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ENERGY DECAY RATES FOR SOLUTIONS OF THE
KIRCHHOFF TYPE WAVE EQUATION WITH
BOUNDARY DAMPING AND SOURCE TERMS

TAE GAB HA

ABSTRACT. In this work, we are concerned with uni-
form stabilization for an initial-boundary value problem asso-
ciated with the Kirchhoff type wave equation with feedback
terms and memory condition at the boundary. We prove
that the energy decays exponentially when the boundary
damping term has a linear growth near zero and polyno-
mially when the boundary damping term has a polynomial
growth near zero. Furthermore, we study the decay rate of
the energy without imposing any restrictive growth assump-
tion on the damping term near zero.

1. Introduction. In this paper, we are concerned with asymptotic
behavior of the Kirchhoff type wave equation with

u’ — (14—5/ Vu2da?>Au: [ulfu in Q xRy,
Q
u=20 onI'g x Ry,
(11) ou t ‘ -
W +/ k(t —s,z)u'(s)ds + a(z)g(u') =0 on Ty x Ry,
v 0
u(z,0) = uo(z), u'(z,0) =ui(z), x € .

Here, Q C R™ is an open bounded domain, n > 1, with a boundary
I' =Ty UT; of class C2?, where I’y and I'; are closed and disjoint. The
map

a: Fl — R+ € LOO(Fl)
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is such that a(x) > ag > 0,
k: Fl X R+ — R+ S 02(R+,LOO(F1)),

and
g:R—R

is a nondecreasing function. We shall denote by v the unit outward
normal vector to I'. A and V stand for the Laplacian and gradient with
respect to the spatial variables, respectively, / denotes the derivative
with respect to time ¢, and Ry = [0, 0).

The integro-differential equation (1.1); (the first equation of (1.1))
describes vertical vibrations of a flexible string, but does not portray
the existence of a whirling out of plan motion. This phenomenon
was observed by Harrison [22] and Nayfeh and Mook [30]. On the
other hand, the boundary condition (1.1); (the third equation of
(1.1)) describes the reflection of sound at surfaces of some materials
with memory of interest in engineering practice. It is quite general
and covers a fairly large variety of physical configurations. Problems
containing the boundary condition (1.1)3 were studied by many authors
(e.g., Aassila, et al., [1], Alabau-Boussouira [2], Nicaise and Pignotti
[31], Park and Ha [35], Park, et al., [37], Priiss [38], and the references
therein).

The problem of proving uniform decay rates for solutions to the wave
equation with a boundary dissipation has attracted much attention in
recent years. The linear problem has been treated by many authors,
see for instance, [25, 26, 41]. The nonlinear boundary conditions were
studied by [1, 24, 45]. Aassila, et al., [1] and Alabau-Boussouira,
et al., [2] studied the uniform decay for the solutions of the wave
equation (1.1) without the source terms |u|’u and 8 = 0. Park, et al.,
[37] studied (1.1) with 8 = 0 and the same boundary condition, and
found that the function g does not have polynomial growth near zero.
For comprehensive studies of nonlinear wave equations, the reader is
referred to [7, 11, 12, 13, 14, 15, 16, 17, 18, 19, 28, 34, 36, 43, 44]
and the references therein. In particular, Autuori and Pucci [3, 4], Bae
[5], Bae and Nakao [6], Gorain [9, 10], Ha and Park [20, 21], Lasiecka
and Ong [27], Park, et al., [33] and Santos, et al., [40] researched
Kirchhoff type problems. For instance, the case of the n-dimensional
quasilinear wave equation of Kirchhoff type with a suitable nonlinear
boundary dissipation was treated in [27] (this case is equation (1.1)
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without source terms |u|u, k(t,2) = 0 and a(z) = 1). Global existence,
uniqueness and uniform decay of solutions for such a problem were
examined, subject to some restriction on the norms of the initial data.

There have been very few results when the function g has no poly-
nomial growth near zero. Lasiecka and Tataru [28] studied the more
general case of a semilinear wave equation damped with a nonlinear
velocity feedback acting on I'y, under some very weak geometrical con-
ditions on I'g and I';. Without the assumption that g has a polynomial
behavior near zero, they proved that the energy decays as fast as the
solution of an associated differential equation. More precisely, they
generalized the method used to obtain uniform decay estimates when g
has a polynomial behavior near zero. However, they did not obtain an
explicit decay rate estimate for the energy. On the other hand, Mar-
tinez [29] studied the linear wave equation with a boundary damping
term. He proved the explicit decay estimate of the energy even if the
damping term g has no polynomial growth near zero. In order to ob-
tain the explicit decay estimate, he used the construction of a special
weight function and the generalization of a technique of partition of
the boundary.

In this paper, we prove the uniform decay rates of solutions for the
Kirchhoff type wave equation with linear or polynomial growth on the
damping term near zero. Moreover, we study the energy decay rate
without imposing any restrictive growth assumption on the damping
term near zero. The goal of this paper is to extend the results of [37]
by applying the method developed in [29].

This paper is organized as follows. In Section 2, we recall the
hypotheses used to prove our results and introduce our main results.
In Section 3, under hypothesis (Hgz), we prove the exponential or
polynomial decay rate using Komornik’s method and Lasiecka and
Tataru’s method. In Section 4, using Martinez’s method, we prove the
energy decay rate, which has a more general case of g on the hypothesis
(Hj).

2. Hypotheses and main results. We begin this section by intro-
ducing some hypotheses and our main results. Throughout this paper,
we use standard functional spaces and denote || -||, as the LP(€2) norm.
We consider the Hilbert space

Hp, (Q) :== {u € H(Q);u =0 on I'p}.
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(H1) Hypotheses on . Let Q C R™ be an open bounded domain,
n > 1, with a boundary I = Ty UT'; of class C?, where I'y and I'; are
closed and disjoint satisfying the following conditions:

(2.1) I'o#0 or in}% k #0,

FlX +

m-v>0>0 only,
(2.2) m-v <0 on Ty,

m:=m(x) =z —2° for any 2° € R".

(H2) Hypotheses on k. k: Ty x Ry — R, € C*(Ry, L>®(Ty)),
such that

(2.3) K'<0 onTly xRy,
(2.4) kK" > —ak’ on Ty x Ry, for some o > 0,
(2.5) ainf k(0) > —2inf £'(0).

Fl 1_‘1

(Hz) Hypotheses on g. Let ¢ : R — R be a continuous,
nondecreasing function such that

(2.6) ¢(0)=0, lg(x)] <1+ Cqylz] and g(s)s >0 for s # 0,
(2.7) ColzlP < |g(x)| < Cslz['/Pif [a] <1,
(2.8) Culz| < [g(x)] < Cslz| if [x] > 1,

where p > 1 and C;(1 < i < 5) are five positive constants.

