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SEVEN DIFFERENT PROOFS THAT L*/H~
IS NOT SEPARABLE

EARL BERKSON AND LEE A. RUBEL !

Although one would have no difficulty in conjecturing that L*/H*
is not separable, there is no proof of this fact in general circulation.
The space L*/H" is interesting because it is isometrically isomorphic
to the dual of H!. In this didactic paper, we present seven different
proofs that it is not separable. Their variety affords possible lines of
generalization as well as the framing of related questions, and displays
the state of the art of HP spaces today. The first two proofs are the
authors’, and the remaining are due to B. A. Taylor, C. L. Fefferman,
Joel Shapiro, A. Pelczynski, and ]. Garnett, respectively. We thank
them for permission to present their proofs here. It is likely that other
proofs will be found. Indeed, we have been informed that H. S. Shapiro
and A. L. Shields are preparing a joint manuscript containing a general
result that implies our estimate on ||A — g||.. in the first proof. At
the end of the paper, we prove a related theorem to our title theorem.

An immediate corollary of the title theorem is that H! is not homeo-
morphic, as a topological space, to its second dual. In particular, H!
is not reflexive, as was shown in [9, §7] and subsequently in [8,
§2.11-2.12].

The first of the seven proofs is based on the theory of cluster sets,
and explicitly exhibits in L~/H* a collection of disjoint open balls
which has the cardinality, c, of the continuum. Our second proof gives
no information beyond the assertion of the theorem, and relies on the
known non-reflexivity of H! and a Banach space lemma from [5].
For completeness, we include a condensed proof, based entirely on
[9, § 7] that H! is not reflexive. Our third proof is due to B. A. Taylor,
and uses the same construction as Proof 1, but shows directly why it
works by means of the conjugate Poisson integral. The fourth proof
is due to C. L. Fefferman, and uses the linear homeomorphism [3],
[4] of the space of functions of bounded mean oscillation (BMO) onto
the normed conjugate space of H!. The fifth proof is due to Joel
Shapiro, and uses interpolation sequences for the pair (H!,£!). This
proof seems the most likely to extend the statement that H! is not reflex-
ive to more general domains than the unit disc, a problem that was
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mentioned in [8]. The sixth proof is due to A. Pelczynski and exhibits
a subspace of H! that is isomorphic to £!. The final proof is due to J.
Garnett and involves function algebra techniques.

As conventions, unless specified otherwise, we mean by L=, H*, and
H!, respectively, the spaces L=(T), H*(T), and HT), where T =
{z:|z| =1}. We let D= {z: |z| <1} and freely identify functions
in L*(T) with their Poisson integrals, which are, of course, bounded
harmonic functions in D.

Proor 1. For f&€ L~ denote by (f) the coset f+ H*. For
0= a= 2, let

1 0=0=a,

o= {3

We claim that, in the norm of L*/H*, ||(f,) — (fs)|| = 1/2 when
a # B. Now fora < 8,

otherwise.

1 a< =g,
0 otherwise.

A(eio) =fﬁ(ei0) _f;(eio) = {

We claim that for any function A € L~ that is zero everywhere in an
interval to the left of ei% (as viewed from inside the disc), and 1 every-
where in an interval to the right of €%, where these intervals have
€% as common endpoint, we have |A — g||.= 1/2 for any g €E H".
Without loss of generality, we take 6, = 0. Suppose, by way of con-
tradiction, that |A — g||. =€ < 1/2. We require some results from
the theory of cluster sets, adapted to the case at hand, and we use
[1] as reference. For the definition of the cluster set, let f be a func-
tion defined in D, with values in the complex plane £, and let z, =
e% € T. The cluster set C(f, z9) of f at 2, is defined as the set of
points a of the Riemann sphere ¢ such that there exists a sequence
{z,} in D with lim z, = z, and lim f(z,) = a. It follows ([1, p. 3])
that C = C(f, zp) is a non-empty closed set, and that if f is con-
tinuous in D, then C must be connected. We now consider the
boundary cluster set Cpg(f,20) = Cpi(f, 20) U Cp. (f, 20). Here,
Cp, is the left boundary cluster set defined as follows:

Cfo0<b-6,<m)= U C(fe"),
0<0—90<1]
Co(f,€%)= N C(£0<0—6,<m),
>0

while the right boundary cluster set Cg. is analogously defined. In
[1, p. 82] it is shown that Cg, C C, and of course Cg, C C. If fis
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bounded, then Cy, and Cp, are non-empty compact sets in C.
The one non-trivial result we use from cluster set theory is a theorem
of Iversen [1, p. 91] that if h is analytic in D, then for every e € T,
9C(h, e®) C Cpg(h, e®). To continue with our proof, it is easy to see
that Cp.(A,1)= {1} and Cpg(A,1)= {0}. It follows from a
simple argument that Cp, (g,1) C Bz and Cg,(g,1) C B, where
Br = {z:|z—1|=€} and BL = {z: |z] = €}. But Bz and B are a
positive distance apart, and this. contradicts 8C(g,1) C Bx U BR
since C(g, 1) is connected, and the first proof is concluded. We have
implicitly used the following topological lemma, whose simple proof
we omit.

LemMa. Let C be a compact connected set in C, and let B, and
B, be two closed convex sets such that C C B, U B,. If C N B,

# @B and CN By # @ then B, N B, # @.

We say that a Banach space B is pseudo-reflexive if it is homeo-
morphic as a topological space to its second dual B**. It was shown
in [9, § 7] that H! is not reflexive. The next result is a corollary of
our main theorem.

ProposriTiON. H'!is not pseudo-reflexive.

Proor. As is well-known, L*/H> is isometrically isomorphic to
(HY)*. Since H!' is separable, it follows that if H! were pseudo-
reflexive, then (H!)** would be separable. But by a well-known result
([6, p. 34]), if the dual B* of a Banach space B is separable, then
B must be separable. Thus, we would have (H!)* separable, and
hence L */H * separable, which we have proved impossible.

We now give the second proof of our main theorem.

Proor 2. We need first the following fact, which is a special case of
[5, p. 178, parte].

LemMma. If B is a weakly sequentially complete Banach space, and
if B* is separable, then B is reflexive.

Now it is well-known that H! is weakly sequentially complete — to
see this, just observe that H! may be regarded as a closed subspace of
the space of all bounded complex Borel measures on T. Hence if
L=/H> were separable, then H! would be reflexive, which it is not,
by [9,§7].

Incidentally, we have proved the following result.

ProposiTiON. If the Banach space B is separable and weakly se-
quentially complete, then B is reflexive if it is pseudo-reflexive.
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Proor THAT H '1s NoT REFLEXIVE. (From [9,§ 7].) LetF,(z) = (1 + ¢,)
“(z + l(c,z + 1), where —1 < ¢, < 1 and ¢, —» —1. We remark first
that F, is analytic in D= {z: |3| = 1}. Let f,(z) = F,’(z). Both
{f.} and {F,} converge to 0 uniformly on compact subsets of D,
because |F,(z)] = 2|1 + ¢,|J/(1 — [z]), and it is an elementary fact
that if {F,} so converges to 0, then the same is true of {F,'}. Now
w = F,(z) maps {z: |z]| =1} onto {w: |w — 1| = 1}. Computing the
length of the image of {z: [z| = 1}, we have

o= [ | L Ee [ do= [Tisen)do

so that f, lies in the unit ball of H!. We shall prove that {f,} does
not converge weakly to 0; the same proof works for any subnet of
{fn}, and since the only possible weak limit of any subnet of {f,}
is 0, we will have proved that the unit ball in H! is not weakly compact,
so that H! cannot be reflexive. Note now that F,(1) = 2 for all n, but
that if 0 < 6 < 2z, then F,(e®) > 0 as n— ». Fixing such a 6, we
have

Fo(e) = Fo(1) + i | Z (et dt.

Since [o ( +)eitdt € (HY)*, if {f,} converged weakly (to 0), the
last equation would yield the absurd conclusion 0 = 2 + 0.

