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ALGEBRAS OF INTEGRABLE FUNCTIONS. II
KENNETH O. LELAND!

1. Introduction. Morera’s theorem in complex function theory raises
the possibility that this theory can be based on integration rather than
differentiation. Heffter [1], Macintyre and Wilbur [9] and this author
[7] have given such a development. In this paper a theory of integra-
ble functions will be developed in a more general context of operator
valued functions wherein the functions no longer need be analytic.

Let K denote the complex plane. For a € K, set Ay(z) = az for all
z € K. Then A, is a bounded linear transformation of K, thought of as a
real Euclidean space E; into itself. Set Ty’ = {Ag;a € K}. Let fbe a
continuous function on an open set S in E; into the space B, of bound-
ed linear transformations of E; into itself, and let P be a path (rectifi-
able arc) in S with endpoints @ and B. Then for any subdivision
a=2z1 <+ <2z,y1 =B of P, a Riemann sum, the vector R=
ELI fu (zix1 — z) can be formed. If range f lies in T, ', then, for
2 €S, fr=f(z) = Agz) for some ¢(z) € K, and we may write R =
E, 1 §(2i) (ziv1 — z). Taking the limit as the norm of the subdivision
defining R approaches zero, we obtain the vector = [¢ . f(z) dz
=g fz(dz) If range fC T,', we can interpret 6 as the complex
number f., &(z) dz.

fis said to be integrable if for all closed paths (rectifiable simple
closed curves) CC S, we have [cf(z)dz= Jcf(dz)=0. If
range f C Ty', then [¢ ¢(z) dz = 0 for all closed paths C C S, and by
Morera’s theorem ¢ is analytic; consequently, f is itself Fréchet dif-
ferentiable, where f,’ is a linear transformation of E, into B for z € S.

The general case studied in this paper is obtained by replacing E; by
an arbitrary real Euclidean space E of dimension p, p > 1. Let T be a
commutative subalgebra of the Banach algebra B of bounded linear
transformations of E into E and let F be the family of continuous in-
tegrable functions on open subsets of E into T.

Let E’ be a finite-dimensional commutative Banach algebra with
identity over the reals and fora € E’, set A,(t) = atfort E E'. Set T’
= {A;a EE'}
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Letf € F, S = domain fsimply connected. Let z) € Sand forz € S,
set g(z) = [ f(z) dz. Then g maps S into E, and for z € §, the Fréchet
derivative g;’ of g at z is the operator f(z) = f; of T.

It shall be shown in §2, that the family of continuous integrable func-
tions on a simply connected open set S in E into T forms an algebra.
The method of proof is reminiscent of the proof of the Cauchy-Goursat
theorem. For the case that E = E,; = K, one may refer to [7].

In §3, the relationship between integrability and differentiability is
discussed. Examples of integrable but nondifferentiable functions are
given.

In §4, T is required to be symmetric, that is, for x € T, the adjoint x*
of x lies in T. In this case questions concerning the analyticity or
nonanalyticity of elements of F can be readily answered since in this
case an element of F can be expressed locally as a direct sum of func-
tions which can be interpreted as analytic functions from K into K or
as continuous functions from R into R. This analysis is based on the
fact that E can be expressed as the direct sum of irreducible subspaces
invariant under T.

In §5, it is shown that provided that T is presumed semisimple, a
necessary and sufficient condition for analyticity of the elements of F is
that no element of T have rank one (i.e. range A = A(E) is not one
dimensional for all A € T). The possibility that the presumption of
semisimplicity may be dispensed with is examined.

Employed in §5 is a definition of analyticity in a real variable context
suitable for the purposes of this paper due to the author [2], [5], [6].

In [8] it shall be shown that integrable functions, although not
necessarily analytic, satisfy some form of the maximum modulus
theorem.

The development of this paper is in no way affected if the only paths
of integration permitted are those formed from straight line segments.

Let o denote the positive integers. If Z is a Banach space, § > 0,
xEZset Uld) = {t EZ |t — x| < 8},U(8) = Uy(8) and U = Uy(1),
and set V,(8) = {t E Z; ||t — x| = 8}, V(8) = Vi (8),and V = V(1). If
fis a function with domain S and H C E, then the restriction f| H
of f to H is the function g with domain H M § such that g(x) = f(x)
for all x € H M S. For H a subspace of E and G a family of functions
defined on subsets of E, G | H denotes the family {g | H; g € G}.

A subspace H of E is said to be invariant if A(x) € H for all A € T,
x € H.

2. The algebras. The principal result of this section, Theorem 2.1,
is the proof that the product of two elements of F with common simply
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connected domains also lies in F. Our basic tool is the “smoothing”
lemma, Lemma 2.1, which allows us to approximate elements of F by
“smoothed” elements of F satisfying a Lipschitz type condition, en-
abling us to use arguments reminiscent of the proof of the Cauchy-
Goursat theorem to achieve our conclusion.

Trivially F is closed under the operations of addition (defined on the
intersection of the domains of the functions being added), multiplica-
tion by scalars, and translations of the form x— x — xo, x, x € E. It
may be readily shown that if f}, 5, - - * is a sequence of elements of F

with common domain S which converges uniformly on S to a limit
function f, then f also lies in F.