(H4) Hypotheses on a(z), 8, p. Suppose that a : I'1 — Ry €
L*>(T'1) is such that a(x) > ap > 0, 8 > 0 is a real number and

2
(2.9) O<p<72 ifn>3 and p>0ifn=1,2
n—

The next lemma is used to estimate the energy identity.
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Lemma 2.1. For ¢, p € C'([0,00) : R), we have

</Otw(t—8)<p(8) d8>s0’ = ;/ot w’(t—s)w(t)—@(s)\?ds_%w(mwz
_;iﬁg¢“‘ﬁww—@@wﬁ—(A%@mgwﬂ.

Proof. Differentiating the term fot P(t—s)|p(t) — p(s)|?ds, we arrive
at the above equality. O

We define the energy of the solution by the following formula

/|u (t,x)|*dx
2
+ = /|Vu(t x)zdz+§</QVu(t,x)|2dx)
- 2(1 -i—ﬁ/Q |Vu|2dx)

(2.10) t
: / / K (t —s,2)|u(t,z) — u(s,z)|*ds dl
r, Jo

n 1<1 +5/ |Vu|2dx) . k(t, z)|u(t, ©) — uo(x)|2dT

+2/ lu(t, )| 2d.
T p

According to (2.9), we have the imbedding:
HE (Q) = L2 (Q) — LPH(Q).

Let By > 0 be the optimal constant of Sobolev immersion which
satisfies the inequality

[[0]|p+2 < Bi1||Vv||2, for all v € Hf ().

From the above inequality, we have

2
PR (um+mmm5><3f%
vollg™ ) e

’UEH%O (Q)v#0
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Note that Ky > 0, and

(2.11) Pty < Kol|Vo|[5t?, for all v € HE ().

1
m\lvllp+2 <

We consider the functional
@12 I = 5lIVul - =il e f, (@),
and define the positive number

d:= inf {sup J()\v)}.

veHL (2) L A>0
v#0
Setting
1
fo) = iv — KoMt2 A >0,
then

v (apea)

is the absolute maximum point of f and d = f(\;) > 0.

It is well known that the number d is the Mountain Pass level
associated to the elliptic problem

—Au=|ulPu in Q,

u =0 on Iy,
0
8—1::0 on I'y.

In fact (see [42]),
d= inf sup J(v(t)),
TEA te0,1] ()
where

A ={yeC(0,1]; H{ (Q2)); 7(0) =0, J((1)) < 0}.

Furthermore, we obtain
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The energy associated to problem (1.1) is given by
E(t) = 1/ |u'(t, x)|?dx
2 Ja
+ ;(1 + B/ |Vu|2dx> / k(t, )|u(t, z) — uo(x)[*dT
Q T
1 2
— -1+ [ [Vul“de
2 Q
¢
. / / E'(t—s,z)|u(t,z) — u(s,2)|?ds dT + J(u(t)),
r: Jo
for u € H (Q). From (2.3) and (2.11), we have
1
(2.13)  E(t) > J(u(t)) > 5l|Vull; - Kol |[Vul |52 = £(|Vu(®)]]2)-

Now, if one considers

(2.14) [[Vu(t)]]2 < A1,
then, from (2.13) and (2.14), we have
(2.15)
1 1 1
B(6) 2 J(u(e) > [Vl (5 - 2o ) = IVa@lE(5 - 15 ).
Thus, if (2.14) is satisfied, from the above inequality, we deduce that
2 2
(2.16) J(6) >0 and [[Va(®)|? < %HE(t).

In order to obtain global existence for regular solutions, the following
assumption is made on the initial data:

(217) E(O) <d and HVUOHQ < M.
We now state the global existence result, which can be obtained by
[27, 37, 38, 40]: let us consider whether the hypotheses (Hy)—(Hy)

and (2.17) hold. If the initial data {uo,u1} belong to Hy, () x L*(Q),
then problem (1.1) possesses a unique weak solution in the class

we C(Ry,HY (9) N CL(R,, I3(Q)),
with ||[Vu(t)||2 < Ay for all ¢ > 0.
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Furthermore, if the initial data {uo, u1} belong to H?(Q)NHp (€2) x
H}, () and g is globally Lipschitz continuous, then the solution has
the following regularity ([1, 5, 37]):

u € L>®(Ry, Ht (),

ul € LIOSDC(R-HH%O(Q))’

u” € Li)c?c(R+7 LQ(Q))7
with ||Vu(t)|]2 < Ay for all £ > 0.

Now, we are in a position to state our main results.

Theorem 2.2. Assume that hypotheses (H1)—(Hy) and (2.17) hold.
Then, we have that, if p = 1, there exist positive constants Cg and w
such that

(2.18) E(t) < CsE(0)e“".
If p > 1, there exists a positive constant C7 such that

C1E(0)

(2.19) E(t) < TETEIGDE

We will now consider the more general case of g.

(Hs). Let g : R — R be a nondecreasing C' function such that
9(0) = 0, and suppose that there exists a strictly increasing and odd
function « of C! class on [—1, 1] such that

la(s)] < lg(s)| <o M(s)| if |s| <1,
Csls| < |g(s)] < Cols if |s[ > 1,
where a~! denotes the inverse function of o and Cg and Cy are positive

constants.

Theorem 2.3. Assume that hypotheses (Hy), (Hz), (Hy), (H3) and
(2.17) hold. Then, we have

(2.20) E(t) < Cip (F‘1 (1) ) 2,

where F(s) := sa(s), and Cg is a positive constant. Moreover, if the
function G(s) := a(s)/s is nondecreasing on [0,n] for some n >0 and
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G(0) = 0, then we have

(2.21) E(t) < Cn <a1 <1)>2

where Cy1 is a positive constant.

3. Proof of Theorem 2.1. In order to simplify the computations,
and without lost of generality, we will transform the boundary condition
into another more practical one by considering ug = 0 on I'y. Thus,
problem (1.1) is now transformed into

u”’ — <1 + 5/ Vu|2d:v> Au=|ulfu in Q xRy,
Q
on Fo X R+,

u-O
(3.1) /kt—sx (s,x)ds

+ (0)u+a(z)g(u') =0 on Ty x Ry,
u(z,0) = up(z), u'(z,0)=ui(x) x € .

In order to solve the energy decay of (3.1), we use the following
lemmas.

