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THE NILPOTENCE CLASS OF CORE-FREE
QUASINORMAL SUBGROUPS

ROBERT H. BRADWAY, FLETCHER GROSS AND W. R. SCOTT

1. Introduction. If H is a subgroup of the group G, H is said to be
quasinormal in G if HK = KH for each subgroup K of G. H is core-
free in G if H contains no nonidentity normal subgroup of G. Itd6 and
Szép [2] proved that a core-free quasinormal subgroup of a finite
group must be nilpotent. The question raised by Deskins [1] of
whether such a subgroup must be abelian was resolved first by
Thompson [4] and later by Nakamura [3] who gave examples where
the subgroup had class 2. In the present paper, it is shown that the
nilpotence class is unbounded. More specifically, if n is a positive
integer and p is a prime > n, there is a finite p-group containing a
core-free quasinormal subgroup of class n. Using these examples, we
show that the theorem of It6 and Szép is false for infinite groups. It is
true, however, that a core-free quasinormal subgroup of an infinite
group is residually finite nilpotent.

Our final result generalizes a theorem of Nakamura [3]. Suppose
H is a core-free quasinormal subgroup of the finite p-group G.
Nakamura proved that if H has exponent p, then H is abelian. Our’
generalization of this is that if H has exponent p", then H has a normal
series of length n in which the factor groups all are elementary abelian.

2. Notation and assumed results. If H is a subgroup of G, Hg, the
core of H in G, is the largest normal subgroup of G contained in H.
Equivalently, Hg = MN:ec x~'Hx. ¢(G) is the Frattini subgroup of
G and ¢*(G) is defined inductively by ¢°(G) = G, ¢"*1(G) = $(¢™(G)).
If G is a finite group, f(G), the Frattini length of G, is the smallest
integer n such that ¢"(G) = 1. If G is a p-group, {},(G) is the subgroup
of G generated by all elements of order at most p* and U "(G) is the
subgroup generated by all p"th powers of elements of G. Commutators
are defined inductively by [x, y] = x~ly~lxay and [x;, -, x,]
= [[xb e ,xn_l],xn].

The following results are well known and easily proved. Hence we
merely state them here.
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21. f N= H= G and N is normal in G, then H is quasinormal
in G if, and only if, H/N is quasinormal in G/N.

22. fG= (x, y |9c”2 =y’ =1, y~lay = x»*!), where p is an odd
prime, then (G) = (, y), U /(G) = (x”), and (y) is quasinormal
in G.

2.3. The class of finite nilpotent groups G satisfying flG) = n for
some fixed integer n is closed under the operations of taking homo-
morphic images, subgroups, and finite direct products.

3. Construction of the examples.

3.1. TueoreM. Let n be a positive integer and let p be a prime > n.
Then there is a finite p-group G which contains a core-free quasi-
normal subgroup H such that H has class n.

Proor. If n=1 and p # 2, this follows from 2.2. If n=1 and
p=2let G=(x, y|B=y2=1 y'ay=1x5) and H= (y). We
now assume that n= 2 and so p is odd. Set m = (n — 1)p + 1 and
let V be a vector space of dimension m over GF(p) with basis
vy, Vg, * * *, Um. We adopt the convention that v; = 0 if i = 0. V; will
denote the subspace of V spanned by the v; for i = k. Next let X be
the linear transformation of V defined by v;X = v; + v;_; for all
i=m. (X — 1)™ is both the minimal and characteristic polynomial of
X. It follows from this that (X — 1)»" = 0# (X — 1)» and so X is
an element of order p?2 in the group L = GL(V).

Now Cy(X)= Cy(Xr*!)= V,. It follows from this that X and
Xr+1 have the same Jordan normal form. Hence X and XP*! are con-
jugate in L. If Y-1XY = Xr*!, then Y» € C,(X). This implies that
X and XP+! are conjugate under a p-element of L. Next, since
VidVi-1 = Cypv,_,(X) for 1= k= m, an inductive argument yields
that V;, 1 = k= m, is invariant under N ({X)). It follows from this
that N ((X)) consists entirely of lower triangular matrices.

Let S be the subgroup of L consisting of those lower triangular
matrices whose eigenvalues all equal one and let P be the subgroup
of S consisting of those elements of S which leave invariant the sub-
space spanned by vy, v3, - * *, Um. Then S is a Sylow p-subgroup of
L and S contains all lower triangular matrices that are p-elements.
The previous discussion implies that X and X7 *! are conjugate in S.

