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THE C*-ALGEBRA OF THE ELLIPTIC
BOUNDARY PROBLEM

P. CoLeLLA AND H.O.CORDES

0. Introduction. Let R*! = {x = (x, ..., X,): Xo > 0}, and 9R%"! =
{xo = 0}. Consider unbounded differential operators L of ) = L*R7%™)
given by an expression (@) = )] ,=nd.D* over R and a set (b) of
boundary expressions (b;) = X} q=n,b;,aD% N; < N,j=1, ..,m. Lis
defined by (@), in domL = {ue Hy: (b)u = 0}, with the L2-Sobolev
space 9y = Hy (R”). General assumptions: aP’eCS(RE™) b e
CS(oR%), with the two C*-function algebras over R%'! and its bound-
ary generated by A(x) = (I + x%)71/2 and s,(x) = x;A(x), j = 0,..., n,
respectively.

Examples are the operators 4, and 4,, formed with the Laplace operator
(a) = 4, and the Dirichlet and Neumann condition, (b) = 1, and (b) =
9/0xg, respectively. 4, and 4, are known to be negative self-adjoint opera-
tors of §, so that all operators of (0.1), below, are well defined bounded
operators of .

Ag= (1 = A2 A, = (1 = 4,)7V2, S; = Doy,
S,, = DOAm Sj,d = Dj/ld, Sn,j = Dj/ln, ]= 1, R (B

The C*-algebras generated by (taking operator norm closure in £(§)
of the finitely generated algebra of the operators) (0.1), (or (0.1) together
with the multiplication operators a(M):  — 9, defined by (a(M)u)(x) =
a(x)u(x), x e R%1, for a e CS(R%1)) will be denoted by A* and A, respec-
tively. We shall refer to A as of the C*-algebra of the elliptic boundary
problem in the half space R%'1. We believe this distinctive notation justi-
fied, because the algebra 9 proves to be of interest for a variety of reasons,
listed below. First, c.f. [10], 2 contains (Fredholm) inverses L1 of L
generated by a general (Lopatinski—Shapiro type) variable coefficient
boundary condition (b) and a suitable elliptic constant coefficient (a).
Moreover we then even have P, ., = DeL-1e ¥, for all |a]| £ N = order
of L. Second, we shall make available good criteria for 4 € A to be
Fredhom. Third, 9 may be of interest as a type-1 C*-algebra with a finite
ideal chain

0.2) A>CoE,

where € and € denote the commutator ideal of % and the compact ideal
of §, respectively. In fact we get

0.1)
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218 P. COLELLA AND H. O. CORDES
(0.3) C/A = C(w), ©/C = C(B, 6(b)),

with the compact ideal §(f) of another Hilbert space ), where the two
spaces .# and B* will be explicitly characterized. Moreover, UGU* =
()] &® Az with the algebra AZ of singular integral operators over the
boundary oR%™, and a certain unitary operator U.

For a more detailed discussion of the second point we refer to [4] or [10].
The two main results were announced in [4] and in a lecture at the CIME
conference at Stresa/Italy in September 1968. (C.f. also [S]). Let us note
that these results imply general criteria for normal solvability of boundary
problems (a), (), with variable coefficients in both (a) and (b), for a non-
compact domain differomorphic to a half-space (c.f. [10]). Clearly (a)
will have to be elliptic (and md-elliptic (c.f. [6])), and from the work of
Aronszajn [1] it follows that (b) must be Lopatinski-Shapiro. The results
may be new, however, since a non-compact domain, with non-compact
boundary is involved.

Finally let us invite a comparison between our results here and the
singular elliptic theory of [12]. [13], which is much simpler in its structure.
Clearly the two types of problems treated reflect the old alternative ‘limit
circle case’ and ‘limit point case’ of Herman Weyl. The large class of
intermediate.cases here may be too difficult for an explicit discussion.

The algebra 9 mainly consists of pseudo-differential operators (ab-
breviated ‘¢ydo’s’). However, there also occurs another kind of singular
integral operator-with singularity at the boundary 9R% only, and related
to a Wiener-Hopf (or Mellin) convolution (c.f. [7]).

1. Preparations. We denote by R%™ the set {x = (y, x)eR x R”:
y > 0}. The Hilbert space on which our C*-algebra of ¢do’s will act is
L2(R%*Y) = §. We will also have occasion to study various operators on
several other Hilbert spaces, which we denote as follows: L%(R.) = b,
L?2(R*) = £, L%R*1) = Q. For any Hilbert space H, we will denote by
E(H), or, when there is no risk of confusion, by €, the norm closed two-
sided ideal of compact operators on H.

The Laplacian 4 on R is related to the operators 4, and 4, on $, the
Laplacian with Dirichlet and Neumann boundary conditions, respectively,
by means of even or odd reflections at y = 0. To describe this relationship
let the two isometries E, E,: § — & be defined by

(L (E,u)(y,x) = 2712u(y,x),y 2 0, = =2712y(—y,x),y < 0,
OB WGX) = 2712u(y, %),y 2 0, = 2712 4(—,x),y < 0.

The adjoints E¥, E¥: & — $ are partial isometries, explicitely given by

(1.2) EXy = 21/2v,,,Rn++1, EXy =212 ve|31+1,
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where

vo(p, X) = 1/2(v(y, X) — ¥(—», X))

v.(y, X) = 1/2(v(y, X) + v(—y, X)), ve K.

The isometries E,, E, satisfy EXE, = EXFE, = 1. It is readily seen that
(1.4) EE*v = v, E,E¥v = v

The unbounded operator K = I —4 of &, with domain dom(K) =
C(R711), is known to be essentially self-adjoint. We denote its closure by
K. Similarly, let H;, H,, = 1 — 4 on £, with

dom(H,) = {ueCy(R%):u = 0 aty = 0},
dom(H,) = {ueC5(RE™): gufoy = 0 at y = 0},
and we denote the closures by H,and H,. Clearly, H, =2 1, H, = 1.