Lemma 3.1 (cf., [23]). Let E : Ry — Ry be a nonincreasing function,
and assume that there exist two constants o« > 0 and T > 0 such that

“+00
/ Et(s)ds < TE(0)*E(t) for allt € Ry.
t
Then, we have

T+ at
T+ aT

BE(t) < E(O)( ) v for all t > T.

In particular, assume that

400
E(s)ds <TE(t) forallteR,.
t
Then,
E(t) < E(0)e' YT forallt>T.
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Lemma 3.2 (Gagliardo-Nirenberg inequality [8, 32]). Let 1 < r <
p<oo,1<qg<pand0<m. Then:

l1ollwr.a < Clfol[fyms ol
forve WmP(Q)NL" (), Q C RN, where C is a positive constant and
g (L, 1 1\(m 1 1 o
\N r ¢J\N r p

provided that 0 < 6 < 1.

Using (3.1), it follows that

%E(t) - —<1 +5/Q |Vu|2dx>

. / %k”(t — s, 2)[ult, ) — uls, z)|2dT
Ty

+ (1 +/3/ |Vu|2dx)
Q

/ %k’(t,x)|u|2 —a(z)g(u')u'dr.
I

(3.2)

Hence, the energy is nonincreasing. Now, we will prove several esti-
mates of the energy (3.1).

In the following section, the symbol C' indicates positive constants,
which may be different.

Lemma 3.3. Setting Mu := 2(m-Vu)+ (n—1)u, the following holds:

T T
/ E(pﬂ)/?(t) dt < C/ E(Pfl)ﬂ(t)/ lu|?dx dt + CE(S).
s s Q

Proof. We shall divide the proof into several steps: (1) In order to
derive the result, we multiply the equation (3.1) by E®=1/2(¢)(Mu);
(2) We analyze terms obtained by (1); (3) During the process of the
estimation of (2), a significant boundary term remains. Thus, we
calculate this term in the third step; (4) Using (2.10), we deduce the
result of Lemma 3.3.
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Step (1). (Multiplying E®~1/2(#)(Mu).) We multiply equation
(3.1) by E®=1/2(t)(Mu) and then integrate the result obtained over
Q x [S,T]. Then, we have

T
0:/5 E(p_l)/z(t)/ﬂ(Mu) (u”— (1—!—6/Q|Vu2da:>Au— |u|pu> dx dt

T
:/ E(”fl)/Q(t)/ (2(m - Vu) + (n — 1)u)
S

Q
X (u” - <1 —|—,8/ Vu|2dx> Ay — u|pu) dx dt
Q

T
_ E®=D/2(4) / 2u” (m - Vu) dzx dt

S Q
T

+/ E<P1)/2(t)(1+ﬂ/ |Vu|2da:)/2vu-v(m~Vu)dxdt
S Q Q

(3.3)
T ou
E(p—l)/2 t (1+ﬁ/ |VU|2d9€) / 2—(m-Vu)dl'dt
Q T 81/

S

/ E-1/2( /2|u\"u(m-Vu)dxdt
n—l/ EP=1/2(¢ /uu"dxdt
+(n—1)/ E®D/2(4) (1+B/ |Vu|2dx)/ \Vu|?da dt
n—l/ E®=1/2(¢ ( +B/|Vu| dx)/F —udfdt
—(n—l)/ E®=D/2(3) /|u\P+2da;dt.
S Q

Note that
T
/ E(pfl)/Q(t)/ 2u" (m - Vu) dz dt
S Q
= [E(pl)/Q(t) / 2u' (m - Vu)dx}
Q

—1 [T
/ E(r—3)/2 (t)E'(t) / 2u'(m - Vu) dx dt
S Q

T

S

T
_/ E(pfl)/2(t)/ Qu/(m~Vu’)dacdt,
S Q



388 TAE GAB HA

T
/ E(;Dl)/Q(t)<1+ﬁ/ |Vu|2dx)/2Vu-V(m-Vu)dIdt

S
2—n/ BEP-1/2 <1+5/ [Vul dm>/|Vu| dz dt
/ po00) (145 [ (9upe) [[n-vivapar a

T
(n—l)/ E(pfl)/Q(t)/uu”dxdt
S Q

=(n—1) [E(P—”/?(t)/ﬂu’udxk
_w/ E0=32()E (t)/uud:cdt

n—l/ E@=D/2¢ /\u\da:dt

Replacing the above calculations in (3.3), we obtain

and

T

T

0= [E@l)“(t) /Q 2u/ (m - Vu) dx}

s
-1

T
_L/ E(p_g)/Q(t)E’(t)/ 2u'(m - Vu) dz dt
2 S Q
T
,/ E@-D/2(¢ )/QU (m - Vu') dx dt

2—n/ EP=D/2( ( +/3/|Vu|2dm>/vu| dx dt
v [ mee(ves [ (vaar) [ onovapaa
S Q T
T ou
_/ E(p—l)/2(t)(1+ﬁ/ |Vu|2dx)/2(m-vu)drdt

T
_/ E(p—l)/zw/ 2fulPu(m - Vu) d dt
S Q
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T

+ (n — 1)[E(p1)/2(t)/ﬂu’udx]s

_w/ B9 B (1 )/u’udxdt
Q

n—l/ EP=D/2(4) /|u|dwdt
poen [ B0 (146 [ (Vulas) [ vupdsa
s Q
n—l/ EP=1/2(¢ ( + 5 |Vu|2das>/ %udfdt
I, 8V

(nfl)/ EP=D/2(4 /|u\p+2dxdt
S

_ [E@U/Z(t) /Q o (M) dxr
! /S " B2 B /Q o (Mu) da dt

T
+n/ E<P*1>/2(t)/ |2 da dt
S
—/ EP=D/2(4 / m - v)|u'|2dT dt
'

S

+ Ee-D/2( 1+5/ Vulfde ) [ |Vul2de dt
Q

/ EPD2) (148 |Vu|2da: (m - v)|Vu|%dT dt
Q
(m-Vu)dl'dt

Mu dI' dt

/ EP=D/2(¢ 1+ﬁ/|Vu|2d:c /
Q

/ Poltas 1)/2 1_|_ﬁ/ |Vu|2dx
Q

7/5 E®-1/2 )/92|u\pu(m~Vu) 2 dt

o )
o ).
+ Ee-D/2(; <1+5/Q|w|2dx> (m - v)|Vu|*dT dt
g )
o )5
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T

—(n—l)/ E(”*”/Q(t)/ o' 2 dt
S Q
T

—(n—l)/ E@—W?(t)/ |ulPt2dz dt.
S Q

Using Vu - v = 0u/0v on Ty, it follows that

T
(3.4) / E@H)/z(t)/ (|u'|22|u|p+2> da dt
s Q p+2
r B
Jr/ E(pl)/2(t)<1+/ |Vu2dz>/|Vu|2dxdt
s 2 Ja Q

__[E@l)/z(t)/ﬂu/(Mu)dxr

P=1 [T )2 /
+— E'P OE'(t) | o (Mu)dxdt
2 Js Q

S

T
+2/ E(p_l)/g(t)/ [ulPu(m - Vu) de dt
5 Q

2 T
+({(n-1 —)/ EF=D2( / ul 2 dz dt
(n-n--25) [ @ [ 1

T
+ [ Bone (145 [ (wutar) [ St ar
s Q T 81/

T
+/ E(p’l)”(t)/ (m - v)|u|?dT dt
S I

T
_ (r=1)/2 2 . 2
/S E (t) <1+B/Q|Vu dx) /1“1(m v)|Vu|*dI dt.