LemMma 2.1. Letf € F and let H be a compact subset of domain fwith

interior S. Then there exists a sequence g1, g, * * - uf elements of F with
common domain S such that:
(1) The sequence gy, gs, * * - converges uniformly on S to f | S.

(2) Fori € o, there exists N; > 0 such that for x,y € S,

lgiy) — g | = Ni |ly — «|.

Our proof is based upon the discussion of “smoothing” operators as
introduced by the author in [5].

Proor. Let e, ' *, e, be an orthonormal basis of E and let Q
be the cube {_—% <(x,e)=3; i=1, -+, p}. For xE€E, s>0
such thatx + sQ = {x + sy; y € Q} C domain f, set

filwy = s fie) dme),

x+sQ

where m is Lebesgue measure on E. Leta > 0,
a< inf{||x — y|;x € H,y € E — domain f}

and set Hy= H + a@, where a = cd\/p. Then Hj is compact and
HC HyC domain f. Let0 < s = a. Then HC domain f;.

We now show that f; | S is the uniform limit of a sequence of elements
of F with common domain S and hence f; | S lies in F. Lete > 0. Then
there exits >0, such that xy € Ho, [x— y| <8 implies
Ify) — f(x)]| Se. Let0<r<8/Vpandty, - -, t, € sQ,n € w,such
that {& + rQ; i=1, -, n} is a partition of sQ. Then for x
EHC Hp,i=1, " ,ntEx+t+rQC x+ sQC H+ sQC H,,
we have ||t — (x + #:)|| = rVp < 8 and hence ||f(t) — f(x + &)| S e.
Thus forx € H,
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| [2 oorsie+ 0]~ s

=[S v -, 0 0 o] [

x+t; +1Q

=5 ||, U+ 0 =) amr |

=5 3 [ I+ 0= fol dmiy

x+t;+rQ

Ss7 Y e = s(nr’)e = s(sP)e = €,
1
where nr? is clearly the volume of sQ. Thus f; | H is the uniform limit
on H of elements of F of the form g(x)= Y7 (rls)’f(t; + x), and
thus f; | S liesin F.
Now for x € H, s < min {a, 8/Vp},s > 0,

I = gl = 57| [ ..., L = o) am@)]| = 5-rtesr) = e

Let 0 <s=a. We now verify (2) for f;|S. Now there exists
N,>0, such that m[(x+ sQ) + (y + sQ)] = NyJly — x|, for
x,y EE, where A+ B=(A— B)U(B— A) for arbitrary sets
A, B. Thusforx,y € H,

I = @l = s ||[ o fodmi — |

é s7r f(x+sQ)-i—(y+sQ) "f(t)" dm(t)
= s7ml(x + sQ) + (y + sQ)IM
S5 [Nly = 2IM = N, ||y — «,

where M = sup {||f(¢)|); t € Ho}, and N;’ = N,Ms~".
Forn € o, x €8, set g,(x) = fyn(x). Then g;, gy, - - - is the desired
sequence of functions.

x+5Q

iy amo) |

Tueorem 2.1. Let S be a simply connected open set in E and f, g
elements of F with domain S. Then fg € F.

Proor. It suffices to show that [,f(z)g(z) dz= 0 for a triangle A
such that A and its interior J lie in S. Now there exists an open set
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DC S, with D compact, such that JC Dand DC S. Let fu for -
and g;, go, ' be the sequences of functions given by Lemma 2.1
for f and g and H = D. If we show for all n € w, that [, f.(2)g.(z) dz
= (), then

j | f@g@dz =" lim j | @gz) dz = lim 0=0.
Fix n € w. Then from Lemma 2.1, there exist N,,, M, > 0, such that
forx,y € interior DD DD,
If2(y) = fal@)| = Nully = x| and [|ga(y) — gu(@)]| = Mally — =]

Let k € w, and divide A into 4% congruent triangles of perimeter
s/2%, Ay, -+, Agu, where s is the perimeter of A, and let z; € A,
for i=1, -+, 45 Now for i=1, ---, 45 fi(zi)g fogu(z) =
2n(zi) fu, and f,(2i)g.(z:) are integrable and hence

[, f@ga@) dz= [ 1fule) = ful] [ga(2) — gala)) d
and thus
[, @@ (= [, 12 = £ - g = gzl ds

=< [, Nalp = al - Mallz =z ds = [ Nufsf29) - Ma(sf29) ds

= [N.M,s?/4¥] (s/2%) = N,M,s3/8k.
Thus

| [, e a

N I | gl J 5 Jn(R)gn(z) dz

= :gkl ” j N fn(2)gn(z) dz

= 45[N,M,s%8% = N,M,s3/2*

Letting k— o, we obtain [, f,(z)ga(z) dz = 0.

Remark. In his argument for the complex function case Heffter
[1] requires that one of the functions f, g be differentiable. Macintyre
and Wilbur [9] weaken this, requiring only that one of the functions
satisfy a Lipschitz condition. The need for such additional assump-
tions has been obviated in our argument by the use of the “smoothing”
lemma, Lemma 2.1. Commutativity comes into play only once, ap-
pearing in the argument that functions of the form f(z)c, where f
is integrable and ¢ € T, are also of the form cf(z) and hence
integrable.
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CoroLLarY 2.1. Let f be an element of F with simply connected
domain S such that g(z) = f(z)~! exists for all zE€ S. Then g €.

