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EXTREMAL PROPERTIES OF A SUBCLASS
OF CLOSE-TO-CONVEX FUNCTIONS

H. SILVERMAN AND D. N. TELAGE

ApsTracT. Denote by H the subclass of close-to-convex
functions f(z) for which there exists a starlike function g(z)
satisfying Re{[zf'(2)]"/g/(2)} > 0 (|z| < 1). We find distortion
theorems, coefficient bounds, and the closed convex hull of H.
We also give a necessary intrinsic condition for a function to be
in H.

1. Introduction. Let S denote the class of functions of the form

(1) fR)=z+ Y az
n=2

that are analytic and univalent in the disk |z] < 1. A function f(z) € S
is said to be starlike if Re{zf'(z)/f(z)} > 0(|z] < 1), is said to be
convex if Re{l + zf"(2)If'(z)} > 0(|z| < 1), and is said to be close-to-
convex if there exists a starlike function g(z) such that Re{zf'(z)/g(z)}
> 0(|z| < 1). These classes are denoted respectively by S* K, and C.

We denote by H the class of functions of the form (1) for which there
exists a function g(z) € S* such that

) R{[zf }>0||<1)
In [5] Sakaguchi shows for g(z) € S* that Re{[zf'(z)] 'Ig'(z)} > 0im-
plies Re{zf z)} > 0. Thus H C C. Moreover if f(z) € K, then

Re{[zf'(z '/f } = Re{l + zf"(z)/f'(z)} > 0. Hence we may take
g(z) = f(z) in (2) to show that f(z) is also in H. Thus K C H.

It is well known that K C S$* C C. Since we also have the inclu-
sion relations K C H C C, it is of interest to inquire as to the relation-
ship between $* and H. In the next section, we shall show that S* is
neither contained in nor contains H.

Note that the result of Sakaguchi yields a quick proof that K C S*,
for Re{[zf’(z)] 'If'(z)} > 0 implies Re{zf'(z)/f(z)} > O.
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2. Distortion and Coefficient Bounds for H.

Tueorem 1. If f(z) EH, then 3+ 2Bl + r)P=|f'(z) =
(B + r2)3(1 — r)%(|z| = r), with equality only for functions of the form

-2_ =z _1 - =
(3) f(z) = 30— ) 3aclog(l xz)(|x| = 1).
Proor. We may write [zf'(z)] ' = g’(z)p(z), where p(z) is a function
of positive real part with p(0) = 1. It is well known that

1-— 1+r

T VA < _
@ GrnSleEls N =
and
®) s=hels =),
Hence

(1= A+
©) o=@ S T e = )

Integrating along the straight line segment from the origin to z = ref®
in the right inequality of (6) we obtain |zf'(z)| = [5((1+ t)3(1 — t)*) dt
= (3r + r3)/3(1 — )3, which proves the right inequality in the theorem.
We now prove the left inequality. For every r choose zy, |zo| = 7,
such that |f’(zo)| = miny_,|f'(z)|. If L(z,) is the pre-image of the
segment {0, zof '(zo)}, then

o @) 2 laof ol = [, 1132l
r =82, 3+
z [, T+ %~ 30+

The result now follows. Equality in (4) holds for g(z) = z/(1 — xz)?
(x| = 1) and in (5) for p(z) = (1 + xz)/1 — x2(|x| = 1) from which the
functions in (3) may be obtained.

TueoreM 2. Iff(z) € H, then

2 1 2
§(Hfr)2+§1og(1+ NE= I =3 504

Equality holds only for functions defined by (3).

Proor. The result follows from the bounds of Theorem 1 just as
Theorem 1 followed from the bounds in (6).

1
~3 log(1 — 7).
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CoroLLary. If f(z) € H, then f(z) maps the disk |z| <1 onto a
domain that contains the disk |w| < (1 + log 4)/6.

Proor. Let r — 1 in the left inequality of Theorem 2.

TueoreM 3. If f(z) =z + 3 5-5a,2" € H, then |a,| = (213)n +
1/3n. This result is sharp, with equality only for functions defined by
@)

Proor. Our proof is similar to Reade’s proof of the Bieberbach con-
jecture for C [4]. Suppose g(z) =z + X n_obnz" and p(z) =1+
N aiz®.  Then [zf'(2)]' = D s_ina,z"~ = [ 5 nbz ]
[1+ Y 122" Y], and n2a, = nb, + Di2i(n — k)b, _ras. It is
well known that |b,| = n and |a,| = 2 for all n. Hence n2a,| = n2
+23%2i(n — k)2=n2+ n(n — 1)(2n — 1)/3, which simplifies to
la,| = (2/3)n + 1/3n. Once again equality holds only for functions of

the form (3).

Since the bounds for the starlike Koebe function z/(1 — z)2 exceed
those of Theorems 1, 2, and 3, we see-that S* ¢ H. Moreover H ¢ S*,
as will be seen by showing that f(z) = (2/3)z/(1 — z)2 — (1/3) log(1 — z)
¢ S*. We have

zf'(z) _ 3z + 23
flz)  (1—2)[22— (1 —2)2log(l — 2)]

)

Multiplying numerator and denominator in (7) by the conjugate of the
denominator, the real part of the numerator at z = e'® becomes

n(@) = 6 — 8 cos @ + 2 cos 20 + (sin 30 — 35in0)tan—1( ﬂ)
1— cosé

+ %(10 — 15cos @ + 6 cos 20 — cos 36) log[2(1 — cos 8)] -

Thus n(#@/3) =1 — 3 - 3¥2/2tan~1 312 < 0, which means there is a
8 > Osuch that Re{zf'(2)/f(z)} <0 (z=re"3,1 - 8§ <r<1).