(1.3)

(1.5)

ProvposITION 1.1. H; and H, are both self-adjoint ; we have
(1.6) H, = E¥KE, H, = EfKE,.
Moreover, for any bounded continuous function f: [1, 0] —» R, we get
(1.7) f(Hy) = Ef(K)E,, f(H,) = EXf(K)E.,.

ProOF. The essential point is that the Fourier transform of R#+1 defines
a unitary operator F:  — & which ‘diagonalizes’ K and leaves the spaces
of even and odd functions invariant each. In details, we find that FKF—!
is the (unbounded) multiplication operator induced by the function
A%(x) =1+ x2 =1 + »* + x2. This givesan explicit construction of the
spectral family P(y) of K: FP(n)F~1is the multiplication operator induced
by (y.(A"%x)), with the characteristic function x; of the interval (— o0, 4].
Then since F leaves imE, and imF, invariant, it becomes evident that
also P(y) leaves these spaces invariant. (It is natural to use the notation
‘even’ and ‘odd’ function for the functions of imE, and imFE,, respec-
tively.) In other words, the self-adjoint operator K is reduced by each of
these two spaces.

Define

(1.8) K, = K|(domK ) imE,), K, =K|(domK ()} imE,),

then K, and K, define self-adjoint operators of the Hilbert spaces &, =
im E, and &, = im E,, with spectral families P,(x) = P(x) &, and P,(u) =
P(1) 8,. However, E, acts as a unitary operator  — &,, for example, and
E¥*|®, is its inverse. Moreover, we get H, = EX*KE, = (E¥*|®,)K,E,,
trivially, which shows that H, is self-adjoint (in $), and that its spectral
family is given by Q,(1) = E¥P(1)E,. This implies the proposition for
H,,, if we can show that H, = H,. But by a simple calculation, E¥*KE,
H, c H,. (Note that for uedomH,) we need not have E,uecdomK,



220 P. COLELLA AND H. O. CORDES

because it may not be C> at y = 0. However, since u satisfies the Neu-
mann condition, E,u at least has continuous first derivatives and piece-
wiese continuous second derivatives, which implies E,u € domK, by a
calculation). Also the fact that E, is unitary from £ to &, then implies that
H, = H,. A similar argument will settle the proposition for H,,.

Ford = 1, 2, ..., and a function a € L*(R¢) we define the multiplication
operator a(M), and the (formal) Fourier multiplier a(D) as bounded opera-
tors of L%(R?) by
(1.9) (a(M)u)(z) = a(z)u(z), a(D) = F~la(M)F,
with the Fourier transform F of R4. It is known that a(D) may be re-
presented as a singular convolution operator. In particular, for A*(z) =
(1 + 2272’2, 5(2) = z;A(z), the operators A*(D), s,(D) possess the explicit
representations

(e(D)u)z) = Qr)-4"? j Gy oz — 2Y(z) de', a > 0,
(1.10)

(s{(D)u) (z) = 2z)~42 lim S ks {z — 2u(z) dz',

e—>01z—z"1z¢

where the kernels G, , and k,; may be expressed in terms of modified
Hankel functions ([8], formula (1.3), (1.4), or [2], [16]), G, . are known as
Bessel potentials. They are C=-functions over R? — {0}, and satisfy (with
some ¢ > 0, and for all ¢ > 0, in fact, ¢ = 0 with exceptions)

Gya(2) = O(e™'Y), ky (z) = O(e™'#), as|z| - oo,
G1o(2) = O(|z|~#tat]), as|z| > 0.
Actually, (1.11) and (1.12) below remain correct when differentiated. Then

(1.11)

kg J =1, ..., dare kernels of Cauchy-type singular integral operators.
In particular,
(1.12) ko f2) = kY (2) + O(|z]=#+9), as|z| - 0.

where K9 ; is homogeneous of degree =d in z, and has its integral over
the unit sphere = 0, so that the Cauchy principal value in (1.10) exists
for almost all z. Also, the G, , are L(R?) so that the convolution integral
in (1.10) exists for almost all z, assuming u € L%R?).

For d = n + 1 we also use the notation a(M) = a(M,, M), a(D) =
a(Dy, D). In particular we will have functions depending only on part of
the variables and the corresponding operators, like a(My), b(D), etc. Note
that a(M,) may either act on L%(R) or on LA(R*1) = &, etc.

We distinguish the operators A = A(D) = K712, and S; = s/(D) =
D;A, j=0,..., N, actingon & where D; = —i9/ox;. (We get K =
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F-1(1 + M?2)F = (1 + D?), as mentioned in the proof of proposition 1.1).
Now, let us apply proposition 1.1, to obtain

H;l/z —_ Ad = E:‘AEo, H;I/Z = An = E:AEZ:

(1.13) S, = Dy, = E*S,E,, S, = Do/, = E¥S,E,,
Sd,j = DjAd = E:‘Son, Sn,j = DjAn = E::SjEe,
j=1, .., n

(In (1.13) we have used the fact that E§Dou = DoE}u, but EfDu =
D;E¥u, for appropriate functions », and similarly for EF.)

From (1.13) and (1.10) one derives integral representations for the
operators Ay, A, S4, Su Sy s Sa s using (1.1), (1.2), (1.3). These are con-
veniently written as

Ad=A__A+, An=A—+A+,Sd=S_“‘S+,

(1.14)
S, =S_+ S, Sd,,' = Sj,— = O+ Sn,j = S/',— + SJ',""

with

(W19 A0 = [, Gpina (0 £ 5, x = Xy, X) dx dy

"
and similar formulas for S,, S ; ., involving the kernels k,,; ;.

