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ABSTRACT. In this article, we investigate the local ex-
istence of a unique mild solution to a reaction diffusion sys-
tem with time-nonlocal nonlinearities of exponential growth.
Moreover, blowing-up solutions are shown to exist, and their
time blow-up profile is presented.

1. Introduction. In the past few years, anomalous diffusion equa-
tions have been extensively investigated due to their importance of
applications in many fields: physics [6, 9, 10], mechanics [18], biology
[14], chemistry [15, 16], financial engineering [21], control theory [20]
and signal and image processing [5].

In this paper, we study the semi-linear system of nonlocal in time
and space reaction diffusion equations
(1.1)

ut + (−∆)η/2u =
1

Γ(1− γ)

∫ t

0

(t− s)−γev(s) ds, x ∈ RN , t > 0,

vt + (−∆)η/2v =
1

Γ(1− δ)

∫ t

0

(t− s)−δeu(s) ds, x ∈ RN , t > 0,
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supplemented with the initial data

(1.2) u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ RN ,

with u0, v0 ∈ C0(RN ), N ≥ 1, 0 < η ≤ 2, 0 < γ, δ < 1 and Γ is the
Euler gamma function. Here, ut stands for the derivative in time of u
and (−∆)η/2 for the fractional Laplacian operator defined by

(−∆)η/2u(x) = F−1(|ξ|ηF(u)(ξ))(x),

where F−1 is the inverse of the Fourier transform F , for u ∈
D((−∆)η/2) = Hη(RN ), where Hη(RN ) is the homogeneous Sobolev
space defined by:

Hη(RN ) =
{
u ∈ S ′; (−∆)η/2u ∈ L2(RN )

}
, if η /∈ N,

Hη(RN ) =
{
u ∈ L2(RN ); (−∆)η/2u ∈ L2(RN )

}
, if η ∈ N,

S ′ is the Schwartz space and

C0(RN ) =
{
u ∈ C(RN ) such that u(x) −→ 0, as |x| → ∞

}
.

From an application point of view, the nonlinear memory term of
exponential growth can be considered as a model of the Arrhenius
reaction effect associated with either chemical kinetics or combustion
phenomena [2].

Recently, the equation

ut + (−∆)η/2u =
1

Γ(1− γ)

∫ t

0

(t− s)−γeu(s)ds, x ∈ RN , t > 0,

was considered in [1] which addressed local existence and blow-up
questions. Our work generalizes the previous results of Ahmad, Alsaedi
and Kirane [1] to the case of a system of two equations.

Our study is based on the observation that system (1.1) can be
written in the form

(1.3)

{
ut + (−∆)η/2u = Jα

0|t(e
v) x ∈ RN , t > 0,

vt + (−∆)η/2v = Jβ
0|t(e

u) x ∈ RN , t > 0,

where α := 1− γ ∈ (0, 1), β := 1− δ ∈ (0, 1) and Jθ
0|t is the Riemann-

Liouville fractional integral of order θ ∈ (0, 1) defined in (2.11) below.
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This paper is comprised of five sections. In Section 2, we present
some definitions and properties. In Section 3, the existence of a unique
local solution of (1.1)–(1.2) is presented. In the next section, we prove
the existence of blowing-up solutions. Finally, in the last section, the
blow-up rate of solutions is obtained.

2. Preliminaries. We begin by recalling some basic definitions and
properties which will be useful throughout this paper.

First, the fundamental solution of the homogeneous linear fractional
diffusion equation

(2.1) ut + (−∆)η/2u = 0, η ∈ (0, 2], x ∈ RN , t > 0,

is given by

(2.2) Sη(t)(x) := Sη(x, t) =
1

(2π)N/2

∫
RN

eix·ξ−t|ξ|ηdξ.

It is well known that Sη(x, t) satisfies
(2.3)

Sη(1) ∈ L∞(RN ) ∩ L1(RN ), Sη(x, t) ≥ 0,

∫
RN

Sη(x, t) dx = 1,

for all x ∈ RN and t > 0. Using the Young inequality for convolution
and the self-similar form of Sη, we have

(2.4) ∥Sη(t) ∗ v∥q ≤ Ct−(N/η)(1/r−1/q)∥v∥r

for all v ∈ Lr(RN ) and all 1 ≤ r ≤ q ≤ ∞, t > 0;

(2.5) ∥Sη(t) ∗ v∥q ≤ ∥v∥q

for all v ∈ Lq(RN ) and all 1 ≤ q ≤ ∞, t > 0, where ∗ stands for the
space convolution.

Moreover, by Plancherel’s formula, we have

(2.6)

∫
RN

u(x)(−∆)η/2v(x) dx =

∫
RN

v(x)(−∆)η/2u(x) dx,

for all u, v ∈ D((−∆)η/2) = Hη(RN ).
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Let φ be a nonnegative, smooth and bounded function. Then, the
following inequality [4, 11]

(2.7) lφl−1(−∆)η/2φ ≥ (−∆)η/2φl,

holds for all l ≥ 1.

Let S(t) = e−t(−∆)η/2

. Since (−∆)η/2 is a positive definite self-
adjoint operator in L2(RN ), S(t) is a strongly continuous semigroup
on L2(RN ) generated by −(−∆)η/2 (see Yosida [22]). It holds S(t)v =
Sη(t) ∗ v for all v ∈ L2(RN ), t > 0, where Sη is given by (2.2).