An easy calculation yields that the m X m matrix (a;) commutes
with X if, and only if, a; =0 for 1= i<j=m and a; = a;+1, j+1
for 1 =i, j=m — 1. It follows readily from this that |Cs(X)| = pm~!
and Cs(X)NP=1 Since [S:P]=pm!, this implies that
S = PC4(X). Thus P contains a unique element U such that U~!XU
= Xr+1, Since Ur € PN Cs(X), we have U? = 1. Thus the minimal
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polynomial for U is (U — 1) where r = p. To obtain further infor-
mation on r we need a lemma.

LEMMA. 0,U = v — kvg_p+1 (mod Vi_,).

Proor. This is certamly true for k = 1. Assume now that k> 1
and that v, U= v, + 2, 16Vk—i (mod Vi_, ). Using induction on
k, we obtain

p—1
DkXUE v + ((11 + I)Dk_l + 2 a;Vy
i=2

+ (a4 — k + 1)ok—p (mod Vi_p_y).

On the other hand,
p—1
o UXPH1 = v + (@) + Doy + Y, (6 + aimy)ok—
i=2
+ 1+ a, + a,_1)vkp (mod Vi_,_,).
But XU = UXr+!- Thusweobtaina, = a; = -+ = ax_o = 0ifk = p,
while a; =a; = - =a,_o=0 and g, = —k if k> p. In either

case, this implies vU = vy — kvxk_p+; (mod Vi_,) and the lemma
is proved.
A consequence of the lemma is

ol(U = 1y = (=1)k(k + 1) =~ (k + r = D)oxrp-1)

(mOd Vk—r(p—l)—l) .

It immediately follows that the minimal polynomial of U is (U —1)".

Next let A be the group of order p> with generators x and u and
relations x*° = u?*= 1, u~lxu = x’*1. Then the mapping x— X,
u— U determines a homomorphism of A onto (X, U). Let B be the
semidirect product AV where A operates on V as indicated We now
use multlpllcatlve notation for V. Let C = (u, vy, * * *, m). Itis easily
verified that (x*"v;~1, uPvy) is a normal subgroup of order p? in B.
Finally, let G be the factor group B modulo this subgroup and let H
be the image of C in G. We assert that G and H satisfy the conclusion
of 3.1.

Let W, x; and u; be the images of V, x, and u, respectively, in G.
If H is not core-free in G, then H contains an element z of order p
in Z(G). But Cwnu(x;) = 1. Thus z € WN H. Since [H:HN W]
= p, this would imply that H= (H N W) X (z) and so H would be
abelian. Since u; does not centralize H M W, this is impossible.
Therefore H is core-free in G. The fact that H has class n follows from



378 R. H. BRADWAY, FLETCHER GROSS AND W. R. SCOTT

the fact that the minimal polynomial of U is (U — 1)*. It only remains
to show that H is quasinormal in G. This is a consequence of the next
theorem.

3.2. THEOREM. Assume the following:

)

) Wis a normal elementary abelian subgroup of G.
) His a subgroup of G,u € H.

) W= (WN {x)) X (WNH),H= (WN H){u).
) " EW, w» EW,ulxu = x"+1,

(p — 1) times
[y, -yl =L

Then H is quasinormal in G.

Proor. All of the above conditions are satisfied by the group G
and its subgroup H which were constructed above. (The assumption
in Theorem 3.1 that p > n is necessary to ensure that condition (f)
is satisfied.) Thus Theorem 3.1 will be proved once the above theorem
is proved.

We now assume that G is a minimal counterexample to Theorem
3.2. HW|W is quasinormal in G/W from 22. If (x) N W = 1, then
W = H, and then 2.1 would imply that H is quasinormal in G. Hence
(x) NMW=#1 Also x»# 1 since otherwise [G:H] =p which
would imply that H is normal in G.

Next suppose H contains a nontrivial normal subgroup N of G.
Then, replacing G, H, W, x, and u, respectively, by G/N, HIN, WNIN,
xN, and uN, we find that the hypothesis of the theorem is satisfied.
Hence, by induction, H/N is quasinormal in G/N. But this implies
that H is quasinormal in G. Thus Hg = 1. Since G = H{x), this
implies Mi(x—iHx’) = 1. Since Cy(x) = x—iHxi for all i, we have
Ch(x) = 1. It now follows that Cg(x) = (x).

Now let K be a subgroup of G. We will finish the proof of the
theorem by showing that HK is always a subgroup of G. We consider
four distinct cases.

Casel. K= (x”)H.

