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1. Introduction. In this paper we study the n-dimensional version
of the Monge-Ampere operator Mu = u,ug; — ui, where u;;=
0%u/dx;9x;. The analogue arises from observing that if H(u) is the
Hessian matrix of u then Mu = det H(u). The main goal is to prove
a comparison theorem for nonconvex solutions of the Dirichlet prob-
lem for M. In the process we will give a self-contained exposition of
the Dirichlet problem for M in the class of convex u.

Our interest in this problem has two sources. First, the existence
of convex solutions to the Dirichlet problem for the real Monge-
Ampere equation can be used to solve certain Dirichlet problems for
plurisubharmonic functions (see [3]). Second, in the study of the
buckling of thin elastic shells a Dirichlet problem for the 2 dimen-
sional Monge-Ampere equation Mu = 0 arises. What is needed in
the latter case is a uniqueness theorem and the difficulty is that u is
not necessarily convex. Roughly speaking, for a thin shell under
stress there are two obvious solutions, the unbuckled solution and the
solution which minimizes potential energy. Using the uniqueness
theorem and an “index” argument Rabinowitz [9] is able to show
that there is at least one more solution. The uniqueness theorem is
a consequence of the following comparison result for possibly non-
convex u. If @ C R" is a bounded open set v € C({}) is convex on
Q,uEW,,(Q) and Mu= Mv on Q, u= v on Q) then u = v. Note
that since the second derivatives of u are in L,(Q), Mu € L;(Q) and
for any convex v, Mv makes sense as a measure on ) as we will show
in § 2.3. This comparison theorem is our main result.

To prove the comparison theorem we need some continuity
properties of the operator, M, and an existence theorem for the
Dirichlet problem. There is a large and rich Russian literature on
this problem (see for example [1, 2, 6, 7, 8] but we were unable to
extract precisely the information needed. In this paper we offer a
self contained and independent solution to the Dirichlet problem
which creates a link between the geometric approach of the Russian
school and the more traditional analytic methods of partial differential
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equations. In particular, we prove that if ) is a bounded strictly
convex subset of R" then for any nonnegative f € L,(Q2) and con-
tinuous g: 3 — R" there is a unique convex function u such that

(1.1) det Hu) = fin Q, and
(1.2) u=g on 9.

More general boundary value problems could be treated, for example
det H(u) = f(x, u, u,) but we have chosen to follow the straightest
path to the comparison theorem.

The equation (1.1) is not elliptic unless f > 0 and, in general, the
solutions will not be differentiable even if f and g are real analytic.
Thus the notion of solution must be taken in a generalized sense. To
make matters worse the operator Mu = det H(u) is not in divergence
form so the usual method of defining weak solutions using integration
by parts is not available. We will discuss two equivalent notions of
generalized solution. For the first we follow the approach of Alexan-
drov (see.e.g., [7]) and rely on a geometrical interpretation.

- Ifu € C=(Q), we can consider the surface 3 C R* X R which lies
over () and is given by the equation z = u(x) in R® X R. The sphere
map vy : 3 — S" from 3 to the lower hemisphere maps p € 3 to the
downward point unit normal at p. Analytically the map is given by

(grad u(x), —1)
(1 + |grad u(x)|2)12

(x, u(x)) >

The scalar curvature, k, is the Jacobian determinant of this map. For
example, when n = 2

— u2
g = —dutiae 7 Ul
(1 + uy2 + uy?)32

In general, the equation Mu = 0 is equivalent to the vanishing of
the scalar curvature. Thus the solution of the Dirichlet problem (1.1,
1.2) when f = 0 asserts that for any continuous curve, I, with simple
projection on 9} there is a unique convex surface with vanishing
scalar curvature which passes through I'. This result is the basic build-
ing block in the solution of the more general problem. Fortunately,
the scalar curvature can be studied geometrically even when u is not
smooth.

Our second point of view following Chern, Levine, and Nirenberg
[5] is the conventional analytic technique of approximation by
smooth functions. In § 3 we show that this approach agrees with the
geometrical method and prove the relevant continuity properties of
M. In §4 these tools are used to show that, somewhat surprisingly,
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the general Dirichlet problem (1.1, 1.2) can be reduced to the case
f = 0. The idea is to observe that cones solve certain Dirichlet prob-
lems when f is a delta function and then to approximate the measure
fdx by finite linear combinations of delta functions. Finally, in §5
the basic comparison theorem for u € W, , is proved.

2. Geometric approach and the Dirichlet problem for the equation
of zero curvature. For smooth surfaces 3, the total curvature of a sub-
set ¢ C 3 is defined as the integral of k over o; or equivalently, as the
area, counting multiplicity, of the spherical image of . If 3 is de-
fined by a function u continuous and convex on {}, we can define a
generahzatlon of the sphere map. In this case, the set 3= {(x, 2) :
x € ), 2= u(x)} is a closed convex set in R**!, and a vector (w,7)
€ S is called a supporting direction at (xo, u(xp)) € X if the plane
(x — x9) * @ + 7(z — u(xp)) = 0 is a supporting hyperplane to 3 at
(%0, u(x)). This is equivalent to the inequality u(x)= u(x,) —
(Ur)[(x — xo) - w] for all x € Q. If u is also differentiable at x, € Q
then (w,7) = (grad u(x,), —1)/(1 + |grad u(x,)|2)"2 is the unique sup-
porting direction at (xo, u(xo)). For nonsmooth convex surfaces, the
supporting directions generalize the notion of unit normal. Following
Alexandrov [1], given a compact set E C (), the spherical image of E
is defined as the set of all supporting directions to points (x, u(x)) for
x € E. This spherical image is denoted y(E). The next proposition is
a simple consequence of the continuity of u and the inequality char-
acterization of supporting directions.

