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BLOW UP OF FRACTIONAL
REACTION-DIFFUSION SYSTEMS
WITH AND WITHOUT CONVECTION TERMS

AROLDO PEREZ

Communicated by Colleen Kirk

ABSTRACT. Based on the study of blow up of a par-
ticular system of ordinary differential equations, we give a
sufficient condition for blow up of positive mild solutions to
the Cauchy problem of a fractional reaction-diffusion system,
and, by a comparison between the transition densities of the
semigroups generated by Aq := —(—A)*/2 and A, +b(z) -V
for 1 < a <2, d>1and b in the Kato class on R?, we
prove that this condition is also sufficient for the blow up of
a fractional diffusion-convection-reaction system.

1. Introduction. Let d be a positive integer, 8; > 1, a; € (1,2)
and
b; : RY — R?

a function in the Kato class ICg"'_l on R? (see Bogdan and Jakubowski
[3, page 185]), ¢ = 1,2. In this paper, we study blow up in finite time
of positive mild solutions to the Cauchy problem for the next fractional
reaction-diffusion system with convection terms

(1.1)

W:(Aal+bl(f”)'V)ul(tax)vLUzl(t,x), t>0, z€RY
W:(Aag+b2(x)'V)UQ(t’I)+u12(t’x), t>0, Z'G]Rd7
Uz(O,J)) = fl(.’L’), = Rd, i = 172)

2010 AMS Mathematics subject classification. Primary 35B44, 35C15, 35K57,
35510.

Keywords and phrases. Fractional Laplacian, non linear reaction-diffusion sys-
tems, finite-time blow up, mild solution.

Received by the editors on November 29, 2016, and in revised form on Febru-
ary 22, 2017.

DOI:10.1216/JIE-2018-30-1-181 Copyright ©2018 Rocky Mountain Mathematics Consortium

181



182 AROLDO PEREZ

where
Ay, = —(—A)*? 1<a; <2,

denotes the fractional power of the Laplacian, f; is a nonnegative, not
identically zero, bounded continuous function, ¢ = 1,2 and V is the
gradient operator, i.e.,

9
bi(x) - Vg(a) = D b (@) 52 (a),
j=1 !

x=(21,...,2q), b= ( i,...,bﬁi),
i = 1,2, for any differentiable function g on R?.

Let p;(t, x, y) be the transition density of the semigroup generated by
A,,, i =1,2. It is known (see Bogdan and Jakubowski [3, Theorems
1, 2]) that the semigroup generated by A, +b;(z) -V has a continuous
transition density pi’ (t,z,y) such that, for every 0 < T < oo, there is
a C; = Cy(d, a;,b;, T) > 1 that satisfies

0<t<T, xzyeR?

and C; - 1asT — 0.
The associated integral system to (1.1) is given by

wi(t,w) = | plit,z,y)fily)dy
(1.3) /W

t
+/ / PY(t — s,z y)ul (s, y) dy ds,
0 Rd

t >0, x € RY where i € {1,2} and i/ = 3 —i. A solution of integral
system (1.3) is called a mild solution of (1.1). In this paper, solutions of
(1.1) should be understood in this mild sense. If there exists a solution
(u1,uz) of (1.3) defined in [0,00) x R?, we say that (uy,uz) is a global
solution, and, when there exists a number T, < oo such that (1.3)
has an unbounded solution in [0,t] x R? for every ¢ > T}, we say that
(u1,uz) blows up in finite time.

The study of systems like (1.1) arise in several fields, such as heat
conduction, chemical reaction processes, combustion theory, physics
and engineering, see Beberbes and Eberly [2] and Samarskii, et al.,
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[23]. Generators of the form A, perturbed by gradient operators are
used in models of anomalous growth of certain fractal interfaces and
in hydrodynamic models with modified diffusivity, see, for example,
Bardos, et al., [1] and Mann, Jr., and Woyczynski [16].