Step (2). (Analysis of (3.4).) We will estimate terms of the right
hand side of (3.4).
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T
FEstimates for I, :== — [E(pl)/Q(t)/ u' (Mu) dw] : From Young’s
Q

s
inequality and Poincare’s inequality, we obtain

(3.5)
‘/Qu’(Mu)dx §/Q|u’|2dx

2
+232/ |Vu|2dx+g/ uf?dz < CE(t),
Q Q

where R = max_ ¢ |m(z)|. Since E(t) is nonincreasing, we have

€

(3.6) I < —C[E@—D/?(t)E(t)r < CE(S).
S

_1 [T
Estimates for Iy := pT/ E(p_?’)/Q(t)E’(t)/ o (Mu) dx dt: By
s Q
using (3.5), we obtain

'E(”3)/2(t)E’(t) / u' (Mu) da

!/
<-C <E(p+1)/2(t)) .
Q

Hence,

(3.7) L < CE(S).

T
FEstimates for I3 ::2/ E(p_l)/z(t)/ [ulPu(m - Vu) dx dt:
S Q
T
|13 §2R/ E(p’l)/Q(t)/ | V| |ulPH da dt
S Q
(3.8) - .
—1)/2
< 2R /S ECD2(0)|[Vully|ul|55, dr.

On the other hand, by Lemma 3.2, we obtain that

_ -2)
3.9 ullg < C||ul |57 |ul|?, 0:;0((]7.
(3.9) lullg < Cllully™ [ull, =2

Let us consider 0 < p < 2/(n—2), where, if n > 3, 0 < s <
2n/(n—2)—2(p+1) and (3.9) holds with ¢ = 2(p+1) and p = 2(p+1)+s,



392 TAE GAB HA

then
(810)  [[u()ll2(ps1) < ClulIElu(®)ll§piryse forall £ >0,

where 0 = [p(2(p+ 1) + s)]/[(p + 1)(2p + s)]. From (3.10), we have

1-60 1 0 1
ol < CllulSOEEY fuf gt

||U|‘2(p+1) 2(p+1)+s

Considering the choice of s, we have that 2(p + 1) + s < 2n/(n — 2),
which implies that H{ (€) < L2(P*DFs. Thus, we obtain that

1-0 1 0 1
(3.11) lull5i 1y < CllullS @) Tul 3@+,

From (3.8) and (3.11), we have
T
(312)  |Is| < 2RC /S E®D/2 ()] uf [0 || W) 50D g,

Using Young’s inequality with p = 2/[(1 —60)(p+1)] and ¢ = 2/[2 —
(1 =6)(p+1)], we obtain

1-6 1 0 1 1
(3.13)  [Jul|S V|| Tu gt
< C’(e)||u|\§ + e||vu||[22{9(p+1)+1}]/[2—(1—9)(p+1)]

3

where € > 0 and C’(¢) is for some positive constant. By (2.16), we can
easily check that

2(p+2)

(3.14) [|Vul|3 < E(0).

In order to calculate (3.12) with (3.13) and (3.14), we obtain that
T T
(3.15) I3 < C*(e) / EP=1/2(4) / |u?da dt + ke / E®HD/2(4) dt,
s Q s

where

2 2 p/[2—(1-0)(p+1)]
C*(€) = 2RCC'(c), k= 4RC{("):)E(O)}
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p+2
Using (3.9) with ¢ = p+ 2 and p = 2(p + 1), we deduce that

Estimates for I := (n —1- > / EP=D/2(4 / |u|PT2dx dt:

2 +1)/(p+2
lullpsz < Cllul[3/ @+ |lul [§ 0]+,

where § = (p+1)/(p + 2). In addition, using the imbedding H}, (€2) —
L2(p+1)(Q) and Cauchy’s inequality,

llullpis < Cllullal|Vull§™ < C"(€)l[ul3 + CeB(1),

where € > 0, and C"(¢) stands for some positive constant. Hence,
(3.16)

T T
I < C’e/ EPHD2 () dt + C**(e)/ E<P-1>/2(t)/ lu|?dz dt,
S S Q
where C**(e) = C"(e){(n — 1) — (2/p + 2)}.

T
Estimates for Is ::/ E(p_l)/Q(t)/ (m-v)[u/'PdUdt: By (2.7)
and (2.8), we have T

/ (m - v)lu/|*dl < C (m - v)(u'g(u"))>/ P+Ddr
|’ |<1

/| <1

< C( /F l(m : V)u'g(u’)df) o

< C(—E? P+
and

/ (m - v)|u/[2dl < / (m-v)u'g(u')dl < —CE'.
Ju'|>1

lu'|21

Hence,
T T
/ Be-D/2(p) / (m-)|o 2T dt < / cEHD/2(1)_C(e) B (1) dt
s lu|<1 s
T
<e / EPHI2(4) dt + C**(€) E(S)
S

and -
/ E(p—l)/z(t)/ (m - v)|/[2dD dt < CE(S),
S |[u’|>1

where C***(¢) stands for some positive constant.
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Replacing the above inequalities ((3.6), (3.7), (3.15) and (3.16)) in
(3.4) and using (2.2) and Young’s inequality, we arrive at

T
/ E(pfl)/Z(t)/ (|u'|2_2|u|ﬂ+2> dz dt
s Q p+2
T B
+/ E(pl)/2(t)<1+/ |Vu|2dgg)/ |Vu|>dz dt
s 2 Ja @

< CE(S) + C(e)E(S)
+ (o) /TE(p‘l)/z(t)/ luf2da dt
S Q

T
+Ce/ E®HI/2(4) dt
S

T
(p—1)/2 2
+/S E (t)(1+ﬁ/Q|Vu| d:c)
R? [(ou\? u
./Fl (5 (61/) +(n— 1>u8u> dI' dt.

