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AN ANALOGUE OF BACKLUND’S THEOREM IN AFFINE
GEOMETRY

SHIING-SHEN CHERN* AND CHUU-LIAN TERNG**

ABSTRACT. It is well-known that there is a correspondence
between solutions of the Sine-Gordon equation (SGE)

and the surfaces of constant curvature -1 in R® (see below). The
classical Biacklund transformation of suchsurfaces furnishes a way to
generate new solutions of the SGE from a given solution. This has
received much attention in recent studies of the soliton solutions of
the SGE, and the technique has been used successfully in the study of
other non-linear evolution equations. In the first section of this paper
we present a simple derivation of the classical Bicklund theorem and
its applications by using the method of moving frames.

Our main result concerns affine minimal surfaces. They arise as the
solution of the variation problem for affine area. The corresponding
Euler-Lagrange equation is a fourth order partial differential equa-
tion. In §2,we develop the basic properties of affine minimal surfaces.In
§3 we study the transformation of affine surfaces by realizing them as
the focal surfaces of a line congruence. The natural conditions that the
congruence be a W-congruence and that the affine normals at corres-
ponding points be parallel lead to the conclusion that both surfaces
are affine minimal. This is the content of Theorem 4, the main result
of our paper. As in the classical case, the Theorem leads to the con-
struction of new affine minimal surfaces from a given one by the
solution of a completely integrable system of first order partial
differential equations.

1. The classical Bicklund theorem and its consequences. Let M be a
surface in R3. We choose a local field of orthonormal frames vy, vy, v5 with
origin X in R3 such that X is a point of M and the vectors v;, v, are tangent
to M at X. Let 0,, 05, 05 be the dual coframe of v;, vy, v3. We can write

dx = ) 0,0,
1.1 i
( ) dl)a = ;00151)[3,
Here and throughout this paper we shall agree on the index ranges

(1.2) l=i,j,k=2, l2afr =3

The structure equations of R3 are
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106 S. S. CHERN AND C. L. TERNG
do, = Z 05 A 0,30,, 00,5 + 0{3,, =0
(13) ’
’ g = 25 0cr A O
7

Restricting these forms to the frames defined above, we have

(1.4) ;=0
and hence
(1.5) 0=db; = Z 0; A 0.

By Cartan’s lemma we may write

(16) 03 = Z hz‘jﬁjs h:’j = hjt"
j

The first equation of (1.3) gives
(17) d@, = Z 0]' A 0]',‘
j

(where @, is the Levi-Civita connection form on M which is uniquely
determined by these two equations).
The Gauss equation is

(1.8) d;; = 220 A O + 6y
k

where

O = — 013 A O3 = — (det(B;))0; A 02,
(1.9)

K & det(h,;) = the Gaussian curvature of M.

The Codazzi equations are

(1.10) df;s = Z 0:; A 0.
J

The first fundamental form of the surface is
(1.11) I =(0))% + (02)%
and the second fundamental form is
(1.12) II= Z 0,’0,‘3 = Z h,’jﬁ,'@j.
7 i
Near a non-umbilical point M can be parametrized by its lines of curva-

ture, i.e., there are coordinates u; in which I and II are both diagonalized.
Explicitly we write

I = (a)%(duy))? + (ay)2(dus)?

(1.13)
IT = by(a))2(duy)? + by(a)*(duy)?,
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so that h; = b, and h;, = 0. Observe that b; are the two principal curva-
tures. The Riemannian connection is given by

—1oa, 104
(1.14) O = o Sy — 1 O

and the Codazzi equation can be written

1 6_121 - _ o(log a,) . -
(1.15) b — b, ou, ou; i #J.
Now suppose M has constant negative curvature K = —1; then
b; ob; ologa) . , .
(1.16) - -t St = = ,7,_7,,’,,1 7&]’
bi(bi - b]) auj 314,-
or
L o(log(6? + 1) _ _ dllogay) ; , ;
(1.17) ’ i, = ou, i #J.