ProrosiTioN 2.1. If E C Q is compact, then y(E) C S" is a compact
subset of S™.

DeFintTioN 2.2. For a compact subset E C (), the total curvature,
x(E), of E is defined as m(y(E)), where m is the surface measure on
S,. The total curvature of the convex surface 3, over ) is defined as
sup «(E), where the supremum is over all compact subsets of ().

As pointed out earlier, if u is differentiable at x, € , the unique
supporting direction at (xo, u(x)) is the normal vector (grad u(x,),
=1)/(1 + | grad u(xo)|2) V2. It is clear that we can also find gradu
from the supporting vector. This is important for us and we formalize
the map as# : S"— R by

(w,7)—> — 1 e
T
The map = is, of course, stereographic projection of the lower hemi-
sphere onto R". For E C () the gradient image, w(E), is defined as
w(y(E)). A vector « € R" is then in the gradient image of x, if and
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only if u(x) = u(xo) + a - (x — %), x € Q. The simplicity of this con-
dition allows us to work effectively with the gradient image. We
have the elementary

ProrosiTioN 2.3. If 3 is a convex surface over () then the gradient
image w(E) of a compact subset E of ) is a compact subset of R and

meas(w(E)) = m(y(E)) = k(E).

To illustrate the utility of the gradient image, we prove the following
classical fact.

ProposiTioN 2.4. If u is a convex function on ) and T is a compact
subset of (), then u is uniformly Lipschitz continuous onT.

Proor. Let R= sup{lo| :a € w(l')}. We show that |u(x;) —
u(xy)] = Rlx; — x| for x), x, ET. For the proof, notice that if
a € o(x;), then ux)Z u(x,)) +a-(x—x,), xE Q, so that with
x = x5 we have

u(x;) — u(xy) = (%) — x2) - @ = Rlx; — xy|.

A lower bound for the difference is obtained by considering « in the
gradient image of x, € T.

In particular, by a classical Theorem of Rademacher [10], u is
differentiable at almost all points of €.

A basic ingredient in our proof is the following fundamental theorem
of Aleksandrov ([1], p. 190).

TueoreM 2.5 [Areksanprov]. The set of points a € R which
belong to the gradient image of more than one point of ) has Lebesgue
measure zero.

Proor. We use the convex function conjugate to u, u*: R"— R
defined by

(2.1) u¥(a) = sup{x ‘a — u(x): x € (}.

The function u* is a locally bounded convex function on R~
Therefore, u* is differentiable at almost all points « € R". We will
show that if & belongs to the gradient image of two points x,, x; € (),
then u* is not differentiable at a.

First, we note that if a € w({xo}), then u*(a) = x * a — u(xo),
since x * & — u(x) = [(x — x) - a + u(xy) — u(x)] + constant and for
a € w({xo}), the expression in brackets is nonpositive and vanishes
at x = xy. Therefore, the supremum of the right hand side of (2.1) is
attained at x = x, as asserted. Therefore, if 2(y) = %o * y — u(x), we
have u*(y) = 2(y) with equality at y = a. Thus, if u* is differentiable
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at o, we must have grad u*(a) = xo. Thus, if a is also in the gradient
image of x; # xy, we would also find grad u*(a) = x,, so u* cannot
be differentiable at a.

Remarx. The converse of the assertion is nearly true. Modulo
some difficulties involving points x € 84, if u* is not differentiable at
a then the graph of u* must have two supporting planes at (a, u*(a)).
If xy # x, are the direction vectors of these hyperplanes then a is the
direction vector of a hyperplane supporting the graph of u at both
xo and x;. In this manner one can prove that the null set of Aleksan-
drov’s theorem is a Borel set.

With the aid of Alexandrov’s theorem it is easy to show that {E C
Q| o(E) is Lebesgue measurable} is a o-algebra. The main problem is
complements where we use the identity

o(O\E) = [0(Q\(E)] U [o(Q\E) N o(E)].

By Alexandrov’s theorem the intersection in brackets is a null set.
Since all compact sets are in this o-algebra it must contain all Borel
sets in (). In addition the map which sends a Borel set E C () to the
Lebesgue measure of w(E) defines a measure. To prove the countable
additivity observe that if {E;} is a disjoint sequence of Borel sets in ()
then for i # j w(E;) N w(E;) is a subset of the null set in Aleksandrov’s
theorem so

3 meas(w(E;)) = meas w(UE))
Z Y meas o(E;) — Y meas o(E;) N o(E)
i,j
Z Y meas w(E)).

DerFiniTion 2.6. The Monge-Ampere measure, Mu, of a convex

function u on Q is defined by
Mu (E) = Lebesgue measure of w(E)
for any Borel set E C ().

If u € C¥Q), w(E) = {grad u(x) |x € E} and Mu = det {ux}dx,
dxy + * * dx,. From Definition 2.2 we see that Mu = 0 if and only if the
total curvature of 3 = {(x, u(x)) | x € Q} is zero. In this case we say
that 3 has zero scalar curvature. For later use we prove the following

comparison theorem for total curvature which is an immediate conse-
quence of the geometric definition.



