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ABSTRACT. We show a new and unexpected application
of integral equations and their systems to the problem of the
unique identification of continuous probability distributions
based on the knowledge of exactly one regression function
of ordered statistical data. The most popular example of
such data are the order statistics which are obtained by non-
decreasing ordering of elements of the sample according to
their magnitude. However, our considerations are conducted
in the abstract setting of so-called generalized order statis-
tics. This model includes order statistics and other interest-
ing models of ordered random variables. We prove that the
uniqueness of characterization is equivalent to the uniqueness
of the solution to the appropriate system of integral equa-
tions with non-classical initial conditions. This criterion for
uniqueness is then applied to give new examples of charac-
terizations.

1. Introduction. We begin with introducing the notation and defi-
nitions used throughout this paper. Our basic objects of study are var-
ious models of ordered statistical data. The simplest example of such
a model are the order statistics X7., < --- < X,,.,, obtained by putting
elements of the random sample X, ..., X, of size n in increasing order.
The less standard example is comprised of record values {R,,, n > 1} of
the sequence {X,, n > 1} of independent identically distributed ran-
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dom variables. They are defined recursively as Ry = X, U(1) =1 and
R, = Xy(m), n > 1, where U(n + 1) = min{j > U(n) : X; > R,}.
Other examples include progressively censored type II order statistics
or kth record values (see [1, 6]).

Kamps [16] demonstrated that research concerning various models
of ordered random variables can be unified with the aid of the model
of generalized order statistics (GOSs), defined as follows. Fix n € N,
parameters y1,...,7v, > 0, and let By,..., B,, be independent random
variables such that B; has Beta(~;, 1) distribution. Then, GOSs based
on uniform distribution on [0,1] are defined as the random vector

(Uil), ce U,.E”)), where

T
Ufr)zl—HBi forl1 <r<n.
i=1
Furthermore, if F' is a continuous distribution function with the quan-
tile function

Fl(y) =inf{z: F(z) >y}, yel01),

then GOSs Xil),...,Xin), with parameters ~i,...,7,, based on F|,
are defined by Xir) = F_l(U,ET)) for 1 < r < n. The most important
special cases include ordinary order statistics (with v = n — i + 1,
1 < i < n) and record values R; < --- < R,, (with 7; = 1). Other
special cases are kth record values, Pfeifer’s record values, progressively
censored type II order statistics and sequential order statistics. For
details, see e.g., [6].

In the literature, many papers may be found devoted to the problem
of characterization of probability distributions by properties of order
statistics. Among the most interesting results are those related to
characterizations of probability distributions by regression conditions
involving order statistics. We are especially interested in regression
conditions of the type

(1.1) E(h(Xem) | Xpim = x) = (),

for fixed 1 < r < s < n, where h and £ are known functions defined
on the support of the underlying F. Beginning with Ferguson [11]
who, in the case s = r + 1, characterized exponential, power and
Pareto distributions as the only absolutely continuous distributions
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with h(z) = z and £ the linear function (x) = ax + b, there is
extensive literature on this subject. For a review of recent literature,
the interested reader is referred to [1]. Among those results, we mention
the paper by Dembinska and Wesotowski [9], who extended Ferguson’s
result for continuous distributions to the non-adjacent case s > r + 1.
Franco and Ruiz [12, 14] considered the adjacent case s = r + 1,
but with general functions h and &, even in the case of arbitrary
distributions (not necessarily continuous).

It appears that many results for order statistics have their analogues
for the record values; thus, parallel research concerns characterizations
of probability distributions by an analogous regression condition

(1.2) B(h(Ry) | Ry = 2) = £(a).

For instance, see [10] for linear regression £ in the non-adjacent case
and [13] for general regression in the adjacent case. However, in the
non-adjacent case, the problem of characterization by either of the
regressions (1.1) or (1.2) remains open.

The study of these regression conditions can be unified as follows.
Fix r,¢ > 1 with 7 + £ < n, and consider X" and X" based upon
the continuous distribution function F' concentrated on a fixed interval
(a, ), where —oo < av < 8 < o0 satisfy

a=inf{z e R: F(x) > 0}, B=sup{z eR: F(z) <1}.

Let h : (a,8) — R be a fixed, strictly increasing and continuous
function such that E |h(X£T+e))| < 00. Define the regression function
of h(XiTH)) on Xir) as the function ¢ : (o, 8) — R, given by

(1.3) £x) = E(MXI) 1 x00 = 2), z€(a,p).

Obviously, this is a direct extension of (1.1) and (1.2). Moreover,
the left-hand side of (1.3) depends upon 7, ¢ and the parameters
Y1, -+, Yr+¢ as well, but, in order to avoid complicated symbols, we
omit this dependence in the notation.

Cramer, et al., [7] proved that each continuous distribution F
uniquely determines the continuous and strictly increasing version of
the regression £. More precisely, & can be calculated as the expectation
of the regular version of the corresponding conditional probability of

X given X" = 2. In this paper, we consider the inverse problem
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of the unique identification of F' by the knowledge of single regression £
given by (1.3).

This problem is completely solved in the adjacent case, i.e., for £ = 1.
Then, simple reasoning shows that F' can be recovered from £ and h as

Fla)=1-ew ( A sa?g(tf)mt))’ @ € (@ h),

see [7]. Bieniek [2] proved that F' is also uniquely determined by the

reverse regression of h(X ir)) given X ,.(<T+1). However, the arguments for
the adjacent case cannot be extended to the non-adjacent case, even in
simple special cases of order statistics and record values.