Therefore there exist two positive valued functions c¢;(u;), ¢a(u3) such that

(1.18) b2 1 = szg)

z

Making a change in each coordinate separately, we may assume ¢; = 1.
Writing b; = tan ¢, b, = — cot ¢, then a; = cos ¢ and a, = sin ¢, i.e.,

I = cos? ¢(duy)? + sin? ¢(duy)?
I = sing cos ¢((duy)? — (du)?),

so 2¢) is the angle between the two asymptotic directions. The connection
form (1.14) becomes

(1.19)

_0 o¢
(120) 012 = aill duz + 372 dul.
The Gauss equation (1.8) then gives
2 2
(1.21) (s 0% = sin ¢ cos ¢,

o) O(up)?
i.e., ¢ = 2¢ satisfies the Sine-Gordon equation (SGE)
0% 0%¢ .
1.22 S — ot = .
(1.22) o)t~ ) sin ¢
The converse is also true by the existence and uniqueness theorem on sur-
faces. Therefore we have proved: There is a one to one correspondence

between solutions ¢ of SGE with 0 < ¢ < = and the local surfaces of
constant Gaussian curvature K = — 1 in R3 up to rigid motion.
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A congruence of lines is an immersed surface in the Grassmann manifold
Gr of all lines in R3. Locally we can suppose the lines be oriented, with their
points given by

Y= X(u’ Z)) + )\S(us I)), 52 =1,
A being a parameter on each line. The equations
u=ult),v=o0@),u?+02%2#£0

define a ruled surface belonging to the congruence. It is a developable if
and only if the determinant

(& dX, d§) = 0.

This is a quadratic equation in du, dv. Suppose that it has two real and
distinct roots. There are then two families of developables, each of which
(in the generic case) consists of the tangent lines of a surface. It follows
that the lines of the congruence are the common tangent lines of two
surfaces M and M*, to be called the focal surfaces. There results a map-
ping /: M — M* such that the congruence consists of the lines joining
Pe M to /(P)e M*. This construction, of great geometrical simplicity,
plays a fundamental role in the theory of transformation of surfaces.

DeriNITION 1. Consider a line congruence with the focal surfaces
M, M* such that its lines are the common tangents at Pe M and P* =
/(P) e M*. The congruence is called pseudo-spherical (p.s.) if
(1) |PP*|| = r, which is a constant independent of P.

(2) The angle between the two normals vp and ypx at P and P* is equal
to a constant ¢ independent of P.

We can now state the classical Bicklund theorem and give a simple

proof by the method of moving frames.

THEOREM 1. Suppose there is a p.s. congruence in R3 with the focal
surfaces M and M* such that the distance r between corresponding points
and the angle © between corresponding normals are constants. Then both M
and M* have constant negative Gaussian curvature equal to —sinz[r2.

ProoF. We choose an orthonormal frame »;, v, v3 on M such that
v; is the unit vector in the direction of PP* (where P and P* are the cor-
responding points) and v; is the normal to M. From the definition of a
p.s. congruence, there is an orthonormal frame »f, v¥, v¥ on M* given by

¥ =
(1.23) v§ = cos Ty, + sin T
v¥ = —sin 7y, + con rv3 = the normal to M*.
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Suppose locally M is given by an immersion X: U — R3, where U is an
open subset of R2, then M* is given by
(1.24) X* =X+ ro
Taking the differential of (1.24) gives
dX* = dX + rdv,
(1.25) = 210:0; + r) 0140,
= 0101 + (02 + r012)v2 + rb13vs.
On the other hand, let 8} be the dual coframe of v} we have
dX* = 0fv¥ + 0503
(1.26) 101 202 .
= 0*0; + 05 cos tvy + 0F sin 7vs.

Comparing coefficients of »; in (1.25) and (1.26), we get

=06
(1.27) 0% cost = Oy + rl,
03 sin 7 = rf;3
This gives
(1.28) 02 + rf13 = r cot zl;s3.

Since 0f, 65 are linearly independent, by (1.27) h;, never vanishes. In
order to compute the curvature of M*, we have, by using (1.23), (1.28),

0f; = dvf-v¥
= —sinz 0, + cos zl;3

(1.29) sint 0
T 29

0;‘3 = dv§“~v§" = 023.

Then
6 = — 08 A 0%
(1.30) = =50 O
= Si;_z hlzﬁl N 02.

On the other hand, using (1.27),

Of = —K*0f A 0
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(1.31) _ _px T
= K SiT?,'hlzel A 02.