350 J. RAUCH AND B. A. TAYLOR

ProrosiTioNn 2.7. Let Q be a bounded open set in R" and u, v
functions continuous on Q and convex on Q. If u= v on 0Q and
u= v in (), then the gradient image of Q) under u is a subset of the
gradient image of Qunder v.

Proor. If y({, u), y(Q, v) are the spherical images of () under u and
v respectively then it suffices to prove that y(Q,u) Cy(Q,v). If
(w, 7) €E¥(Q, u) is normal to a support plane P at (xo, u(xo)) then it is
geometrically obvious that the plane P can be lowered so as to be a
support plane to 3(v). To be precise if

a= sup(t(z — u(x)) + @ (x — x9) — v(x)) =0,
x €EQ

then the plane P — (0,0, - - -, a) is a support plane to 3,(v) at some point
(x, v(x)) with x € Q. It is clear that this recipe yields a support plane
at some (x, v(x)); all that needs to be shown is that x € Q. If a >0
then the plane P — (0,0, - - -,a) passes below the boundary curve
{(x,u(x)) | x € 3Q} of both 3(u) and Z(v) so it must be tangent to
3(v) at an interior point. If @ = 0 then P supports Z(v) at (xo, v(%))
so in either case we are done.

With these preliminaries we proceed to solve the Dirichlet problem
Mu = 0in Q and u = g on 9(). Proposition 2.7 suggests that a reason-
able candidate for a solution is the largest convex function which is
equal to g on 3€2. The domain (1 is strictly convex iff for any x,,x, €
() the open line segment connecting x, and x, lies in the interior of Q.

Tueorem 28. If QC R" is bounded and strictly convex and
g:9Q— R is continuous, then there is a unique convex U € C(Q})
such that MU = 0 in Q and U= g on 3. The solution, U, is the

largest convex function in C(Q) which is less than or equal to g on
aqQ.

Geometrically, the graph of the solution U is the lower boundary of
the convex hull of the set of points {(x, g(x)) | x € 3Q}.

ExisTENCE PROOF. A function a: R*— R is called affine if there
are real constants cy, ¢;, * * *, ¢, such that

alxy, * ", %,) =cCo+ c1x; + -+ cpxp.

Let 9 = {a|ais affine and a = g on 9Q}. Since g is bounded below
on 4 the family & is nonempty. If

(2.2) U(x) = sup {v(x) | v € T},
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then U is automatically convex and U = g on 3{). We show (in this
order) that U = g on dQ, U € C(£}) and MU = 0.

To show that U(§) = g(§) for £ € 9Q it is no loss of generality to
assume that £ = 0, that x; = 0 is a supporting hyperplane to Q at 0,
and that x; > 0 for all x =(x, %) €N If e>O0thenford>0
sufficiently small, |g(x) — g(0)] <e for all |x] <&, x €. Since
3 is strictly convex, there is a number > 0 so small that Q3 N {x =
(%1, "+ ",%x,) 1%y <m} is contained in {x:|x] <8} Let M=
min {g(x) :x € 9, x; =7}. Then the affine function a(x) = [g(0)
— €] — Ax,, where A= max {(g(0) — € — M)m, 0}, satisfies a(0) =
g(0) — €, and a(x) = g(x) for x €E9Q. Thus, a € F so U= aq, in
particular U(0) = a(0)> g(0) — €. Since this is true for any € >0
we have U(0) = g(0) so U = g on Q. Furthermore, if {x,} is a se-
quence in () converging to zero then

lim U(x,) = lim a(x,) = a(0) = g(0) — €

so lim U(x,) = g(0).

Since () is convex there is a unique harmonic function f on € such
that f € C(Q)) and f = g on Q. Since any a € Z is subharmonic we
havea = fso U = f; in particular ifx, € , x, — 0 then

lim U(x,) = lim f(x,) = g(0)

which completes the proof that U is continuous at 0.

It only remains to show that MU = 0. According to Aleksandrov’s
theorem, it suffices to show that ((2), the gradient image of Q is a
subset of {p € R"|p is in the gradient image of two distinct points
of Q). Toward this end suppose p € w(€). Then, for some x, € Q, we
have U(x) — U(xg) = p * (x — x9). Let a(x) = U(xp) + p * (x — xo).
We have a(x) = g(x) for all x € 3(), and equality must hold for at
least one x € 9Q). Otherwise, a(x) + € = g(x) for x € ) and some
€ > 0, which by (2.2) implies U(xo) > a(x,) = U(x,), a contradiction.
Let £ € 00 be such that a(§) = g(€). The open line segment joining
xp to £ lies in Q. Further, U(xy) = a(x,) and U(€) = a(€). Thus, since
a is an affine function, U(x) = a(x) for all x on this segment. But
U(x) = a(x) for all x € Q. Hence, p is in the gradient image of every
point of the line segment from x, to £ and the proof of existence is
complete.

UniQueness PrROOF. Let U be the solution constructed above and
suppose V € C({) is convex on @ and V = g on dQ. If 3y is the sur-
face over () defined by V then for any € () there is a support plane
to 3y at (% V(%)) so there is an affine function a such that a(x) =
V(x) and a =V on . In particular a = g on 4Q so a € F. Thus
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V(@) = a(x) = U(x) so V=U which proves the last assertion of
Theorem 2.8.