For a single equation, with o = 2 and without a convection term, in
his pioneering work, Fujita [6] showed the influence of spatial dimension
on the finite time blow up versus global existence of solutions. Also see
[12, 13, 24, 21] for cases with 0 < o < 2. Within the framework of a
fractional diffusion equation, this spatial dimensional influence for the
thermal blow up in a superdiffusive medium with a localized energy
source was also shown in Olmstead and Roberts [18]. Introducing
convection through a linear transport term that is proportional to the
convection speed, under a one-dimensional domain of infinite extent
and a nonlinear source term g(u) satisfying g(u) > 0, ¢’(u) > 0,

¢"(u) >0, u>0 and
/‘”Lu@o
0 9(u) 7

Kirk and Olmstead [11] have shown that there exists a critical convec-
tion speed above which blow up is avoided and below which blow up
is guaranteed. For the case a = 2, Tersenov [25] showed that, for the
problem with Dirichlet boundary condition on a domain Q C R?, that
lies in a strip, e.g., |z1| < l1, a large enough coefficient b can bring a
sufficient cold substance from the boundary so as not to allow the term
u? to blow up the temperature. However, due to (1.2), in this paper
(see Theorem 2.1), we will prove that when volume energy release is
given by powers greater than one, and the convection terms are of the
form b;(z) - V for b; in the Kato class, i = 1,2, the blow up in finite
time of system (1.1) without convection terms (b; = 0, i = 1, 2) implies
blow up in finite time of system (1.1) with convection terms (some b;
non-zero, i = 1, 2).

The finite time blow up of systems like (1.1) was initially considered
by Escobedo and Herrero [5] for the case a; = as = 2 without

convection terms. In this paper, in Theorem 2.2 we have proved that
the positive mild solution of the reaction-diffusion system

v, (t, x)

(1.4) ot
vi(O,iC):fi(l'), feRdv

= Ay, vit,z) + vl (tx), t>0, z€RY
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i€{1,2} and ¢’ = 3—i, where 0 < o; < 2 and d, §3;, f; are as in system
(1.1), blows up in finite time if

a1 Voasg
BV B —1

Theorem 2.1 given below allows us to conclude (Corollary 2.3) that the
positive mild solution of system (1.1) also blows up if (1.5) holds. Re-
lated cases involving perturbed and unperturbed Laplacian, fractional
Laplacians and fractional derivatives may be found, for instance, in
4,7, 8,10,9, 17, 19, 20, 14, 22, 26]. For instance, Villa [26], and
Guedda and Kirane [7], have considered more general systems than
(1.4), which, reduced to our case, imply, respectively, that the solution
blows up in finite time if

(1.5) d<

B1+ B2 + 2
(B2 +1)/(c1 V) + Ba2(fr+1)/(cn ANag) — 1/ (a1 V )

d<
T B

and

< (B1V B2) (1 A az)

- B1B2 —1

Note that, when 81 = 82 and a; # «s, the condition (1.5) is better.
And, when 81 # (B2 and a3 = «g, the blow up condition (1.5) is
better if the difference between 7 and [ is not very large; namely,
(B1V B2)? < (B1 A B2)(B1V B2+ 2) + 1 for the Villa condition, and
(B1V B2)? < (B1V B2)(B1 A B2+ 1) —1 for the Guedda and Kirane

condition.

On the other hand, Kakehi and Oshita [8] showed for the case
a1 = ag = « that the solution of system (1.4) blows up in finite time if
a(BrV B +1)

Brfa—1

Note that, in this particular case, the Kakehi-Oshita condition (1.6) is
better.

d

(1.6) d<

A good reference for global nonexistence of positive solutions for
systems like (1.1) for the case oy = as = 2, not considered in our
paper, is Kirane and Qafsaoui [10]. In that paper, they additionally
considered, as a particular case, the system (1.4), and they showed
that, under the condition d < 2(8yV B2+ 1)/(8182 — 1) there are
no nontrivial global solutions. Note that this Kirane and Qafsaoui
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condition coincides (for o = 2) with the blow up in finite time condition
(1.6) given by Kakehi and Oshita.