Step (3). (Significant boundary term.) Now we will estimate the
last term of the right hand side of (3.17).

T R? (0u\>
Estimates for Ig := / EP=D/2(3) (1+5/ |Vu2dx)/ < <)
S Q r ) ov

0
+(n— l)uazj) dl' dt: From (3.1) and Young’s inequality, we have

HOR 1>“2§5
< v(gu " k(O)u) R O)uf? + (0 — 1 — 294(0))
< 2va®(x)g*(u) + 27(/(: K'(t — s, z)u(s, x) ds)2

— Ak(O)uf? + (1~ 1~ 29h(0))u 2,

(3.17)

Ju
ual/

where y:= v(z) = n/k(0) with n >max{(n—1)/2, (R?/8)|[k(0)|| L= (1)}
Therefore, we will obtain the desired estimate of I if we can estimate
the right hand side of the above inequality.
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Firstly, by calculating I5 in a similar manner, we have
(1 +5 |Vu|2dx> / 2va?(x)g? (W) dl dt < C(—E")?/(P+D)
Q lu/|<1
and

(1 + ﬁ/ |Vu|2dx> / 2va?(2)g*(u') dT dt < —CE'.
Q |lu’|>1

Hence, using Young’s inequality with [(p—1)/(p+1)] + (2/(p + 1))
= 1, we obtain that

(3.18)
T
(r=1)/2 ul2dx a2(2) o2 ('
/S E (t)<1+6/Q|V 24 >/Iu/<12'y (2)g?(u') dI" dt

T
<e / EWV2() dt + C(e)E(S)
and s
(3.19)

T
/E(pl)/Q(t)<1+6/ |Vu|2d:c>/ 2va?(z)g?(u') dl' dt < CE(S).
s Q lu'[21

Secondly, let £ > 0 be satisfied such that

(3.20) Einf k'(0) +1> 0,
and define £(0)
TR

from (3.20), j > 0 and j € L*°(T';). On the other hand, we have

(/Ot K (t — s, 2)u(s, ) ds)2

t
- j/ E'(t — s, 2)(u(t, ) — u(s, x))’ds + jK'u*
0

< (/Ot k’(t—s7x)ds> (/Ot E(t — s,2)u?(s, x) ds)

t
—j/ E'(t — s, 2)u?(s,x) ds
0
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t
+ 2ju/ K"’ (t — s, 2)u(s,x) ds — jK (0)u® — jk'u® + jk'u?
0

< (k—k(O))/o K (t—s,z)u?(s, ) ds—j/o E'(t—s,2)u?(s,z) ds
2

+j<k’(0) + 2>u2 + §j</0t E'(t — s,2)u(s, x) ds>
< (ikw) i+ sk’m))) / Kt — 5,5, ) ds
+i(KO)+ ¢ )l
< fiak(())|u|2.

Since j € L>°(T'1), it holds that

[ Eer(1es [ vupar)
/F 27{</0tk'(t—s,x)u(s,x)ds>2

t
— j/ E'(t — s, 2)(u(t,z) —u(s,z))*ds +jk"u2} dr dt
0

) T
gl/ E<P—1)/2(t)(1+5/ |Vu|2das>/ u|2dI dt.
§a Js Q Iy

Hence,

T
(3.21) Z/S E<P—1>/2(t)<1+5/QVu|2dx>
2

~/Fl’y</0tk'(ts,:z:)u(s,:c)ds) dr dt

T
gCE(S)+2—"/ E<P—1>/2(t)<1+5/ |Vu2dx> |u|2dT dt.
fa Jg Q

Iy

Finally, let ¢ be a solution of —Ap = |u|?u in Q, ¢ = uwon . By
the classical results of the elliptic partial differential equations theory
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we have
/V@-Vudac —/ |u\p+2dx:/ |V<p|2d9c—/ |u|Puyp da,
Q Q Q Q

and

Multiplying (3.1) with E®®~D/2(t)y and integrating from S to T, we
obtain

(3.22) / EP=D/2(4 (1+/3/ |Vl da:) %dl“dt

T

_ _{E@l)/z/ ufwdx]
Q s
/ E(r— 3)/2( tE (t )/u'(pdxdt
Q
/ Be-D/2 / 'l da dt
_/ E(p—l)/Q(t)<1+ﬁ/ |Vu|2dx)/Vu~V<pdacdt
5 Q Q2
T
+/ E(”_l)/2(t)/ |u|Pug da dt
s Q
T
_ {E(p—n/z/u@dx]
/ EP=3)/2(¢ ()/ugpd:cdt
+/ E(p—l)/Q(t)/u’go/dmdt
s Q
T
7/ EP-D/2(p) (1+5/ |Vu|2d:c)/ |V|?da dt
T
/ E(r— 1)/2 (1—|—ﬁ/ |Vu|2dx>/ |u|p+2dxdt
s
T
/ E®=D/2(4 <2+ﬂ/ |Vul da:)/ |ulPup da dt.
g Q

+
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Note that
T

—{E(”B)/Q/u’gpdm] < CE(S),
Q S

T
/ E0-32(1) B/ (1) / Wpdzdt < CE(S)
S Q

and
T T
/ E(p_l)/Z(t)/ u'@’dmdtfe/ E(p_l)/Q(t)/ [’ |2da dt
s Q s Q
T
+C(e)/ E(”*l)/z(t)/ |¢'|2da dt
s Q
T
ge/ E(”_l)/Q(t)/ /|2 da dt
Q

S

T
+ C(e) / E®V24) [ |/ |2de dt
S I

T
< CE(S)+C(e)E(S)+3¢| EPHI/2(t)at.
S

Using the imbedding H} () < L2**1)(Q) and Poincare’s inequality,
we obtain

T
/ E<P‘1)/2(t)<2+6/ IVulzdx>/IUIpwdfvdf
s Q Q
T 1
g/ E<p1>/2(t)(2+5/ |vu|2dx>/|u|2<ﬂ+1>dxdt
s Q o2

T
1
+/ E<P1>/2(t)<2+6/ |Vu2dx>/|<p|2dxdt
s Q Q2

T
< O/ E®HO/2(4) dt.
S

Replacing the above inequality in (3.22), we obtain

T
(3.23) —/ E<p—1>/2(t)<1+5/ w%m)/ w2 ar ar
s Q I, v

T
< CE(S) + C()E(S) + Ce / BEOD2(p) g
S
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Hence, by replacing (3.18), (3.19), (3.21) and (3.23) in Ig, we arrive at
(3.24)

T
Is < CE(S)+ C(e)E(S) + Ce/ E@HV/2(1) dt
S

T
+/S EP=D/2(4) <1 +6/Q Vu|2dm> /P (?Z —nk(O))|u|2dF dt.