Proor. Let A, ], D, fi, fo, - * - be as given in the proof of Theorem
2.1. Now f(J) is a compact subset of the open set Z of invertible
elements of T. Hence there exists 8§ > 0, such that x € f(J),2 € T,
|z — x| < & implies z € Z. Since the sequence f,, fo, * - * converges
uniformly on J, there must exist ¢ € w, such that f,(x) € Z for x € ]
NE w;= {nE€ o;n=q}. For n€ wg, x €], set gy(x) = fu(x)!
Now for n € w,, there exists N,, > 0 such that for x, y €], || faly) —
fa(®)|| = Nully — x|, and hence

Ilgn(y) - gn(x)” = "gn(y)gn(x) [ﬁl(x) _f"(y>] ”
= (No')[Nally = x[] = No"[ly =

where N,,' = sup {||g(¢)|; t € J} and N,” = (N,,')?N,..
Let kK € » and divide A into 4% congruent triangles of perimeter

s/2k, Ay, - -, A, where s is the perimeter of A, and let z; € A;
fori=1, ---, 4k Now for i=1, - - -, 4% g.(z)f, is integrable and
hence

—gn(2) f [fn(2) = fu(z:)] [gn(z) — ga(:)] dz
gn(zi) JA,- —fa(2i)gn(2) dz = JA;g"(Z) dz.

Then  ||[,, g(z) dz|| = N,'[NaN,"]1s%8%  and || [, ga(z) dz|| =
N.N,'N,"s32k. Letting k— o and then letting n— %, the theorem
follows.

Let A be a path in E’ with endpoints « and B and let f and g be
continuous functlons on A and AX A respectlvely into E'. Then
clearly 6=/ f(z) dz is defined, where A,= [ Ag,(dz). Let
Pia=2x< ' <x,4,=8, n€E o, be a subd1v151on of A and set

3 gl 1)1 — 501 — 5)

j=0

M:

R=

Il
o

[2 g, %) (%1 — x,-)](x,-H - %)

j=0

I
i INNZE

Then clearly as the norm of P converges to zero, R converges to a
limit = [7? fanAg(x y)dxdy. Clearly p= f‘3 [fﬂ g(x,y) dx] dy
= [L[JE glx,y) dy] dx.

A continuous function f on an open set SC E' into E’ is said to be

integrable if [¢ f(z) dz = 0 for all paths C C S.
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TueoreM 2.2. Let S be a simply connected open set in E', 0 € §,
f a continuous integrable function on S into E', and set P(z) =
Jo' f(x) dx for z € S. Then P is an integrable function on S into E'.

Proor. Our argument is based on that of [9]. Let z €S and let
Abe a path in S with endpoints 0 and z. Then

IREEE jOA [ 5 f(t)dt]dx=f; [f‘ fit) dx ]t

(1) : . :
=, f@ [LAe’dx] dt=j0A flo)t — =) dt,

where e’ is the identity element of E'. Set g(t)=t— z for t E E'.
Then trivially g is integrable, and thus A; and A; are integrable.
From Theorem 2.1, A, = AfA, is integrable and thus fg is integrable
and thus the last integral of (1) is dependent of the choice of path A
linking 0 and z, and consequently P is integrable.

Remark. The requirement that E be finite dimensional may be
removed in this section. Suppose S is a simply connected open set
in E and f, g elements of F with domain S, and let C be a closed path
in S. Then there exists a sequence of closed paths C;, Cy, * ',
formed from straight line segments which approximate C such that
Je. f(zR)dz— Jc f(z)dz as n—> o, etc. Now for n € w, there
exists a finite-dimensional subspace E, of E containing C,. Lemma
2.1 readily generalizes to the case of f/E, and g/E,, and thus
Theorem 2.1 can be reworked to yield [, f(2)g(z) dz = 0. Taking
the limit as n— ©, we obtain J¢ f(2)g(z) dz = 0. Thus Theorem
2.1 generalizes to the infinite-dimensional case. Corollary 2.1 and
Theorem 2.2 similarly generalize.

3. Nonanalytic examples. So far in our discussion no use of the
notion of differentiation has been made. Indeed it is quite easy to
construct integrable functions which are not differentiable. For
z= (x,y) EE;= R® R, set P(z) = (x,0), and set T = {re + sP;
r,s € R}. Since P2= P, T is a commutative Banach algebra with
identity. Let h be an arbitrary continuous function with domain R
into R and set f(z) = h(x)P for z = (x,y) € E;. We show that f is
integrable. For x € R, set u(x) = [q h(t) dt and for z = (x,y) € E,,
set ¢(z) = [u(x),0]. Then for z= (x,y), p = (s, t) lying in E,, we
have ¢,'(p) = [u'(x)s,0] = [h(x)s,0] = h(x)P(p) = f,(p), and thus
¢.' = f(z). Then clearly for any path AC E, with endpoints a and
B, fa‘: f(z)dz = ¢(B) — ¢(a) and thus for any closed path C,
Jef(z)dz = 0.
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Alternately suppose C is a closed path composed of line segments,
none parallel to {0} X R. Then [cf(z)dz can be expressed as
= (1,00 ff:*' h(x) dx, where x¢, x;, * ", Xpr1 = %0, N € o, are
the projections of the endpoints of segments of C onto R. Since
Xn+1 = Xo, W = 0.