2. Main theorems. The existence of nonnegative local mild so-
lutions for the reaction-diffusion system (1.4) and for the reaction-
convection-diffusion system (1.1) easily follows from the Banach fixed-
point theorem (see, for example, [20, Theorem 1] or [26, Theorem
2.1]); thus, we omit this standard calculation.

Theorem 2.1. The positive mild solution of the reaction-convection-
diffusion system (1.1) blows up in finite time if and only if the positive
mild solution of the reaction-diffusion system (1.4) blows up in finite
time.

Proof. Let 0 < T < oo be fixed. Let p;(¢,z,y) be the transition
density of the semigroup generated by A,,, i = 1,2, and p?i (t,z,y)
the transition density of the semigroup generated by A, + b;(z) - V,
it =1,2. From (1.2), we obtain

t
Cfl[/ pi(t,Ly)fi(y)dyﬂL// pi(t—s,z,y)ug"'(s,y)dde}
R4 0 JR2
t
S/ p?i(t,x,y)fi(y)der// Pl (t — s, 2, y)ul (s,y) dy ds
R4 0 JR4

t
< CU pi(t, z,y) fi(y) dy+/ / pit — 5,2, y)ul (s,y) dydsy
R4 0 Rd
0<t<T,zeRi=1,2
Letting the integral system

vi(t,x) = | pilt,z,y)fily) dy
(2.1) /R

t
+/ / pilt — s,2,y)v) (s,y) dy ds,
0 R4

t>0,z €R?% i=1,2, we have that vy, vs > 0 is a mild solution of the
reaction-diffusion system (1.4). Thus, by comparison,

C;lui(t, ) < wg(t,x) < Cvi(t,x), 0<t<T, zeR%
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Hence, (u1,usz) blows up in finite time if and only if (v, vs) blows up
in finite time. |

Theorem 2.2. Suppose that 0 < a; < 2, i = 1,2 and let o1 < as.
Then, if (v1,v2) is a positive mild solution of system (1.4) and

d _d(BV )

9 (%)

(2.2) +1>0,

the mild solution (v1,vs2) blows up in finite time.

As a direct consequence of Theorems 2.1 and 2.2, we obtain the next
result.

Corollary 2.3. Suppose that 1 < a; < 2,1 = 1,2, and let a1 < as.
Then the positive mild solution of the reaction-convection-diffusion
system (1.1) blows up in finite time if (2.2) holds.

For the proof of Theorem 2.2, we need some preliminary results.

3. Preliminary results. In the sequel, we denote the transition
density p;(t,z,y) of the semigroup generated by A,, as p;(t,z,y) =
pi(t,z —y),i=1,2.

Lemma 3.1. Let s,t > 0 and z,y € RY. Then,

pi
(i) pi(t ,93) (S/t)d/o‘bpz(s w) fort > s,
(iii) pi(t, (1/7)(z —y)) = pi(t, 2)pi(t,y) zfpi(t,()) <1landTt>2,
(iv) pi(t,x) > cpo(t®2/®1 x) for some 0 < ¢ < 1, if ay < .

Proof. For (i)—(iii), see [24, pages 46, 47] and, for (iv), see [15, page
1699). O
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Using Lemma 3.1 (iv), it follows from (2.1) that
wta) 2 [ (2200 - y) ) dy
R
t
+ / / cp2 ((t R y) v (s,y) dy ds,
o Jre

(3.1)
wltn) = [ palta =) dy

t
+//pz(t—s7x—y)vf2(s,y)dyd8-
0 R4

Lemma 3.2. If v1,v2 > 0 is a solution of the integral system (2.1),
then there exist some positive constants cg,vo and to, with tg > 1, such
that

min {v; (to, z),va (to, 2)} > cop2 (Y0,2), forallx € R%.
Proof. By (i) of Lemma 3.1, we can fix ty > 1 such that

P2 (15/°,0) <1 and o (to,0) < 1,

and thus, using (i) and (iii) of Lemma 3.1, we obtain

ag/al

'
P2 (t(ﬁ”/al,x —y) > 2‘%( . 796)272 (tgz/alﬂy),

202
_ t
pa (to,x —y) > 279y (%?2,95)292 (to,2y).