For ¢ > 2, if h(z) = z, and & is a linear function of the form
&(x) = ax + b, then either a € (0,1) and F is the unique power
distribution, or a = 1 and F' is exponential, or a > 1 and F' is a Pareto
distribution, see [5, 7]. Unfortunately, the method of proof introduced
by Dembiriska and Wesolowski [9, 10], utilizing a solution to the so-
called integrated Cauchy functional equation, cannot be applied to the
non-linear regression £. The reason is that, for general £, this approach
leads to a functional equation whose solution is unknown. However,
Bieniek [3] proved that F' is uniquely determined by the knowledge of
two regression functions:

& (z) = BE(h(XIM) | X1 =),
and
52(17) _ E(h(XiT-M)) ‘ X£T+1) _ ZE),

namely, in this case,

P =1-ew (o [Tl ec@n)

This poses the question of whether it is possible to determine 5 when
& and h are given, which is the main idea of this paper.

Here, we continue the approach proposed by the authors in [4] for
absolutely continuous distributions with continuous density function
to study the uniqueness of the characterization by the single regres-
sion (1.3) in the case of arbitrary continuous distributions. We show



CHARACTERIZATIONS BY GOS SINGLE REGRESSION 495

that, for £ > 2, the uniqueness of the characterization of the underly-
ing F' by the knowledge of the continuous regression ¢ is equivalent to
the uniqueness of solution to the corresponding system of £ —1 integral
equations (see Theorem 4.6 below). In particular, for £ = 2, the con-
tinuous regression £ determines F' uniquely if and only if the integral
equation

i) =yta) + 222 [T UM aeqr)

'7r+1

has the unique solution ¢ such that h(z) < ¢(z) < €&(x) for all
x € (a, §). Moreover, then,

(1.4) F(z) =1 —exp ( - %1“ /: g(tﬁg—(t;(t))

Note that, if £ has continuous derivative, then the integral equation
turns into the ordinary differential equation

(15) ;_ Tr42Y — h(t) gl(t),

Y1 E(t) —y
which was obtained in [4].

Unfortunately, although our criterion for uniqueness of the char-
acterization is surprisingly simple, it appears to be very difficult to
implement, even in the special cases of h and £. This is due to the fact
that our integral equations do not have classical initial conditions like
y(xo) = yo, but non-classical like h(z) < y < &(x) for x € (o, 5). At
this time, we are able to prove the uniqueness of the solution only in
the case when ¢ = 2. If

h(B) = lim h(z) < oo,

then £(3) = h(3), which easily implies the desired uniqueness. On the
other hand, if h(3) = oo, then also, £(8) = oo, and it is possible that

&(xz)—h(x) =& 0 asxz— L.

However, our approach will be applied to prove uniqueness in the case
when h(8) = oo and £ is a continuous increasing and asymptotically
linear function of A, i.e., there exist @ > 1 and b > 0 such that
lim, ,o0[{(x) — (ah(z) + b)] = 0. For instance, this yields a new
characterization of gamma distributions.
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Remark 1.1. Here and in the remainder of the paper we adopt the
convention that all the limits as z — [ should be understood as left-
hand side limits.

The paper is organized as follows. In Section 2, we recall basic results
on the distribution theory of GOSs, and we study basic properties of
the regression function &, which are used in our considerations. Then,
in Section 3, the Markov property of GOSs based on continuous distri-
bution functions is applied to study the specific recurrence structure of
the regressions of GOSs. In Section 4, our main results on the unique-
ness of the characterization are stated and proven. Section 5 deals with
the case ¢ = 2, i.e., we consider the uniqueness of characterization by
E(h(XirH)) | xM = z). New characterizations of particular continu-
ous distributions by the regression of record values or GOSs, obtained
using our approach, are presented in Section 6. Finally, in Section 7,
we summarize the results of the paper and discuss their relevance for
researchers in both statistics and integral equations.

2. Auxiliary results. In this section, we recall some known results
on the distribution of GOSs and essential properties of the regression
function & defined by (1.3). Cramer and Kamps [6] proved that the
m(ar)ginal density function of the rth uniform generalized order statistic

s

+ ~ can be written as

fUiT) (1,) = CrflG::qu <1 —x

Y1y U
, x€(0,1),
Vl_la"'v'y'r_1> ( )

where G is a particular Meijer’s G-function, defined by

Yiseeo Vr ):1/ 5% dz
=1, ., —1 2mi Jp [Ty (yj —1—2)

and L is an appropriately chosen contour of integration (see, e.g.,
[17, Chapter 3] for the definition of a general G-function). In the

(21) G2 <s

remainder of the paper, for brevity, we write G,.(z | 71,...,7,) instead
of GRY(1—a | 2wl )).
s Y1 sees Y

Remark 2.1. Due to (2.1), whenever this is necessary, without loss of
generality, we may assume that v,41 < -+ < v, 40
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Let F = 1 — F be the survival function, and let Pr denote the
probability measure on R, determined by F. If F is a continuous
distribution function, then Xir) has density with respect to measure
Pr, given by

(r)
F5 (@) = 61 Gr(F (@) [ 71, - ) (a,8) (2),

where I, denotes the indicator function of a set A. In particular, the
conditional Pp-density function of X,EHZ), given Xir) =z, >1,can
be written as (see [7])
(r+0) x () Crat—1 1
IR ) = =G (Fa(t) [ty Yrre) =L ) (B),
Cr—1 F(x)

for z,t € R, where

FOF@) g ¢ > o
F,(t) = F(z) 7 a<a t<pB
0 for t < x,

Therefore, (1.3) is equivalent to

o Crye—1 1
(22) 6(1') - Cr_1 F(I‘)

B
/ h()Ge (Fe(t) | Yot1s- -y Vrre) AF(E).
Using representation (2.2), it is easy to prove the following properties
of regressions of GOSs, defined by (1.3).

Lemma 2.2. Let F' be a continuous distribution function supported
on (a, ), and let £ : (a, ) — R be defined by (2.2). Then, & has the
following properties:

(i) & is continuous on («, B);
(ii) & is increasing and it is constant on an interval I C («, ) if
and only if F is constant on I;
(iii) &(z) > h(z) for all x € (o, B);
(iv) if h(B) < oo, then §(B3) = h(B).