We denote by ∆
η/2
D the fractional Laplacian in an open bounded

domain Ω with homogeneous Dirichlet boundary conditions. We recall
the following facts:

If λk(k ∈ N∗) are the eigenvalues of −∆D with homogeneous Dirich-
let boundary conditions considered in L2(Ω) and φk is its corresponding
eigenfunction, then

(2.8)
∆

η/2
D φk = λ

η/2
k φk, in Ω,

φk = 0, on ∂Ω,

with

D(∆
η/2
D ) =

{
u ∈ L2(Ω) such that u|∂Ω = 0,

∥∆η/2
D u∥L2(Ω) :=

∞∑
k=1

|λη/2k ⟨u, φk⟩|2 <∞
}
.

Then, for u ∈ D(∆
η/2
D ), we have

(2.9) ∆
η/2
D u =

∞∑
k=1

λ
η/2
k ⟨u, φk⟩φk.

The formula of integration by parts

(2.10)

∫
Ω

u(x)∆
η/2
D v(x)dx =

∫
Ω

v(x)∆
η/2
D u(x) dx

holds true for all u, v ∈ D(∆
η/2
D ).
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Next, the left- and right-handed Riemann-Liouville fractional inte-
grals of order θ ∈ (0, 1) are defined as

Jθ
0|tf(t) :=

1

Γ(θ)

∫ t

0

(t− s)θ−1f(s) ds,(2.11)

Jθ
t|T f(t) :=

1

Γ(θ)

∫ T

t

(s− t)θ−1f(s) ds,(2.12)

for all f ∈ Lp([0, T ]), T > 0, 1 ≤ p ≤ ∞ and Γ is the Euler gamma
function.

Let AC([0, T ]) be the space of functions that is absolutely continuous
on [0, T ]. The left- and right-handed Riemann-Liouville fractional
derivatives of order θ ∈ (0, 1) are defined as

Dθ
0|tf(t) :=

1

Γ(1− θ)

d

dt

∫ t

0

(t− s)−θf(s) ds,(2.13)

Dθ
t|T f(t) := − 1

Γ(1− θ)

d

dt

∫ T

t

(s− t)−θf(s) ds,(2.14)

for all f ∈ AC([0, T ]). Furthermore, for every f, g ∈ C([0, T ]) such that
Dθ

0|tf,D
θ
t|T g exist and are continuous, for all t ∈ [0, T ] and θ ∈ (0, 1),

the formula of integration by parts can be given by [19]

(2.15)

∫ T

0

(Dθ
0|tf)(t)g(t) dt =

∫ T

0

f(t)(Dθ
t|T g)(t) dt.

Note also that, for all f ∈ Lp([0, T ]), 1 ≤ p ≤ ∞, we have [12]

(2.16) (Dθ
0|tJ

θ
0|tf)(t) = f(t).

Moreover, for all f ∈ AC2([0, T ]), we have [12]

(2.17) − d

dt
Dθ

t|T f(t) = D1+θ
t|T f(t),

where AC2([0, T ]) := {f : [0, T ] → R; f ∈ AC([0, T ]) and f ′ ∈
AC([0, T ])}.

Let w1(t) = (1− t/T )σ+, t ≥ 0, T > 0, σ ≫ 1. Then

(2.18) Dθ
t|Tw1(t) =

(1− θ + σ)Γ(σ + 1)

Γ(2− θ + σ)
T−θ

(
1− t

T

)σ−θ

+

,
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(2.19)

Dθ+1
t|T w1(t) =

(1− θ + σ)(σ − θ)Γ(σ + 1)

Γ(2− θ + σ)
T−(θ+1)

(
1− t

T

)σ−θ−1

+

,

for all θ ∈ (0, 1); hence,

(2.20) (Dθ
t|Tw1)(T ) = 0; (Dθ

t|Tw1)(0) = CT−θ,

where

(2.21) C =
(1− θ + σ)Γ(σ + 1)

Γ(2− θ + σ)
.

3. Local existence. In this section, we show the local existence
and uniqueness of a mild solution of (1.1)–(1.2) by applying the Banach
fixed point theorem. We define a mild solution of (1.1)–(1.2) as follows.

Definition 3.1 (Mild solution). Let u0, v0 ∈ L∞(RN ), 0 < η ≤ 2
and T > 0. We say that (u, v) ∈ C([0, T ];C0(RN )×C0(RN )) is a mild
solution of system (1.1)–(1.2) if (u, v) satisfies the following integral
equations

u(t) = S(t)u0 +
∫ t

0

S(t− s)Jα
0|s(e

v(τ)) ds, t ∈ [0, T ],(3.1)

v(t) = S(t)v0 +
∫ t

0

S(t− s)Jβ
0|s(e

u(τ)) ds, t ∈ [0, T ].(3.2)

Theorem 3.2 (Local existence). Let u0, v0 ∈ C0(RN ). Then, there
exist a maximal time Tmax > 0 and a unique mild solution (u, v) ∈
C([0, Tmax);C0(RN ) × C0(RN )) of problem (1.1)–(1.2). Furthermore,
we have the alternative:

(i) either Tmax = +∞;

or

(ii) Tmax < +∞ and limt→Tmax(∥u(t)∥L∞(RN ) + ∥v(t)∥L∞(RN )) =
+∞. In addition, if u0, v0 ≥ 0, u0 ̸≡ 0, v0 ̸≡ 0, then u(t), v(t) > 0 for
all 0 < t < Tmax. Furthermore, if u0, v0 ∈ Lr(RN ), for 1 ≤ r < ∞,
then (u, v) ∈ C([0, Tmax);L

r(RN )× Lr(RN )).
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Proof. For T > 0, we define the Banach space

(3.3) ET =
{
(u, v) ∈ C([0, T ];C0(RN )× C0(RN ));

∥(u, v)∥ ≤ 2(∥u0∥∞ + ∥v0∥∞)
}
,

where ∥ · ∥∞ := ∥ · ∥L∞(RN ) and

∥(u, v)∥ := ∥u∥1 + ∥v∥1 := ∥u∥L∞([0,T ];L∞(RN )) + ∥v∥L∞([0,T ];L∞(RN )).