It is easy to see that (x” )H is a proper subgroup of G. Then, replac-
ing x by x”, (x”)H satisfies the hypothesis of the theorem. Hence, by
induction, H is quasinormal in {(x”)H. Therefore HK is a subgroup of
(xr)H.

Case2. KNWZHNW.

In this case we must have W= (KN W)(H N W). But then
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HK= H(HN W)KN W)K= HWK. Since HW/W is quasinormal
in G/'W, HWK must be a subgroup of G.

Case3. KZ (a")H, KNW=HNW, xr*# 1.

From 2.2, Q(G/W)= H(x")IW and UYG/W)= (x")W/W. It
now follows that K must contain an element y such that y» = 7
(mod W). Hence y” = xv for some v € W. Then (xrv) € KN W
=H N W. But an easy calculation shows that

\ (p — 1) times .
(xl’v)f’ = xP [U’xﬂ, xl’) oo xﬂ] = xP

since 7 is an element of order p2 in (x). Since x?* does not belong to
H N W, we have a contradiction. Thus this case cannot occur.

Case4. KZ (x»)H, KNW=HNW, " = L.

In this case x has order p? and so, since (x) NW# 1, 2» EW.
Then (x?)H = WH. Since u"xu’ = xp+)P= x, u» € Cy(x). Thus
uh = 1.

Now since |[Cw(x)| = p, the Jordan normal form of %, the trans-
formation of W, (W written additively) induced by x, must be

F_l )
11

011
| 000 - - -011_]

Since we must have (X — 1)»~! = 0, this implies that W, has dimen-
sion at most p — 1. In particular, then, any transformation of W,
has minimal polynomial of degree at most p — 1. Reverting to multi-
plicative notation, this implies that

(p — 1) times
[0.9.9. -yl =1
for all y € G, v € W. An immediate consequence of this is that
(yo)r =yrforally E G,v EW.

Since K HW, K must contain an element of the form y = uixiv
where v € W and p does not divide j. Then y» = (u'¥)r = uirde = x¢
where e = [(p + 1) — 1]/[(p + 1)} — 1]. Since p does not divide
J» p* does not divide je. This implies that x» € KM W which is a
contradiction. This finishes the proof of Theorems 3.1 and 3.2.

Before showing that the theorem of Itd and Szép is false for infinite
groups, we require a preliminary result about the direct product of
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quasinormal subgroups. In general if H; is a quasinormal subgroup of
Gifori= 1,2, H, X H, is not necessarily a quasinormal subgroup of
Gy X Gg. For example, let G; and G, both be nonabelian of order
p> and exponent p? where p is an odd prime. Let H;, i=1, 2, be a
nonnormal subgroup of order p in G;. Then H; is quasinormal in
G, but H, X Hj is not quasinormal in G; X G,.

3.3. Tueorem. Let {G;|i € I} be a collection of periodic groups
such that if i # j, x € Gi, and y € G;, then x and y have relatively
prime orders. Assume that H; is a quasinormal subgroup of G; for
eachi € I. Then Y ;c1H;is quasinormal in Y e 1G:.

Proor. Here E,-elc.- is the restricted direct product of the groups
Gi. Let G= YiciGi, H= YiciH;. H is quasinormal in G if, and
only if, for each pair x € H, y € G, there is an integer n such that
y~"xy € H. Accordingly, assume x € H, y €G. Then y =y, y;
** * i, for some m where y;, € G;,. Let ex be the order of y; . an
let x;, be the d-component of x. Then, since H; is quasinormal in
Gips there is an integer n; such that Yi kX Y, € Hy. By the Chinese.
Remainder Theorem, there is an integer n such that n = n; (mod e)
for 1 = k = m. It now follows that y"xy € H.

3.4. THEOREM. There is a countable, solvable, locally finite, locally
nilpotent group G containing a nonnilpotent, metabelian, core-free
quasinormal subgroup H.

Proor. Let p;, ps, - - - be all the odd primes. By Theorem 3.1,
there is a finite p;-group G; containing a core-free quasinormal sub-
group H;of class p; — 1. Let G= Ei Giand H = 2,- H;. An examina-
tion of the groups constructed in the proof of 3.1 reveals that G; and
H; can be chosen so that G; has derived length 3 and H; is metabelian.
It now is verified easily that G and H satisfy the conditions in the
theorem.