For n = 0 we will denote A, = Q,, S, = P,. We note the explicit
integral representations

P.u)(y) =ilx L Ki(y + y)sgn(y + yhu(y") dy',
(1.16) +
(Q.t) (») = ilx jR Koy + y)u(y) dy',

with the modified Hankel functions ([15], [17]).

Next, we wish to review some facts about C*-algebras. Let % be a C*-
algebra, and let & be the closed, self-adjoint, two-sided ideal generated by
the commutators of UA. Then A/E = Y~ is a commutative C*-algebra,
andisisometrically isomorphicto the algebra C(.#) of continuous functions
on the compact Hausdorff space .#(X), the set of all *-homomorphisms
m: Y~ — C, with the relative w*-topology. We define the symbol of 4 e
H, 04: M) > C, by g4(m) = m(47), A~ = A + € e A/C. The induced
map o: U — C(A) is a*-homomorphism of the two algebras.

LemMma 1.2. Let A, A, Ay be C*-algebras, Ay, Ay = A, A generated by
Ay and N,. Then 4 (N) is homeomorphic to a closed subspace of the Cartesian
product M(Uy) x M(Nj). Moreover, a corresponding homeomorphism ¢:
MA) > MUy x MNs) can be constructed such that o ,(c~1(my, my))=
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0 4,(my) - 0%, (my) for all (my, mp) € ((M(N)), and A = A1 Az, Aj € U, and the
symbols ¢, o7 of A, A;.

PrOOF. Denote the commutator ideals by €, €;, respectively, and ob-
serve that €; = €. Thus we have canonical homomorphisms z;: %; —
9", defined by z(4; + €,) = 4; + €. We define

(1.17) ¢ =¥ X n¥,

with the dual maps z¥: .#Z(A) - .#(A;), given by ¥(m) = mox;. The
map ¢ clearly is continuous, and we need only show it is injective.
If z¥(m)A; = n¥(m)A; for all A4;eA;, j=1, 2, then (m — m)
(I, A" + G) = n(m — m) (4' + €) = 0, whenever all A e, U As.
Since operators of this form //A* span the algebra U, by hypothesis, we get
m = m.

In the later application we will tend to identify .#(2) with its image
c(N)) = M) x A(Uy), because then A, A; will have a fixed analy-
tical meaning. Then we may write the main formula of the lemma in the
form

(1.17) 0 a(my, mp) = oy, (my) - 0%,(my), (my, my) € A (N),

whenever 4 = 4,4, A;€U;.

Later, we will be looking at the topological tensor product of C*-alge-
bras, so we also summarize some facts about them. For details c.f. [3].
For two Hilbert spaces £,;, £ the algebraic tensor product is a pre-Hilbert
space under the inner product (f1 ® f2, g ® g%) = (f1, g!) - (/2 g2,
extended to $; ® H, by linearity. Completing under the induced Hilbert
norm we get the topological tensor product £, ® $o, which is a Hilbert
space. For C*-algebras ¥ ; on $, the algebraic tensor product %; ® 9,
is a *-subalgebra of Q(hl ® \r)z) with (4! ® A2?) (f1 ®f?) =UAYH ®
(A4%f?). We define the topological tensor product %; ® %, as the closure
of A; ® Az in LH; & ® $9). We mention without proof the following two
lemmas (c.f. [3]).

LevMa 1.3. If U, is commutative and A, has commutator ideal €(9,),
then the commutator ideal of Ay @ Wy equals €(H) ® Ay, and we have

(1.18) MU & U = Q) x M)

LEMMA 1.4. Let §($,) be the class of continuous operators of finite rank
over Yy, then, for any C*-algebra %y on £, we have F(H;) ® A, dense in
C(9H1) ® As.

2. The case n = 0. The results of this section are essentially contained
in [7]; we will summarized these results here, and make the connections
to information concerning the algebras of ¢y)do’s on R%"! we wish to study.
Let £ be the C*-algebra on [) generated by the ideal €(h) of compact
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operators and three commutative C*-algebras M, W, and J3: 3 is the alge-
bra of multiplications a(M), with a € C([0, o]), a bounded continuous
function over [0, o), with limit at + oo ; W is generated by the identity
and the operators E*K,E, with Kju = ¢ xu = [p(y — yYu(y)dy', u €
L%(R), where ¢ is an even L1(R)-function; and .# is generated by the iden-
tity and the two operators (K.u) () = [§u(y")dy/(y' £ ¥'), where the
Cauchy principal value is to be taken in defining the integral for K_.

The operators of J already are in ‘diagonal form’, as multiplication
operators. The other two algebras are explicitly diagonalizable via clas-
sical integral transforms. With the Fourier cosine transform F,: %) — Y
(defined as F, = EX¥FE,), and the Mellin transform M: §) —» L%R),

@D (M) = (FUO) = @rrvef T uGi-are dy,
where

(2.2) (Uu)(t) = 2V%etu(e?), U: § — LA(R),

we get

FWF* = {a(M) e £(): a e C([0, o))}
MMM* = {a(M) e & LYR)) : ae C([— 0, + o))}
so that 3, T and I are isometrically isomorphic to C([0, «0]), C([0, o)),

and C([— o, + ]), respectively. Repeated application of Lemma 1.2
yields an injective map ¢: .# (L) — Q where

2.4 0 ={(»¢&1tel0, ] x [0, 0] x [—o0, + 0]}

(2.3)

Moreover, if ¢ is used to identify ./ = ./#(2) with its image we have

(5 o0& 0 = a0, ouz(y. & 1) = v 2z (€), ¢ even,
ok, (y, & t) = w sech (nt/2), ok (y, §, t) = — iz tanh (n1/2)
where
H = E¥*K,E, and § = Fp
THEOREM 2.1. (c.f. [7]). d( () equals the union
{y=0&=00,te[-00, 0]} U{yel0, o], & =0,t = +w}
Uf{y=0,8€[0,w],t=+0} U {y=0w0,&=0,re[—00, 0]}

It is convenient to rearrange the space .# into a hexagon, as in fig. 2.1.