Comparing coefficients in (1 30) and (1.31), we have

(1.32) _ g* Mz _ hipsint
sin T r

Since 4,5 never vanishes,

(1.33) K+ = — S’z

By symmetry,

in2
(1.34) K= — 5";2 ‘.

The differential form equation (1.28) is called the Bdcklund transforma-
tion. We can write it as a system of partial differential equations. For
simplicity, we may assume K = —1, so that r = sin 7. Let o be the angle
between the u;-curves in the coordinate system (1.19) and the vector PP*.
Then (1.28) becomes

é(ﬂa; ¢ _ asin(a — ¢)
(1.35) )
@Q‘a_;ﬂ) = (ll sin (@ + ¢),

where x = 1/2 (u; + up), ¥y = 1/2 (u; — uy) are the asymptotic coordinates,
and a = csc ¢ — cot 7 = constant. In the asymptotic coordinates, the
SGE becomes

(1.36) a%g; — sin g.
By equating the cross derivatives of (1.35), it follows that 2« is also a solu-
tion of SGE.

Note that the geometric derivation of (1.35) is local and the range of
« and ¢ are restricted to lie in (0, z/2). However, from the analytic point
of view, if 2¢ is any solution of SGE and «, ¢ satisfy (1.35) then 2¢ is also
a solution.

Next we discuss the complete integrability of (1.28) or (1.35).

THEOREM 2. Suppose M is a surface of constant negative curvature, K =
— sin? ¢/r2, where r > 0 and t© are constants. Given any unit vector vy €
Tp(M), which is not in a principal direction, there exists a unique surface
M* and a p.s. congruence with M and M* as focal surfaces such that if
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P§ € M* is the point corresponding to Py, we have PoP§ = rvy and ¢ is
the angle between the normals at P, P§.

Proor. The differential form equation (1.28) is completely integrable,
since

d(6, + rb1s — r cot zf;3)
= 0; A O + rf13 A 032 — rcotzlhiz A 023,
=<—rl — rK csc? z-) 01 A 03, using (1.28)

_sin?t

= 0, since K = 2

Then the theorem follows directly from Frobenius Theorem.

DEFINITION 2. A line congruence <: M — M* is called a Weingarten
congruence (or W-congruence) if ~# maps the asymptotic curves of M to
the asymptotic curves of M*.

COROLLARY |. A p.s. congruence is a W-congruence.
Proor. IT* = 0F0% + 0503

=SM790, + o

,
" 0,30
r mrt 15723

= 2 21 usi _ y_ —sin?¢
= gin 2 (017 + 2 g0z + hp(02)7), sing K = det(h;) = —

=z
sin 7
Since the second fundamental forms are proportional, the asymptotic
curves correspond under /.

The above results generalize to the case of n-dimensional submanifolds
of constant negative curvature in R%*~1, This generalization will be the
subject of a paper by K. Tenenblat and C. L. Terng.

In what follows we will study the analogue of the geometric Backlund
transformation in affine differential geometry.

2. Affine surfaces. Let 43 be the unimodular affine space of dimension
3, i.e., the space with real coordinates x1, x2, x3 and volume element
dV = dx! A dx% A dx3. The linear group G which preserves the volume
form is the unimodular affine group, i.e.,

2.1 x*a = 37 cqxP 4 de
8

where
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(22) det(c) = 1

Following §1 we shall continue to adopt the range 1, 2, 3, for small Greek
indices and the range 1, 2 for small Latin indices. In the space 43 distance
and angle have no meaning, but there are the notions of vectors and
parallelism.

Let x be the position vector of the surface M sitting in 43. Let x, e;, e,
e3 be an affine frame on M such that ¢,, e, are tangent to M at x, and

(2.3) (e1, €3, €3) = det(ey, ez, €3) = 1.
We can write

dx = ), w2,
«a

2.4
dea = Z wﬁeﬁ.
B8

The w*, w? are the Maurer-Cartan forms of G. Differentiating (2.3) and
using (2.4), we get

(2.5) 3wz =0.