Since the functions defined by (3) are the only functions extremal for
Theorems 1, 2, and 3, they must also be extreme points of the closed
convex hull of H. We now determine this closed convex hull.

3. Convex Hull of H. In this section we determme the closed
convex hull of H, denoted by clco H. Letting H = {h(z)|h(z) =
[2f'(2)] ', f(z) € H}, we note that h(z) € H if and only 1f there is a

g(z) € S$* for which
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h(z)
8) Re {g,(z) }> 0(|z| < 1).

In the theorem that follows, we obtain the cl co H.

TueoREM 4. Let X be the torus {(x,y) | |x| = |y| = 1}, P be the set
of probability measures on X, and let k(z, x, y) = ((1 + x2)/(1 — xz))
(1 + y2)I(1 — y2)3)(|x| = |y| = 1, |z| < 1). If G is the family of func-
tions h, on |z| <1 defined by h,(z) = [zk(z,x,y)du(x, y)(u € P),
then

9) 9 =clcoH.

Proor. First suppose h(z) € H. By (8) we may write h(z)lg’(z) =
p(z), where p(z) is a function having positive real part with p(0)
= 1. From the Herglotz representation, there is a probablhty
measure  u,(x) on = {x| |x| =1} such that h(z)lg'(z)=
(1 + x2)/(1 — x2) dpl(x). In addition since g(z) € S* we have [1]
g'(z) = J.((1 + y2)/(1 — yz)3) dpy(y), where py(y) is a probability
measure on I. Thus by Fubini’s theorem, h(z) = [z((1 + xz)/(1 —
x2))((1 + y2)I/(1 — y2)%) dp(x,y)(w = py X po),which shows that HC 9
Since 7 is a closed convex family, we haveclco H C G.

Conversely, setting h(z) = k(z, x, y) and g(z) = z/(1 — yz)?in (8), we
see that each kernel function k(z,x,y) is in . Hence 3 C clco H,
which proves (9).

Remark. In view of Theorem 1d of [1], the functions {k(z,x,y),
|x| = |y| = 1} are the only possible extreme points of clco H. Since
any real-valued continuous linear functional on H is maximized or
minimized at an extreme point of clco H, denoted £(clco H), the
bounds in (6) enable us to show that the functions {k(z,x,x)} are in
&(cl co H). On the other hand k(z, x, —x) = 1/(1 + x2)2 = (2f'(z))’ for
some f(z) € H. Since f(z)= xlog(l + xz) is in K but not in
&(cl co K), f(z) cannot be an extreme point of the larger family H
Hence k(z, x, —x) QE &(cl co H). We are not able to determine if the
functions k(z, 1, y), * # *y, are in £(cl co H).

THEOREM 5. Let X be the torus {(x, y)| |x| = lyl = 1}, P be the set
of probability measures on X, and let

, €
flz,x,y) = «fo [llf fo (1 + x2w)(1 — xw))((1 + yw)(1 — yw)3)] dé

(I« = Iyl = L |z <1).

If 3 is the family of functions of the form [zf(z, x, y) du(x, y)(u € P),
then 3 = clco H.
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Proor. Since the operator L defined by

L(k(z)) = fo [1e jz hw)dw | dt

is a linear homeomorphism of H onto H, the result follows from
Theorem 4.

Remark. It is interesting to note that the functions f(3, x, x), ex-
treme points of the closed convex hull of H, are actually a linear com-
bination of extreme points taken from the closed convex hulls of star-
like functions and functions convex of order 1/2. See [2].

4. A Necessary Intrinsic Condition for H. Kaplan [3] found a
necessary and sufficient intrinsic condition for functions to be close-to-
convex. Following his lead, we give a necessary intrinsic condition for
a function to be in H. We do not, however, have a sufficient condi-
tion.

LemMa. If f(z) € H, then there exists a function ¢(z) € K such
that h(z) defined by

(10) him= —LE
14+ 2@
¢'(2)
is in C.
Proor. For f(z) defined by (2), choose ¢(z) = Jog&)é d d¢. Since
g’(g) =¢'(){1 + (2¢"(2)lp'(2))}, (2) is equivalent to Reh’'(z)lp’'(z)
> 0..

THEOREM 6. Let f(z) be in H, and set F(z) = zf’'(z). Then
6 F”(z)
[ Re {1+ } do > —2n

(0=01 < 02 = 27T,Z = re“’).
Proor. By the lemma h(z), given by (10), is in C and hence

j:’ Re {1 + zh"(z) }d0> —

(0 = 01 < 02 = 277, = re“’),

or equivalently
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j:’ Re {1+ ZFL'((:))}do
> ’Re{ Zlog [1+ ﬂ]}do

Since ¢(z) € K, Re{l + z¢"(z)lp ' (z)} > 0(|z| < 1), so that

I 02 Re{z log [1+ %(:))]}dol

_ o @ (rein)

l arg [ 1+ res ' (re?®s) ]
¢" (rei%)
¢’ (re)

The theorem follows upon substituting the last inequality into (11).

— arg [l—re“’n ]l <w
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