A continuous function f on an open set SC E’ is said to be E’-
differentiable if f is (Fréchet) differentiable, and if for all x € S, there
exists ¢ € E’, such that f,'(t) = ct for all t € E. An E’-differentiable
function is integrable. The standard Cauchy-Goursat argument for
the complex case [1], [9] involving nesting of triangles readily trans-
fers over to the context of E’. In this more general context, however,
E'-differentiability does not imply analyticity. Let E' be the algebra
generated by e and u, where u2=0 and eu= pe= u. Let h
be an arbitrary continuous function with domain R into R, and set
u(x) = Joh(t)dt for x ER For z=1xe+ yn €EE', set ¢(z)=
u(x)pu. Then for z=1xe + yu,p=re+ su €EE',¢.'(p) = [u'(x)r] p
= h(x)ru = [h(x)p]p, where h(x)u € E’. Thus ¢ is E’-differentiable
and hence integrable; however ¢” need not exist, since h’ need not
exist.

If one restricts himself to complex Euclidean spaces K,, n € o,
(which may be interpreted as real Euclidean spaces Es,) and complex
homogeneous operators, then the differentiability of the elements of
F follows from the fact that the integrals of the elements of F are
complex (Fréchet) differentiable and hence infinitely differentiable
and analytic. In §5 we will show how to insure analyticity by impos-
ing much less drastic conditions on E and T working in a real variable
context.

4. The symmetric case. If E can be represented as a direct sum of
invariant subspaces, then for f € F, f can be expressed as a direct sum
of integrable functions defined on the subspaces. If T is symmetric,
then E can be expressed as the direct sum of mutually orthogonal
one- and two-dimensional invariant subspaces, and for f E F, f can
be expressed as the direct sum of functions which can be interpreted
as continuous functions on R into R or as complex analytic functions
on Kinto K.

We note that if, for E, we take E, = K, then for a complex number
A, we associate A* with the conjugate Aof A.

LemMa 4.1. Let f be an integrable function on U into B, and S
and W subspaces of E such that for x EU, tES, f(x)(t) E W.
Then for x,y €U such that y —x €S, we have [f(x)— f(y)](¢)
E Wforallt € E.
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Proor. For x €U, set g(x)= [of(z)dz. Let x,y EU such
that x75y and y—x€S, and let x=x< - <x,0 =y,
n € w, be a subdivision of the interval [x,y] of E. Then for i = 0,

“,n, Axi=1x,; — x5 €S, and hence f(x;)( Ax;) € W. Thus the
Riemann sum D f(x;)(Ax;) EW. Hence [Uf(z)dzE W and
gly) — glx) EW.

Let t€EE and r ER be such that x+ rt, y + rt EU. Then
(y+rt)—(x+rt)=y—x€ES, and hence gy + rt) — g(x + rt)
&€ W. Thusforallt E E,

fy)@) = flx)(t) = hgg [gly + rt) — gly)]r!
- ling [g(x + rt) — g(x)]r!
= lfi'(} {lgly + rt) — glx + rt)] + [g(y) — gx)] }r~!
EW.

Tueorem 4.1. Let Hy, - -, H,, n € w, be invariant subspaces of
E distinct from {0} such that E= H,® - -+ ® H, and let fE F be
such that S= (UN H,)® ---® (UN H,) C domain f. Then there
exist integrable functions f, -, fu such that for i=1, - n,
U N H; C domain f;C H; and range f;C T |H;, and such that for
xES,tEE,

n

f(x>(t)= 2 xt tt
where x=x,+ - +x, and t=t, + -+ t, and x;,t; € H;
fori=1,--n ‘

Proor. For i=1, - n, set gi(x)(t) = f(x)(t;) for x €S, t EE,
and set fi = gi | Hi. Let C be a closed path in U. Now for i =1,
,n, x ES, tE E, we have t; € H; and hence g,(x) = f(x)(t;)
EH and Jc gi(z)dz € H;. Thus {[fc gi(z)dz; i=1, ,n} is a
linearly independent set. Now forx € S, ¢t € E,

=2 6) 3 fee = 3 e

and hence 0= [cf(z)dz= Jc [ D=1 8(2)] dz = Diy Jc gi() da.
Thus fori =1, - - -, n, Jc gi(z) dz = 0 and g; is integrable.

Let i=1, ---,n. Then for all xES, tEW,=H, & --- &
H_ ®H. ®: - ®H, we have gx)(t)=0 and x— x; EW,
Hence from Lemma 4.1, for all x €S, gi(x) = gi(x;). Thus for
xES,tEE,
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n

gi(x)(t) 2 i(x)(8:)

1 =]

M=

Jx)() =

ko
I

I
M=
aQ

x)(t) = 3 i)t
k=1

1

A subspace H of E is said to be an irreducible invariant subspace
of E, if H is an invariant subspace of E distinct from {0}, and H
contains no proper invariant subspace distinct from {0}.

LemMa 4.2. Suppose H is an irreducible invariant subspace of E.
Then To = T | H is a field with the same dimension as H. Moreover
a multiplication can be defined on H such that H becomes a field
isomorphic to To, and such that for A € T, there exists a € H such
that A(t) = at for all t € H. Furthermore if the dimension of H is two
and T is symmetric then Ty and H are isomorphic and isometric to K.

