such that 1 — AyBy, | — Bydye F(R). Using (3.7) it
follows that

4.5 (T£Bo)(IT1A4g) = 1 — (I2Bo)(I+Ag) (mod §(£))

However, a calculation shows that I74, € €', and also [/Z4,e €', so
that the last term in (4.5)is in G’ = €, and similarly for the other order
of multiplication. This proves the proposition. Moreover, we may even
explicitly calculate the perturbation terms, as stated in the Corollary, be-
low.

COROLLARY 4.3. With B = Il B, as constructed, we have
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(4.6) BA =1+ FE},, AB=1 + E,,

with Ey, E, explicitly given in the form

Ey, = (I1By)(Ky + Co) — (I£Bo)(Il74o) (mod €(9)),
Ey = (Ko + Co)UI1Bo) — (IA0)(I[£Bo) (mod C()).
ProoF. We have explicitly, using (1.10) and (1.11),

@.7)

r

UIT7A)U* = 3] iri(ey<e) ® p_p i(—#x;) (mod C($)),
(4.8) =

UTEA)U* = 3 i reid<e) ® p_s, k) (mod G()),

with 7, ¢, as in §2, and p_p () € U§ defined by

N — .
4.9 P55y = ;6 pA(=D, M) 1,
where
N -
(4.10) p(n) = pzi(n) = ;}) pix, &)y

is the polynomial defined in (0.3). It is clear that e, > (e, € F()), so that we
indeed get = 74y, T4y, € €. We also have Cand B explicitly as in (4.2),
and application of Corollary 3.3 completes the proof.

Note that Theorem 3.2 allows calculation of the symbols zg,, 7z,, from
the symbols of 4, By in A3 : First we get 7 (,+5,¢, = 0, since Cyis com-
pact. Similarly 7¢ - t5, = 0.

Also

@.1) % &) = 3 (e<e) prele) 1%, &),

7i=1

where (c.f. (2.7))
((rjf%, €) = ((0},E, — %))
= ((q/-, %, e’(/ft)))_l (= ir1q;,5 8~ £1)),

Also (4.8) allows calculation of

4.12)

Seran( ) = 3 ired<e) s e~ k)
(4.13) -
Tt a0(X, g) = D irfe<e) ps (k)

X
A

Next we may explicitly calculate the operators Ai(X, &) = Bx(%, )
of (3.11) for a = b = o*. We get
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(4.14) b(0, %, p/AE), &) = @V + M)z, e(n) = hy 2 (),
and then
(415  BN% &) = wthya(Do) = (DY + o) lps, (Do)}

From now on we omit explicit notation of X and ¢ in all formulas to
follow, but keep in mind that expressions will depend on X, £, and will be
defined for |X| + |§| = oo. Using (4.11), (4.12) (4.13), and (4.15) we
get, with (Btle, v) = e, Biy), {e, v) = [Fevdy, e, vel,

75 = 2 (S plsruBle, - inp(=mBre)e = 3 viXe
(4.16) . , ,
TE, = e <(kZ::1P(/fl)"1kB3rL’ e, — ir, p(r)Bile) = ) ep<w,.

=1 —1

-

We must check for invertibility of 1 + 7z, for |X| + €] = c0. In
each case the corresponding equation is of the form

@.17) v+ D1LK0, VY = w, v, GOy h.
=1

As a matter of linear algebra we note that (4.17) is always uniquely solvable
if and only if

(4.18) det((0x + <0,, Tp»)) # 0.

Accordingly we must check whether the two matrices (4.19) below have
the eigenvalue — 1 or not.

{ej, vy = g;:ll?(lik)’kt@j, Biey) —irip(— k) <e;, Bre)
(4.19) .
wj, ey = kZ_;IP(/Cj)"jk<ek, Bfey — iy;p(k;) {e;, Bie).

By a calculation,
o0 oo )
Cer Blewy = (1122) [ hpdy [ dvdy ene,ei(y)
= 120) " (@ + 59 — ),
(4.20) _°°+
Cen Brey = —(112) | hnday/ g + 5 + )

<ej! B-T-ek>

=720 [ Hepa/ () = 50 = 5.