Next, for every (u, v) ∈ ET , we introduce the map Ψ defined on ET

by Ψ(u, v) = (Ψ1(u, v),Ψ2(u, v)), where

Ψ1(u, v) = S(t)u0 +
∫ t

0

S(t− s)Jα
0|s(e

v(τ)) ds,(3.4)

Ψ2(u, v) = S(t)v0 +
∫ t

0

S(t− s)Jβ
0|s(e

u(τ)) ds.(3.5)

We shall prove the existence of a local solution as a fixed point of
Ψ via the Banach fixed point theorem. For this purpose, we first show
that it maps ET onto ET . Let (u, v) ∈ ET . Using (2.5), we obtain

∥Ψ(u, v)∥ ≤ ∥u0∥∞ +
1

Γ(1− γ)

∥∥∥∥∫ t

0

∫ s

0

(s−τ)−γ∥ev(τ)∥∞ dτ ds

∥∥∥∥
L∞([0,T ])

+ ∥v0∥∞+
1

Γ(1−δ)

∥∥∥∥∫ t

0

∫ s

0

(s−τ)−δ∥eu(τ)∥∞ dτ ds

∥∥∥∥
L∞([0,T ])

≤ ∥u0∥∞ +
1

Γ(1− γ)

∥∥∥∥∫ t

0

∫ t

τ

(s−τ)−γe∥v(τ)∥∞ ds dτ

∥∥∥∥
L∞([0,T ])

+ ∥v0∥∞+
1

Γ(1−δ)

∥∥∥∥∫ t

0

∫ t

τ

(s−τ)−δe∥u(τ)∥∞ ds dτ

∥∥∥∥
L∞([0,T ])

≤ ∥u0∥∞ +
e∥v∥1

Γ(1− γ)

T−γ+2

(1− γ)(2− γ)

+ ∥v0∥∞ +
e∥u∥1

Γ(1− δ)

T−δ+2

(1− δ)(2− δ)
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≤ ∥u0∥∞+∥v0∥∞+
1

Γ(3− γ)
e∥v∥1T−γ+2+

1

Γ(3−δ)
e∥u∥1T−δ+2

≤ ∥u0∥∞+∥v0∥∞+e2(∥u0∥∞+∥v0∥∞) max

{
T−γ+2

Γ(3−γ)
,
T−δ+2

Γ(3−δ)

}
.

Now, choosing T small enough such that
(3.6)

e2(∥u0∥∞+∥v0∥∞) max

{
1

Γ(3− γ)
T−γ+2,

1

Γ(3− δ)
T−δ+2

}
≤∥u0∥∞+∥v0∥∞,

we conclude that Ψ(u, v) ∈ ET .

Next, we show that Ψ(u, v) is a contraction map. Letting (u, v), (ũ, ṽ) ∈
ET , we have

∥Ψ(u, v)−Ψ(ũ, ṽ)∥

≤
∥∥∥∥ ∫ t

0

S(t− s)Jα
0|s(e

v(τ) − eṽ(τ)) ds

∥∥∥∥
1

+

∥∥∥∥∫ t

0

S(t− s)Jβ
0|s(e

u(τ) − eũ(τ)) ds

∥∥∥∥
1

≤ 1

Γ(1− γ)

∥∥∥∥∫ t

0

∫ t

τ

(s− τ)−γ∥ev(τ) − eṽ(τ)∥∞ ds dτ

∥∥∥∥
L∞([0,T ])

+
1

Γ(1− δ)

∥∥∥∥∫ t

0

∫ t

τ

(s− τ)−δ∥eu(τ) − eũ(τ)∥∞ ds dτ

∥∥∥∥
L∞([0,T ])

≤ 1

Γ(3− γ)
e2(∥u0∥∞+∥v0∥∞)T−γ+2∥v − ṽ∥1

+
1

Γ(3− δ)
e2(∥u0∥∞+∥v0∥∞)T−δ+2∥u− ũ∥1

≤ e2(∥u0∥∞+∥v0∥∞) max

{
T−γ+2

Γ(3− γ)
,
T−δ+2

Γ(3− δ)

}
∥(u, v)− (ũ, ṽ)∥

≤ 1

2
∥(u, v)− (ũ, ṽ)∥,

due to the equality
(3.7)

|eu(τ) − eũ(τ)| = eλu(τ)+µũ(τ)|u(τ)− ũ(τ)|, 0 < λ, µ < 1, λ+ µ = 1,
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and where T is chosen small enough such that

(3.8) e2(∥u0∥∞+∥v0∥∞) max

{
1

Γ(3− γ)
T−γ+2,

1

Γ(3− δ)
T−δ+2

}
≤ 1

2
.