We conclude this section with the remark that, whenever it is
necessary, without loss of generality, we may assume that h(z) = =z,
following the representation of £ given in [7, page 2891].
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3. The Markov property of GOSs. In what follows, we use the
Markov property of GOSs based on continuous distribution functions.
Note that, for distribution functions with possible jumps, the Markov
property of GOSs does not hold, see [8].

Theorem 3.1. If F is a continuous distribution function, then, for

any r > 2, the conditional distribution of XLT—H) given Xil), ... ,Xir)

+1) (r)

is the same as the conditional distribution of Xir given X,

For instance, for any 1 < p < r < s and for any function h : (a, 8) —
R for which the conditional expectations exist,

E[r(x¥) | xP x7] = En(x) | xI7].

The next lemma is the crucial observation in the derivation of the
results of this paper. It is proven in [4]; thus, here, we only give a short
sketch of the proof. The lemma states that regressions of GOSs have
a specific recurrence structure so that the regression of non-adjacent
GOSs can be expressed as an appropriate regression of adjacent GOSs.

Lemma 3.2. Fiz r > 1, £ > 2, and let ¢; : (o, 8) — R be any

Borel measurable function such that E|<pg(X,§rH))\ < oo0. Moreover,
fori=0,1,....£ —1 define

(31)  pie) = (e (XTI | XU =2), z € (a,9).
Then,
E(po( X)X = 2) = go(a),  z € (0, B).

Sketch of the proof. It suffices to note that

E(WH(X(THH |X )
_ E[E(W+ (X(“’“l)) | X(r) r+£)> \XY)]
_ E[E((ngrl(X(H_H_l)) | X(r+£)) |X(r)]
= E(pe(x{ ) | xI7)

(3.2)

)
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where the first equality follows from the classical property of conditional
expectations, the second from the Markov property of GOSs, and the
third from definition (3.1). Now easy induction proof follows. d

4. Uniqueness of the characterization of continuous distri-
butions. In this section, we state necessary and sufficient conditions
for the uniqueness of the characterization of probability distributions
by the knowledge of the single regression £ given by (1.3). We assume
that F' is an arbitrary, continuous distribution function concentrated
on (a, B) (possibly not absolutely continuous). Referring to (2.2), the
regression £ can be expressed in terms of the Riemann-Stieltjes integral,
so first we recall some auxiliary results on integration with respect to
functions which are monotone or of bounded variation.

Lemma 4.1. Suppose that f and g are continuous on [a,b] and A is
a function of bounded variation on [a,b]. Define

B(z) = / F)dAW), a<z<b

Then, B is also of bounded variation and
b b
[ awase = [ awsoaae.

Proof. This is a special case of a classical result in Lebesgue in-
tegration theory, see e.g., [19, Theorem 1.29]. See [15, Problems
1.2.26, 1.3.3] for an elementary proof based on Riemann-Stieltjes in-
tegral sums. |

The next lemma is an easy consequence of integration by parts for
Riemann-Stieltjes integrals.

Lemma 4.2. If f and g are continuous functions of bounded variation
on [a,b] and, additionally, g(t) > ¢ >0 for a <t <b, then

FO _f@) P e [
0~ o = 70O, Gop O
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The next result is the key observation in further considerations. It
gives a nontrivial expression of any regression of adjacent GOSs.

Lemma 4.3. If F: (o, 8) — (0,1) is continuous distribution function,
and
&) = B((XT) | X =2), a € (0,8),

for some continuous and strictly increasing functions h,€ : (a, 5) = R
such that h < &, then

élx) = (@) + e [ “ett) = ho)] ‘f(g) v (@ f).

Proof. For simplicity, put v = v,41. Since Gy(z | v) = (1 — x)771,

then, by (2.2) with ¢ = 1, we obtain

B
(4.1) fla) = =1 / KO F() "L dF ().

Setting

by Lemma 4.2, for any z € («, 8), we have

(12)  £(o)—€la) = /xg(lt)dﬂt)— | 295 000,

However, by Lemma 4.1,

1 _ ¥ 1 T\ 7—1
/a 5 dr) = /a — _R(OF() AR

(t F(t)”
(4.3) ;
2—7/ h(t)(f(;)).
Moreover,

Putting (4.3) and (4.4) into (4.2) easily completes the proof. O
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Now, we state our main result in the special case £ = 2. Denote by
H = —log F the so-called cumulative hazard function of F'.

Theorem 4.4. Assume that h,§ : (o, ) — R are continuous and
strictly increasing functions such that h < &. Then, the regression
relation

(4.5) ¢(z) = E(h(XIM) | X = 1),

characterizes continuous distribution function F' uniquely if and only if
the integral equation

_ Yr2 [T y(t) — h(t)

o) o) =)+ 22 | = 96
has exactly one solution y = o(x) such that
(4.7) h(z) < p(x) <&(x), € (a,p).
Then, F' is given by the inversion formula

_ v dn(t)
(4.8) F(x)—l—f)xp(—/a f(t)—h(t))’ z € (a, ),
where 1 : (o, 8) — R is defined by

_ S0 | #®)

(49) (t) = Yr+1 - Yri2

Proof. Assume that the regression condition (4.5) holds, and define
(4.10) p(z) = E(h(XIT) | XD = ).
Then, by Lemma 3.2 with ¢ = 2 (see (3.2) with @2 = h) we get
(4.11) (x) = E(p(xi) | X7 = ).