4. Residual nilpotence of core-free quasinormal subgroups.

4.1. Tueorem. If H is quasinormal in G= HC, HN C =1, and C
is infinite cyclic, then H is normal in G.

Proor. Using 2.1, it may be assumed that H is core-free. We also
may assume H 74 1. Let C= (x). Since HNC=1, if h € H and
n > 1, then hx E H{(x") = (x*)H. Hence hx € xH or x~!H. Similar-
ly, hx~! € xH or x~'H, xh € Hx or Hx~!, and x~'h € Hx or Hx™ .
If hx = xh, and hx—! = xhy with h; € H, then

x? = (hx~!)~!(hx) = (xhy)~'(xh)) EH,
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a contradiction. Therefore, if hx € xH, then hx~! € x~!H. By this
and an analogous argument, we have :

eitherhx ExH and hx~'Ex~'H
or hx€Ex'H and hx~! ExH.

Let K= {hE€ H|hx ExH}= H N xHx"!. If follows from (1) that
K also equals HNx"'Hx. Thus x~'Kx=x"'Hx N H= K. This
implies that K= ﬂg ecg 'Hg = Hc=1. Hence hx €Ex~'H for
all nonidentity elements of H. Then, if h, h' € H — {1}, h'hx
€ h'x~'H = xH, which implies h'h = 1.

Thus |H| = 2. Therefore C is normal in G, and either G= H X C
or G is the infinite dihedral group. In the latter case H is not quasi-
normal since it does not permute with other subgroups of order 2.
Hence the first case holds and H is normal in G.

(1)

4.2. THEOREM. A core-free quasinormal subgroup H of a group G
is residually finite nilpotent. If, in addition, H satisfies the minimum
condition on normal subgroups, then H is nilpotent.

Proor. If H is residually nilpotent, its lower central series reaches
1in w steps. Thus the first statement implies the second.

Since H is core-free, ﬂxec H=* = 1. It will therefore suffice to prove
the following statement:

@) If x € G, then there is a normal subgroup N, of
H such that N, C H* and H/N, is finite nilpotent.

If x" & H for all n> 0, then the preceding theorem shows that (2)
holds with N, = H. Suppose that some x" € H with n > 0. Then
[K: H] is finite, where K= H{(x). Therefore K/Hk is finite with
quasinormal core-free subgroup H/Hk. By [1], H/Hk is nilpotent.
Since Hk is normal in K, Hx C H¥, and (2) again holds.

5. Quasinormal subgroups of finite p-groups.

5.1. THEOREM. Suppose G is a finite p-group, |G| > 1, such that
G = HK where H, K are subgroups, K is cyclic, and Hg = 1. Let
p™ = |K| and let p" be the exponent of H. Then

(a) fAH)=m — 1, G) = m,andn < m.

(b) If H is quasinormal in G, then f{(H) = n.

Proor. If m = 1, then H is normal in G which implies H = Hg = 1.
We now assume m > 1 and proceed by induction on |G|. Since
1= H; = ﬂxegx‘le = ﬂxex x~'Hx, we must have Cy(K)= 1.
Hence Cg(K)= K and H N K= 1. This implies that Z(G)= K. A
consequence of this is that ;(K) = Z(G).
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Now let L/Q;(K) be the core of HQ,(K)f2(K) in G/Q,(K). Then,
by induction, {G/IL)=m —1 and flHQ,(K)/L)=m — 2. Since
O (K) = L = HQ(K), we must have L = Q(K)(HN L) = Q(K)
X (HM L). But this implies that x~!(H M L)x is a normal sub-
group of index p in L for all x € G. Since(\ecx '(HN L)x = 1,
L is a subdirect product of groups of order p. Hence L is elementary
abelian. From this follows flG)=m and flH)=m — 1. Since G
contains an element of order p™, flG)= m. Similarly, fH)= n.
(a) now follows.

Now assume H is quasinormal in G and let K, be the subgroup of
K of order p. K;# K since n<m. If x is an element of order
= p" in G, then, since (x)H is a group and [ {x)H : H] = p", we have
(x)H = ({x)H N K)H = K,H. Therefore, Q,(G) = K,H, and so KH
is normal in G. Let M be the core of H in K;H. Then, by part (a),
fIK HIM) = n. Since MNeecx'Mx = 1, K;H is the subdirect product
of p-groups of Frattini length n. It follows from this and 2.3 that
n= f(H) = fi(K,H) = n. Hence (b) is proved.

CoroLLARY. Suppose H is a core-free quasinormal subgroup of the
finite p-group G. Let p* be the exponent of H. Then

(a) flH) = n.

(b) The exponent of Gis = p+!

Proor. By applying the theorem to (x)H where x runs through the
elements of G, we obtain that H is the subdirect product of groups
of Frattini length = Min {n, m — 1} where p™ is the exponent of G.
Since f{H) = n, the corollary follows.
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