Consequently, by the Banach fixed point theorem, system (1.1)–(1.2)
admits a mild solution (u, v) ∈ ET .

• Uniqueness of the solution. Let (u, v), (ũ, ṽ) ∈ ET be two mild
solutions in ET for T > 0. Using (2.5) and (3.7), we have, for t ∈ [0, T ],

∥u(t)− ũ(t)∥∞ + ∥v(t)− ṽ(t)∥∞

≤ 1

Γ(1− γ)

∫ t

0

∫ s

0

(s− τ)−γ∥ev(τ) − eṽ(τ)∥∞ dτ ds

+
1

Γ(1− δ)

∫ t

0

∫ s

0

(s− τ)−δ∥eu(τ) − eũ(τ)∥∞ dτ ds

≤ 1

Γ(1− γ)

∫ t

0

∫ t

τ

(s− τ)−γ∥ev(τ) − eṽ(τ)∥∞ ds dτ

+
1

Γ(1− δ)

∫ t

0

∫ t

τ

(s− τ)−δ∥eu(τ) − eũ(τ)∥∞ ds dτ

≤ 1

Γ(2− γ)

∫ t

0

(t− τ)1−γ∥ev(τ) − eṽ(τ)∥∞ dτ

+
1

Γ(2− δ)

∫ t

0

(t− τ)1−δ∥eu(τ) − eũ(τ)∥∞ dτ

≤ 1

Γ(2− γ)
e2(∥u0∥∞+∥v0∥∞)

∫ t

0

(t− τ)1−γ∥v(τ)− ṽ(τ)∥∞ dτ

+
1

Γ(2− δ)
e2(∥u0∥∞+∥v0∥∞)

∫ t

0

(t− τ)1−δ∥u(τ)− ũ(τ)∥∞ dτ.

Hence, for

K := e2(∥u0∥∞+∥v0∥∞) max

{
1

Γ(2− γ)
,

1

Γ(2− δ)

}
and

f(γ, δ) :=

{
min{γ, δ} if (t− τ) > 1,

max{γ, δ} if (t− τ) < 1,

we conclude that
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∥u(t)− ũ(t)∥∞ + ∥v(t)− ṽ(t)∥∞

≤ K

∫ t

0

(t− τ)1−f(γ,δ)
[
∥u(τ)− ũ(τ)∥∞ + ∥v(τ)− ṽ(τ)∥∞

]
dτ,

and, by Gronwall’s inequality [3], we obtain the uniqueness.

As is standard, the solution may be extended to a maximal interval
[0, Tmax) with the alternative described in the theorem.

• Positivity of solutions. If u0, v0 ≥ 0 and u0 ̸≡ 0, v0 ̸≡ 0, we have
from (3.1) and (3.2),

u(t) ≥ S(t)u0 > 0, t ∈ (0, Tmax),

v(t) ≥ S(t)v0 > 0, t ∈ (0, Tmax).

• Regularity of solutions. If u0, v0 ∈ Lr(RN ), for 1 ≤ r < ∞, then
applying the fixed point argument in the space

ET,r := {(u, v) ∈ C([0, T ]; (C0(RN ) ∩ Lr(RN ))× (C0(RN ) ∩ Lr(RN )));

∥(u, v)∥ ≤ 2(∥u0∥∞ + ∥v0∥∞), ∥(u, v)∥∞,r ≤ 2(∥u0∥Lr + ∥v0∥Lr )},

instead of ET , where

∥(u, v)∥∞,r = ∥u∥L∞([0,T ];Lr(RN )) + ∥v∥L∞([0,T ];Lr(RN )),

we obtain a unique mild solution (u, v) in ET,r. �

4. Blowing-up solutions. In this section, we prove the blow-up
result for system (1.1)–(1.2). Before stating our result, we define the
weak solution of problem (1.1)–(1.2).

Definition 4.1 (Weak solution). Let u0, v0 ∈ L∞
loc(RN ) and T > 0.

We say that

(u, v) ∈ Lp((0, T );L∞
loc(RN )× L∞

loc(RN ))

is a weak solution of (1.1)–(1.2) if it satisfies the following equations

(4.1)

∫
RN

u0(x)φ(x, 0) dx+

∫ T

0

∫
RN

Jα
0|t(e

v(x,τ))φ(x, t) dx dt

=

∫ T

0

∫
RN

u(x, t)(−∆)η/2φ(x, t) dx dt

−
∫ T

0

∫
RN

u(x, t)φt(x, t) dx dt,



NONLOCAL REACTION DIFFUSION EQUATIONS 27

and

(4.2)

∫
RN

v0(x)ψ(x, 0) dx+

∫ T

0

∫
RN

Jβ
0|t(e

u(x,τ))ψ(x, t) dx dt

=

∫ T

0

∫
RN

v(x, t)(−∆)η/2ψ(x, t) dx dt

−
∫ T

0

∫
RN

v(x, t)ψt(x, t) dx dt,

for any φ, ψ ∈ C1([0, T ];Hη(RN )) such that φ(x, T ) = ψ(x, T ) = 0.

Lemma 4.2. Let T > 0 and (u, v) ∈ C([0, T ], C0(RN ) × C0(RN )). If
(u, v) is a mild solution of (1.1)–(1.2), then (u, v) is a weak solution of
(1.1)–(1.2).

The interested reader is referred to [7] for the proof of this lemma.