Using these inequalities, it follows from (3.1) that

az/al

U1 (to,l‘) Z p2< 0 7x) 2_dc/ D2 (tgz/a172y> fl(y) dya
Rd

202
t _
vy (to, @) sz(;?ax)2 d/ p2 (to, 2y) f2(y) dy.
Rd
We consider

a = min {2dc/Rd P2 <t0a2/a1,2y> fi(y) dy, 27¢ /Rd p2 (to, 2y) f2(y) dy}
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and o = to/2%. Then, from (ii) of Lemma 3.1, we obtain
U1 (t07 :L') Z atgd(al_QQ)]/(GIQZ)pZ (707 ’J)) )
v (to, ) = ap (0, ) -

_ atgd(al—a'z)]/(al%).
O

Finally, the desired result is obtained by taking cg

Let typ > 1 be as in Lemma 3.2. The semigroup property implies
it +to0) = [ pitn = ) to,0) dy
R

t
+ / / pi(t — 5,2 — y)ol (s,y) dyds,
0 R4

t >0, r € R, ¢ = 1,2 From Lemma 3.1 (iv), we have that
p1 (/2 1) > cpo(t, ). Thus,

V1 (tal/a2 + %o, x) > / Cp2 (tv L= y) U1 (to, y) dy
Rd

tal/a2
_% /[
0

V2 (tal/w + 750755) > / P2 (112 [ — y)vs (to, y) dy
Rd

)

Hence, Lemma 3.2 implies
(3.2)

U1 (tal/az +t0,$) > ccopz (t+ 70, 7)

/ cp2 ((tal/” —5)2/ g — y) vh" (s + to,y) dyds,
Rd

o1/

/dpg(t‘c“/“2 — 5,2 —y)vi? (s + to,y) dyds.
R

o1/

+/ / cpo ((t‘“/a? — s)%,x — y) vgl (s +to,y) dyds,
0 R4

V2 (tal/az JFtoagﬁ) > Cop2 (tm/% JF’Yo,x)

tal/QQ
J/
0

/dpg(t‘”‘l/o‘2 - s,w—y)vf2 (s+to,y) dyds.
R
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We define
El(t) = / p2(ta x)vl(ta {E) dl’, t Z 07
Rd

D (t) :/ po(t, x)ve(t, x)dx, t>0.
Rd

Lemma 3.3. If there exists a Ty > 0 such that U1(t) = 0o orva(t) = 0o
for all t > Ty, then the mild solution (vy,vs) of system (1.4) blows up
in finite time.

Proof. Suppose that 71(t) = oo for all ¢ > Tp. Let

6t 6t — s\ Y/
Ty<t<s< and T=< 3) .

202 4+ 1 S

From Lemma 3.1 (i), we have

pz(ﬁt—sal’—y)—< ° )d/mpz(s’i(x—y))-

6t — s

Since T > 2, it follows from Lemma 3.1 (iii) that

s
6t — s

pa(6t— 5,2 — ) > ( >d/a2pz(5al’)?2(57y)~

Therefore,
[ pa(6t = 5.2 = pa(sn)dy
Rd

> (& )d/wpz(s,m) [ sty dy

6t — s

~ () e

Since Ty < t < s, we have that 7;(s) = oo, and thus,

(3.3) /Rd p2(6t — s,z — y)v1(s,y) dy = oo.
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On the other hand, from (2.1) and the fact that fo > 0, we get