We show that if there is an x, € Q with V(xy) < U(x,) then MV
# 0. Let vy be normal to a supporting plane at (xo, U(x,)) to the sur-
face 3y. For 2 = U(xg) — V(xy) the plane through (xy, U(xg) — €)
with normal » lies below 3y and above V(x,) for all v in the neighbor-
hood of v, on the unit sphere in R*+1. It follows that each such »
is in the spherical image of %y and therefore the total curvature of
3.y is strictly positive.

RemMark. The same proof can be used to construct a concave solu-
tion, Uconcave € C({1) with Uconcave = g on 82 and Mucoxcave =
0. In Section 5, we show that for any u with Mu =0 and u = g on
3Q we have

<<
Uconvex = u = Uconcave:

3. Analytic approach to the curvature measure. Alexandrov’s ele-
gant approach to curvature outlined in §2 allows the use of the
geometry of convex surfaces in the solution of many nonlinear partial
differential equations (see e.g., [7,8])). It is possible, however, to
give an analytic definition of the curvature measures, or gradient
image measure by the standard method of smoothing and approxi-
mation. An analytic approach to the definition of curvature has the
advantage that convergence theorems, such as the one we need in the
solution of Rabinowitz’s problem, follow almost immediately from the
definitions, while in the geometric approach, the convergence theorems
are more difficult to obtain.

In this section, following the method of [5], we will outline an
analytic definition of the gradient image measure, and give some con-
vergence theorems for it. We will also show that the analytic defini-
tion is the same as Alexandrov’s geometric definition. In particular,
this gives an alternative approach to Alexandrov’s convergence
theorem ([3], p. 197).

We also remark that analytic proofs of all the results of § 2 may be
given, although we will not do so here. One reason for wanting such
an approach is as a possible outline for the study of analogous results
for plurisubharmonic functions. Some progress in that direction
appears in [3], where the exact analogue of Proposition 2.7 is used
to prove a uniqueness theorem for weak solutions of a complex
Monge-Ampere equation.

In order to give the definition precisely, introduce the following
notation. For Q open in R, let K(2) denote the cone of convex func-
tions on ), and C*(Q), C¥({) the usual spaces of k-times differentiable
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functions on Q and (), respectively. Also, let M,(Q), 0=m=n,
denote the currents of degree m and order 0 on . That is, M,,(Q) is
the class of differential forms of degree m whose coefficients are Borel
measures on ). We will suppose that M,,() has the topology of weak
convergence of measures; i.e., p;— p in M,,(Q) if and only if [¢ " w;
— [¢ A p for all differential forms ¢ of degree n — m whose co-
efficients are continuous functions with compact support in ().

ForI= {i, iy, ' **,in} asetofintegerswith1 =i, <i, < --- <,
=n, let

_Mu = du,) N A d(u,)

We can think of oM as an (unbounded) operator from C({2) to M,,(Q)
with domain C%(Q). Also, set Mu = My 5. = duy ANdug A -+ A
du, so that. Mu = det [u;;] dx; N - - - A dx, is the Monge-Ampere
measure. The next Proposition shows that all the o are actually con-
tinuous operators on the entire cone K({2) of convex functions.

Proposrtion 3.1. For any I= {iy< -+ <i,}, 1=m=n, the
operator M : C%(Q) - M,,(Q) has the property that
(8.1) .M maps C(Q)-bounded subsets of C%(Q) N K(Q)

into bounded subsets of M,,(Q), and

(3.2) ifud), v¥ € C%Q) are such that

(i) limuY = limv/ = uin C(Q),

jo jo
(ii) lim M(u)) = win M,,(Q),
jooo
(iii) lim M(v?P) = vin M, (Q),
o
then u = v

Consequently, M has a unique extension to a continuous operator
on all of K(Q).

Proor. For J= {j; < ‘' <j,} another multiindex of length m,
let A(L J) be the determinant of the m X m submatrix [u, ], of the
Hessian of the C? function u € K(Q2) N C%(Q). To prove (3.1), we
have to show that the integral of |A(I, J)| over any compact subset
of () can be estimated by the supremum norm of u over some larger
compact subset of ). Since u is convex, the Hessian matrix of u is a
nonnegative matrix, so 2|A(I, J)| = A(L, I) + A(J, J). We can there-
fore restrict attention to the case when I=]. It is no loss of
generality to take I = J = {1,2, - - -, m}.

Let K be a compact subset of (). Choose a C~ function X with com-
pact support in §, 0=X=1, and X =1 on K. Set ¢ = Xdx,,s; A
*++ A dx,. Thensince A(I, I) = 0, we have
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(3.3) jK A(LDS fdul/\---/\dummp.

However, by Stokes Theorem,
Jdul/\ o ANduy, AN
= — fuidulA e ANdui_y Adp ANdug o N A dug,.

Next integrate by parts with respect to x; in the second integral to
take the x;-derivative from u; to the other terms and then sum over i.
The result is

m | duy, A - Adu, A
(34) f ' ¢

m
= EJ‘uduli/\'“ A du_y A dds A dugy A - A dug,
i=1

If m =1, then (3.1) clearly follows from (3.3) and (3.4). If m > 1,
then we can assume by induction that (3.1) has been proved for multi-
indices of length less than m. Thus the L! norms of the coefficients of
du; A - Aduiy A duiy A - du, on support ¢ are uniformly
bounded whenu variesovera C(})-bounded subsetof C2(Q) N K(),and
(3.1) follows.