Theorem 4.3. Let u0, v0 ∈ C0(RN ) with u0 ≥ 0, u0 ̸≡ 0, v0 ≥ 0,
v0 ̸≡ 0, 0 < η ≤ 2 and γ, δ ∈ (0, 1). Then the solution of (1.1)–(1.2)
blows-up in a finite time.

Proof. The proof is based on a contradiction argument and follows
along the lines of [17]. Suppose that (u, v) is a global mild solution
of (1.1)–(1.2). Then, (u, v) is a mild solution of (1.1)–(1.2) where
u, v ∈ C([0, T ], C0(RN )) for all T ≫ 1, such that u(t), v(t) > 0
for all t ∈ (0, T ]. Moreover, according to Lemma 4.2, we have

(4.3)

∫
RN

u0(x)φ(x, 0) dx+

∫ T

0

∫
RN

Jα
0|t(e

v(x,τ))φ(x, t) dx dt

=

∫ T

0

∫
RN

u(x, t)(−∆)η/2φ(x, t) dx dt

−
∫ T

0

∫
RN

u(x, t)φt(x, t) dx dt,

and

(4.4)

∫
RN

v0(x)ψ(x, 0) dx+

∫ T

0

∫
RN

Jβ
0|t(e

u(x,τ))ψ(x, t) dx dt

=

∫ T

0

∫
RN

v(x, t)(−∆)η/2ψ(x, t) dx dt

−
∫ T

0

∫
RN

v(x, t)ψt(x, t) dx dt,
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where T ≫ 1, φ, ψ ∈ C1([0, T ];Hη(RN )) such that φ(x, T ) =
ψ(x, T ) = 0. Let φ ∈ C2([0, T ];Hη(RN )) with

φ(x, t) = φ1(t)φ
l
2(x), l ≫ 1,

where

φ1(t) =

(
1− t

T

)σ

+

, σ ≫ 1, σ even,

φ2(x) = ξ

(
|x|
T 1/η

)
,

and ξ is a regular function such that

ξ(x) =


1 if x ≤ 1,

↘ if 1 ≤ x ≤ 2,

0 if x ≥ 2,

with ξ ∈ C2(R).

At this stage, we take Dα
t|Tφ = φl

2(x)D
α
t|T (1− (t/T ))σ+ instead of φ

in (4.3) and Dβ
t|Tφ = φl

2(x)D
β
t|T (1− (t/T ))σ+ instead of ψ in (4.4). This

yields

(4.5)

∫
Ω

u0(x)D
α
t|Tφ(x, 0) +

∫
ΩT

Jα
0|t(e

v(x,τ))Dα
t|Tφ(x, t)

=

∫
ΩT

u(x, t)(−∆)η/2Dα
t|Tφ(x, t)

−
∫
ΩT

u(x, t)
d

dt
Dα

t|Tφ(x, t),

and

(4.6)

∫
Ω

v0(x)D
β
t|Tφ(x, 0) +

∫
ΩT

Jβ
0|t(e

u(x,τ))Dβ
t|Tφ(x, t)

=

∫
ΩT

v(x, t)(−∆)η/2Dβ
t|Tφ(x, t)

−
∫
ΩT

v(x, t)
d

dt
Dβ

t|Tφ(x, t),
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with ΩT = [0, T ]× Ω, Ω = {x ∈ RN ; |x| ≤ 2T 1/η},∫
Ω

=

∫
Ω

dx and

∫
ΩT

=

∫ T

0

∫
Ω

dx dt.

Using the integration-by-parts formula (2.15), (2.16) and (2.20) on the
left-hand sides of (4.5) and (4.6), and (2.17) on the right-hand side, we
obtain

C1T
−α

∫
Ω

u0(x)φ
l
2(x) +

∫
ΩT

ev(x,t)φ(x, t)

=

∫
ΩT

u(x, t)(−∆)η/2φl
2(x)D

α
t|Tφ1(t)

+

∫
ΩT

u(x, t)D1+α
t|T φ(x, t),

and

C2T
−β

∫
Ω

v0(x)φ
l
2(x) +

∫
ΩT

eu(x,t)φ(x, t)

=

∫
ΩT

v(x, t)(−∆)η/2φl
2(x)D

β
t|Tφ1(t)

+

∫
ΩT

v(x, t)D1+β
t|T φ(x, t).

Moreover, in light of (2.7) and the properties of φ2, we have

(4.7) C1T
−α

∫
Ω

u0(x)φ
l
2(x) +

∫
ΩT

ev(x,t)φ(x, t)

≤ l

∫
ΩT

u(x, t)φl−1
2 (x)(−∆)η/2φ2(x)D

α
t|Tφ1(t)

+

∫
ΩT

u(x, t)φl
2(x)D

1+α
t|T φ1(t),

≤ l

∫
ΩT

u(x, t)|(−∆)η/2φ2(x)|Dα
t|Tφ1(t)

+

∫
ΩT

u(x, t)D1+α
t|T φ1(t) = lI1 + J1,

and
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(4.8) C2T
−β

∫
Ω

v0(x)φ
l
2(x) +

∫
ΩT

eu(x,t)φ(x, t)

≤ l

∫
ΩT

v(x, t)φl−1
2 (x)(−∆)η/2φ2(x)D

β
t|Tφ1(t)

+

∫
ΩT

v(x, t)φl
2(x)D

1+β
t|T φ1(t),

≤ l

∫
ΩT

v(x, t)|(−∆)η/2φ2(x)|Dβ
t|Tφ1(t)

+

∫
ΩT

v(x, t)D1+β
t|T φ1(t) = lI2 + J2.