We observe that it follows from the fundamental theorem of algebra
that Ty is isomorphic (but not necessarily isometric) to R or K, and
thus that H has dimension one or two. Suppose H had dimension two.
Let f be an integrable function on an open set in H into Ty. If we
renorm H and T, so that H and T are isometric to K, then f becomes
an integrable function from K to K. Whence from Morera’s theorem
fis analytic and can be expanded in power series. If H has dimension
one, then under suitable renorming H and T, are isometric to R, and
f becomes an arbitrary continuous function from R to R.

Proor oF LEmma 4.2. Let A€ Ty, A# 0. Then A is one-to-one
on H. Indeed, for D € T, setting Dy = D | H, we have D[A(H)] =
Dy[A(H)] = A[Do(H)] € A(H), and hence A(H) is an invariant sub-
space of H; and consequently, since H is irreducible, A(H) = H.

Let x € HMV, and set 6(A) = A(x) for all A € To. Now range 6
= {A(x); AE T} is clearly an invariant subspace of H and hence
range § = H. Suppose for A, BE€ Ty, 6(A)= 6(B). Then A(x)=
B(x) and (A — B)(x) = 0. Thus A — B is not one-to-one on H, and
hence A — B = 0, and thus 6 is an isomorphism of T, onto H.

Let AE Ty, A 75 0. Since A(H) = H, there exists y € H, such that
A(y) = x. Now there exists a € T such that 6(a) = y. Then a(x) =
y and 6(Aa) = (Aa)(x) = Ala(x)] = A(y) = x. Since 6(e)= x,
where e is the identity element of Ty, we have Aa = e and a= A1,
and thus T is a field.

For s,t € H, set st= 0[ 0-(s)0~1(¢)]. Let AE Ty and set a =
A(x). Let t€ H and set B= 6-!(t). Then B(x) =t Now at=
6[ 6-1(a) 0-1(t)] = 6[AB] = (AB)(x) = A[B(x)] = A(1)
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Now suppose T is symmetric and H had dimension two. Then
T, is symmetric. Let I be the element of T, such that I2= —e. Now
(I")2=(I2*=(—e)*=—e and thus I*= =1 Now I*= —I
since otherwise we would have 0 < |Ix||2 = [Ix, Ix] = [II*x,x] =
[I2x,x] = —[x,x] = —1. Let r,s € R. Then for all yEVNH,
[(r+ sD)2 = [(r+ sI)(r + sD)*y,y] = [(r + sI)(r — sDy,y] =
[(r+ sy, y] = (12+s?)|y[|>2 = r2+ s and thus |re + sl
(r2+ s?)V2. Set i= I(x). Then [x,i] = [x,Ix] = [I[*x«]
—[Ix,x] = —[x,i] and thus [x,i] = 0. Also [i,i] = [Ix,Ix] =
[II*x,x] = [—I>x,x] = [x,x] = 1. Thus |rx + si||2= [rx + si,
rx + si] = r2[x, x] + 2rs[x, i) + s2[i,i] = 2+ 0 + s2

TueoreM 4.2. Suppose T is symmetric and f € F with domain U.
Then there exists a sequence Z,, - -, Z,, n € o, in {R K} and a
sequence of functions fy, - - *, f, such that:

(1) For i=1, - - -, n, if Z; = R, then f; is an arbitrary continuous
function on (—1, 1) into R.

(2) For i=1, -+, n, if Z;= K, f; is a complex analytic function
on U C Kinto K.

(3) Setting ¢(x) = [fi(x1), fo(xa), - =, falxa)] for x = (x1, =, xa)
EW=Z & - D Z, there exists an isometry 6 of E onto W and
an isometry p of T onto W, such that u='{¢[ 6(x)] } = f(x) for all
x e U

Proor. We decompose E. Since E is finite dimensional, there
exists an irreducible invariant subspace E; of E. Let W, be the ortho-
gonal complement {y € E; (x,y) = 0 for all x € E,} of E,. Then
E=E, ® W,. Now for y EW,, AET, we have A*E T, and for
all x € E;,, A*(x) EE, and [A(y), x] = [A*(x), y] = 0; and conse-
quently A(y) € W,. Thus W, is ar invariant subspace of E. We
next extract an irreducible invariant subspace E; of E from W, and
form the orthogonal complement W, of E; in W,. Continuing in this
manner until we exhaust E, we obtain a sequence E,, * -+, E,, n € o,
of mutually orthogonal irreducible invariant subspaces of E such that
E=E & - @ E,.

From Theorem 4.1, there exist integrable functions g, - - -, g,
such that fori =1, : - -, n, domaing; = U N E; and range g;C T | E;,
and such that for x EU, t E E, f(x) = D.i-) gi(x:)(#), where x; and
t; are the projections of x and ¢ respectively into E; fori=1, - - -, n.

