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ON THE WEIERSTRASS PREPARATION THEOREM
MATTHEW O MALLEY

Introduction. Suppose that R is a commutative ring with identity,
X is an indeterminate over R, and S = R[[X]] is the formal power
series ring. In [1, §3, Proposition 6], the following result (Weierstrass
Preparation Theorem) is proved when R is a local ring, complete in
its maximal ideal adic topology: Suppose that f= Z,-=Oa,~X" ES,
where, for some n= 1, a, is a unit of R and (ag, ay, * - -, a,-1) T M,
the maximal ideal of R. Then there exists a unique pair u, FE S
such that u is a unit of S and F is a monic polynomial of degree n
with the property that the coefficients of X¢ in F, for i <n, are
elements of M, and such that f = uF.

In this paper we extend this result, together with Proposition 5 of
[1, §3] and its Corollary, to the case when R is any commutative ring
with identity and f= );_oa: X' satisfies the property that, for some
n= 1, a, is a unit of R, while the ideal A = (ao, a,, * * *, a,_) generates
a complete Hausdorff topology on R.

In §1 we give the notation and terminology used throughout the
paper, and we prove three results needed in §2. §2 contains our main
results.

All rings considered in this paper are assumed to be commutative
and to contain an identity element. The symbols w and w, are used
throughout the paper to denote the sets of positive and nonnegative
integers, respectively. A collection of ideals {Ax}ikewof the ring R
will be called a d-sequence provided that for any n, m € w there
exists a u € w, depending on n and m, such that A, C A, N Ap.

1. Preliminaries. Let R be a ring, and let {} be the topology in-
duced on R by the d-sequence {Ai};c,of R. We write (R, ) to
denote the topological ring R under the topology (). It is well known
that (R, Q) is Hausdorff if and only if (), ¢ ,Ax = (0). We say that
(R, Q) is complete if each Cauchy sequence of R converges to a
point of R. If there exists an ideal M of R such that Mk = A for each
k € o, then the topology ( is called the M-adic topology, and we
write (R, M) instead of (R, ) in this case.

(1.1) Lemma. Let R be a ring and suppose that the topology
induced on R by the d-sequence {Ax}iec, of R is Hausdorff. Then,
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if ¢ € R and if each Cauchy sequence of (R, (c)) converges in (R, (1),
then (R, (c)) is a complete Hausdorff space. ((c) denotes the ideal of
R generated by c.) Moreover, ¢ belongs to the Jacobson radical of R.

Proor. Let ¢ € R, and suppose that (R, (c)) satisfies the hypothesis
of the lemma. Then the proof of Theorem (4.2) of [2] shows that
for any B € S = R[[X]] with constant term c, there exists an R-
endomorphism ¢ of S mapping X onto 8. But, since (R, (1) is Haus-
dorff, (R, (c)) is Hausdorff, and, therefore, by [2, Theorem (4.10)],
(R, (¢)) is complete. Moreover, by [2, Lemma (5.1)], ¢ belongs to the
Jacobson radical of R.

As a special case of Lemma (1.1), we observe that if {2 is the A-adic
topology for some ideal A of R, then, for any ¢ € A, (R, (¢)) is a com-
plete Hausdorff space if R is complete and Hausdorff in the A-adic
topology. Furthermore, A is contained in the Jacobson radical of R.

Our next result relates a topological property of R to that of S.
Namely, if A is an ideal of the ring R, then {A*[[X]] e, is a d-
sequence of ideals of S, and hence induces a topology A on S.
(A¥[[X]] denotes the set of all power series in S all of whose co-
efficients are elements of the ideal Ak of R.) We show that R is
complete in the A-adic topology if and only if S is complete under the
topology A. Since (e ,(A)k = (0) if and only if MNie L(AX[[X]]) =
(0), it will follow that (R, A) is a complete Hausdorff space if and
only if (S, A) is a complete Hausdorff space.

(1.2) LemMa. Let A be an ideal of the ring R. Then (R, A) is
complete if and only if (S, A) is complete.

Proor. Suppose that (S, A) is complete and let {c,}, e, be a Cauchy
sequence of (R, A). Since A*C Ak[[X]] for each k € w, it follows
that {cp}, e, is Cauchy in (S, A) and hence, there exists g =E°i°=0 aX
€ S such that ¢,— g in (S,A). But clearly this implies that ¢, — ao
in (R, A). Consequently, (R, A) is complete.