The structure equation of 43 gives

do* = )] wf A 0}
B
2.6
(2:6) dwl = ) o} A o5
If we restrict the forms to the surface M as defined above, we have
2.7 w3=0
and the first equation of (2.6) gives
@3) ¥ wil = 0.
By Cartan’s lemma, we have
(2.9 w} = 23 hpot, by = By
%
From now on we assume that M is non-degenerate, i.e., the rank of

(h;;) is equal to 2. Let H = det(h;;). Then it follows that the quadratic
differential form

1
(2.10) II = |H| ¢ )] hpo'ot
i,k

is affinely invariant. Since it is of rank 2, it defines a pseudo-Riemannian
structure on M, which is called the affine metric of M, to which the method
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of Riemannian geometry can be applied. In particular, the Gaussian
curvature of II is defined.
Since M is non-degenerate, we can choose e; suitably such that

@.11) ol + idlog |H| = 0.

Under such a choice the line through x in the direction of e; is called the
affine normal at x. Moreover, the vector |H|Y4e; is affinely invariant,
and is called the affine normal vector. The affine normal has interesting
geometrical properties; see [1, 3].

Differentiating (2.11), we get

(2.12) 2 0 A 0} =0,

which gives

(2.13) wh = Y Rkl ik = K
%

Equation (2.13) can be written as

(2.14) wh = )]k,
k

where

(2.15) DL

J

Then we can verify easily that the quadratic differential form

(2.17) Il = ¥ wiw?

is invariant under any change of frame keeping the affine normal e; fixed.
Therefore the trace of 111 relative to I, i.e.,

(2.18) L= %IHI%Z]/f

is an affine invariant. It is called the affine mean curvature. A surface is
called affine minimal if L = 0. These are the critical points for the varia-
tional problem for the affine area defined by II. (See [2]). Formula (2.18)
can also be put in the form

1
(2.18a) Lo' A w? = %IHI4 (0! A W} + 0} A 0?).

Next we define the Fubini-Pick cubic form of M. Taking the exterior
differential of (2.9), we get

(2.19) 2 (dhy — 33 hjoh — 33 hpw!) A ot = 0.
k J
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We define
(2.20) Dhy, = Z hikjwj = dhy, — Z hijah — 2 hjal.
j j J

It follows from (2.9) and (2.19) that A,;, are symmetric in all the indices.
The cubic differential form

(221) P = Z h,-,-kwia)fw"’
, Ik

17y

is called the Fubini-Pick form on M. It measures the difference between
the affine connection

(2.22) De; = wle;
and the Levi-Civita connection of II, which we write as
(2.23) De; = e,

In fact, we find
(2.24) @l = wl + éz hith;,, o, (h*) = inverse matrix of (h;;).
k,/

Therefore the curvature tensor of the affine metric Il can be computed
from III and the Fubini-Pick form.

For later use, we will now develop the local theory for hyperbolic
surfaces (i.e., H < 0).

If M is hyperbolic, we may assume X(u, v) to be parametrized by its
asymptotic curves. Choose e; = 0x/ou, e; = 0x/ov, and e; to be in the
affine normal direction such that

(el’ €, 63) =1
Then
w! = du, w? = dv, 0} = hidv, 03 = hdu,

and by supposing s, > 0,

CU% = — ;d IOg h]z.

The affine metric is

(2.25) II =2 Fdu dv

where F = (f1;5)"/2.

Then a standard computation implies that the Gaussian curvature of II,
which is called the affine curvature is given by

1 9%log F

(2.26) K= - | Olgl
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By (2.20)
hgjw’ = dhyy — hypwl — hpol + hed = 0
(227) hl]ja)j = —'2h12w%,
hzzja)j = —2h12w%.
So we have
hyg; = 0,
o= — i du
(2.28) 1 2hy,
1 h222 d
= — 9% av.
@z 2y

Therefore the Fubini-Pick form is
(229) P = hlll(du)3 + hzzz(d0)3.

Using the structure equation (2.6), we get

ol = g_u (log F) du

w3 = g—v (log F) dv

(2.30)
wy = 7du + 7} dv
wd=du+ sdv, /=7s1=/%
where
== fags GH)
(2.31)
A= _ 10 (hy
2 F30u <2F )
(2.32) L=F/ =J-K,
@2.33) J = fte

Since K, L are affine invariants, J is also an affine invariant.
Next we develop a necessary and sufficient condition for a graph to be
affine minimal. Let a surface be locally given by

(2.34) x3 = f(x1, x?)