Therefore, we replace (3.24) in (3.17) to obtain

T
2
/ E(p’l)/Q(t)/ (|u'|2 - |u|”+2> da dt
s Q p+2

T
s 2 Ja @

(3.25)
< CE(S) + C(e)E(S) + Cle) /T E@H)/z(t)/ u|?dx dt
Q

S

T T
+C’e/ E®+HD/2 () dt—i—/ E<p—1>/2(t)<1+6/ Vu%{a:)
S S Q

: n 2
/n (m nk(0)>u| dr dt.

Step (4). (Deducing the result.) Multiplying (2.10) by E®=1/2(¢)
and then integrating from S to T" using (3.25) and the hypotheses of k,
we obtain

T
(3.26) / EW@HD/2(1) dt
S

T
gc/ E(p’l)/Q(t)/ lu?dx dt + CE(S)
S Q

T
+0/S EP=D/2(1) <1+ﬂ/QVu|2dx>

' /pl (ZZ +(1- ”)k(0)> [u|?dT dt.

On the other hand, we can obtain 2n/(¢a) + (1 — n)k(0) < 0.
Indeed, the condition (2.5) implies that there exists a & > 0 such
that ainfr, k(0) > —(2 + ¢')infr, £'(0). We choose £ > 0 such that
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—&infr, k' (0) = (¢ +4)/(2(¢' + 2)). Then, we get

21 U Nine '
— 1—-n)k(0) < —|(2 2 f£°(0 k(0) = — k(0).
bt L= MEO) < gL (2462 +€)EK(0)) +K(0) = — 52+ K(0)
Therefore, if we choose
R? 2t
n = max {n 1, (5 + g) ||k(0)||Loc(p1)},
then we have
2n
3.27 — 1-n)k(0) <O0.
(3.27) 24 (1= k() <
Replacing (3.27) in (3.26), we obtain the result of Lemma 3.3. O

Lemma 3.4. There exists a Ty > 0 independent of u(t) such that, if
T > Ty, then the inequality

T
(3.28) / E<P—1)/2(t)/ |u\2dxdt§/ \Vul?dzx
S Q Q

T

—|—C/ E(pl)/Q(t)<1+5/ |Vu|2dx>/ a*(z)g*(u')
s Q T

_ %k/(t,mw?dr dt

T
+C/ E<P—1>/2(t)<1+ﬁ/ |Vu|2d1:>
s )
1 t
/ 7/ E'(t — s, 2)|u(t,z) — u(s,z)|>ds dT" dt
r; 2.Jo

holds for 0 < S < T < +o0.

Proof. We will argue by contradiction. If (3.28) is false, then let
{u:(0),u}(0)} be a sequence of initial data where the corresponding
solutions {u;} of (3.1) with F;(0) uniformly bounded in ¢ verifies

T 2(p—1)/2 2
E! t 2dx dt
(3.29) lim Js Ei (1) Jo [uilde =00

1—00 Ai ’
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where E;(t) is defined by F(t) with u replaced by u; and

Q

T
+ [ B <1+/3 / |Vui|2dx)
S Q

[ (@) - o )

T
+/ E§P—1>/2(t)<1+ﬂ/ |Vui|2dx>
S Q

1 t
. / f/ E'(t — s,2)|ui(t, x) — ui(s, )|*ds dU dt.
r, 2Jo

Since E;(0) is uniformly bounded in ¢, we have FE;(t) < C for all
i € N, for all £ > 0. Then, we obtain a subsequence, still denoted by
{u;}, that satisfies the following properties:

u; — u  weakly in H'(Q), Q=Qx (0,T),
u; — u  weak star in L*°(0, T} Hllo (€)),

ui — u' weak star in L>(0,T; L*()),

u; — uw  weakly in L2(0,T; L*(T)).

By compactness results, we have that

(3.30) u; — u strongly in L2(0,T; L*(Q))
and
(3.31) u; — u strongly in L?(0,T; L*(T)).

In what follows, we shall use the ideas contained in Lasiecka and
Tataru [28], applied to our context. Assume that u # 0. According to
(3.30), we obtain that

|u;|Pu; — |ulPu  almost everywhere in Q.

From the above convergence and the sequence {|u;|?u;} which is
bounded in L?(0,T; L%(f2)), we conclude by Lions’s lemma that

|ug|Pu; — [ulPu  weakly in L*(0,T; L*(Q)).
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In addition, since fST EPV2 Jo lui|?dx dt is bounded,

T
(3.32) /Q|Vul-|2dx+/s Ei(p_l)/g(t)<1+5/QVui|2dx)
{/F a2(x)g2(u;)dr—/ %k’(t,x)|u,»|2df

I'y
1 t
+/ 5/ E'(t — s, ) |ui(t, 2) — ui(s,2)|?ds dI‘} dt — 0,
r, 2o

as ¢ — oo. Since S is chosen in the interval [0,7"), and by assumptions
of k', k", a(x) and g(x), we can obtain that
u; — 0 strongly in L*(0,T; H%O(Q)),
a(x)g(ul) — 0 strongly in L?(0,T; L*(T'1)),
u; — 0 strongly in L?(0,T; L*(T1)),
u(s,x) = u(t,z) almost everywhere in I'y x (0,7).

Passing to the limit in the equation, when i — oo, we obtain, for u,

v — Au = |u|fu  in Q,

(3.33) y=" on o (0.0,
8%/&:0, u'=0 onTyx(0,T),

and, for v’ = v,

v = Av=(p+1)|ulfv inQ,
v=20 on I'y x (0,7),
P w=0 Iy % (0,7)
al/i , U= on 1l y .

Since u € L>(0,T; Hf (Q)), (p+ 1)|ul” € L>=(0,T; L™(2)). Then, by
the result of [28], we conclude that v = v/ = 0 for sufficiently large T
Returning to (3.33), we obtain the following elliptic equation:

—Au = |ulfu  in Q,

u =0 on Iy,
0
871::0 onfl.
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Multiplying the equation by u, we get
/ |Vu|*dx —/ lu|PT2dx = 0;
Q Q

_ P
AR

However, if u # 0, we obtain that

hence,
[[Vull3-

_r 2

due to (2.15). This is a contradiction.

Now, we assume that © = 0. Setting

T
_ i(t
Xf:/ EP 1)/2(15)/ lus|2dz dt  and m(t):“().
S Q

Then, we obtain

(3.34) / o 1/2()/ @i[2da dt
2

¢
/ EPV2(¢ /\u |*dxdt = 1.