The converse follows from the proof of Lemma (4.6) of [2].

We note that for any ideal A of the ring R, A"S = (AS)" for each
n € w, and, if A is finitely generated, then A"S = A*[[X]]. Hence,
if A is finitely generated, then A is the AS-adic topology on S, and
Lemma (1.2) shows that R is complete in the A-adic topology if and
only if § is complete in the AS-adic topology.

We conclude this section with a result needed in the proof of
Theorem (2.6). The proof is straightforward and we omit it.

(L3) Lemma. Let B=Y20a;X' €S and let A denote the ideal
MNie oao) of R. Then Nie JB)*C A[[X]], where (8) denotes the
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ideal of S generated by B. Therefore, if (R, (ao)) is Hausdorff, then
(S, (B)) is Hausdorff.

2. The Weierstrass Preparation Theorem. In this section we give
our main results. The proof of our first theorem follows closely the
proof of Proposition 5 of [1, p. 38], and we only sketch the proof here.

(2.1) Tueorem. Let R be a ring with identity and let f = Y, Zoa; X
€ S. Suppose that, for some n=1, a, is a unit of R, and that the
ideal A= (ap,a,, " **,a,—1) of R generates a complete Hausdorff
topology on R. If M is the R-submodule of S generated by
{1, X, - - -, Xn~1}, then S is the direct sum of M and f8S.

Proor. (i) We first observe that fS M M = (0). For if

< > biXi>-f= o+ X+ 4 Xnl
i=0

where b;, r; € R for each i, then the proof of Proposition 5 given in
[1, p. 38] shows that b; € Mke (A) for each i € wy. Hence, since
(R, A) is Hausdorff, b; (and, therefore, r;) is zero for each i. Thus,
SN M = (0). It should be noted that the proof of (i) depends only
on the conditions that (R, A) is Hausdorff and that a, is a unit of R.

(ii) We show that S=fS+ M. If g= > ,a; X" then g is a
unit of S, and f— X"g =2?;01,a,~X". Moreover, if —h= — Y2 hX
= (f — Xng)g~!, then h; € Afor each i € w.

Let « € S. By recursion on j, we define a set of elements g of
S in the following way:

Let ¢ be the unique element of S satisfying

(2.2) a= X"q® (mod M).
Forj € wy, let ¢ = >,2q:VX’, where, for j = 1,
i+n X
(2.3) g =Y g S
k=0
It follows that, forj = 1,
(2.4) Xrq¥W = hqU-V (mod M).

Since h; € A for each i, it follows from (2.3), by induction on n, that
qi¥) € AJ for all i € wy and each j € w. It follows, therefore, that
{2}=0q”>} t€w,is a Cauchy sequence of S in the topology A induced
on S by the sequence of ideals {A¥[[X]] };c, Thus, since (R, A)
is a complete Hausdorff space, it follows from Lemma (1.2) that
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(S,A) is a complete Hausdorff space. Therefore, there exists a unique
element g € S such that g is the limit of the sequence {Yj_oq"}, =
in (S,A). From (2.2) and (2.4) we have that

ath (g0 )= ( 3 g Yo s

for each t € w, and hence

a+h<g q(f')>—X"(]§) q‘f)>=mtEM,

for each t € w. Thus, since the limit on the left exists in (S,A), the
limit on the right exists, and we have that

a+ hqg — X"q = limm,.
t

Therefore,
a= (X" — h)q + limm,
t

= fg~lqg + lirtnm,,

where fg=lg € fS. Thus, it suffices to show that M is closed in
(S,A). But this is straightforward and we omit it.

Note that the proof of the equality of fSM M = (0) shows that
f is regular (not a zero divisor) in S. From this fact, it follows that
if @ = hf + D7nXi = hif + 3?2 u;X‘ are two representations for a
as an element of fS+ M, then h=h,and ,=u; for0=i=n— 1.

If g =2,~°_i_0 ciXi € S, where R is complete and Hausdorff in the
(co)-adic topology, then [2, Theorems (4.2) and (4.3)] shows that
there exists a unique R-endomorphism ¢, of S that maps X onto g.
We denote the range of ¢, by R[[g]].