Moreover, by twice applying Lemma 2.2 (iii) with ¢ = 1, we obtain
&> ¢ >hon (a,f). From Lemma 4.3, equations (4.10) and (4.11) can
be written as

’ £(t)

£(@) = £(a) + 71 / [5@)—@(15)]%
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and

¢ dF(t)
= " ) — h(t)] =,
(@) = o) + 42 | [o) = o)) g
respectively. Therefore, subtracting and then again applying Lemma 4.1,
we get

(4.12)
£(0) - (o) =€) ~ ot + [ (1- j:j *g((f)) o) ac
_ x Tr+2 (t .
=) - %«+1/ &(t) — (1) A

thus, ¢ satisfies the integral equation (4.6). Moreover, with 1 defined
by (4.9), we have

/Edn h(t) _%1+1 /; (515 tf)wf %+2/ £t()1@

/ §(t) — () d / — h(?) dF()
£t) —h(t) F £(t) = h(t) F(t)
dF(t)
o« F(t)
since H(a) = 0, where the second equality follows from Lemma 4.1.
This easily implies the inversion formula (4.8). O

Remark 4.5. The underlying F' can also be recovered from (1.4), or

from z
F(z)=1—exp ( - %1+2 /a @(Sw—(t/)l(t))

Now, we prove the extension of the last theorem for arbitrary ¢ > 3.
This is the main result of the paper.

Theorem 4.6. The regression relation (1.3), i.e., &(z) = E(h(X,ETH)) |

X,ET) = x), for x € (a, ), for the continuous and strictly increasing
function £ : (o, 8) — R characterizes the continuous distribution func-
tion F, uniquely supported on (a, 3), if and only if the system of £ — 1
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integral equations

Yryitr [ Yi(t) — yiyr(t)
Y41 Jo o §() —yi(t)

1 <i< -1, withye = h has exactly one solution (p1,...,0e—1)
satisfying the condition

(414 he) <pea(@) < <o) <E@), @€ (@ B).

Then, F is given by the inversion formula

(4.15) F(J;)zl—exp<—/x£(t(;n_%>, z € (o, B),

(4.13) yi(z) = yi(a) + dé(t),

where 1 : (o, 8) — R is given by

t i(t
QO SNCION
Tr+1 o ST Vil

{—1
(4.16) n(t) =

Proof. Denote again ¢, = h, and refer to Lemma 3.2 to conclude
that g = £. By Lemma 4.3 applied to (3.1), we obtain

f“ dF(t
i(®) = pi(a) + Vrqi i(t) = pit1(t) =7
i) = oi0) +eonr [ I~ oo (0 g
for i = 0,1,...,£ — 1. Now, consider the differences £(z) — p;(x) =
wo(z) — pi(x) for i = 1,...,£ — 1. Performing analogous calculations

as in the proof of equality (4.12), we easily prove that (¢1,...,pe—1)
solves system (4.13). Moreover, for i defined by (4.16), we have

T dn(t) _Z -
L g(t) - h( i=0 ’Yr-i-z-‘rl / § d902( )
501 901+1( )dF( )
B Z/ F(t)

- Z 1 dF(t)
f/a f(t)—h(t)(;[@z(t) (pi+1(t)]>F(t)
[

a F(t) :

This suffices to easily complete the proof. O
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Remark 4.7. If we, additionally, assume that the regression & is
differentiable, then the system of integral equations turns into the
system of ¢ — 1 differential equations

Vr+i+1l Yi — Yit1 o .
4.17 Y = Z T ), 1<i<l—1,
(.17 et @) —p1o @)

satisfying the condition (4.14). The uniqueness of the solution to
system (4.17) with (4.14) ensures the uniqueness of the characterization
of the absolutely continuous distribution F, given by (4.15) with dn(t)
replaced by 7'(t) dt. Moreover, if £ = 2, then system (4.17) reduces
to the single ordinary differential equation (1.5) with condition (4.7).
Therefore, the results of this section are generalizations of the results

of [4].

5. Uniqueness of the characterization for ¢ = 2. In the previ-
ous section, the equivalent condition for the uniqueness of the charac-
terization of continuous distributions by the regression (1.3) has been
proved. Unfortunately, although our criterion is surprisingly simple, it
appears to be very difficult to implement, even in the special cases of h
and . This criterion is formulated in terms of integral equations which
are non-linear with respect to the unknown functions. Moreover, the
solution to (4.6) is required to satisfy the non-classical condition given
by inequality (4.7).

In the remainder of this paper we consider the desired uniqueness of
the characterization of continuous distributions by regression of GOSs

in the case when ¢/ = 2 and, additionally, one of the following conditions
holds:

(i) h is bounded so that h(3) = lim,_,3 h(z) < oo;
(ii) h is unbounded so that h(f8) = oo, and ¢ is asymptotically
linear transformation of h, i.e.,

lim [£(z) — (ah(x) +b)] =0

x—f

for some a > 1.

In order to prove it, we need the following lemma, which discusses
auxiliary properties of solutions to the problem
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e [u—h)
y(z) = y(a) + 7/{1 &) —y(¥) de(®), z € (o, B).

h(z) < y(z) < &(x),

(5.1)

Lemma 5.1. Assume that h,& : (o, B) = R are two arbitrary, strictly
increasing and continuous functions such that h(x) < &(z) for all
z € (o, B). Suppose that v > 0, and ¢ : (a, 8) = R is a fized solution
to problem (5.1). If y is any other solution, then

i) y(z) # ¢(z) for all x € (, B);
ii) either y < ¢ ory > ¢ on (a, f);
(iil) if z = |y — |, then z is strictly increasing on («, B);
)ifh<y<epandw = (p—y)/(@—h), then w(a) < w < 1,
and w 1is increasing on (a, B);
(v) if o <y <&, and additionally vy > 1 and w = (y — ¢)/(§ — @),
then w(a) < w < 1, and w is increasing on (a, f3).

(iv

Remark 5.2. In what follows, for brevity, we write fz f dg instead of
L2 f()dg(t), if it does not lead to confusion.
Proof. Fix arbitrary zo € (o, 8), and denote g = ¢(x¢). Let
D ={(z,y) :x € (o, B), h(z) <y <&()},
and choose € > 0 small enough such that the ball
B = B((x0, ¢0),€) C D.
Consider the function K : D — (0, 00), given by

K(l‘,y) = mu

so that the integral equation in (5.1) becomes

€T
(5:2) o) =yle) +7 [ Klt(0)de(o).
«
Then, for y1,y2 such that (x,y1) and (x,y2) are in D, we have

§(x) — h(x)

|K(£C,y1) - K(x7y2)| = (5(1‘) — y1)(§($) _ y2) |y1 - y2|a
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so that K satisfies the Lipschitz condition with respect to y on B.
Standard methods show that the integral equation (5.2) with the
initial condition y(zo) = ¢ has the unique solution on the interval
(xog — d, 20 + 9) for some & > 0 sufficiently small. Thus, if y is any
other solution to (5.1), then y(zo) # ¢(xo). This proves part (i) of the
lemma.