Using Young’s inequality [8] (e = exp(1))

AB ≤ εeA +B ln
B

e ε
for A,B > 0, ε > 0,

with ε = 1/(4l)φ(x, t), A = u and B = |(−∆)η/2φ2(x)|Dα
t|Tφ1(t) in I1,

we obtain

I1 ≤
∫
ΩT

|(−∆)η/2φ2(x)|Dα
t|Tφ1(t) ln

(
4l|(−∆)η/2φ2(x)|Dα

t|Tφ1(t)

eφl
2(x)φ1(t)

)
+

1

4l

∫
ΩT

eu(x,t)φ(x, t).

Similarly, for J1 with ε = (1/4)φ(x, t), A = u and B = D1+α
t|T φ1(t), we

obtain

J1 ≤ 1

4

∫
ΩT

eu(x,t)φ(x, t) +

∫
ΩT

D1+α
t|T φ1(t) ln

(
4D1+α

t|T φ1(t)

eφl
2(x)φ1(t)

)
.

Then, from (2.18) and (2.19), it follows that

(4.9) I1 ≤
∫
ΩT

|(−∆)η/2φ2(x)|Dα
t|Tφ1(t)

· ln
(
4lC1|(−∆)η/2φ2(x)|T−α(1− (t/T ))−α

+

eφl
2(x)

)
+

1

4l

∫
ΩT

eu(x,t)φ(x, t),

and
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(4.10) J1 ≤ 1

4

∫
ΩT

eu(x,t)φ(x, t) +

∫
ΩT

D1+α
t|T φ1(t)

· ln
(
4C3T

−(α+1)(1− (t/T ))−α−1
+

eφl
2(x)

)
,

where

C1 =
(1− α+ σ)Γ(σ + 1)

Γ(2− α+ σ)

and

C3 =
(1− α+ σ)(σ − α)Γ(σ + 1)

Γ(2− α+ σ)
.

A similar argument applied to I2 with ε = 1/(4l)φ(x, t), A = v and

B = |(−∆)η/2φ2(x)|Dβ
t|Tφ1(t), and for J2 with ε = (1/4)φ(x, t), A = v

and B = D1+β
t|T φ1(t), gives

(4.11) I2 ≤
∫
ΩT

|(−∆)η/2φ2(x)|Dβ
t|Tφ1(t)

· ln
(
4lC2|(−∆)η/2φ2(x)|T−β(1− (t/T ))−β

+

eφl
2(x)

)
+

1

4l

∫
ΩT

ev(x,t)φ(x, t),

and

(4.12) J2 ≤ 1

4

∫
ΩT

ev(x,t)φ(x, t) +

∫
ΩT

D1+β
t|T φ1(t)

· ln
(
4C4T

−(β+1)(1− (t/T ))−β−1
+

eφl
2(x)

)
,

where

C2 =
(1− β + σ)Γ(σ + 1)

Γ(2− β + σ)

and

C4 =
(1− β + σ)(σ − β)Γ(σ + 1)

Γ(2− β + σ)
.

Using (4.9) and (4.10), inequality (4.7) becomes
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(4.13)

C1T
−α

∫
Ω

u0(x)φ
l
2(x) +

∫
ΩT

ev(x,t)φ(x, t) ≤ 1

2

∫
ΩT

eu(x,t)φ(x, t)

+ l

∫
ΩT

|(−∆)η/2φ2(x)|Dα
t|Tφ1(t)

· ln
(
4lC1|(−∆)η/2φ2(x)|T−α(1− (t/T ))−α

+

eφl
2(x)

)
+

∫
ΩT

D1+α
t|T φ1(t)

· ln
(
4C3T

−(α+1)(1− (t/T ))−α−1
+

eφl
2(x)

)
.

Similarly, taking into account (4.11) and (4.12), inequality (4.8) be-
comes

(4.14)

C2T
−β

∫
Ω

v0(x)φ
l
2(x) +

∫
ΩT

eu(x,t)φ(x, t) ≤ 1

2

∫
ΩT

ev(x,t)φ(x, t)

+ l

∫
ΩT

|(−∆)η/2φ2(x)|Dβ
t|Tφ1(t)

· ln
(
4lC2|(−∆)η/2φ2(x)|T−β(1− (t/T ))−β

+

eφl
2(x)

)
+

∫
ΩT

D1+β
t|T φ1(t) ln

(
4C4T

−(β+1)(1− (t/T ))−β−1
+

eφl
2(x)

)
.