6t
2(6t, ) / /pg 6t — s, x — )lﬁz(s,y)dyds.
]Rd

Finally, from Jensen’s inequality and (3.3), we obtain

6t/(2°2+1) B2
wf6ta) > [ ( / p2<6t—s,x—y>v1<s,y>dy) ds = o0
0 R4

so that vo(t, z) = oo for all t > 6T and = € R?. Clearly, blow up of v,
implies blow up of vy. Similarly, it can be shown that, if T5(¢) = oo for
all t > 6T}, then vy (t,z) = oo for all t > 6T and = € R?. O

4. Proof of Theorem 2.2.

Proof. Multiplying equations (3.2) by po(t®1/®2 +to, z) gives
Pt/ - tg, )y (K292 + 1, 2)
> ceopa (t/°? + to, )p2 (t + 70, 7)

S VAD)

" / / cp2 (1002 - to, 2)pa((¢71/2 — 5)*2/ 1 & — )
Rd

ﬁl (s +to,y) dyds

and
P2t/ + to, T)va (t°/*2 + 1o, )
> copa (12 + to, 2)pa(t*1/ 2 + 49, 2)

o1/
+/ / P2 (t41/%2 4t 2)pa (/%2 — 5,2 — y)
0 R4

B2 (s +to,y) dyds.

Integrating with respect to z, we have
o1 /g

71 (1292 4 tg) > ceopa(t + 1412 + 1o + 7, 0) +/
0

/ epa (12192 4 tg + (172 — 5)°2/ 1 )t (s +to,y) dyds
Rd
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and

To (192 4 10) > copa(2t°1/°2 4ty + 70,0)

t“l/(’@
+ /
0

Using (i) and (ii) of Lemma 3.1, we obtain

/ po (2601702 4 gy — s,y)vf2 (s+to,y) dyds.
R4

ﬁl(tal/az + to)
> ceot + 191792 + 1o + 7)Y 2 py(1,0)

/o /s
s+ tg
+/0 /]Rd (tal/a? +t0+(ta1/a2 _s)ag/a1> D2 (5+t05y)

2’81 (s+to,y) dyds

and

@(ﬁl/o@ +to)
> ¢ (2192 4t + o) T 2 py(1,0)

e d/asz
S+t0
s + to,
/0 /Rd (Qtal/a2+t0_s> pa ( 0:Y)

v (s + to,y) dyds.
Now, applying Jensen’s inequality gives

fl(tal/(m + to) > CCO(t + tal/oQ +to + ’Yo)id/OQpQ(l, 0)

ay/az d/as
s +to - 51
+A C<ta1/a2 +t0+(ta1/a2 _S)(th/a1> V2 (5+t0) dS

and

To (%2 4 10) > co (2612 4t + 7o)~V *2py(1,0)

/e d/az
s+t B 5
+/0 (2t°‘1/°‘2‘—|—to—s> V1 (s + o) ds.

Using the facts that tar/oz _ g < por/e2 gpd a1 /as < 1, we obtain

T (£ 92 4 10) > cco(2t + to +0) "V 2 pa(1,0)
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o1/ a2 d/az
t
+/ c<8+0> To (s + t0)™ ds
0 2 )

(t+to
and
To (91792 1 10) > co(2641/%2 4 15 + 70) "2y (1,0)
o1/ a2 d/az
s+ tg _ B2
2t t ds.
+/0 (2(tal/a2 n t())) U1 (s +t0)"* ds
Thus,
61(toq/o¢2 +t0) (t + tO)d/a2
d/as
t+to
>cco| mm/———— 1,0
= 0<2t+t0+”m) pe(1,0)
o1/ a2
+2—d/azc/ (5+t0)d/a2 Ta (34—750)61 ds
0
and

Ez(tal/ag +t0) (t—l—to)d/aZ

d/as
t+to
- 1,0
—CO<2t0‘1/"2+t0+70> (L0

te1/az

+2—d/a2/ (3+t0)d/°‘2 U1 (s-i—to)B2 ds.
0

Assume that ¢ > 1. Since v = to/2“2, we have that to > 79. Thus,

T (%2 ) (t + to)d/az > 2742 ceopy(1,0)
o1/ a2
I Q—d/azc/ (s+ to)d/a2
1
s+ to)—dﬁl/az (s + to)d/‘” Ty (s + to)]’glds
and