To prove (3.2), we use formula (3.4) again. We may again assume

I={1,2, - - -,m}. By induction, we may also assume that
1im My(u) = lim M;(vD)
jo» j-)&

for all multiindices J of length less than m. Then, since both uUdeg;
and vYde; converge uniformly to ude;, if u is replaced by u?
and then v in (3.4) and then j — , we find

[rre=[vne

for all differential forms ¢ of degree m whose coefficients are C~
functions with compact support; that is, u = v, as asserted.

The last assertion of the Proposition follows from (3.1), (3.2), and
the well-known fact that bounded subsets of M,,(() are relatively com-
pact. This completes the proof.

As one application, we formalize our earlier definition

DEerFiniTION 3.2. If u is a convex function on (), then Mu is the non-
negative Borel measure M(; 5. yu = du; A - - A du, on (.

For another application, we note the following simple inequality.
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PropositioN 3.3. If u, v are convex on Q, then Mu + v) = Mu +
M.

ProoF. By Proposition 3.1, it suffices to prove the inequality when
u,v are in C2 Thus, it suffices to show that det(A + B) = det A +
det B for A, B two nonnegative, symmetric n X n matrices. By con-
tinuity, we can assume that A is strictly positive. Then A+ B=
AVl + A-YV2 BA-U2)A2 so we may assume without loss of
generality that A = I. In that case, if A;, - - ,A, = 0 are the eigen-
values of B, we have det(I+ B)=[]i., 1+ )= 1+][i N
= det I + det B.

We next show that Mu agrees with the geometrically defined Monge-
Ampere measure Mu,

ProposiTioN 3.4. If u is a convex function on Q, then Mu = Mu.
That is, for all Borel subsets E of Q, (Mu)(E) = (Mu)(E).

Proor. Since. Mu and Mu are Borel measures, it suffices to prove
the formula for small balls E centered at xo € Q. Without loss of
generality we may assume that x, = 0. Let E(r) = {|x| = r} denote the
closed ball centered at x, = 0 with radius r.

Next, observe that if u € C2({2) we have that

92%u
9x;0x;

Mu==/Mu=det{ }dxl/\ <o A dx,.
Therefore, if {u")} is a sequence of C2 convex functions converging to
u in C(Q), and if u; = MuY), v; = MuY), u = Mu, v = Mu, then we
know

w(E(r)) = v(E(r)).
Now it is not true that we may obtain u(E(r)) = v(E(r)) for every r > 0
by letting j— o in this equality, but only for “most” r > 0. Precisely,
we claim

(3.5) lim sup v;(E(r)) = v(E(r))

o
and, forevery0=p <r,
(38) lim inf v)(E(r)) = v(E(p)).

jore
These two inequalities suffice to prove the Proposition, because since
r— v(E(r)) is an increasing function of r, it follows from (3.5) and
(3.6) that lim;,.v,(E(r)) = v(E(r)) except possibly at points of dis-
continuity of r— v(E(r)). Also, since u;— u weakly, we have w;(E(r))
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— u(E(r)) except possibly at points of discontinuity of r— w(E((r)).
Thus, u(E(r)) = v(E(r)) for all but countable many r. However, both
r— u(E(r)) and r — v(E(r)) are right continuous functions of r, so they
must agree for all r= 0.

To prove (3.5), let X;, X denote, respectively, the characteristic func-
tion of the gradient image of E(r) under uY, u. It is routine to verify
that lim sup X; =X which, together with Fatou’s lemma, implies
(3.5).

To prove (36), fix e >0 and 0=p <r. Set n = max {u(x) —
ud(x): |x| =r}, and o09(x)=uY(x) + n; + €(|x|2 = r2).  Then
vW=wuon x| =r Let = {x:|x| < rand v¥(x) < u(x)}. Because
7;— 0 and 4 — y uniformly in |x| = r, we have (D E(p) for suf-
ficiently large j. Then for such j, Proposition 2.7 yields

v(E(p)) = v(Y)
= (MoU)(0)
= (MoW)(E(r)).
However, v € C2(Q), so
Moy = det [%&Zi] dx, n -0 A dx,
= Mu¥ + A=y + A,
where A is a sum of terms of the form
* ek M(uD) A d(xZ) A - A d(xE)

with |I| = n — k, and k= 1. From the first assertion of Proposition
3.1, we then have |A(E(r))| = Ce, for some constant C independent of
j. Thus, lim inf (Mv@)(E(r)) = lim inf v;(E(r)) + Ce. Since € >0
is arbitrary, (3.6) follows.

The next result is a quantitative version of Proposition 2.7. It
asserts that a convex surface over () which dips appreciably below its
boundary values must have large gradient image.

LemMma 3.5. Let Q) be a bounded, open, convex set in R™ with
diameter, A, and for x € Q, let d(x) be the distance from x to 9.
Ifu € C(Q) is a convex function on Qwithu = 0on dQandu(x) = —h
< 0, then
c,h"

d(x)Anr—1

where c,, is a constant depending only on the dimension n.