Therefore, with r,, = —iFy,
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Cepviy = (1/20) [ hep)an/Cy + &) 5 plsiCp — 52
(4.21) —11(—£)/(y + £2)

Cw ey = 2z [ Wyl = m)(ES PGkl -+ ) = 7320/ = 7).

First we look at the second matrix. The integrand is of order 0(3~2),
at » = co, thus the integral may be converted into fp+ + j["r::_ with closed
positively oriented countours /7, I'? containing the upper half plane roots
of p(y) and of »¥ + ¥ in the interior, respectively (and all other roots in
the outside). But fpg = —0; by a simple calculation of residues, using
the fact that the first term of {wj, ¢,;> has its integrand regular inside /",
as p is large enough, as we assume from now on. Hence

(422)  0u+wpep = (1/2711')_[”/1(77)1 Adylty = £1) = a.

with
(4.23) 21 @nlD)E)I ) = g(qm(—ﬂz)rl/(v + ) — 7D — K)-

A calculation of residues shows that (4.23) is the partial fractions decom-
position of the function —g,,(n)/(p" + oV). Also we have seen before that
the matrix (((¢,/p)(x;))) is nonsingular. Therefore 1 + 7z, is Fredholm
by (4.22) and (4.23) if and only if

(424 s = [ anDIPGn/Cr — 52

gives a nonsingular matrix (for all [ %]+ IE | = 00.). A simple calculation
shows that this is true if and only if the g; are linearly independent modulo
pT (i.e., if the boundary conditions are md-elliptic).

Finally, for E;, one observes that for a countour encircling the roots of
p(y) in the lower half-plane, positively oriented and with +£; and all other
roots of p in the outside, we get

(4.25) (2ai) [ Ty = —<en vy = 8 =

with the integrand J;, of the first relation (4.21); therefore we must in-
vestigate when (4.25) defines a nonsingular matrix. This follows because
again J;(y) is of order 0(y»~?) at infinity, and by evaluation of residues
inside a suitable /"% in which the first term of J;; stays regular. Let ¢(y)
be a polynomial of degree <r, and observe the partial fractions decompo-
sition
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@Y + pN) 1 = ngl((P—(P)(/Cl)/(ﬂ — £
—(pmo) (=) + £,)),

with p~(y) = p(3)/p*(y) the part of p(y) belonging to the roots within /.
Multiply z;, of (4.25) with (p/p™)(—£;) and sum over /, and observe that
the last term in {,_ J;; dy supplies the term

(4.26)

= [ Hodir + 5 3 1iop™) (=)l + i)
4.27) - = )
- —I r- h(n)dn/Cp + ;) 12::1 1P &) — K1),

using the fact that
@2) [ i) + £)epmE + e = 0.
Therefore
2 33 ilplp A=) = 3 OV
@2 6 =[ o) + w) = w) ey

Wy = ) (5 ol o X =) — 140lp)(w)-

Letting ¢,(y) = ™1, m = 1, ..., r, and observing that (((¢,./p")(— £1)))
is a nonsingular Van der Monde, and that ((6,,)) is nonsingular, we focus
on the corresponding ¥, = ¥,,. We also have ((s})) = (((g;/p)(x:)))
nonsingular, and thus focus on

(4.30) kgs;; o = I:Zrirl((q,-wm/pﬂ(—m) — @onlp D)

The right hand side of (4.30) is the sum of residues of the function
g, (pr(p)(pN + o)) within some annulus p — ¢ < 9| S p + e
This rational function has residue at infinity equal to zero. Therefore
(4.30) takes the form (up to a non-vanishing constant)

4.31) jh a;H(pr (N + V) dy.

Again (4.31) defines a non-singular matrix if and only if the boundary
conditions {b;) are md-elliptic with respect to <{a).
This completes the proof of Theorem 0.1.
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