In order to prove part (ii), it suffices to note that ¢ and y are
continuous. Since their difference is never zero, it must be either
positive or negative on the entire interval of interest.

To prove part (iii), we first note that, if y and ¢ are any two solutions
o (5.1)), then

63 v@)—ela) = vla) —ela)+7 [ HH

Thus, assume that y > ¢, and consider z = y — . Since £ is strictly
increasing and the integrand is positive on («, 3), it follows that z is
also strictly increasing. If y < ¢, then it suffices to consider z = p — y.

(iv)Let h<y<p<&and w= (¢ —y)/(p—h). Setting f =p—vy
and g = ¢ — h in Lemma 4.2 for any = € («, 8), we obtain

dé.

64 we)—wa) = [ Arde-- [ Elae-n
. w(z) —w(a) = —_ — ) — 7 —h).

a @*h v @ ((pfh)Q v
The first integral in (5.4) is equal to

1 o E=M(e—y)
/ pale v = ”/a G-hE-yiE—p~

_ [T =Ny
7/a (¢ —h)2(€—v) de

where the first equality follows from (5.3) applied to ¢ — y, and the
second equality follows from Lemma 4.1. Substituting (5.5) for (5.4)
yields

Cle—yy—h) /I p—y
w(z) —w(a) = = dp+ ——=dh.
@) =ute) = [ e | ooy
Due to the assumption h < y < ¢, both of the integrands in the last

formula are positive. Therefore, w is increasing since ¢ and h are
increasing on (o, f3).

(5.5)
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(v) If ¢ < y < &, then a similar approach applied to w =
(y = 9)/(§ = ¢) yields

w(z) —w(a) = /x g dA,

where A(t) = y(¢) + (v — 1)&(¢) + ¢(t). Since v > 1, the function X is
increasing. Due to the assumption ¢ < y < &, the integrand of the last
integral is positive; thus, w is strictly increasing. O

This lemma allows us to prove the uniqueness of the characterization
of distribution by regression of GOSs in the case when ¢ = 2. First, we
consider the case when h is bounded, i.e., h(8) < cc.

Theorem 5.3. Assume that h,§ : (o, 8) — R are continuous and
strictly increasing functions such that h < £. If h(B) < oo, then the
regression condition (4.5), i.e.,

EmXI | X7 = 1) = ¢(a),

uniquely determines the continuous F by the inversion formula (4.8).

Proof. Recall that, by Lemma 2.2 (iv), we also have £(8) = h(p).
Let ¢ be any solution to integral equation (4.6) satisfying (4.7). Assume
that there exists another solution y. Then, for z = (y — ¢)?, we have
0 < z(x) < (&(x) — h(z))?; thus, lim, 5 z(x) = 0. On the other hand,
z(a) > 0, and, according to Lemma 5.1 (iii), z is strictly increasing, a
contradiction. The conclusion follows from Theorem 4.4. ]

Unfortunately, we were not able to find the proof of a corresponding
result in the case when h is not bounded, so that h(3) = +oco, which
is valid for any possible regression £. However, below, we prove the
uniqueness of the characterization in the case when the regression ¢
is asymptotically equivalent to a linear transformation of h, more
precisely,

(5.6) lim [¢(z) — (ah(z) +b)] = 0.

z—f
Obviously, if this is the case, then necessarily, we have ¢ > 1 and b > 0
since £ > h on (a, 8). First, we need the following lemma.
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Lemma 5.4. Assume that §,® : (a,3) — R are any continuous
functions and £ is strictly increasing with lim,_, g &(x) = +00. Define
g:(a,8) =R by

o) = g(a) + [ @(0)ae(o

Iflim,_ 3 ®(z) = A € (0,00), then lim,_, 3 g(z)/&{(x) = A.

Proof. This is an easy application of Stolz’s theorem. Let {zy,}n>1
be any strictly increasing sequence in («, 3) such that lim, . z, = S.
Then, for n > 1, we have

o)~ (o) = [ 2 a0

n

By the mean value theorem for Stieltjes integrals, for every n > 1, there
exists a 6,, € (X, Tp41) such that

g(xn-i-l) — g(l‘n)
§(@ng1) — E(zn)

Obviously, 8, — 8 as n — oo; thus, due to the assumptions on &, we
have ®(6,,) — A as n — oco. By the classical Stolz lemma we obtain

= B(0,).

lim 9(an) =

n—o0 &(xy,)

)

which completes the proof. (|

Theorem 5.5. Assume that h(8) = +oo, and £ : (o, ) — R is a
continuous and strictly increasing function satisfying (5.6) for some
a > 1. Assume that v > 1 and the problem (5.1) has a solution ¢ such
that

(5.7) lim [¢(z) — (ch(z) +d)] =0

rz—f

for some ¢ > 1 and d € (0,b).

(a) Ifa =1, thenc =1 and d = b/(1 + ), and ¢ is the unique
solution to (5.1).
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(b) If a > 1, then c € (1,a) is the unique solution to the quadratic
equation

(5.8) Ataly—1c—ay=0
in (1,a), and ¢ is the unique solution to (5.1).
Proof.
(a) Obviously,
p(x) &)

@ S h)

thus, if @ = 1, then, trivially, ¢ = 1, and by (5.6) and (5.7), we obtain

lim M =
and
mll)ngo [£(z) —p(x)] =b—d > 0.
Setting
(5.9) d(z) = LD =)

() — ()’
we have ®(z) = d/(b—d) as x — 8 and

x

(@) — pla) =7 / B(t) de(t).