J' Mu=
Q0
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Proor. It is no loss of generality to assume h = 1. Set G= {£ € Q:

u(€) < 0}. Then G is a bounded, open convex set in R", u € C(G)
and v = 0 on dG. Construct the inverted cone in R**! with depth
1, top equal to G X {0} and vertex at (x, —1). That is, the surface z =
c(€) in R**! such that ¢(x) = —1, ¢(§) = 0 if £ € dG, and £— ¢(§)
is linear on each line segment [x,y] from x € G to y € dG. Since
G is convex, the surface {(§, c(£) : £ € G} is convex. Alsou = con G,
since u is convex. Therefore, by Proposition 2.7, we have [o Mu =
Je Mu= [c Mc = measure of gradient 1mage of cone, The explicit
form of the estimate of the lemma is the “worst case” estimate of this
volume. It is easy to compute by noting the following three facts.
First, the gradient image of a cone is convex. Second, it contains at
least one vector of length 1/d(x) (take a hyperplane of support along
the line segment joining x to the closest point of dG). Third, it con-
tains the ball centered at the origin of radius 1/A. It is easy to
verify that any set with these three properties has volume at least

2n=1(n! d(x)A"-1).

ReMark. In case 9() is smooth with strictly positive curvature, the
estimate of the lemma can be replaced by a constant times [h/d(x)] ",
where the constant depends on ). In case {)is a ball of radius R centered
at the origin, the best result is 7,(Rh)"(R? — |x|2)", where 7, is the
volume of the unit ball in R".

Next, we prove a minimum principle for the Monge-Ampere equa-
tion. This result clearly implies the uniqueness of convex solutions to
the Dirichlet problem for M.

LemMma 36. Let Q be a bounded open set in R, and u, v € C(}) be
convex functions in Q. If Mu = Mv in Q, then

min {u(x) — v(x) |x € 1} = min {u(x) — v(x) | x € 4Q}.

Proor. Assume by way of contradiction that @ = min {u(x) —
v(x) | x € O} < min {u(x) x)|x € 9Q} = b. Let xy € Q be such
that a = u(xo) — v(xo). It is no loss of generality to assume x, = 0. For
8 > 0 a small number, namely §[diam Q]2 < (b — a)/2, consider the
function

w(x) = v(x) + 8|x|2 + b —2- ‘.

Let G= {x € Q:u(x) < w(x)}. If x EQ, then w(x)=u(x) — b +
8|x|2 + (b — a)l2 = u(x) + 8|x|2 + (a — b)/2 < u(x), so G does not
meet (). Also, xo = 0 € G, since u(0) = v(0) + a = w(0) + (b — a)/2
< w(0). Thus, by Proposition 2.7, (Mw)(G)= (Mu)(G). But, by
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Propositions (3.3) and (3.4), (Mw)(G) = [M(v + §[x|2)] (G) = (Mv)(G)
+ [M(8|x|2)] (G) = (Mv)(G) + (28)* volume (G)> (Mv)(G). This
contradicts the hypothesis Mu = Mo, so the Lemma is proved.

We conclude this section with a convergence theorem which is
needed in our solution to Rabinowitz’ problem and to the Dirichlet

problem.

TueoreMm 3.7. Let ) be a bounded, open, convex set in R". Let
u,u; EC(Q),j= 1,2, » - - be convex functions in Q such that
(i) u;— uuniformly in 9Q);
(ii) Mu;— Mu weakly in Q); and
(iil) oMy, S A< + o,
Then u;— u in C({).

Proor. First of all, the functions u; are _uniformly bounded above in
Q. Infact, ifw is the unique function in C({2) harmonic in ) and equal to
u in 4}, then since convex functions are subharmonic we have from the
maximum principle,

(3.7) y(x)Swx) +e xEQ

where ¢; = max {|u;(x) — u(x)| : x € 0Q}.

We now want to obtain a good lower bound for the u;(x). Let { be
a point of 3(). Let £(x) be a linear function which supports the surface
x—u(x) at § ie., u(x) —u@)=L(x — ), x €N Let vj(x) = uj(x)
—u(l) — (x — {) + ¢; with ¢ as in (3.7). We then have v;(x)= 0
forallx € Q. Therefore, by Lemma 3.5, for any x € Q either v;(x) = 0,
or

(3.8) [—v;(x)]™ = const. d(x)A Ar-1L

In either case, we have lim inf,_;c;q v;(x) = 0 uniformly in j; that is
for any € > 0 there is a § > 0 and jj, such that

(39) w(x) > u(f) — e

when j > jo, x € O, and |x — ¢| < 8.

Now, from (3.8), we see that the functions u; are uniformly bounded
below. Moreover, uniformly bounded families of convex functions are
compact in C({2), so the u; have a subsequence which converges to a
convex function v in C(Q). In particular, by Proposition 3.1, Mv =
lim Mu; = Mu. Also, from (3.7) and (3.9) it follows that v € C({2) and
v = u in 8Q). Thus, from Lemma 3.6 applied to u — v and v — u, we
have v = u in Q. Finally, we see that u;— u in C({}), since u; — u is
small near 3Q by (3.7) and (3.9), while u;— v = u in C(Q) already.
This completes the proof.
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4. The Dirichlet Problem. We now give the construction of con-
tinuous, convex solutions of the Dirichlet problem Mu = pin Q,u =g
on 3(). The solution will be given, as suggested by Lemma 3.6, by the
familiar Perron method. The original method (which goes back to
Minkowski) of finding such solutions was to first construct polygonal
solutions, and then find the solution in the general case by a limiting
argument. Our method is only slightly different. However, what it
shows is that the existence of solutions of Mu = u follows essentially
from knowing just the special case Mu = 0, which was treated in § 2.

To construct solutions via the Perron method, let Q) be a bounded,
open, convex set in R". Then define, for u a Borel measure on  and
g a continuous function on 442,

B(u, g) = {v € C(Q1) : vis convex
4.1) and Mv 2 pin (),
andv = gindQ}.