Let i=1, - -,n. Then from Lemma 4.2, there is an isometry
0; of E; onto an element Z; of {R, K} and an isometry p; of T; = T | E;
onto Z; such that for A€ T;, x € E;, we have [w(A)] - [ 6i(x)] =
0;[A(x)]. For x €UC Z, set fi(x) = mi{gi[ 6:"(x)]}. Let P be a
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path in UC Z; with endpoints & and 8 and let N:a=xp < * -+ <
Xn+1 =B, n € o, be a subdivision of P, and let R be the Riemann
sum 33 fi(x)(i+1 — %). Then

B= 0 (R = 3 (L]} 6 (isr — 0]
0

n

= > {m [ m(gi 0:71x:))] Hyivr — Zg. yi)(Yis1 — i)

0

is a Riemann sum for the subdivision N:a = Yy < -+ < y,,H =
B of the path P= 6,7 }(P) of E;, where y; = 6,7 (x;) for i = 0, 1,
n+ 1. Now norm N = norm N. Hence taking the limit as normN
converges to zero we obtain 6;~ 1.k f(x dx] = [ ”_ (y)dy. Thus
fi is an integrable function from Z; into Z °F

We observe that if ; and p; are merely required to be isomorphisms
rather than isometries then there exists a number C = |[ ;7| < e
such thatnorm N= C - (norm N). Hence as norm N— 0, norm N— 0,
and the desired equality of integrals exists.

For 2z € W, set ¢(x) = [fi(x1), * * ", fa(xa)]. For x € E, set 6(x) =
[ 61(x1), -+ -, On(x,)] and for A E T, writing A; for A | E; for i =1,

“on, set w(A) = [mi(Ar), o pa(A2)]. Then p-l{g[ 6(x)]} =
f(x)forallx € U.

5. Analyticity. The principal result of this section, Theorem 5.3, is
that if T is presumed to be semisimple then a necessary and sufficient
condition for analyticity is that no element of T is of rank one. It is
conjectured that the requirement of semisimplicity can be dispensed
with. Indeed regardless of whether or not T is semisimple we have
from Theorem 5.1 that if T contains an element of rank one, then F
contains a nondifferentiable element.

We observe that a necessary and sufficient condition for T to be
semisimple is that T contain no nilpotent elements, ie. elements x,
such that x # 0, but x* = 0 for some k € w.

A definition of analyticity suitable for the real variable context of
this paper has been given by this author [2], [5], [6]. If the
elements of F satisfy a uniform Lipschitz condition descended from
Schwarz’s lemma in complex function theory, then the elements of
F are (Fréchet) differentiable, indeed infinitely (Fréchet) differ-
entiable, and expandable in power series.

Let Z be a family of continuous functions on open subsets of E into
a Banach space C. Zis called a TR family if:

1) f+g€Zforf,gEZ
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(2) if€ZforfEZ,r ER.

(3) Forf &€ Z, S an open set in E, setting g = f| S, g € Z.

(4) For fE€ Z, y € E, the translate f, of f lies in Z, where fy(x) =
flx — y) forx € y + (domain f).

(5) For fE€Z r>0, setting g(x) = f(rx) for x € r~!(domain f),
we have g € Z.

Trivially F is a TR family.

Zis called a TRL family if Z is a TR family and

(6) there exists N> 0, such that for f€ Z, UC domain f, xE
domain f, we have

IfGx) = O = N sup {||f(1)]]; t € U}|lx]-

We denote the least upper bound of the family of all such numbers
N by N(2).

If Z is a TRL family, f € Z, and zy € domain f, then for some
8> 0, the series Yo f=(z — zo)/n! converges uniformly on Uk (8)
to f(z), where £ is a homogeneous function on E into T of degree
n, derived from the nth Fréchet derivative of fat z, for n € .

THEOREM 5.1. A necessary condition for F to be a TRL family of
analytic functions is that no element of T have a one-dimensional
range.

Proor. Let A &€ T, such that A(E) is one dimensional, and set
H = {x € E; A(x) = 0}. Then the dimension of H is p — 1. Let w
be an element of E such that wy = A(w) # 0. Then E = {rw; r € R}
@ H. Let h be an arbitrary continuous function with domain R into
R. ForrER set u(r) = [§h(t)dt. For z=rw+ x, r ER, x € H,

set f(z) rA and set ¢(z) = u(r)wy. Then for z= rw + x,
p= sw+y,rsER x,y € H, we have A(p)= A(sw) + A(y) =
swo + 0, and sz (P) = [u'(Nsjwe = [h(r)]swo = h(rAp) =
[f(z)](p) and @'(z) = f(z). Then as in the examples of §3 for any

path PC E with endpomts a and B, f,. f(z) dz = ¢(8) — ¢(a), and
thus for any closed path CC E, [cf(z) "z = 0, and f is integrable.
Clearly since h need not satisfy any Lipschitz conditions, f need not
satisfy condition (6) of the definition of a TRL family for any N > 0.

Let G be the family of all functions g on open sets SC E into E,
such that there exists f € F with domain S, such that if x and y are
points of the same component of S, then g(y) — g(x) = [ f(z) dz.

For fE F, H a subspace of E, set fu(z) = f(z)|H € T|H, and set
fI'H = fy|H. Set F|'H = {f|'H; f € F}.

THeorReM 5.2. Let H be a subspace of E, such that F |"H and G | H
are TRL families of analytic functions, and such that for A€ T, A(x)
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=0 for all x € H implies A(x) =0 for all x € E. Then F and G
are TRL families of analytic functions.