It should also be mentioned that the commutator ideal of equals €(5),
and that the operators of €(f)) are redundant as generators of £, as fol-
lows from the fact that the C*-algebra generated by M, W and 3 only con-
tains nontrivial compact operators and is irreducible (c.f. also Lemma 4.1).
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02 A 0°

Fig. 2.1

The algebra £ contains a variety of interesting operators: It contains
all ‘Mellin convolutions’ S,: § — §, p € LI(R,, x71/2 dx),

@4 (S0 = [ gy vy,

and we have MS ,M* = 2122z ¢*(M), with ¢~ = M, which gives the
explicit diagonalization for the elements of . S, is called a Mellin con-
volution operator because it is a convolution of the multiplicative group of
positive reals Ry, and because the Mellin transform acts as the Fourier
transform for this group.

Next, Q contains all Wiener-Hopf convolutions H,: § — b, ¢ € LI(R),

@.5) (Hu)(y) = j:’ oy — Yy dv',
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and we have (with ¢, = EXEp, ¢, = EXE,p, ¢"° = Fp|R})
(2:6) o5y, & 1) = Qu)Hp;¢) + [tanh(zt/2) + i sech(zt/2)] ©,%8)}.

This fact is trivial for even ¢, due to (2.5) and H} = H, + H;, (H ju)(y)=
[ep(y + yu(y)dy', where H € §() for all p € LI(R). On the other hand,
let ¢ be odd and let Tu(y) = [ru(y')dy’/(y — ') be the Hilbert transform.
It is well known that FTF* = —ix sgn(M), sgn y = y/|y|.

The following facts are simple calculations (for an odd ¢ € L1).

EYTE, = K_ + K, —E}TE,EfK,E,
2.7 = —E}TK,E, = i2a®)12 F¥ o(M)F, € B,
—n2EY¥K,E, = E¥TR,EfTKyE, = (K- +K,) EfTKyE,,
(using the Hilbert inversion formula [15]). So it follows that EFKE, =
HY = H, + HJ, and that (by compactness of H}),
(2.8) ou (¥, & t) = Qm)/%{tanh(tz/2) + i sech(tz/2)}¢ (&),
which implies (2.6).

The algebra £ also contains the ‘singular convolutions’ K% : § — ¥,

2.9) KL = [ uG) e ayiey + v,
and,

ok (y, & t) = —2iarc tan & tanh (z¢/2),

(2.10)
axi(y, &, t) = 2 arc tan & sech (7t/2),

as proven in [7], Lemma 4.3. Our main interest is focused on the sub-
algebra 8 of £ generated by the operators (2.9) (and €(f)). Again B#/€
is commutative, and naturally imbedded in C(.#(L)) = /€, and the com-
mutator ideal is €. So we shall identify 5#/€ with its image in C(.#(Q)).
By looking at the symbols of the generators we see that B#/€ separates, in
the sense of the Stone-Weierstrass theorem, precisely all the points of

(2.11) {y=00,£€(0, ), =t}
U {y=Oa£ = CD,[E(—(I), +(I))},

while each of the three remaining segments in fig 2.1 collapses into a point.
Thus it follows that .# (%) is homeomorphic to the triangle of Fig.2.2.
The algebra P5* still contains all Wiener-Hopf convolutions (2.5) with
Ll-kernel, as follows from (2.6): The Fourier transforms of ¢,, ¢, € L! are
continuous and 0 at oo, also ¢; is 0odd, hence = 0 at 0; hence g5, = 0 on
the collapsing segments. Moreover, we claim, that another set of genera-
tors of P* is given by the operators (1.16). Indeed, from the well known
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0 0
§ :

Y

t ——
Fig. 2.2

asymptotic behaviour of the modified Hankel function K; at 0 and oo we
conclude that (with a constant ¢ # 0)

(2.12) $(») = Ki(y)sgn y — ce™!y e LY(R),

so that P_ — ¢,K% is an Ll-Wiener-Hopf convolution, hence in %%
Similarly P, — ¢uK9 € €(h). Again Q_ is an L!-Wiener-Hopf convolution,
and Q. is compact. Hence P_, Q. € %. The algebra generated by them
contains Q, a nontrivial compact operator, and is irreducible, hence con-
tains €(§) (c.f. Dixmier [14]), also by Lemma 4.1. For a point of .Z(1%)
with finite # we have ¢ = oo, hence g, = 0 at all points of that segment.
Thus gp_ = cogo separates all points of it. Similarly, a calculation shows
that—up to a multiplicative non-vanishing constant— ¢gp_  equals
+ & A(&) on the segments z = + oo, using (2.6), (2.11), and that the kernel
of K% in effect has Fourier transform arc tan &. Furthermore the symbol
of Q_is A(&) on t = + o0, and zero elsewhere, hence separates the points
at t = 4+ oo from |f| < oo. It follows that the symbols of P,, Q. separate
A/(T7) so that these operators generate %, as stated.

It is useful to convert the triangle .#Z (%) of fig.2.2 into the shape of
fig.2.3 where we use the transformation of &-variables ¢ — & - sgn ¢ at the
segments with & # oo, because in these coordinates we get oy (x, &, 1) =
¢ (&) on |t| = oo, for any ¢ € L1, and also for the singular Wiener-Hopf-
convolution

K =H

exp(—Iyl)/y

Finally, let B be the subalgebra of £ with generators % and 8. For this
algebra the Symbol space .# (%) is represented by fig. 2.4 The algebra 5 is
the 1-dimensional example of our algebra A of ¢do’s to be studied in
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Qo

-~ 0o

Fig. 2.3

section 3 (n = 0). We still have the commutator ideal of 5 equal to €, in
distinction from the cases n = 1 studied in section 3. It may be observed
that the ‘s-segment’ in Fig. 2.4 is entirely over the point x = 0, reflecting
the fact that the symbol of 4 € § on [t| < oo entirely is determined by the
operator y(M)Ay(M), with any y € C5°([0, ©]), equal 1 near 0.
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y —m> Co
oo
t
— 00 - 0o
y — bt
Fig. 2.4

We introduce the notation L = .#($%), for later use.