According to Lemma 3.6, the solution to the Dirichlet problem
Mu = p,u = gin d{2 should be given by

(4.2) U(x) = sup {v(x):v € F( g}

Of course, the class F( u, g) may be empty if no restrictions are placed
on the measure w. However, an existence theorem which suffices for
our application is the following.

THEOREM 4.1. If Q is strictly convex, and if p is a nonnegative Borel
measure on Qwith u(Q) < + « then thereisaunique convexU € C(Q)
such that

MU= pn in )
U=g¢g in 9()

Proor. The uniqueness is a consequence of Lemma 3.6. To prove
existence, we see from Theorem 3.7 that it suffices to prove the
Theorem when u € P, the convex cone generated by the positive point
masses. For, if it is known in this case, and p is a nonnegative Borel
measureon Qwith u(Q) < + «,thenthereexist u, € Psuchthat u, —> u
weakly in Q0 and p,(Q2) = A< + . Thus, by Theorem 3.7, the solu-
tions u, to Mu,, = p,, u, = g in 3 converge to a solution to Mu = u,
u = gin (). According to Lemma 3.6, the solution u must be given by
(4.2).

Before noting how the special case u € P follows from Theorem
2.8, we first list some properties of the class F(pu, g).
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(4.3) 9, g) is closed in C({2).
(44) u,v € F(pg)=> max(u,v) € F(u, g).

(4.5) Ifx€ Q{|x — xo| = r}C Q with u(lx —x¢| = r) =0,
and if u € 3(p, g), then any “Poisson modification”
of u,

wlx) = o(x) |x— x| =7

{u(x) xEQ |x—x| =7

where v is convex on |x — x| = r, v(x) = u(x) for |x — xy| = r, and
Mv = pon |x — x| < 7, also belongs to F(p, g).

The assertion (4.3) is a consequence of Proposition 3.1, while (4.4)
follows from the inequality valid for all convex functions,

(4.6) M(max(u, v)) 2 min (Mu, Mv).

To prove (4.6) let v denote the right hand side of (4.6). First suppose
v {x € Q:u(x) = v(x)} = 0. Then on {x € Q:u(x) > v(x)}, we have
M(max(u, v)) =Mu = v and, similarly, M (max(u, v)) = v on the open
set where u < v. Since v{u = v} = 0, (4.6) follows. In the general
case, just replace u by u + €. For almost alle > 0, v {x € Q: u(x) +e
= ov(x)} = 0, since the sets I, = {x € Q:u(x) + € = v(x)} are all
disjoint. Choosing a sequence of € tending to zero with »(I',) = 0, we
have from Proposition (3.1) that M (max(u, v)) = lim,_ oM (max(u +
€, v)) = v as asserted.

To prove (4.5), note that 4 = v in |x — xo| = r, so w € C({) and is
convex in ). We clearly have Mw = Mu = pifx € Qand|x — xo| > 7,
while Mw = Mo = p if |x — x| < r. Since u(lx — x| = 7) = 0, we
thus have Mw = p,sow € 9 (p, g).

Note that as a consequence of (4.3) and (4.4), we have U € 3(p, g)
so MU = p.

We shall now assume p = i, a; 8, where ¢;= 0, x; € Q and
8r, is the Dirac measure at x;. Note that if v(x) = |x|, then the
gradient image of any neighborhood of 0 under v is the unit ball in
R", so Mv = 71, 8,, where 7, is the volume of the unit ball in R"
Therefore, if we put f(x)= 1/, ia;|x — x|, and choose a
convex function u on Q with u(x) = g(x) — f(x) for x € 8 Q (for example
we may choose u with Mu = 0), then the function v = f + u is convex,
v =g in 80, and by Proposition 3.3 satisfies Mv = u. In particular,
3( u, g) is not empty.

We shall now prove that if U is given by (4.2) then MU = u =
> i~,a8, by showing the equation holds on a neighborhood of
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each point x, of ). First assume xy # x;, 1 =i = n. Choose r > 0 so
small that {|x — x| = r} C Q and |x; — xo| > 7, 1 =i = m. Accord-
ing to Theorem 2.8, there exists a unique convex function v on |x —
xo| = r with Mv=0 for |x — xo| < rand v = U on |x — xo| = r. By
(4.5), we have that

U 2x€Q|x—x9| =7

v |x = x| =

w =

belongs to F(p, g). But w= U, since v = U for |x — xo| = r. Hence,
w = U, by the definition of U, so for |x — xo| < r, Mw = Mv = 0.

We therefore know that MU is a nonnegative Borel measure sup-
ported on {x), * * *, x,} with MU = u. Write

m
MU = 2 )\,-a;&xi.

i=1
We have A\; = 1 and must show A\; = 1, 1 = i = m. Fix attention on
one x;, which we may assume is 0. Thus, we have MU = Aa§, near
x = 0 and we have to prove A = 1. Assume by way of contradiction
that A > 1. Choose r > 0 so small that {|x| = r} C Q and 0 is the only
one of the x; with |x;| = r. The gradient image of 0 under U is convex
with positive measure, and so must contain a ball of some positive
radius € > 0. By subtracting a linear function from U (and g), we may
assume the gradient image of 0 under U contains the ball of radius
€ > 0 about the origin, so that U(x) — U(0) = €|x|. Then, by sub-
tracting a constant from U (and g) we may assume U(0) < 0 while
U(x) = 0 for all x with |x| = r. Then define a convex function w by

U(x) ifUx)=0
A UnU(x)  ifU(x) <O0.