So x = (x1, x2, f(x1, x?)) is the position vector. Then equations (2.4), (2.5)
hold if we set
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wi — dxl

@ = dx%— @ldxl - gixzdx2

(2.35) (1 0, gf )
_ of
- (o, 1, 5?)
es = (0,0, 1)
with
wi =
(2.36) Z ax, —

Hence #;; = 8%]ox’ox/ and H = Hessian of f. To find the affine normal,
we let

e = ¢;
(2.37)

ef = e3 + ale; + ale;

where e¥ is in the affine normal direction. Then a;’s are determined by

(2.38) d loglH| + 4_Zk; aihydxt = 0.
Hence |
(2.39) ~-nh 2 (og|H])
7
where
(2.40) (hi7) = (h;)) 1.

We compute

*1 = (de3 s 62 s 63) = dal + leg |H|
2.41) i
w¥? = (ef, de¥, ef) = da® + Z dlog |H|.

Therefore the affine mean curvature is

(2.42) |H|4 {fﬁ 2 (tog |H]) 2 dtog )

_hi
& 8x‘ax! (log IHl)}


file:///og/H/

AFFINE GEOMETRY 117

We note that the equation for affine minimal surfaces is a fourth order
equation in f.

If f is a non-degenerate quadratic polynomial, then H = constant.
Hence the elliptic paraboloid x3 = (x!)? + (x2)2 and the hyperbolic para-
boloid x3 = (x1)2 — (x%)? are affine minimal surfaces.

Our next result is a formula for affine mean curvature in terms of
Riemannian geometry.

Let e, €3, e3 be a local orthonormal frame field on M such that ey, e;
are tangent to M, 0, is the dual coframe and 0, are defined by

(243) dea = Z 0aﬁeﬁ7 Oaﬁ + 0ﬁa = 0.
B

Then we have equations (1.1) and (1.4) as in section 1, and
(2.44) H = det(h;;) = K = Gaussian curvature of M.
To find the affine normal direction, we let

e:-k = ei
(2.45)

e¥ = es + ale; + ae,,

where ef is in the affine normal direction, then a’’s are determined by

(2.46) d log |K| + 4 3 ahyet = 0,
Hence

. hii
(2.47) @ = — 3,7 (log |K);,

where (f), denotes the covariant derivative of f with respect to e;. In fact
Df = df = X fior
(2.48) g .
Df; = X fysw/ = df; — X fiwh,
7 7

We compute

wf! = (det, ef, ef) = wh + Da' + L dlog |K],
(2.49)
al

wf? = (ef, det, 1) = a} + Dt + &

dlog|K|,
@50 L= |K|%{—(h 1+ )

_y ? (log |K]);; + 1,36. > hii(log |K]); (log |K I)f}‘

One immediate application of this formula is the following theorem
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THEOREM 3. Suppose M is a surface in R3 which is isomeiric to a piece
of the elliptic paraboloid with its induced Riemannian metric. Then as an
affine surface M is affine minimal.

ProoOF. Rewrite (2.50) as follows

_1
K| L = h{ K —  (tog |K gz + 1 (log | K]}
1 3
(2.51) - 2h12{—a(log |KDiz + 1¢ Uog |K])1(log |K|)z}

+ hzz{—K — }‘(log |KDu + %(log |K|)§}.

(In this formula the superscript 2 means square.)
For the surface x3 = (x1)2 + (x2)2, we choose coordinates
(2.52) X(u, v) = (v cos u, v sin u, v?).

Then the coefficients of 4;; in (2.51) vanish identically, and the theorem
follows from the fact that these coefficients only depend on the first funda-
mental form of the surface.

3. Bicklund theorem for affine surfaces. In this section we are going
to prove our main theorem:

THEOREM 4. Let M and M* be the focal surfaces of a W-congruence in
A3, with the correspondence denoted by <: M — M* such that the affine
normals at P and P* = /(P) are parallel. Then both M and M* are affine
minimal surfaces.

Proor. Choose an affine frame e, e;, e3 such that

e = .ITP*
3.1 e, is tangent to M at P

es is in the affine normal direction.