3. The algebra of ¢do’s. As a first step we examine the symbol space
structure of ¥, the C*-algebra generated by the operators (1.13). Let F be
the Fourier transform in the last n variables, i.e.,

3.1 F)(y, %) = @02 et uty, ) de
F defines a unitary operator of both $ and & and, in that sense, commutes

with E, and E,: Efu = FEu, E,Fu = FE,u, uc $. Introduce 7(x) =
(1 + x2)1’2 and then the unitary substitution operator T: ) — § (or & — &)

(3.2 (Tu)(y, x) = 7 V2(x)u(y/z(x), x)
which commutes with E,, E, in a similar sense. Define U = TF. Then
(3.3) UAU* = (1+ D312 ® v 2(M),

where 1 + Dj is the operator K for n = 0, acting on L2(R), and with
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respect to the tensor decomposition & = L%(R) ®¢. Indeed, we have
F = G*F with the 1-dimensional Furiero transform G: & — &, acting on
y. Also, GT = T*G, G*T = T*G*, by a calculation. It follows that

3.4) UAU* = TG*(z2(M) + M{)"12GT* = G*T*(z¥(M) + M3)"12TG
GH_ T I(M)G*(1 +M3)-12 G,

which proves (3.3) since the right hand side is only another way of writing
the right hand side of (3.3).

Applying E, or E, we get

UAU* = 0, ® o7 I(M), UAU* = Q, ® 7 1(M)
(3.5 US,U*=P,®1, US,U* = P, ® I,
US, U* = 0, ® Mz=\(M), US,,U* = Q, ® M,z }(M),

with P,, P;, Q,, O, = P_ + P,, Q_ + Q., respectively.

PROPOSITION 3.1 UA*U* coincides with the subalgebra of
(3.6) P ® 8,, 8, = {a(M) e £(t): ae C(B)},

generated by the operators (3.5), where B denotes the smallest compactifica-
tion of R* onto which s;, j = 1, ..., n and A all extend as continuous func-
tions. Moreover, if ©% is the commutator ideal of %*, then

(3.7 UGHU* = 6(h) ® 3,

Proof. The first part was discussed above. Also, it is trivial that ‘<’
holds in (3.7). By remark 4.2 we find that US?U* contains C ® A(M), C ®
5;(M), for all C € €(f). Let C = P be a 1-dimensional projection. Then the
above operators generate the algebra of all P ® a(M), a e C(B”), which
is contained in UG*U*. Then Lemma 1.4 may be used for the second
statement.

Prosposition 3.2. Let L = L, J Ly = #(B%), with the closed ‘t-segment’
L,, and the open ‘&-segment’ L, according to fig. 2.3, of L. The C*-algebra
A*/C s isometrically isomorphic to a subalgebra of C(L x B*). In fact,
to the subalgebra generated by o 4(1) - b(x), 1 € L, x € B*, where A ® b(M)
is any one of the tensor products in (3.5). Moreover, the symbol space
A(UF) is homeomorphic to the space obtained from L x B by collapsing
each set | x B*into a point, for all 1 € L,. Also the symbol of a generator
G = U¥(4 ® b(M))U of the collection (1.13) then is equal to the function
induced by o 4(I) - b(x) on 4 (U*) as described by above homeomorphism.

PROOF. By Lemma 1.3, (* ® 8,)/(6(6) ® 8,) =~ C(L. x Br); thus by
proposition 3.1., A#/E# is isometrically isomorphic to a subalgebra of
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C(L x B#). The reminder of the proposition then is a matter of explicit
calculations, involving Stone-Weierstrass, and the dual of the above
injection. Note also the more direct proof of [6], Ch.V.

REMARK: It is immediate that (i) B” is homeomorphic to the n-ball
{x e R”: |x| < 1}, with {|x| = 1} representing the infinite points of B~.
Also that .#% = .#(%%) is homeomorphic to an n + 1-ball

(€R)) Mi={ B): &R EeR & + |82 = 1,

with a 1-dimensional segment .#§ = {—1 < p < 1} attached as a handle,
with its endpoints ¢ = +1 identified with the north and south pole
& = +1 of the ball, respectively. (fig 3.1),

Let % be the C*-algebra generated by %+ above, and the multiplication
operators

(3.9) AM), s(M):H—H,j=1,...n+1,

with the functions 4, s; in # + 1-dimenions, as in section 1.
Fig. 3.1

The operators (3.9) generate a commutative C*-algebra isometrically
isomorphic to C(H”*1), with the compactification

(3.10) H*! = {x = (y, x)e B*1: y 2 0}

Fig. 3.1
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of R%™1, Applying Lemma 1.2 we conclude that .#() is homeomorphic
to a subspace of the product H"+1 x 4%,

THEOREM 3.3 #(N) consists of the following union of subsets of
H1 x _u4:
G.11) A = (2 = RE™) x A0
U R x 9.18) U @RE x 8) U (90RE x A5),
with
o.4%, OR"H, R%HL GoR7H

denoting the boundary of the n 4 1-ball (3.8), the boundary of R%™! in
R#t1) the closure of R%+! and the boundary of 9R%™ in HrtL, respectively.

The proof is postponed to the end of section 3. To also get an insight
into the structure of the commutator ideal € of A we introduce the C*-
algebra %4, acting on L%(R9), and generated by

3.12) AD), A(M), s(D), s{(M),j=1, ..., d
As discussed in [11], %4 has commutator ideal €, and we get

(3.13) 7P =
(0B x B4) |J (B¢ x 9B4) = B¢ x B/ — R? x R c B¢ x BY,

and
(3.14) Goan = A(X), 0oy = al§), (x, &) e M(AY).