In particular, if f=Y,7,a;X' € S, and if f satisfies the hypothesis
of Theorem (2.1), then it follows from Lemma (1.1) that R is complete
and Hausdorff in the (ao)-adic topology. Thus, there exists a unique
R-endomorphism ¢; of S such that ¢«(X) = f We next show that,
for any f € S satisfying the hypothesis of Theorem (2.1), ¢y is one-to-

one. We make use of [3] to prove a more general result than this.

(2.5) LEmma. Let g €S and suppose that there exists an R-
endomorphism ¢ of S mapping X onto g. If T denotes the range of
¥, and if g satisfies the following conditions:

(i) gisregularinT, and

(i) gT N R = (0),
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then ¢ is one-to-one. In particular, if f satisfies the hypothesis of
Theorem (2.1), then ¢y is one-to-one.

Proor. Let h=Y;20hX' € S and suppose that ¢(h)= 0. By
[3, Result (2.1)], ¥(h) is a limit point in (T, (gT)) of the sequence
{ 2?=0hjgj}n € oy

Fix k € . We show that ;=0 for 0=j=k. Note that T
contains R[g], the subring of S consisting of all elements of the form
ELOrig", r; € R. Now, since Y(h) = 0, we have that E}Lohjgf—-)O
in (T, (gT)), and therefore, for (gk*1T), a neighborhood of 0, there
exists N € w, N>k, such that ¥} _ohjg/ € (gk*'T) for n= N. Let
E;l:()hjgj = gk”a, a€ET. Then,

and, hence, by (ii), ho = 0.

Suppose we have shown that h; =0 for 0 =j < r= k. We show
that h, = 0. By the induction hypothesis, we have > ;_higi = gk*la,
and thus, g(Yj_ kg~ — gk*1~%a) = g'u = 0. Since u € T, it fol-
lows from (i) that u = > ;_,hjgi~" — gk*1=7a= 0. Thus

hy=—g ( Y hg b —gha ) ,
j=r+1
and therefore, h, = 0. It follows, by induction, that hj= 0 for
0= j =k, and thus, since k was arbitrary, we have that h = 0. This
completes the proof.
Our next result corresponds to the Corollary to Proposition 5 of [1,
p- 40].

(2.6) THEOREM. Let f € S and suppose that f satisfies the hypothesis
of Theorem (2.1). Then {1,X, -+, X""1} is a free-module basis for
S over R[[f]]. Furthermore, the unique R-endomorphism ¢y of
S mapping X onto f is one-to-one.

Proor. We have already observed the last statement of the theorem
(Lemma (2.5)). We prove the first part of the theorem in a series of
steps.

For each k € w, let Tx denote f*"'R+ f*2R+ ---+ fR+ R,
the R-submodule of R[f] consisting of all terms of the form:
Zf;()lrifﬂ r; € R. (Note that T) = R.) We first observe that, for any
k € o,

(27) S=ka+Tk'].+Tk'X+"'+Tk'X"_1.
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The case for k =1 is proved in Theorem (2.1), and, for k > 1, the
proof follows easily by induction on k.
We next observe that, for any k € o,

(2.8) fSSO[Te 1+ T - X+ -+ T - Xn71] = (0).

Again the case for k =1 is proved in Theorem (2.1). We suppose
that (2.8) is valid for k = u, and we let

gfu+1= nil ( i r,.(iffi >XJ

i=0 N i=o
where g € S, ;) € Rfor all i, . It follows that

n—1

gfu+1= < 2 r, W XI )f“ + 2 <1_0 (])f )X]

ji=0

and hence,

[gf— :201 1, 0Xi ]fu - g (El ,i<j>fi)XJ‘.

i=0

Therefore, by the induction hypothesis and since f is regular in S,
we have that

n—1
— E ru(J)XJ = O,
ji=0

and

55~

i=0

)Xf= 0.