[}

Applying Lemma 5.4, we get
o(z) d

li i
eop €(x)  b—d
On the other hand, we know that this limit must be equal to 1; hence,

d

1 l=vy——
(5.10) 53
and d =b/(1+ 7).

Now, if y is any other solution to (5.1) satisfying h < y < &, then
y(x) _ &(x)

h(z) = h(z)’
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thus, also, lim, . y(z)/h(z) = 1 and lim, gy(z)/&(z) = 1. If
© <y < &, then we consider z = y — ¢. From Lemma 5.1 (iii), z
increases from z(«) > 0 to a constant C' € (z(«),b — d]. Defining

z+p—nh
5.11 UV=_—"
(5.11) rp—
and letting * — oo, we obtain
C+d
\ —_.
@ —=5-i—¢

Again applying Lemma 5.4 to

x

y(@) - y() =7 / (1) de (1),

(03

and taking into account that y(z)/&(xz) — 1 as & — 8, we obtain

1= C+d
“Th—d-c
Comparing this equality with (5.10), we obtain C' = 0, a contradiction.

If h < y < ¢, it suffices to consider z = ¢ — y to obtain another
contradiction. Therefore, ¢ is the unique solution to (4.6).

(b) The proof for the case a > 1 follows the ideas of the proof of
part (a); thus, here, we only sketch it. Note that

lim @ =a and lim #(x) =c.
—p h(x) e—p h(x)
This implies
G
12 1 = -
(5.12) oB &x) a

Rewriting ®, defined by (5.9) in the form
p(x)/h(z) —1
(£(x)/h(z)) = (p(z)/h(z))’
and passing to the limit as x — (8, we obtain
c—1

a—cC

O(x) =

o(z) —
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Once again, by Lemma 5.4, we obtain

p(x) c—-1
—
&) la-c
which, together with (5.12), leads to the quadratic equation (5.8). Since
A = a%(y — 1)% + 4avy > 0, this equation has two solutions of opposite
signs. Define f(c) as the left-hand side of (5.8). Since a > 1, then
f(1)=1—a < 0and f(a) = ay(a—1) > 0; therefore, (5.8) has exactly
one solution in (1, a).
Now, if y is any other solution to (4.6), and, if the limit L(y) =
lim,_, 3 y(z)/h(x) exists, then similar reasoning using Lemma 5.4 shows
that L(y) € (1,a) and

.. 04

However, this is the equation defining a unique ¢; thus, L(y) = ¢ for
any solution y to (4.6).

If o <y < &, then, we consider w = (y — ¢)/(§ — ¢). Then, by
Lemma 5.1 (v), w increases from w(a) > 0 to C' € (w(a),1]. The
function ¥ defined by (5.11) can be rewritten as

_ W9/t _wtP
I-(y=9)/E-¢) 1-w

Therefore, the limit of ¥ at 3 exists and is equal to [C' + (¢/va)]/(1 — C).

On the other hand,

v

x

y() = y(@) + 7 / (1) de();

[e3%

thus, from Lemma 5.4, we obtain the existence of the limit

y() C+c/va

li =
b 1-C
Writing y/€ = y/h - h/€, we obtain the existence of the limit
i y(ﬂf)7
x—f h(x)
which implies
c  C+Hc/ya

1-C
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However, this is only possible if C' = 0, a contradiction. If h
y < ¢, then it suffices to apply analogous considerations to w
(¢ —y)/(v — h) to arrive at another contradiction.

oA

Remark 5.6. Note that the assumption v > 1 is used only in part (b)
of the above theorem. We want to apply it with v = ~v.p10/vr41;
however, according to Remark 2.1, in general, we need not assume
that vr41 < Yy

Corollary 5.7. Assume that h,& : (a,8) — R are continuous and
strictly increasing functions such that h < &, h(8) = co and & satis-
fies (5.6) for some a > 1. If the problem (5.1) has a solution ¢ which
satisfies (5.7), then the regression condition (4.5), i.e.,

B(h(xI) | X = x) = €(a),

uniquely determines continuous F' by the inversion formula (4.8).

6. New characterizations of particular distributions. In this
section, we give new characterizations of particular distributions by the
single regression (1.3) of record values in the case when ¢ = 2, and, for
simplicity, h(x) = x, i.e., by the condition

&(z) = E(Rpy2 | Ry = 2).

We know that record values are GOSs with v; = 1; hence, using (2.2)
(see also (4.1) with v = 1) we have a corresponding regression of adja-
cent record values

01) oo = E(Rusa | R =2) = 5 | T rar).

Utilizing Lemma 3.2 with ¢ = 2, we obtain

62) €)= Ble(Run) | Bu=1) = | ewar.

In the first example, we show that, when F' is a continuous distribu-
tion with density which is not continuous, then the regression £ need
not be differentiable at some points.
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Example 6.1. Consider a mixture of uniform distributions with den-
sity and distribution function, respectively, given by

2

£(@) = 3To (@) + 3 T (2,
and
a3 for z € [0,1),
(6:3) F(z) = {(Zx -1)/3 forzel,2].

Using (6.1), and after some elementary calculations, we obtain

@ =17)/2(x—3)) forzel0,1),
ple) = {(x/Q) +1 for x € [1,2].

Then, by (6.2), a simple computation leads to

" _{(a:2—|—6m—21+41n((3—x)/2))/(4(x—3)) for x € [0,1),
; (x+6)/4 for z € [1,2].

It is easy to verify that £ is continuous, but not differentiable, at
x = 1. However, 8 = 2; thus, h(8) < oo, and the uniqueness of the
characterization of the continuous distribution (6.3) by this regression
of R,t2 on R, immediately follows from Theorem 5.3.

In the next example, we give a new characterization of a particular
gamma distribution by the regression of record values. Recall that
gamma distribution I'(k,0) on (0,00), with parameters k,0 > 0, is
defined by the density function

ok
f(x) = ——aF"te % gz >0.