THEOREM 3.4. Let W = F*TF (as in (3.1.) (3.2)); We have §(§)) = €, and
(3.15) WEW* = 6(h) ® A, and G/6(H) = C(u(T), C(D)),

with the class C(#, €) of continuous functions from .4 to €.
We prove Theorem 3.4 in a series of lemmas.

LEMMA 3.5. Let ae C(H*), AeW%? then [a(M), A]= a(M)4 —
Aa(M) e 6(B).

Proor. It suffices to show this for a generator of A%. Let b: R**1 —» C
be the even extension of a. Clearly E.a(M) = b(M)E, for x = e, 0. The
generators (1.13) are all of the form E¥BE,, B= /A, S;; £, A = e, 0; we get
[a(M), E¥BE,] = EX[b(M), BIE, = E¥CE,, C € §(R)), by [11], for example,
which proves the lemma.

The following is an easy consequence of the lemma.

COROLLARY 3.6. The set of all operators of the form
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N
(3.16) 2 a(M)E; + C, a;e CH*?), E; e G, Ce§(9),

=1
is dense in C.

The following two lemmas essentially complete the proof of Theorem
3.4. We defer their proofs until the next section.

LemMA 3.7. For ae C(H"Y) let a € CRE™Y) (| L=(R%™) be defined by
a(y, x) = a0, x), x = (y, X) e R*L. Then, for all EcC* a(M)E —
a(M)E e §().

By Corollary 3.6 and Lemma 3.7, € is the closed linear span mod €(£)
of {a(M)E, ae C(B"), EeC*% which equals the closed linear span,
mod €, of

3.17) {(1 ® a(M)) - U*C ® by(M)U: ay, bye C(B"), CeE(h)},

by Lemma 3.5 and Proposition 3.1. The following lemma says that the
generators listed in (3.17) are equal, mod €() to U*(C ® (ay(D)by(M)) U,
with al(x) = ao(—x).

LeEMMA 3.8. Let ay e C(B”), C e G(9). Then,
(.18) (T(1 ® a(D)T*)(C ® 1) — C ® ay(D) e 6(®).

Assuming Lemma 3.8, for the moment, we find that WEW* is the closed
linear span, mod €($), of

WU*(C ® ay(D)bo(M))UW*

F*(C ® ay(D)by(M))F

C ® ay(M)by(D),

But this amounts to the first relation (3.15). Also %, = U} contains €(f) by
[6]. Thus WG W* contains €(9) = €(h) ® E(f), using [3], and hence also

¢ o €(9). Furthermore, the second part of (3.15) then is a consequence
of the investigation of €(h) ® 2 in [3]. This proves Theorem 3.4.

(3.19)

Proor ofF THEOREM 3.3. First, .# = .#(A) does not contain the points
(x, & eH! x 4% with xeR, Ee i = M5 — o4} since, for
¢ e Co(R%) we get J(M)A_G(M) e §(H), as is easily confirmed. Since
€(®) = &, we must get the symbol ¢(x)o,_¢(x) = 0 at all points of ..
But g, is > 0 in .#%, by (3.5). For any of the above points ¢y can be
chosen such that the above product does not vanish. Hence the point
cannot belong to ..

Next let ¢ > 0, and H#'! = {x e H**1: y > e7(x)}, Rl = R#tl
HAl o= (1 + x2)V2 4, = 4 () (H! x #%). Then we can show that
no (x, &) withy > 0, & e .#%isin .#, as follows. By a calculation we get

(3.20) P(M)U*(P+ @ HUp(M) = p(M)U*((Mo)P1o( M) ® 1) Up(M)
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whenever ¢ € Cy(R2+) and w € C((0, o]) equals 1 for y = e. But the
integral operator w(My)Piw(M,) is in €(f), because its symbol in B
vanishes. Hence (3.20) is in € which implies the statement, by an argument
as above. So we get #, < ., with

(32l) M= {y=Zer|x| =00, Eci}U{y>er|x| <, et}
We now show that .#, = .#:. Let

A, ={AdeWU:suppo, = M.},

Wp. = {A Ut : supp o4 « (H*! x B0 (| 4/ (A3 = 4'}.

Then ¥, and %, , are both C*-algebras, and %,/¢ and ¥, ./&(R,11) are
both isomorphic to C*-subalgebras of C.(H?"' x .#3%), the algebra of
continuous functions on H**1 x % vanishing at y = ¢. because the two
balls B#*1 and .#% are homeomorphic.

Let us observe that the above homeomorphism between the balls may
be chosen such that the symbols in % and %' of corresponding operators
of sets of generators of A and AZ™ agree, respectively. Recall, in that
respect, that .#% was constructed from the product [— o0, + 0] x B” by
collapsing each of the two sets + 00 x B” into a point. The generators
(1.13) of A*# occur in pairs. In fact, these generators are derived from the
‘convolution generators’ of A%™ by applying E, and E,. Comparing the
functions

(323) oy |t =0y,

(where the symbols are taken in %¥) with

(3.22)

ME,

My, o5, MF = 0,

/1'175 O.Sf,d|'//[f = 05Sj,s

(3.24) 04> Osgs Osjs

(with symbols of the commutative C*-algebra A* generated by these
operators), then we find that the functions obtained agree on the interior
of their balls of definition, after the transformation of variables

(3.25) €= (6o, B) —~ (&1 + E)V%8) = (6, B) = ¢

has been carried out. Note that this is the transformation also underlying
the unitary map 7, above. Since the functions (3.23) and (3.24) are gen-
erators of C(.#%) and C(B**1), by Stone-Weierstrass, it follows that the
homeomorphism (3.25) of the interiors extends into a homeomorphism
A} > Bl as the dual map of the corresponding isomorphism of the
function algebras. Henceforth we consider .#{ and B»*! identified, by this
homeomorphism. Then it follows that

(3.26) 04=04,= 04,05 = 05, = Os,, 0s; = 0s,;,, = 0s;,,, a8y > 0.