In addition, since u = 0, we have that y; — 0 as ¢ — oo. Since S is
chosen in the interval [0, T), from (3.29), we have

(3.35)

[ vupas [ B (148 [ 1vupac){ [ l(iau)g(u;))er

1
— [ Zk(t,z)[a)?dl
Fl 2

1 t
+/ 5/ k‘”(ts,x)ui(t,x)ui(s,m)|2dsdf}dt—>0
r, 2.Jo

as 1 — 00.
On the other hand,

/|utx\dm+ /|Vutx\da:
1
—|—§( [Vau(t, x)| da:) —2( +B/|Vu| da:)
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. / /t K (t — 5, 2)[T(t, z) — (s, o) |2ds dT

<1+6/ |Vu|2d:c> /1 k(t, )[T(t, z)[*dT
p+2/ [a(t, z)|P2dx
< 2X?{/Q|u;(t)|2dx+/ﬂ|Vui(t)|2dx+g(/QWu(t,z)Fdx)Q
+ (1 +ﬂ/Q |Vu|2d1') /F1 k(t, z)|u;(t, )| 2dT
- (1 +ﬂ/9 |Vu|2dx)

: /1“1 /Olt E'(t —s,2)|ui(t, x) — ui(s,z)|*ds dF}.

From (2.15), we have

1 o _pt+2/(1 2 1 +2
V)] < P22 (V)2 = ——[Ju@®)]17F2 ).
17w < 222 (SIvuOl - Sl

Hence,

= p+2
Eilt) < © 5 Bilh),

implying that ||@}(¢)||3 and ||V, (t)||3 are bounded. Then, in partic-
ular, for a subsequence {%;}, from the boundedness of |[u}(t)||3 and
[|[Va;(t)||3 and (3.35), we obtain

u; —» u  weak star in L*°(0,T; H11‘0 (),
u; — u' weak star in L>°(0,T; L? (Q)),
T; — @ strongly in L*(0,T; L*(Q)),
w; — 0 strongly in L*(0,T; Hp, (),
1

;a(m)g(u;) — 0 strongly in L*(0,T; L*(T1)),

w; — 0 strongly in L?(0,T; L*(T)),

u(s,x) =u(t,z) almost everywhere in I'y x (0,7).
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In addition, u; satisfies the equation

ﬁél — (]. + ﬂ/ |VUZ|2dI’) Aﬂi = \ul\pﬂz in  x (0,11)7
Q
;=0 on 'y x (0,7),
3.36 7 t
(3.36) o +/ K'(t — s, z)u;(s,x)ds
ov 0 .
+k(0)u; + X—a(x)g(u;) =0 on I'y x (0,7T).

We note that

T
/ /\|ui|pm|2dacdt:/ 132 s |20 e
0o Jo Q

(3.37) _ / 32 uus |2 it
Jui|<e
+/ ;)2 |u; |*P dz dt,
|u;|>e

where Q@ = Q x (0,7). According to the fact that the function
F(s) = |s|# is continuous in R and S = supy, <. |F'(x)] is well defined,
from (3.37), we have
4 2 2p+2
— 12 20175112 -
|l P de < S2AI sy + XTI

Since {@;} is bounded in L>(0,T; Hp () — L>(0,T; L**+3(1Q)),
there exists a C' > 0 such that

T
/ / ||wi|PT;|2de dt < C(S? + xf").
0o Ja
Then, taking ¢ — 0 and ¢ — oo, we conclude that
(3.38) lug|P; — 0 in L2(0,T; L*(Q)) as i — oo.
Passing to the limit in (3.36) as i — oo, we obtain

' —Au=0 inQx(0,7),
=0 on Iy x (0,7),

=0 on 'y x (0,7).

N

(3.39)

Sk
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Furthermore,

T
(3.40) / E@—l)/?(t)/ [a|?dz dt = 1.
0 Q
Then, v = U’ satisfies (differentiating problem (3.39) with respect to t)

v —Av=0 inQx(0,T),

v=0 on I'y x (0,7),
%:0 onI'y x (0,7).

Hence, we can obtain that v = = 0 (see [39]). We are able to rewrite
(3.39), as

—Au=0 in{,
u=20 on Fo,
ou

5:0 on I';.

Since u € Hp (), we conclude that @ = 0 in Q. This is a contradiction
0 (3.40). Thus, the proof is complete.

By replacing (3.28) in Lemma 3.3, we have
/ E®HO/2(4) dt < / |Vu|*dz

+0/ Be-D/2( <1+5/ IVul da:)/F 2(2) g2 (')

- §k'(t,x)|u|2dr dt

T
+C/S E<P1>/2(t)(1+5/Q|Vu|2dx>

¢

/ 1/ E'(t — s, 2)|u(t,z) — u(s,z)|>ds dl dt
r, 2Jo

+ CE(S)

T
gc/ E<p—1>/2(t)/ a2(2)g2 (') dT dt
S - |[u'|<1
+c/ E<p—1>/2(t)/ a®(x)g*(u') dU dt
S |[u’|>1
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+ O/T E®-D/2()(— E'(t)) dt + CE(S)
S

T
< Ce / EPTD2@4) dt + C(e)E(S) + CE(S).
s
Hence, we can choose € satisfying the inequality
T
/ EPHI24) dt < CE(S).
s

Consequently, we arrive at the result of Theorem 2.1 using Lemma 3.1.
|

4. Proof of Theorem 2.2. In Section 3, using a polynomial growth
of function g near the origin, we proved the energy decay rates for the
solution of (3.1). However, using hypotheses (H3), we cannot prove
the energy decay rates as in Section 3 since (Hg) means that g has
no polynomial behavior near the origin. This implies that we cannot
use Lemma 3.1 in this section. Therefore, we present two technical
lemmas which will play an essential role in establishing the asymptotic
behavior.

Lemma 4.1 ([29]). Let E : Ry — Ry be a nonincreasing function
and ¢ : Ry — Ry a strictly increasing function of class C* such that

$(0)=0 and @) — +oo ast— +oo.
Assume that there exist o > 0, ' > 0 and C > 0 such that

400 C
EYo ()¢ (t)dt < CE'™(S) + — s

s (L+0(9))”

0< S < +oo. Then, there exists a C' > 0 such that
C

(L o)
Lemma 4.2 ([29]). There exists a function ¢ : Ry — Ry of class
C? increasing and such that ¢ is concave, ¢(t) — +oo as t — +oo,
¢'(t) = 0 as t = +o0 and

E7(0)E(S),

E(t) < E(0) for allt > 0.