(F) T

Example 6.2. Consider gamma I'(2, 1) distribution with f(xz) = ze™*,
and F(z) = (1 + x)e™® for z > 0. We also use the following notation:

x oo —t
E(x):—/ e—dt, x> 0.
T x



514 MARIUSZ BIENIEK AND KRYSTYNA MACIAG

Elementary computations show that

1 1
E@) =(1->)E@) - =
@=(1-7)p@- 5

and lim; oo E(z) = limyoo E'(z) = 0. A series of elementary

calculations shows that ¢(z) = = + 1+ 1/(z+ 1), and therefore, if
F ~T(2,1), then

2
= _— = 1 .
&(x) m+2+x+1 E(x+1), >0

Now, we prove that this regression determines the gamma dis-
tribution T'(2,1) uniquely. Note that we cannot use Theorem 5.3
since h(8) = +oo. In addition, computations show that p(z) =
x4+ 1+1/(x+1) is a solution to

/ _ 90(56) — T / T
(6.0 o) = AT )
such that z < p(z) < £(x) for z > 0. On the other hand, we have
lim [€(@) — (@ +2)] =0, lim [p(a) (x4 1)] =0,

Therefore, by Theorem 5.5 (a), we see that ¢ is the unique solution
to (6.4). From Corollary 5.7, we see that I'(2, 1) is the only distribution
for which

2
E(Ruyo | Bp=2) =242+ —— — E(z +1), .
(Rny2 | Ry =2) =z + i (x+1), >0

In the next example, we extend the conclusions of the previous one
and show that each gamma distribution I'(k, #) is uniquely determined
by the corresponding regression

¢z) = (XU xI = 1)

of GOSs. However, in contrast to the previous example, due to the
complicated computations involved, we do not determine an explicit

form for £ and p(z) = E(XiH_Q) | Xt = x).
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Example 6.3. Recall that, for any distribution function F with
density f, we define the failure rate of F' as

(6.5) Ar(z) = 1{:((?)

For T'(k, 0), it is elementary to prove that, for any k > 0, we have

x € (a, B).

ml;rr;o Ap(z) =6.

Applying the arguments from the proof of [4, Lemma 5], we see that

1 1 1
lim T)—1x) = lim = ,
I*)OO(()O( ) ) Vptg T—00 AR (x) b'yr+2

and similarly,

1im(§(a:):c)< ! +1> lim 2< Ly 1).

T—00 Yra1  Vr42 ) T=00 Ap(w) Vrt1  Vri2

Therefore, for any gamma distribution, we see that the corresponding
regressions ¢ and ¢ satisfy (5.6) and (5.7) with a = ¢ = 1. Moreover,
by the proof of Theorem 4.4, we know that ¢ is a solution to prob-
lem (5.1). From Corollary 5.7, we infer that this is the unique solution
to (5.1), so the gamma distribution I'(a,b) is uniquely determined by
the corresponding regression &.

In the next example, we identify the unique distribution on the
positive half-axis determined by the specific regression of record values
satisfying condition (5.6) of asymptotic linearity with a = 4 and b = 3.

Example 6.4. Set D = 22 + 2z + 2, and let F be the distribution
with density function f(z) = 2v/2(1 4 4z + 222)D~5/2, for > 0, and
F(x) =2v2(1 4 z)D~3/2.

Then, putting v,4+1 = 7,42 = 1, we obtain

1
— E(Ryis | Rysy =) =20+ 1+ ——
o(z) (Rt | Rupr =) =22+ 1+ 1

and
&(x) = E(Rn+2 | R, = x)

= 8+9x+5x2+D21n< ))
z+1 1++vD
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Then, lim, o [£(x) — (42 + 3)] = 0 and lim,, o [p(z) — (22 + 1)] = 0;
thus, by Corollary 5.7, we see that F is the only distribution for
which (6.6) holds.

In the last example, we show that, in general, the regression ¢ need
not be an asymptotically linear function of A, so, in general, the problem
of uniqueness of the characterization by (4.5) is still open.

Example 6.5. Consider the distribution F' such that

— e

Fr) =

= — >e.
z(log z)1+e’ v=e

In this case, from the results of Nagaraja [18], we have E(R,) < oo
if and only if n < a + 1. Therefore, E(R3) < oo if and only if a > 2.
Then, for h(z) = z, we have

o(2) = E(Rs | Ry = 2) :m(l—i- ilogm)

and

142 1
Therefore, & does not satisfy (5.6); hence, we cannot apply Corollary 5.7
to claim that this regression characterizes F.

7. Summary and discussion of the results. We present an en-
tirely new approach to the classic problem of characterization of con-
tinuous probability distributions by the regression functions of ordered
statistical data. This approach allows for a reformulation of the prob-
lem of the uniqueness of the characterization as the problem of the
uniqueness of the solution to an integral equation or a system of inte-
gral equations with a non-classical “initial” condition. Although our
results are proven for a general model of generalized order statistics,
they are new even in the most important special cases of order sta-
tistics and record values. As a result of the new approach, we obtain
new characterizations of distributions, and we prove that gamma dis-
tributions are uniquely characterized by the corresponding regression
of GOSs.
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The main results of the paper are illustrated with examples which
show that our considerations are necessary due to the possible lack
of differentiability of the regression functions (Example 6.1), but the
problem needs further study (Example 6.5). Examples 6.2, 6.3 and 6.4
show new results that were not possible to obtain without the results
derived in this paper, especially Theorem 5.5 and Corollary 5.7.

Now, we discuss the significance of our results from the point of
view of statistics. We prove new characterizations of distributions by
the regression of non-adjacent GOSs with &, other than the linear one.
We stress that, in this paper, no assumptions are imposed on either the
underlying F' (except for the continuity) or on the parameter vector of
GOSs (except for the obvious integrability conditions), while in [4],
a quite restrictive assumption was imposed that F' has a continuous
density (or, equivalently, that the regression & being considered has
continuous first derivative). Also, in [4], it was shown that the
condition Ap(z) — 400 as * — B, where A is the failure rate defined
by (6.5), is sufficient for the uniqueness of the characterization, and
Example 6.3 shows that the condition is unnecessary.