In particular (3.26) holds for .#, = .#.. One obtains a map z: C(./Z.) —
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C(4 ), defined by restriction @ — al|.#, which is a x-homomorphism and
such that (3.26) holds. The map = may be interpreted as a continuous
x-homomorphism

(3.27) w: Ao, /&(D) ~ A/C,

If we can show 7 to be an injection, then its dual must be surjective, which
means that ./, = ./, as stated.

But the same map (3.27) may be obtained as follows. Let ¢ € C(H*+1)
be zero near y = 0 and = 1 near H?*. Or, alternately, regard ¢ extended
to B#*1 by setting ¢ = 0 when y < 0. The operators

(M) Ap(M), p(M)S jp(M), p(M) A p(M), p(M)S,p(M),
QD(M)S;:;(P(M)a k = dy n9] = 0, ey B

may be regarded as operators mapping either $ - Hor & - K. In that
sense a calculation confirms that

(3-28) (M) Ap(M) = p(M)A,p(M) = p(M)Asp(M) (mod E(D)),
and similar congruences for the §; etc. Note that the operators
(3.29) p(M)Ap(M), p(M)S;p(M), ] = O, ..., n,

generate a subalgebra of 4™, mod €(f), and a subalgebra of A, mod €,
which contain %, . and ¥, respectively, where the cosets of finitely gen-
erated elements correspond to each other by the map z. Note that, with
the orthogonal projection Ps: § — L2(R%™).

inf |4 + E|| = éng|[P5(A + E) + (1 — P)E| 2 inf |4 + P:E|

Ec<C€

(3.30) . .
> inf |4+ C|= inf |4+ C|
CcE (@) Cce€(6)
for sufficiently small 4, depending on ¢, for any operator A finitely gen-
erated from (3.29). This shows that indeed # is injective, so that indeed
M, = .. Letting ¢ - 0, and taking closure in .# we find that .# contains
all of the first and second set of the union (3.11).

Finally let us consider the last two sets of that union. In this connection
let us look for an operator with symbol having support in the set {(x, &):
¢ € .43} which is not in @ Consider the algebra A’ = UAU™* which has
UGU* = §(h) ® A% as a subalgebra, by (3.15). From (3.5) it is clear that
A’ contains P, ® 1, and thus also the C*-algebra generated by the opera-
tors P, ® 1 and P, - P_® 1. These two operators have symbol 0 on ./
in the algebra U*, but separate interior points of the interval .#%. The
existence of By ® 1 e A" with g5, = fon A3, = 0 on % follows, where
f may be any continuous function over .#% vanishing at the boundary.
Likewise, 2’ contains Ua(M)b(My)U* whenever aeCF(R"), be
C3([0, c0)), since ab e CP(R%Y) < U. But,
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A; = Ua(Mb(Mo)U*(B; ® 1) = a(—D)b(My/c(M)) (B; ® 1)

is never in €() ® A%, unless either f = 0 or a = 0 or H(0) = 0. Otherwise
for every ¢ € C3°(R”) the operator (p, 4,p) = C; € £(h) defined by (u, C;v)
= (u® ¢, A;(v ® ¢)) would be compact. Indeed, the latter is not true,
because a calculation shows that C; = B; - g with g € C((0, c0)) defined by
q(») = (¢, a(—D)b(y/r(M))p) (with inner product in f). Taking symbols
in % it is clear that C; is compact if and only if either f = 0 or q(0) = 0.
But if f # 0, and a # 0 and b(0) # O then ¢ always may be chosen such
that ¢(0) = (¢, a(— D)p) b(0) # 0. )

Suppose that some (x, &) with y = 0, |x| < oo and & € .#5 is not in ..
Then a # 0, f # 0 may be chosen with supports in a sufficiently small
neighbourhood of x and & such that the product still vanishes on .#
(because . is closed). It follows that U*A4,U e €, a contradiction if only
b(0) # 0 is chosen. Hence .# contains all such points. Since ./ is closed
it therefore also contains the last two sets of the union (3.11). This com-
pletes the proof of Theorem 3.3.

4. Proof of left-over auxiliary results. PROOF OF LEMMA 3.7. We may
restrict our attention to functions of the form a(x) = P(x)/(1 + x%)*/2,
with a polynomial P of degree k, since C(H”t1) is the closed linear span
of such functions. Then a(x) — a(0, x) = sy(x)q(x), with a bounded
function g, by a calculation. Also by Corollary 3.6 we may choose £ = P, .
Then, using Proposition 3.1, we find that it is sufficient to show compact-
ness of so(M)U*(P, 4 ® 1)U for any operator P, su = ¢ - (¢, u), ¢, ¢,
u € ). Or, equivalently, we must show that, for ¢, ¢ of the form ¢ =
11in [0, p], = Oin (p, ),

@.1) (P, ® DU SYMYU*(P, , ® 1) = H e G($).
We may write s3(y, X) = ()2(1 + p2x2)7L, p = (1 + y2)~12, so that
(Fsg(MF*u)(x) = ((w)? (1 + pED®)1 u) (x)
= @oy B2 [ Gal(x = X)pu(y, x) dix

Then, by a calculation, Hu = (2z)™(P,; ,® Z)u with the integral
operator

(4.3) Zu(x) =

fax [ dsplsmdptse 190G, o (x =)o) e Vux).

Again it suffices to show that Z e §(f). The interchange in integrations
leading to (4.3) can be justified, since ¢ has compact support, from the
properties of G, 5, as listed in section 1. (Note that in (4.3) we introduced
7 = 1(x), 7 = 7(x').)