Proor. For AE T, set 0(A)= A|H, and set To= T | H. If for
A, BET, 6(A) = 6(B), then for x € H, A(x) = B(x) and (A — B)(x)
= 0, and hence by hypothesis, A— B= 0 and A= B. Thus 6 is an
isomorphism and there exists Ny > 0 such that for A € Ty, || 6-1(A)]|
= N,JA].

Clearly G is a TR family. We now show that G is a TRL family.
Let fEF, g €G, such that U C domain f= domain g, and g(y)
— g(x) = [Xf(z)dz for x,y EU. Let x0 € U and set 1o =1 — ||xo|.
Then roU + x9 C U. For x € U, set h(x) = g(rox + xp). Then h € G.
Set M = {||g(t)|; t € U}, set Go = G| H, and set No = N(Go). Then
forx e UMNH,

[|R(x) = R(0)|| = No sup {||h(t)|; t € U N H}|x|| = NoM||x|.
Nowfora E VN H,0 < r < 1y,
flxo)(@) = lim [g(xo + sa) — g(x0)]s~!

s—0

= lim [h(sro~la) — h(0)]s~ ],

s—0
and
| [A(sro~ta) — h(0)] s~!|| = MNos~!||sro~'a|| = MNoro~!

and thus |f(xo)(@)| = MNoro~!, and hence | 68f(xo)| = MNoro~!
and ||f(xo)|| = MNoNyro~. Then forx € U(3),

lew — g = || [} soaz|| = [ 1 as

= Jo MN0N1<%)_1 ds = 2MNoN, ||x|

and thus for x € U,

lg(x) — )] = NM|]),
where N = max {2NoN;,4}. Thus G is a TRL family and hence
by [2], F is a TRL family.

LemMma 5.1. Let f be an integrable function on U such that for
x € U, f(x) = r(x)e, where r is a continuous function on U into R.
Then fis constant. :

Proor. Let x,y EU, x # y and set S= W = {s(y — x); s € R}.
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Then for z € U, t € S, f(z)(t) = r(z)t € W, and hence from Lemma
52, [fly) —fx)](t) €S for all tE E. Thus [r(y) — r(x)]t is a
multiple of y —x for all t € E, and hence r(y) — r(x) =0 and
r(y) = r(x).

Tueorem 5.3. If T is semisimple, then a necessary and sufficient
condition that F be a TRL family of analytic functions is that no
element of T have rank one.

Proor. Necessity follows from Theorem 5.1. Let 4y = {A(E);
AET, A# 0} and let # be the family of all H € J#, such that
o € Ho, 0 C H, implies ¢ = H. Clearly J# is nonempty. Let W
be the subspace of E generated by the union of the elements of .
To show sufficiency we shall first show that F|'W and G |W are
TRL families of analytic functions. We then exploit the semisimplicity
of T to show that the elements of T are determined by their behavior
on W allowing us to employ Theorem 5.2.

Let H € 4 and set To= T | H. Suppose Ty is one dimensional.
Then all elements of T, are of the form rey, where r € R, and ¢y =
e | H. Since H is not one dimensional, from Lemma 5.1, the elements
of F|'"H are locally constant functions and thus trivially F|'H and
G | H are TRL families.

Suppose Ty is not one dimensional. Employing Theorem 4.2, we
shall show that any element f € F|'H can be expressed locally as a
direct sum of complex analytic functions from K into K, thus yielding
that F |’ H and G | H are TRL families.

Let x € Hy= H — {0}. Then = {P(x); P € T} is an invariant
subspace of H. Let o be an irreducible invariant subspace of X.
For PETy=T|H, set 6(P)=P|o. Suppose for some PE T,
Py = P | H, that 8(Py) = 0. Then P(o) = {0} and P is not one-to-one
on H. Then H# P(H)C H, and H = P(A) and P(H)= P[A(E)]
= (PA)(E) = range PA for some A€ T. From the minimality of
H, P(H) = {0}, and P, =0 and thus @ is an isomorphism. Thus
T, = Tolo = Tlo is isomorphic to Ty and hence T, does not have
dimension one. From Lemma 4.2, T, and hence T, is a field iso-
morphic to K. Let y Ea, y # 0, z EZ. Then there exist P, Q € T
such that y = P(x) and z = Q(x). Whence z= (QP~!)(y). Then
¥C o and ¥ =0 and % is irreducible. Clearly T |% is isomorphic
toK. LetfE F|' H.

Now {%; x € Hy} generates H. Hence there exist x;, - * -, xx € Ho,
k€ w, such that H=%,® - - @ % Then following the proof
of Theorem 4.2, there exists an isomorphism = of H onto a complex
Hilbert space H' of complex dimension k, and an isomorphism u of
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Ty onto K, such that g= ufr~! is a complex analytic function on
7(domain f) into K.