We also underline the fact that we have presented a new technique of
the proof of the uniqueness of the characterization without knowledge
of the explicit form of £&. This technique requires Theorem 5.5, which
cannot be proven in the present form without the use of integral
equations. It is possible to prove it using only differential equations,
but with the additional assumptions on the existence of the limits of
the derivatives £ and ¢’ at 3.

On the other hand, the practical applicability of our results is
somewhat limited, as is explained in [4, Section 5]. Any potential
application would require a large amount of observed data, and it would
involve many numerical computations. Therefore, it would only give
approximations of the characterized distributions.

Finally, we discuss the relevance of our paper to the theory of integral
equations. We show an unexpected application of integral equations
in the area of statistical distribution theory since we have translated
the problem in probability and statistics to the language of integral
equations. In our opinion, its complete solution demands additional
insight from integral equations rather than from the point of view of
statistics. Also, in Section 5, we provide an exemplary analysis of the
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properties of the solutions to a non-linear integral equation with non-
classical “initial” conditions. This type of analysis may appear to be of
independent interest to the integral equations community. Moreover,
since our main results are quite difficult to implement, there are some
open problems remaining to be solved. For instance:

(1) Is it possible to extend Theorem 5.3 for £ > 3?

(2) Does this (1) also apply in the case when h(3) = 400 for £ > 2?7

(3) For given r,¢{ > 1, the parameter models ~1,...,v.4¢, and the
function A determines necessary and sufficient conditions for any
function £ to be a possible regression function of GOSs.

(4) Assume that £ > 3 and {(x) = az + b for some a > 0. From [7,
Theorem 5.1] and our Theorem 4.6, we see that system (4.13) with
the condition (4.14) has the unique solution ¢ = (¢1,...,¢s—1). It
is elementary to prove that o, (x) = ¢;x 4 d; for some appropriately
chosen ¢;,d;, 1 < ¢ < ¢ — 1. The open problem is to prove the
uniqueness of ¢ directly, as this would give an independent proof
of [7, Theorem 5.1].

All of these problems most likely require a deeper knowledge of inte-
gral equations than the average statistician has. Ordinary differential
equations are too weak of a tool to tackle such problems since they are
insufficient, even for absolutely continuous distributions, and for con-
tinuous distributions, integral equations appear to be an appropriate
tool.

Acknowledgments. The authors are very grateful to the anony-
mous referees and the associated editor for many valuable comments
and remarks, which significantly improved the final version of the pa-
per.

REFERENCES

1. N. Balakrishnan and E. Cramer, The art of progressive censoring, Stat.
Indust. Tech. (2014), Birkh&user/Springer, New York.

2. M. Bieniek, On characterizations of distributions by regression of adjacent
generalized order statistics, Metrika 66 (2007), 233-242.

3. , On characterizations of distributions by regression of generalized
order statistics, Australian New Zealand J. Statis. 51 (2009), 89-99.

4. M. Bieniek and K. Maciag, Uniqueness of characterization of absolutely

continuous distributions by regressions of generalized order statistics, AStA Adv.
Stat. Anal. 102 (2018), 359-380.




CHARACTERIZATIONS BY GOS SINGLE REGRESSION 519

5. M. Bieniek and D. Szynal, Characterizations of distributions via linearity of
regression of generalized order statistics, Metrika 58 (2003), 259-271.

6. E. Cramer and U. Kamps, Marginal distributions of sequential and generalized
order statistics, Metrika 58 (2003), 293-310.

7. E. Cramer, U. Kamps and C. Keseling, Characterizations via linear regression
of ordered random wariables: A unifying approach, Comm. Statist. Th. Meth. 33
(2004), 2885-2911.

8. E. Cramer and T.-T.-H. Tran, Generalized order statistics from arbitrary
distributions and the Markov chain property, J. Statist. Plan. Infer. 139 (2009),
4064-4071.

9. A. Dembinska and J. Wesolowski, Linearity of regression for non-adjacent
order statistics, Metrika 48 (1998), 215-222.

10. , Linearity of regression for non-adjacent record values, J. Stat. Plan.
Infer. 90 (2000), 195-205.

11. T.S. Ferguson, On characterizing distributions by properties of order statis-
tics, Sankhya 29 (1967), 265-278.

12. M. Franco and J.M. Ruiz, On characterization of continuous distributions
with adjacent order statistics, Statistics 26 (1995), 375-385.

13. , On characterization of continuous distributions by conditional
exzpectation of record values, Sankhya 58 (1996), 135-141.

14. , Characterization based on conditional expectations of adjacent
order statistics: a unified approach, Proc. Amer. Math. Soc. 127 (1999), 861-874.

15. W.J. Kaczor and M.T. Nowak, Problems in mathematical analysis, 111,
Student Math. Libr. 21 (2003), American Mathematical Society, Providence, RI.

16. U. Kamps, A concept of generalized order statistics, J. Stat. Plan. Infer. 48
(1995), 1-23.

17. A.M. Mathai, A handbook of generalized special functions for statistical and
physical sciences, The Clarendon Press, Oxford University Press, New York, 1993.

18. H.N. Nagaraja, On the expected values of record values, Austral. J. Statist.
20 (1978), 176-182.

19. W. Rudin, Real and complex analysis, McGraw-Hill Book Co., New York,
1987.

MARIA CURIE SKEODOWSKA UNIVERSITY, INSTITUTE OF MATHEMATICS, PL. MARII
CURIE SKEODOWSKIEJ 1, 20-031 LUBLIN, POLAND
Email address: mariusz.bieniek@umcs.lublin.pl

ERNST & YounG Ltp., RonpO ONZ 1, 00-124 WARSAW, POLAND
Email address: krystyna.maciag@pl.ey.com