4.2)
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Substituting ¢ in details we get Z to have the kernel

z2(x, xX) = (¢7)172 j‘zfsz(l + 5221 G, o((x — x') (1 + s?)172) ds
4.4 o
= (r7)1”2 jo (pr — 9)G(s, x — x') ds,

with y = y(x, x’) = Min{r~1, 7/-1}, and with
4.5 G(s, ©) = 9/os{s*(1 + s2»271 G, 5(C(1 + sB)!'2)

by a partial integration. Using the estimates (1.11) and the fact that
(zz")1’2 < 1/y, one finds that for every ¢ >0, z =z, + z,,, with
'Zl,e(x, X,)I = A(X)f;(x - X,)’ ZZ,e(xa X,) = ge(x - X/), ”ge”Ll <e, with
an f, € L2R*) (| LY(R*) and A(x) = (1 + x?)"1/2 If y, denotes the char-
acteristic function of the ball {|x| < ¢}, then it follows that y,(x)z; .(X, X’)
= 0(x,(x)fe(x — X)) € L¥R?"), so that the operator y,(M)Z,, is a
Hilbert Schmidt operator and therefore compact. On the other hand we
get (1 — x,(M))Z — 0 in norm convergence of £, by Schur’s criterion.
This implies compactness of Z.

ProoF oF LEMMA 3.8. It suffices to consider the assertion for the case
where qq s either A(x) or s(x),j = 1, ..., n. Also we may assume C = P, 4
again, as in the preceding proof, and with the same choice of ¢, even with
p = 1. With these simplification we are reduced to showing that K =
K; + K, is compact, with

(K)(x) = j @ [OVHp(ye'I7) — p(3)} k(x — X)p(u(t, X') drdx’,
(4.6)
(Kpi)(x) = f((r'/r)m —DpOk(x — X))l X) drdx’,

where £ is the convolution kernel of ay(D), as in (1.11).

Observe that K, = P, ; ® V, with an integral operator V: f — £ having
kernel ((z'/z)1/2 — 1)k(x — x’). The compactness of ¥ may be proven
with the method used for Z in the preceding proof.

We turn now to K. Let ¢,(y) = ¢(ay) and write, for» > 1,

@47 Ky = ¢, (MK + (1 — ¢1,(M0))K; + (p1,(Mo) —p,(Mo))K,.

We shall show that the first two operators at right of (4.7) are Hilbert
Schmidt, and that the last one tends to zero in norm, as y 1. The kernel
of Kj is non-zero only if yr'/c > 1 as y = 1 (case (a)), or, yr'/z £ 1, as
y > 1 (case(h)). In case (@) we get 1 + x2 < y%(1 + x'2), y < 1, or,
0= (1 —-yH(1 + x?) =x?— x5 2)X|[]x — x|, 50

@8)  |x = x[T =2 -1 + xB) T = Ax) (1 - )L
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Similarly in case (b) we get

4.9) |x — x| < e(l — y B AX).
Let » > 1, then ¢,(M()K; has kernel zero for case (a), otherwise,
(4.10) £1(y, 1, X, X') = ) (Mk(x — X))z’ [TV

For arbitrary y, t, x, x' we get, using k(z) = 0(|z|~" A7(2)), r = n, (c.f.
(1.11)),
(4'11) ﬁl(y7 t, X, X,)
= 0(p, (M1 = YO (O)AVHX)A 12X (x — X))

for all r = n. This implies that £, € L3(R?+2), i.e., is a Schmidt kernel.
Accordingly ¢,(M)K; € &(9).

Similarly for L, = (1 — ¢,,(M))K; the kernel is # 0 only in case (b),
and we get its kernel estimated by

£y, t, X, X')
= 0((1 — @MU — y D)7 S(OF(x — X)A~12(x)A1/2(x"))

which again implies L, to be a Schmidt-operator, hence compact.

Finally, regarding the third term in (4.7) —with kernel y;— we note
that x5 # Oonly as 1/yp < y < 7, which is a small interval as  ~ 1. For
such y we may use either (4.8) or (4.9) for the estimate [x — x'|71 <
¢|y — 1]71. The we may estimate, with (1.11) again,

£3 = 0(P(N)(P14(») — (M)[x — X[t [y — 1f7eemeixx),

where also Peetre’s inequality was used, and where 0 < ¢ < 1. Itthen isa
consequence of Schur’s Lemma that this operator tends to zero in operator
norm, asy» v 1. This proves Lemma 3.8.

4.12)

LeEMMA 4.1. The C*-algebra, generated by the operators (1.16) only, is
equal to T hence contains G(5).

ProoOF. We have 0 # Q. e €(h) (N B Using a resolvent integral one
shows that P3# also contains all the orthogonal projections Q onto the
(finite dimensional) eigenspaces to eigenvalues # 0 of the compact self-
adjoint operator Q. Any eigenfunction ¢(y) to an eigen value 1 # 0 is
in §, is analytic in (0, c0), and is of exponential decay in a complex neigh-
bourhood of (1, o). Therefore the Fourier cosine transform also is
analytic. In particular this implies that ¢ will not vanish identically
anywhere in (0, o). Also, the Fourier cosine transform diagonalizes the
operator Hf{ = Q_ + Q. = Q,; we get F.HYF, = A(M,). If there exists



238 P. COLELLA AND H. O. CORDES

a l-dimensional nonvanishing eigenvalue it follows that % contains
P, arbitrarily close to any operator of rank 1, hence contains €(p). If
no such eigenvalue exists one will iterate the procedure starting from
AQ)0f(Q,), with a suitable real-valued function f, to obtains projections
in 7 of lower and lower dimension, finally of dimension 1, which will
complete the proof of Lemma 4.1.

REMARK 4.2. By a similar technique one proves that UE*U* contains
C®AM)and C® s; (M) forall Ce () andj =1, ..., n.
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