Now, combining (4.13) and (4.14) and as u0, v0 ≥ 0, we get∫
ΩT

ev(x,t)φ(x, t)

≤ 4

3
l

∫
ΩT

|(−∆)η/2φ2(x)|Dα
t|Tφ1(t)

· ln
(
4lC1|(−∆)η/2φ2(x)|T−α(1− (t/T ))−α

+

eφl
2(x)

)
+

4

3

∫
ΩT

D1+α
t|T φ1(t) ln

(
4C3T

−(α+1)(1− (t/T ))−α−1
+

eφl
2(x)

)
(4.15)

+
2

3
l

∫
ΩT

|(−∆)η/2φ2(x)|Dβ
t|Tφ1(t)
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· ln
(
4lC2|(−∆)η/2φ2(x)|T−β(1− (t/T ))−β

+

eφl
2(x)

)
+

2

3

∫
ΩT

D1+β
t|T φ1(t) ln

(
4C4T

−(β+1)(1− (t/T ))−β−1
+

eφl
2(x)

)
,

and
(4.16)∫

ΩT

eu(x,t)φ(x, t) ≤ 4

3
l

∫
ΩT

|(−∆)η/2φ2(x)|Dβ
t|Tφ1(t)

· ln
(
4lC2|(−∆)η/2φ2(x)|T−β(1− (t/T ))−β

+

eφl
2(x)

)
+

4

3

∫
ΩT

D1+β
t|T φ1(t) ln

(
4C4T

−(β+1)(1−(t/T ))−β−1
+

eφl
2(x)

)
+

2

3
l

∫
ΩT

|(−∆)η/2φ2(x)|Dα
t|Tφ1(t)

· ln
(
4lC1|(−∆)η/2φ2(x)|T−α(1− (t/T ))−α

+

eφl
2(x)

)
+

2

3

∫
ΩT

D1+α
t|T φ1(t) ln

(
4C3T

−(α+1)(1− (t/T ))−α−1
+

eφl
2(x)

)
.

We pass to the scaled variables τ = t/T and y = x/T 1/η, T ≫ 1. It
follows that

(−∆x)
η/2φ2 = T−1(−∆y)

η/2φ2,

Dα
t|Tφ1 = C1T

−α(1− τ)σ−α
+ ,

Dβ
t|Tφ1 = C2T

−β(1− τ)σ−β
+ ,

D1+α
t|T φ1 = C3T

−(α+1)(1− τ)
σ−(α+1)
+ ,

and

D1+β
t|T φ1 = C4T

−(β+1)(1− τ)
σ−(β+1)
+ .

Now, we set Ω2 = [0, 1]× {y ∈ RN , |y| ≤ 2} and∫
Ω2

=

∫
Ω2

dy dτ.
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Using these definitions, (4.15) and (4.16) can be rewritten as

∫
ΩT

ev(x,t)φ(x, t) ≤ C1
4

3
lT (N/η)−α

∫
Ω2

|(−∆y)
η/2φ2(T

1/ηy)|

(4.17)

·
{
ln

(
4lC1

e
|(−∆y)

η/2φ2(T
1/ηy)|

)
− l ln(φ2(T

1/ηy))

− α ln(1− τ)+ − (1 + α) lnT

}
+ C3

4

3
TN/η−α

∫
Ω2

{
ln
(4C3

e

)
− l ln(φ2(T

1/ηy))

− (α+ 1) ln(1− τ)+ − (α+ 1) lnT )

}
+ C2

2

3
lTN/η−β

∫
Ω2

|(−∆y)
η/2φ2(T

1/ηy)|

·
{
ln

(
4lC2

e
|(−∆y)

η/2φ2(T
1/ηy)|

)
− l ln(φ2(T

1
η y))

− β ln(1− τ)+ − (1 + β) lnT

}
+ C4

2

3
T (N/η)−β

∫
Ω2

{
ln

(
4C4

e

)
− l ln(φ2(T

1/ηy))

− (β + 1) ln(1− τ)+ − (β + 1) lnT

}
,

and

∫
ΩT

eu(x,t)φ(x, t) ≤ C2
4

3
lT (N/η)−β

∫
Ω2

|(−∆y)
η/2φ2(T

1/ηy)|

(4.18)

·
{
ln

(
4lC2

e
|(−∆y)

η/2φ2(T
1/ηy)|

)
− l ln(φ2(T

1/ηy))

− β ln(1− τ)+ − (1 + β) lnT

}
+ C4

4

3
T (N/η)−β

∫
Ω2

{
ln

(
4C4

e

)
− l ln(φ2(T

1/ηy))



NONLOCAL REACTION DIFFUSION EQUATIONS 35

− (β + 1) ln(1− τ)+ − (β + 1) lnT

}
+ C1

2

3
lT (N/η)−α

∫
Ω2

|(−∆y)
η/2φ2(T

1/ηy)|

·
{
ln

(
4lC1

e
|(−∆y)

η/2φ2(T
1/ηy)|

)
− l ln(φ2(T

1/ηy))

− α ln(1− τ)+ − (1 + α) lnT

}
+ C3

2

3
T (N/η)−α

∫
Ω2

{
ln

(
4C3

e

)
− l ln(φ2(T

1/ηy))

− (α+ 1) ln(1− τ)+ − (α+ 1) lnT

}
.

Thus, we have two bounded functions: φ2 and (−∆y)
η/2φ2 in Ω2 and

φ2 −→ 1 as T → +∞.

Using Lebesgue’s dominated convergence theorem, we deduce that the
right hand sides of (4.17) and (4.18) diverge to −∞ when T → +∞,
while the left hand sides are positives. This leads to a contradiction. �

5. Blow-up rate. In this section, we study the profile of solutions
near the blow-up time. For this, we will derive an upper and lower
bound for the blow-up rate.