On the set {U < 0}, which contains a neighborhood of zero, we have
Mw = (IA\)MU = a §,. The function w is equal to U outside |x| < r,
sow € F(p, g). However, w(0) > U(0), which contradicts the defini-
tion of U. Therefore, A = 1, which completes the proof.

w(x) =

5. Comparison Theorem for Nonconvex u. Let ) be a bounded,
strictly convex open set in R", and u a real-valued function in ()
whose second partial derivatives are in L*({2). Then

det [ d%u ]

Bxiaxj

is in LYQ), so Mu = det [0%u/(dx;9x;)] dx; - - - dx, is a well-
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defined absolutely continuous finite measure in (). Also, by the Sobolev
embedding theorem [4], u € C({)). The goal of this section is to
compare u to convex functions, w, with Mw comparable to Mu. The
basic result is

TuEOREM 5.1. Let () be a bounded, strictly convex set in R". Sup-
pose that u is a real-valued function in ) whose second partial deriva-
tives belong to L™()). Ifw € C(Q) is convex in Q and

Mw Z [ Mu] * = max (Mu, 0)
then
min{u(x) — w(x) | x € O} = min {u(x) — w(x) | x € 9Q}.
In particular, ifw = uon dQ thenw = uin Q.

We will first prove a slightly stronger minimum principle when u
is smooth. The general case will then follow by an approximation
argument.

LeMMa 5.2. Suppose Q is a bounded open set in R™ and u € C%(Q).
If v € C(Q) is convex in Q with Mv= Mu on the (possibly empty)
open subset of ) where the Hessian matrix [9%ul/(9x,9x;)] is positive
definite. Then

min {u(x) — v(x) : x € O} = min {u(x) — v(x) : x € 4Q}.

Proor. Assume by way of contradiction that for some x, € Q we
have

u(xo) — v(xo) = min {u(x) — v(x) | x € 0}
< min {u(x) — v(x) | x € 4Q}.

For € > 0, let v(x) = v(x) + €| x — x|2. If € is sufficiently small,
then the function u(x) — v.(x) does not attain its minimum on 32, so
there exists x; € ) with

(5.1) u(x,) — v(x;) = min {u(x) — v(x) | x € Q}.

Now set ; = {x € (}: the Hessian matrix of u at x is positive}.
Then u is convex on ;, and M(v,)= M(v) = Mu on ;. From
Lemma 3.6, it follows that the minimum of u — v, over {}; is assumed
on the boundary of ;. Therefore, we may assume that the point x,
in (5.1) does not belong to ;.

Since x, € Q,, at least one eigenvalue A of the Hessian of u at x,
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is nonpositive. Let a € R, |a] = 1, be an eigenvector for this eigen-
value. Then for small values of t € R, we have

(5.2) u(x;, + ta) = u(x;) + L(t) + A2 + o(t2)
where £(t) is a linear function of t. Also,
O (x) + ta) — v(x)) = v(x; + ta) — v(x,)
+ €[|x; + ta — x| — |x; — %/
= 2.(t) + €[|x; + ta — x> — |x; — xo|?]
= Q(t) + € - £2

for some linear function 2,(¢). Combining this inequality with (5.2)
yields

u(x; + ta) — v (x; + ta) = u(x;) — v(x;)
+ 25(¢) + (A — €)t2 + o(t2).

However, since A =0 and € > 0, this means that t— u(x; + ta) —
v(x, + ta) cannot have a local minimum at ¢t = 0, and the lemma is
proved.

Proor oF THEOREM 5.1. First of all, since () is convex, u is the restric-
tion to Q of a compactly supported function defined on all of R*
with its second partial derivatives in L*(R") ([4], Thm. 12, p. 45).
Then there exists a sequence of functions u; € C*(R™) such that
u; vanishes for x| > R and the second partial derivatives of u; con-
verge to the corresponding derivatives of u in L*((2). Then, by a
Sobolev embedding lemma [4], we have also that u; — u in C({)).

Let u; be the finite nonnegative Borel measure in Q, u; = [Muy;] *
and u = [Mu] *, so that y;— pin L(Q). Let v; be the unique convex
function in C({2) such that v; = u; on dQ and Mv; = w; in Q. The
existence and uniqueness of v; is given by Theorem 4.1. By Lemma
5.2, we have that v; = u; in ). Furthermore, since u;— u in C(3Q)
and Mv;— p in L!((2), the functions v; converge in C({}) to the unique
convex function in C({2) such that v = u on Q2 and Mv = p in , by
Proposition 3.7. We have just proved that v = u in Q.

To complete the proof, note that for x € Q,

u(x) — w(x) = {u(x) — v(x)} + {v(x) — w(x)}
= o(x) = w(x)
= min {o(x) — w(x): x € 3Q}
= min {u(x) — w(x) : x € 9},
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where the last inequality follows from Lemma 3.6.

ExampLe. If u € W, ,(Q) and Mu = 0 in Q then u = u where u
is the convex solution of Mu = 0 such that u = u on 9. Similarly

—u = v where v is the convex solution of Mo = 0 with v = —u on
Q. If @ is the concave solution of Ma =0 with #=u on 9Q)
then v = —% and we have proved that u=u=1u. Now if u=0

on 9} then u=u =0 and we have shown that u must vanish
identically in Q. It is this assertion when n = 2 that Rabinowitz re-
quires in remark 2.26 of [9].
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