In particular, since gf= Ej_or.,U X, it follows from the case for
k=1 that g = 0, and we have proved (2 8). We note that it follows
from the proof of (2.8) that if 3720 (Niconf)XI =0 for any
k € wo, then r,¥) =0 for all i, j. Flom this observation and from
(2.8), it follows that if « € S and if

n—1 k-1
a=fks + Y (2 rft >Xf,

j=0 N i=o
and

— r+(k—1)

am ot 5 (75" wop Y

i=0
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are two representations for a as an element of
ffS+ Tk 1+ Te - X+ -+ T - X7},
and
S+ Teyr "1+ Thgr - X+ -0+ Ty - XP74

respectively, then r,)= ;) for each j and for 0=i=k— L
Hence, in our representation for «, as k— o, the n¥) for i <k
remain fixed, and, in this sense, are independent of k.

Let & € S and suppose that

{rae S5 wr v}

i=0
is the collection of representations of a as an element of the sets
{f"S+ T -1+ T - X+ "'+Tk'X"_l}kew. We show that

©

(2.9) —2 r(°f+<2 ‘”f">X+-- <Z ‘(n Dfi )X"-l.

This will show that
S=R[[f1] 1+ R[[f]] X+ +R[[f)] X"

To prove (2.9), we show that the sequence of points

{fksk+ 2 <2 rOf! >Xj }k€w= {adew

=0

of S converges in the (f)-adic topology on S to the right-hand side of
(2.9). Hence, since {a};c,— @ and since S is Hausdorff in the
(f)-adic topology (Lemma (1.3)), it will follow that (2.9) is true.
Let (f)™ be a neighborhood of 0 in (S, (f)) and choose k= m
Then

S (3w v (e S5 o) v )

- i=0 N i=0

S (S e o

i=0 N i=k

- F(LE(E )] ) e

i=0 i=0
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Finally, we observe that arguments similar to those already used
in the proof show that {1, X, - - -, X"~} is a free basis, and we omit
the proof.

RemMagk. It should be observed here that Theorem (2.6) has an
important application in the generalization of a result of Samuel [4].
In particular, let R be a Noetherian integral domain with identity
whose integral closure is a finite R-module, let S = R[[X]], and let
G = {¢:}i-1 be a finite group of R-automorphisms of S. If f=
H,-"=1 &:(X) = EiioaiX", then it can be shown that the coefficients of
f satisfy the hypothesis of Theorem (2.1), and hence, {1, X, - - -, X*~1}
is a free-module basis for S over R[[f]]. This result is of prime
importance in the proof that the ring S¢= {h € S|¢i(h) = h for
each i =1, -+, n} of invariants of G is R[[f]]. The details will
appear elsewhere.

Next, we give our extension of Proposition 6 of [1,p. 41].

(2.10) Tueorem. Let R be a ring with identity and let f=

i—oa: X' € S. Suppose that for some n=1, a, is a unit of R, and
suppose that the ideal A = (ay,a,, " * *, a,_,) of R generates a com-
plete Hausdorff topology on R. Then there exists a unique pair u,
F € S such that u is a unit of S, F=r9+ nX+ -+ r,_ X" 1 +
X", where r; € A for each i, and f = uF.

Proor. By Theorem (2.1), X» has a unique representation as an
element of fS + M, where M is the R-submodule of S generated by
{LX, -+, X" 1}. Let

(2.11) Xn = gf+ (T() + TIX + -+ r,,_IX""l) .

Thengf= X" — (ro + nX + -+ + r,_,X""1). Thus, if g = >;Z0g X,
then the coefficient of X" in gf is Ziﬂ-:na,-g,-, and, by definition of
equality in S, we have that Eiﬂ-:"aig,- = 1. Therefore, a,go =1 —
(@n-1g1 + *+* + aogn), and, since (R, A) is a complete Hausdorff
space, it follows from the remark following Lemma (1.1) that
an-1g) + *** + aogn is in the Jacobson radical of R. By [5, Lemma
2, p. 206], it follows that a,g, is a unit of R, and therefore g, is
a unit of R Thus, g is a unit of S [6, p. 131], and f=
g X — 1 X"l — -+ — ). Since rx = Yiyjktig for 0= k=n
— 1, each . € A. Therefore u=g-land F= —rg— X — -+ —
-1 X"~ 1 + X" satisfy the conclusion of the theorem, and f = uF.

The uniqueness of u and F follows easily from the uniqueness of the
representation (2.11), and we omit the details. This completes the
proof.
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