Proor 3. (B. A. Taylor). Analogously to the first proof, we show
that |A — g||. =1 for all g € H=, where we now suppose only that

essliminf {Re A(e'):0>0+}=1
and

esslim sup {Re A(e'®): 0> 0 —} = —1,

and the conclusion follows much as before.
Let g = u + iv and suppose that |A — g[|«=1— 2 < 1. Then

esslim inf {u(e’?): 0 >0 +}>€ >0,
ess lim sup {u(e’):0—>0—-}< —e <0,
Let v*(z) = v(z) — v(0). Then [7, p. 78]

o¥(reif) = # [ uo— 0@ e,
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where Q,(t) = 2rsin ¢/(1 — 2r cos t + r2). Hence

W< €T (7 |sin ¢| t
o = T J‘—ﬂ 1—2rcost+r2dt+cons'
But
™ sin ¢ 1 ds 1+7r
b= [ B g (£,
r-[o 1—2rcost+r2d rj—l 1—2rs+ r2 8 1—r7r

which approaches +® as r— 1—, so that v* and hence g cannot be
bounded.

Proor 4. (C. L. Fefferman) We use the result ([3], [4]) that (H)*
is linearly homeomorphic as a Banach space to BMO. This result was
proved for the Hardy class H! in a half-space, but the proof is even a
bit simpler for the disc. (Alternatively, one knows [7, p. 130] that H!
of the half-plane and H! of the disc are isometrically 1som0rphlc)
We identify T with [0, 2r] and note that a function f € L(T) belongs
to BMO when

1
Iflowo = sup -], 1f = avifl < =,

where I runs over intervals in T and avy(f)= (1/|I]) f;f. For
convenience, we identify two functions in BMO whose difference is a
constant a.e. Now consider again the function A = f; — f, of Proof 1.
A simple estimate, choosmg I as a small interval centered at a jump of

A, shows that ||A|pyo= 1/2. The consequent non-separability of
BMO implies that of L*/H .

Proor 5. (]. Shapiro) For f € H!, and {z;} a sequence in D, define
T(f) = {(1 — |2[*)f(=x)}.

We use the result (see [2, Theorems 9.1, 9.2]) that there is a
sequence {zx} in D such that T is a bounded linear transformation of
H' onto 21 Such a sequence is called an (H',%!) interpolation se-
quence. Using the canonical homomorphisms, we see that (H/ ker T)*
is linearly homeomorphic to (9,‘) which is linearly isometric (=) to
2=. But (HY/ ker T)* = (ker T)" C (H\)* = L=/H*, where 1 denotes
the annihilator in (H!)*. Since £ * is not separable, neither is L*/H".

It is clear from the above considerations that if G is a Riemann
surface, then H!(G) will not be reflexive as soon as there exists an
(HYG),4") interpolation sequence for a suitable operator T. It seems
likely that this will be the case as soon as H!(G) is not trivial, but we
have no proof.
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Proor 6. (Pelczynski). This proof establishes that H! contains a
subspace isomorphic to %!, which implies that L*/H* = (H!)* has a
quotient space isomorphic to £* and is consequently not separable.
To this end, we produce a sequence {g,,j} of functions in H! such
that for every finite complex sequence a,, ay, - - -, a, we have

r o r T
T2 W=7 |3 a0 | 0= 3,
23 0 bia =1

where d\(t) = (2r)~! dt. This is enough for our purpose. Let f,(¢) =

[2-Y1 + eit)]" for tE [0,20] and n=1,2,3, - --. A direct com-
putation shows that for some positive constant ¢

2 2
o = [ selae = [
Let us put g, = f,||fs]| =" Clearly, (1) implies that

n
cosé l d\(t) = cn~ 12,

@) lim g,(t) = 0

uniformly for a=t=p, for any pair (a,8) with 0 <a<g <27
Furthermore, for any fixed n we have

®  lim [ jg@lde = lim [7lg0) ) = 0.