There exist p, 8§ > 0, such that #[U(p) N H] C U(8) C #(U N H).
Then 7 [U(p) N H] C domain g. Let x € U(p) N H, x' = w(x). Then
from complex function theory,

1fx) = fON = w1 - lg") = g0
= 2|lw7 sup {llg@ll; ¢ € U@} {lx"|
= 2w Ul sup {lfO; t €1 [UG)] 8 [|I7]| - =]l
= NM|x|,
where M = sup {||f(¢)[; t € UN H} and
N = max 2w - [|u] - (8", 2o}
Forx € U(p) N H, ||x|| Z p, we have
[ f(x) = £0)]| = 2M = [2MIp]p = [2MIp] ||x|| = NM |||

Thus Fy = F |’ His a TRL family and N(Fy) = N.
W can be expressed as the direct sum of a finite subcollection
{H,, +--, Hy} of &4, nE€ w. Then for x € W, there exist unique

elements x,, - -+, x, of W, such that x;, EH; fori=1, ---, n, and
x=x; + -+ x,. Moreover there exists p>1 such that for
xE€W,i=1, -, n, we have ||x;| = p|x||. Fori=1, - -, n, set

Ni= N[F|'H)). Letf€ F|'W,U N WC domain f.

For i=1, --+, n, set fy=f|" H. Then from Theorem 4.1, for
zEUE-HYNW, tEW, f(z)(t)=Di-1fi(z)(t:). Whence for
x€Up-Y)NW,wehavex,, -, x, EUand

1) — FOI = 3 Ifix) = £O)]

A

1)

N; sup {||fi(s)|l; s € U N H;}||xi
1
= X NM[p|x]l] = NM|x],
i=1
where N = max {p D\i-; N;, 2p} and

M = sup {||f(s)]; s EUN W}.
Trivially (1) holds for x EUN W, ||x|| = p~!, and thus F|' W is a
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TRL family. By a similar argument” we show that G |W is a TRL
family.

Let A be an arbitrary element of T such that A(x) = 0 for all
x EW. If we show that A= 0, then the theorem follows from

" Theorem 5.2. Suppose A # 0 and consider the sequence E D A(E)

D A%(E)D ---. Since T is semisimple, there exists k € o such
that AKE)= A**1(E) = A[AXE)] # {0} and A is one-to-one on
AXE). Now there exists H € J# such that HC AXE). Whence
A(H) # {0}. But HC Wand A(H) C A(W) = {0}.

ReMAaRk. The method of proof of Theorem 5.3 suggests that the re-
quirement

(1) No element of T has rank one;
be replaced by

(2) F|" H is a TRL family for all one-dimensional elements H of .

We observe from [6] that if (2) holds, there exists n € w, such that
F|" H is isomorphic to the family of polynomials and of restrictions of
polynomials to open subsets of R into R of degree less than n.

It can be readily shown that the requirement of semisimplicity
combined with (2) yields the conclusion that (1) must hold and thus
that F is a TRL family. Indeed suppose there exists A € T, such that
H = A(E) has dimension one. Now if A(H) = {0}, then AXE) = A(H)
= {0}, and hence, since T is presumed semisimple, A = 0. Thus A(H) =
H. Let w E H, w 74 0, let h be a continuous nondifferentiable func-
tion on R into R, and for x € E, set f(x) = h(x')A, where x’ ER,
x'w = A(x). Then as in the proof of The01em 5.1, flS integrable and
nondifferentiable, contradicting (2).

Neither semisimplicity nor condition (2) is sufficient separately to
give the conclusion that F is a TRL family as the following examples
show. For E we take R@® R. For (x,y) € E, set Py(x,y) = (x,0) and
Py(x,y) = (y,0). For i=1, 2, set T; = {re + sP;; r, s € R}, and let
F; be the family of integrable functions on open subsets of E into T;.
Both P, and P, have one-dimensional ranges, and hence from Theorem
5.1, F; and F, are not TRL families of analytic functions. We show
that T is semisimple and that Fy|" H is a family of constant functions
and hence trivially a TRL family, where H = {(x,0); x € R} is, as
we shall show, the only one-dimensional element of {A(E); A € T,}.

Letr,s ER, k € o, k> 1, and set A = re + sP,. Suppose A*x = 0.
Then for some ¢ &R, 0= Ak= (re + sP))k = rke + (rc + s*)P,
and hence ¥* =0 and r¢c + s*x= 0. Then r=s=0 and A= 0, and
T, is semisimple.

Let A’ € T, and set H' = A'(E). Suppose H' # H and H' is one
dimensional. Then Py(H') # {0} and H N H' = {0}. Since H' is
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an invariant subspace of E, Po(H') C H'. Now Py(H') C Py(E) = H
and thus Po(H')C HN H' = {0}. But then Py(H') = {0}. Thus
A'(E) =

Let a and 8 be continuous functions on U into R such that ae +
BP, is integrable. Now f= aPy, = (ae + BPy)P, is integrable and
f(z)(H) = {0} for z € U, and hence applying Lemma 4.1, f = aP; is
constant on H. Now for z;, zo € H,

a(zl)Pz(O, ].) = a(Zg)Pg(O, 1) and a(zl)(l, 0) = a(22>(1, 0),

and thus o(z)) = a(2s) and ae|’ H is constant. Trivially BPy|" H is
a null operator valued constant function. Thus F,|” H is a TRL
family.

It is conjectured that the requirement that there exist no one-
dimensional range spaces is a necessary and sufficient condition of
analyticity. If this conjecture fails we propose the condition that
there exist no one-dimensional invariant subspaces. This stronger
condition forces E and all invariant subspaces of E to be of even
dimension, causing one to suspect that some sort of complexification
of E and T is possible.
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