Suppose the position vector for M is given by X. Then the position vector
for M* is given by

(3.2) X* =X + e.
There exists a function k such that

ef = —¢

3.3) e;‘ = ey + €3
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is an affine frame on M*, with e} tangent to M* at X*. Let w*/ be the dual

frame of (3.3). Then

dx*
(3.4)

= w*lef + w*Zef

—(L)*lel + C()*2 <€2 +

%)
es).

k

However, differentiating (3.2) we get

dxX* = dX
(3.5)

= (o!

+ del

+ wde; + (0?2 + wde; + wies.

Comparing coefficients of (3.4) and (3.5), we get

0¥l = — (0! + )
(3.6) w* = @ +
/l(—a)*z = 3.
Hence
G.7) w? + ot = koi.
Let
a =o'+ ol + ko’
3.9) B= —w}— dk + 2ka}
7= ?+ 0} — koi=0.
Then we have
*¥1 = kol —
(3.9a) womtesma
w*? = kawi.
From (2.4) we have
wf? = (ef, ef, def)
=<—€1, €3 + 71683, -—de1>
3.9b |
(3:30) = of - of
= 71( w?, using (3.7).
Similarly, we have
1 1
w3t = — ke +B) + Lot
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*3 _ 3 _ 1,
(3.9¢) W3~ = W3 T @3
wf' = w}
0¥ = —wi

It follows from (2.18a), (3.92), (3.9b) and (3.9¢) that
L¥p*1 A @*2 = IH*|% (@*1 A 0¥ + oF! A 0*?)

1
I l4 [( kw2+a)Aw3+kw3/\w1]

Il

— N= = -

lH*[“ [kK(ws A 0} + 0 A @) + a A o]

VEE Ik dod + @ A o)

Since ej is in the affine normal direction, dw3 = 0 by (2.11). So we have
1

(3.10) L¥o™ A 0¥ = é |H*|* a A b

By hypothesis, e3 and e¥ are in the affine normal directions of M and M*
respectively; we rewrite (2.11) as

w}

. dlog |H|
G.11)

*3

¥ - dlog |H*|

B — Alv—l

Next we compute the following tensor by using (3.9a), (3.9b) and (3.9¢)
getting,

Z hj]w*x ® w* = Z ™ ® w;ks

(kw} — @) ®< w2> + ko} ® [——L(ka + 0) + lwl}
k2 k
(3.12) =w%®w2+w§’®w1—}c[a®w2+w§®(ka+‘6)]
= S hw' ® 0l — | [a® o + 0} ® (ka + B
7
We note that the tensors ; ; hifw* ® w*/ and }; ;' ® o/ are sym-
metric and the same must be true of their difference. Because 7 is a W-

congruence (i.e., II* is a multiple of II), these two tensors are proportional
in the tensor space. Hence there exists a function b such that
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(3.13) a® o + 0 @ (ka + ) = b2 hjw' @ o
2y

This b # k, for otherwise II* = 0, contradicting the non-degeneracy of
M*.
Suppose
a = aqo! + aw?
3.14)
ka + 8 = biw! + byw?.

Comparing the coefficients of w* ® w/ in (3.13), we get

(315) a; + hlle = hlel = hlzb
(3.16) hyby = hyb
(317) a, + hleZ = hzzb.

Since M is non-degenerate, /;; and /;; cannot vanish simultaneously, and
(3.15), (3.16) imply that b; = b. It also follows from (3.15) and (3 17)
that

(3.18) ayhyy — aghy; = —bH.
Using (3.9) and (3.18), we get

(3.19) w* A 0*2 = kH(b — k)o! A o?
(3.20) of A wff = k%(b — B! A o
However,

(3.21) o A 0F = H*¥o™ A 0*?
and (b — k) never vanishes, so we have

(3.22) k*H*H = 1.

Taking 1/4d log of (3.22) and using (3.11), we obtain
dk — 033 — wi = 0.

Then (3.9) implies that

(3.23) 8 =0.
Therefore by (3.14)
(3.29) b; = ka,.

Substituting (3.24) in (3.15) and (3.17), we obtain
(1 — khip)ay + hpka; =0

(3.25)
'—'hgzal + (l + khlz)az = 0.
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The determinant of (3.25) is
kK2H + 1.