Using (2) and (3), we inductively define an increasing sequence {n;}
of positive integers, and sequences {a;} and {B;} of real numbers for
which

4 0<opy) <o <PBr<Pirr < 2m, lima, =0, limB; = 27,

k- ko
and
() [™ lga, 01 dh@) < 4751 forj >k,
oy
B
©) [ g 01 dhe) > g | - 4741 = 1 = 4k

forj=1,2, -k

Let us set B; = [a),8)], B, = [assﬁs]\[as—l,ﬁs—l] for s =2,3, - - .
Next fix a positive integer r and any sequence {a,, a,, * * , a,} of com-
plex numbers. By (5) and (6), we see that if j > k, then

»[Bk lgnj(t)' d\(t) = l.:lf Ig,.j‘(t)l dA(t) < 471 < 47k,
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Ifj < k then

[, leu@lana= [ lg,@ldne = [ lg 0] dae) < 4
But if j = k, then

[, lenOldne =" lg, 0l - [

" g ()] A

a

Z1-4*k1-gk1z L

(Ifk = 1 we could take oy = By = m,say.) Thusfork=r

[ a@la0z Tal- 3 ek

i*k

z Tinl— 3 Il
i=1

Hence

r

2 ajg"j(t) ' dA(t)

j=1

22 lal= 3 3 gtz lal
k j=

k=1 =1 j=1 i=1

In the other direction since "g,,j |=1forj=1,2,3, - - -, weget

[Z" ,;:41 ;g (t) , dr(t) = ,2:‘1 m

This completes the proof of the desired inequality, and the rest follows.

Proor 7. (Gamett). This proof is based on some material in Chapter
10 of [7]. We identify L* with C(X), where X is the spectrum of
L=. Then (L*/H*)* = (H>)! where (H") is the space of Borel mea-
sures y on X that annihilate H*. Now suppose that L*/H ~ is separable.
By Theorem 2.10.1 of [6] it follows that the unit ball B of (H)* is
sequentially compact in the weak star topology of (L~)* = M(X).
Take a sequence {p;} of distinct complex numbers with |p;| =1,

- 1.

P Let ¢; be a complex homomorphism of H* with ¢,(z) = p;,
but ¢; & X. For example, if {z,,} is a Blaschke sequence, z, ;—> p;
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as n— «, then let ¢; be any cluster point of {z,;} in the maximal
ideal space of H*. Now choose f; € H* such that ¢;(f;) =0
and |f;| = 1 on X. For example, we may take f; to be the Blaschke
product over the above sequence {z,;}. Now let u;= f;dm,
where m; is the representing measure for ¢;. Passing to a subsequence
if necessary, suppose u; converges weak star to po. Choose h € L~
so that h(z) = (—1)ifj(z) almost everywhere on an arc that con-
tains p;. Then [hdu; = (—1)/, which is a contradiction. The last
equality uses the fact that [ F dm; depends only on the values of F
near p;, which we now prove. Let G(z)= (1 + p;z)2, so that
G(p;) =1, and |G(z)|<1 for z# p;. Now 1= [Grdm; but as
n— o, [Grdmj— myp;) (where p; is the fiber at p;) by the
dominated convergence theorem. This proof is now complete.

Finally, we prove a rather easy result. Here, L*(D) is the space of
essentially bounded measurable functions in D and H *(D) is the space
of bounded analytic functions in D, both with the essential supremum
norm.

ProposrtioN. L*(D)/H *(D) is not separable.
Proor. For0 < r< 1, let

fi(z) =
Thenfor0< r<s<1,
f(z) = fz) =

Let g belong to H*(D), and let A = f; — f, + g. Then by the Cauchy
integral theorem,

zfor |z| = r,
0 otherwise.

zforr < || =5,
0 otherwise.

— 1 [e=s [ eT) N L =1 _

I= 4 [_ .[o=_, Alpei®)ei® 4.6 dp [_ pdp=3(s+rs— 1.
So if € >0 and if || |p denotes the norm in L*(D)/H (D), then we
have, for suitable g € H *(D),

1 ([e=s [o=r
=)= Ble+e | = dédp |.
=046 = lle+ o [5-[7 [77 dode]
Since the expression in square brackets equals (s — r), we see that
I(f) = (f)llo= (s + 7)/2 and restricting our attention, say, to
r, s = 1/2, we conclude that L=(D)/H *(D) is not separable.
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