Theorem 5.1. Let u0, v0 ∈ C0(RN ), u0 ≥ 0, u0 ̸≡ 0, v0 ≥ 0, v0 ̸≡ 0,
and let (u, v) be the blowing-up solution of (1.1)–(1.2) at Tmax = T ∗.
Then, there exist four positive constants ci < C ′

i, i = 1, 2, such that

ln
(
c1(T

∗ − t)−(2−δ)
)
≤ sup

x∈RN

u(x, t),

ln
(
c2(T

∗ − t)−(2−γ)
)
≤ sup

x∈RN

v(x, t),

for t ∈ (0, T ∗), and

u(x, t) ≤ ln
(
C ′

1(t
∗ − t)−(2−δ)

)
,

v(x, t) ≤ ln
(
C ′

2(t
∗ − t)−(2−γ)

)
,

for t ∈ (0, t∗) where t∗ is the blow-up time of the non-diffusive system.
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Proof. The proof consists of two steps.

I. The lower bound. If we repeat the same proof of the local existence
in Theorem 3.2 by taking ∥u∥1 ≤ M1 and ∥v∥1 ≤ M2 instead of
∥(u, v)∥ ≤ 2 (∥u0∥∞+∥v0∥∞) in the space ET for all positive constants
M1, M2 > 0 and all 0 < t < T , then the condition on T will be

∥u0∥∞ + cT 2−γeM2 ≤M1, cT 2−γeM2 ≤ 1

2
,

and

∥v0∥∞ + c′T 2−δeM1 ≤M2, c′T 2−δeM1 ≤ 1

2
,

where

c =
1

Γ(3− γ)
and c′ =

1

Γ(3− δ)
.

By the same reasoning, we deduce that ∥u(t)∥∞ ≤M1 and ∥v(t)∥∞ ≤
M2 for all t ∈ (0, T ), whereupon, if

∥u0∥∞ + ct2−γeM2 ≤M1, ct2−γeM2 ≤ 1

2
,

and

∥v0∥∞ + c′t2−δeM1 ≤M2, c′t2−δeM1 ≤ 1

2
,

then ∥u(t)∥∞ ≤M1 and ∥v(t)∥∞ ≤M2. Applying this to any point in
the trajectories, we see that, if 0 ≤ s < t and

(t− s)2−γ ≤ M1 − ∥u(s)∥∞
ceM2

, (t− s)2−γ ≤ 1

2ceM2
,(5.1)

and

(t− s)2−δ ≤ M2 − ∥v(s)∥∞
c′eM1

, (t− s)2−δ ≤ 1

2c′eM1
,

then we deduce that ∥u(t)∥∞ ≤ M1 and ∥v(t)∥∞ ≤ M2 for all 0 < t
< T . Moreover, if 0 ≤ s < T ∗, ∥u(s)∥∞ < M1 and ∥v(s)∥∞ < M2,
then

(T ∗ − s)2−γ >
M1 − ∥u(s)∥∞

ceM2
, (T ∗ − s)2−γ >

1

2ceM2
,(5.2)
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and

(T ∗ − s)2−δ >
M2 − ∥v(s)∥∞

c′eM1
, (T ∗ − s)2−δ >

1

2c′eM1
.

In fact, arguing by contradiction and assuming that, for some M1 >
∥u(s)∥∞, M2 > ∥v(s)∥∞ and all t ∈ (s, T ∗), we have

(t− s)2−γ ≤ M1 − ∥u(s)∥∞
ceM2

, (t− s)2−γ ≤ 1

2ceM2
,

or

(t− s)2−δ ≤ M2 − ∥v(s)∥∞
c′eM1

, (t− s)2−δ ≤ 1

2c′eM1
.

Then, using (5.1), we infer that ∥u(t)∥∞ ≤ M1 or ∥v(t)∥∞ ≤ M2 for
all t ∈ (s, T ∗); this is a contradiction to the fact that

∥u(t)∥∞ −→ ∞

and
∥v(t)∥∞ −→ ∞ as t→ T ∗.

Next, letting M1 = ∥u(s)∥∞+1 and M2 = ∥v(s)∥∞+1 in (5.2), we see
that, for 0 < s < T ∗, we have

(T ∗ − s)2−γ > c2e
−∥v(s)∥∞ and (T ∗ − s)2−δ > c1e

−∥u(s)∥∞ .

Since u and v are continuous and positive, we obtain

ln(c1(T
∗ − s)−(2−δ)) ≤ sup

x∈RN

u(x, s)

and
ln(c2(T

∗ − s)−(2−γ)) ≤ sup
x∈RN

v(x, s),

for all s ∈ (0, T ∗).

II. The upper bound. Let (u(t), v(t)) be the solution of the system

(5.3)

u′(t) =
1

Γ(1− γ)

∫ t

0

(t− s)−γev(s) ds, t > 0,

v′(t) =
1

Γ(1− δ)

∫ t

0

(t− s)−δeu(s) ds, t > 0,
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with the initial conditions

(5.4) u(0) = max
x∈RN

u0(x) and v(0) = max
x∈RN

v0(x).

Through comparison, we see that (u, v) is an upper solution for (u, v).
Moreover, following the lines of [13], we can show that the solution to
(5.3)–(5.4) blows up in a finite time t∗, and the profile near the blow-up
time is given by

u(t) ∼ (2− δ) ln

(
1

t∗ − t

)
and

v(t) ∼ (2− γ) ln

(
1

t∗ − t

)
, as t→ t∗.

Consequently, we have the upper bound

u(x, t) ≤ ln
(
C ′

1(t
∗ − t)−(2−δ)

)
and

v(x, t) ≤ ln
(
C ′

2(t
∗ − t)−(2−γ)

)
. �
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