Ifk2H + 1 # Othena, = 0,50 @ = 0. And if &2H + 1 = 0, then
dk
(3.26) 5% — @i =0.

But 3 = 0, so w} = 0. Therefore we have shown that either « or w}is
zero, so by (3.10) L* = 0. Then by symmetry L = 0, i.e., both M and M*
are affine minimal.

We use the same notations as in the proof of the above theorem. We
claim that if w3 = 0 then PP* is an asymptotic vector. Indeed using (3.9),
w3 =0,L =0,and L* = 0, we have

¥t = Flo*? = ko
(3.27) ) -
= w3 = JHw".
Therefore ; = 0, i.e., e = PP*isan asymptotic vector.

Suppose PP* is an asymptotic vector for all P, then &;; = 0. By using
the local theory for hyperbolic affine surfaces in section 2 and (3.7), we
can conclude that w} = 0 and k = 1/h;;. By (2.28), we have h;;; = 0.
So J = 0. But we have already shown that L = 0, hence K = 0. Therefore
we have proved the following two corollaries.

COROLLARY 1. Assumptions as in Theorem 4. If PP* is not in the asymp-
totic direction for all P e M, then

(3.28) a=08=0,1=0.

COROLLARY 2. Assumptions as in Theorem 4. If PP* is an asymptotic
vector for all Pe M, then both M and M* are affine minimal and affinely
flat (i.e., the affine curvature is zero).

Now we wish to prove the integrability theorem.

THEOREM 5. Suppose M is an affine minimal surface in A3. Given vy €
Tp(M) which is not an asymptotic vector, then there exist a surface M*
and a W-congruence 7: M — M* with parallel affine normals at Pe M

and P* = /(P)e M* and ETPO* = vp.
Proor. Taking the differential of the system (3.28), we have
do=7ANws— B Ao+ aAn ol

_1
(3.29) dB= -l A7+ 3 Aa+28A a0} —2H|* Lot A &?
dr=a A w?— winB
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That the system (3.28) is completely integrable follows from the fact that
M is affine minimal. So there exist a function k and an affine frame e,
e,, €3 With e3 in the affine normal direction and e;(P;) = v, such that a =
0,3=0,r=0.

Let X be the position vector of M in 43, and X* = X + e¢;. Using
r = 0, we have

dX* =dX + del

(3.30) 1
= (! + wde; + kw§<e2 + Ee3>.

Since a = 0,
(3.31) (0! + ) A kw3 = K2w} A 03
' = k2Hop! A w?.

Since M is non-degenerate, ! + w! and kw$j are linearly independent.
Hence X* defines a surface M* having e;, e, + 1/kes as tangent at X*.
Therefore we can choose an affine frame on M* as follows

ef = —e
(3.32) ef = e, + ,1(e3
ey = —ez.

Then we have (3.9). Since a = 3 = 0, (3.12) implies that
1 1

(3.33) |H*|* II* = |H|* 11,

ie., 7 : X — X*isa W-congruence.

Next we want to show that e¥ is in the direction of affine normal of M*.
By (3.9),

(3.34) o A = Gl A b,
However,
o A o = H*o*! A 0*2,
339 1 2 = —k?H*Hw! A o? using (3.9),
sO
(3.36y kK*H*H = 1.
Since e3 is in the affine normal direction, w3 = —1/4 d log |H|. By (3.36),

we have
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(3.37) % ¢ lHT 50,

Using (3.9), (3.37) and 8 = 0, we get

= v - }éwé
dk
= —-1~d10g|H*l
4 ’

i.e., e¥ is in the affine normal direction of M*.

We note that if M is affinely flat and affine minimal in 43 with position
vector X, then given any asymptotic vector field e; on M such that X* =
X + e, defines a surface in 43, it follows from the local theory for hyper-
bolic surfaces in section 2 that 7/: X — X* defines a W-congruence with
parallel affine normals.

The significance of the above theorem in geometry is that we can con-
struct new affine minimal surfaces by solving the completely integrable
system (3.28) on a given affine minimal surface. This fact seems to be of
some geometric interest. We do not know, however, whether it has any
physical applications.

Our theorem can most likely be generalized to higher dimensions.
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