To (£ o) (¢ + to)d/% > 2720y (1,0)
tal/GQ

+o—d/o2 / (s tho)d/az
1

(s + to)_dﬁ2/a2 [(s+ to)d/a2 71 (5 + o)) ds.
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Let 7 = min{2~%“2ccopy(1,0), 2792¢}. Since 0 < ¢ < 1, we have

Ty (292 1) (¢ + to) 2
ta1/a2

S [ (st Y [ ) (st s,
1

t>1,
w (1742 o) (¢ 4 1)/

o1/ a2

S [ (oo t0) W () (s 1),
1

t > 1, or, equivalently,

61 (tal/ag)td/az
tor/ a2
>+ 77/ sld/az)=(dbr/az) [gd/oags) (§)]Prds, 121/ > ¢y 41,
to+1
62(ta1/a2)td/oé2
o1/ a2
>+ n/ sld/o2)=(dBz/ez) [gd] 2ty (5))P2qs,  or/o2 > 4y 4 1.
to+1
Consider the integral system
(4.1)
t“1/0¢2
wy (t°/%2) =+ (301 A 392) wht(s)ds, /%2 >ty + 1,
to+1
o1/
wat ) =y [ A ) ds, e
to+1

where 01 = (d/az) — (df1/a2) and 0y = (d/ag) — (df2/as2). The
differential expression of (4.1) is

«
Eiétal/ag—ﬂqui(tal/ag)

— Zf;tal/azfln[(toq/az)el /\ (tal/ag)eg}wgl(tal/ag), tal/ag 2 tO + 17
%tal/(JQflw/Q(tal/ag)
Qs

e (G N G R G R
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wy (to + 1) = n = wa (to + 1), or, equivalently,
1) =0 (" At wh (1), t>to+1,
(4.2) ) =n (" A=) w(t), t>ty+1,
(t0+1) n=ws (to + 1),

whose solution satisfies
wf2+1(t) _ n,@z-H _ w251+1(t) _ 7751-1-1
B2 +1 Bi1+1

Assume, without loss of generality, that 8o > 1. Since 0 < 1 < 1, we
have

W) _ it
B2a+1 = [ +1

or, equivalently,

1/(B1+1)
1
wa(t) > (g: 1 1) R (SN S S B

Substituting this into the first equation of (4.2), we obtain

1

w(t) > (8% A 1%2) htl W BB @y > g1
B2 +1

Due to the assumption that 5o > (31, we have that 5 < 6y, and since

t>to+ 1, t% Atf2 =%, Thus,

>,31/(,31+1)

_ 1
w] 51(52+1)/(51+1)(t)w/1(t) > 77<B1 + tez, t>1to+ 1.

B2 +1
Integrating from ¢y 4+ 1 to ¢ yields

>51/(51+1)

n

B1/(B1+1) pt

1

Zn(ﬁl—i—l) / s%2ds.
B2 + to+1

Thus (recalling that 51082 > 1), we obtain

+ ﬂ B —1
£) > |p(=P1B2)/(Br+1) _ 102
w1( ) = |:7] ) :

Al [wu B8/ (B () _

(1—,8152)/(/3’14-1)]
1- BBz
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Bi/(B1+1) ,t (B1+1)/(1—B1B2)

1

. (ﬁl + ) / 892d8:| )
52 + 1 ¢

o+1
Since 02 + 1 = (d/ag) — (df2/a2) + 1 > 0, it follows that

t
/ s%2ds — 0o
to+1

when ¢t — co. Thus, there exists a Ty > to + 1 such that w; (t) = oo for
t = Ty. By comparison, we have

t1%, (t) > wi(t) = 00 for t = Tp,

and Lemma 3.3 implies that (vy,v2) blows up in finite time. O
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