“+o0
/1 &/ (t)(a~ L& (£)))2dt < +o0,

where « is defined on (Hg).
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Proof. Now, we begin the proof of our result. In what follows, the
symbol C' indicates positive constants, which may be different. We
multiply (3.1) by E(t)¢'(t)Mu, where ¢(t) is a function under the
hypotheses of Lemmas 4.1 and 4.2. Then, we have

o_/ Bt / Mu)<u - <1+5/ vl d:r)Au—|u|pu> da dt
:/S E(t)(b’(t)/Q (2(m - Vu) + (n— 1))
X (u” <1+5/Q Vu|2d:v>Au u|Pu) da dt

_ / B / 2u’(m - Vi) de dt
S Q
+/;E(t)¢’(t)(1+ﬁ/g|Vu|2dx>/Q2Vu~V(m-Vu)dxdt
—/TE(t)qS’(t) (1+B/Q|Vu|2dx>/r221:(m-Vu) dr dt
/ E(t /2|u|pu(m Vu)dz dt

E(t / wu dx dt

/
+(n—1)/s Et)¢'(t <1+5/ |Vu|2dx>/|Vu|2d:rdt
(nl)/TE( )/ (t <1+5/ |Vu|2d:c> . %udl“dt
A

BE(t ’(t)/ lu|P T2 da dt.
Q
Note that

/ E(t /2u”(m Vu) dz dt

_ {E(t)qﬁ’(t) /g 2u/(m -V dx} '

S
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T
/’<E%w¢<>+zx>¢<>)/2u«m.vamdt

Q

/ E(t /2u (m - Vu') dz dt,

/STE(t)(;S'(t)<1+6/Q|Vu2dz>/QQVU~V(m~Vu)dxdt
:(2—n)/STE(t)¢’(t)<1+B/Q|Vu2da:>/Q|Vu|2dxdt
—|—/STE(t)¢’(t)(1+B/Q|Vu|2dx) /F(m~u)|Vu|2dth

T
(n—l)/s B (1) /Quu d dt

=(n—1) [E(t)¢’(t) /Q u’udxr

and

S

—(n—l)/S (E'(t)¢’(t)—|—E(t)¢”(t))/ﬂu’udxdt
T
—(n—l)/s E(t)d)’(t)/ﬂ|u’|2dmdt.

Replacing the above calculations in (4.1), we obtain

(4.2) /S " Ee ) /Q <| i2u|p+2> dudt
+/STE(t)¢’( <1+§/Q|Vu dx)/Q|Vu|2dxdt

=—F®W@L wmw}:

/ B /Q (Mu) dz dt

+2/ E(t /|u|pum Vu) dz dt
s
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' (n_l_p;) [ B ' o0 [ o2
——/ E(t /\Vu| dm/ \Vu|*dz dt
+/TE( )’ (t <1+5/ |Vl dx) /Fo(m-y)|vu|2drdt

/ BOO@) [ (m- ) Far i

’t)<1+B/Q|Vu2da:> [ g (Mu) dr dt

’t)(l+ﬂ/ﬂ|vu2dac>/F (m - v)|Vul2dT dt.

By using same argument as in Section 3 and Ji-Jy in [37], we obtain
T T

(4.3) / E2(t)¢'(t) dt < CE*(S) + CE(S)/ ¢'(1)(B7H(¢' (1)) dt.
s s

Finally, we estimate the second term of the right hand side of (4.3).
From the condition on ¢, we can consider, without loss of generality,
that ¢(1) = 1. Considering the change of variables s = ¢(t), we have

—+oo

¢ (t) (a1 (¢ (¢)))?dt

1

+oo
- / (a1 (¢(67(5))))2ds

I
—
+
8
N
Q
L
/N
—~
=
\: —
—~
)
S~—
~——
~——
()
QU
@

We consider the function i by

w(t):l—i—/l a(ll/s)ds, P> 1.

Then, 1) is a strictly increasing function of class C? that satisfies

i 1

Y(t) — 400 ast — +oo

— +00,
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and

[T Gt o [

Simple computation shows that ¢” > 0, which implies that v’ is
nondecreasing and 1 is convex. Moreover, it is easy to verify that
™1 is concave.

Setting ¢(t) = 1 ~1(t), we can rewrite (4.3) as
“+o0

| B 0o i< cE¥S)+ CEG) [ dlo) @)
S S

< CEX(S) + CE(S) /4) :: (a—l ( Wts)))st
c

#(5)

and, applying Lemma 4.1 with ¢ = ¢/ = 1, we deduce

< CE*(S) + E(S),

for all ¢ > 0.

C
(4.4) E(t) < T

Let sg be a number such that a(1/sg) < 1. Since « is nondecreasing,
we have

1) L 1
B(1/s) — F(1/s)’
Consequently, keeping in mind that ¢ = 11, the last inequality yields

1 L
s<¢<ﬂﬂ®)¢@ Vit = s

P(s) <1+ (s— for all s > so.

Then,

1 /1
s 1 oe(l)
Combining (4.4) and (4.5) proves (2.20).

It remains to prove (2.21). Assume that G(0) = 0, and G is
nondecreasing on [0,7] for some n > 0. Let T3 be a number such
that G(1/t) < n for all ¢ > Ty, and set Ty = sup{7y1,1/n}. Assume
that ¢ is an increasing and concave function such that, for all t > T,
¢'(t) < mand ¢'(t) < G(n) and ¢'(t) — 0 as t — +o00. Then, due to



412 TAE GAB HA

Martinez’s idea [29, page 438], and by the same arguments as (4.3),
we obtain

T T
/ E%(t)¢'(t)dt < CE?*(S) 4 CE(S) /S ' (1)(G7L(H (1)))%dt.

s
Define
_ t
¢—1(t) =15+ - mds, for all t > T.
Then, .
~ st
(b(t) 2 2 2 T]7
SO .
t) = G<~> <G
(t) 0 (n)
and
P (t) < (1) = G<¢~)(1T2)> < G<12> < GGI) <n forallt>T.

Then, (Z satisfies all of the requisite properties. Thus, from the same
argument as (4.4), we obtain

C
(4.6) E(t) < = for all ¢t > Ty.
¢*(1)
Since, for all s € [0, 1], a(s) < s, i.e., G(s) < 1, we see that
~ t—T t 1
(4.7) ¢t < To + 2 < =

G(1/t) — GA/t)  a(l/t)

Combining (4.6) and (4.7), we can prove (2.21). Thus, the proof of
Theorem 2.2 is complete. (]
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