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ABSTRACT. Two high order methods are constructed
and analyzed for a class of Fredholm integral equations of
the second kind with kernels that may have weak boundary
and diagonal singularities. The proposed methods are based
on improving the boundary behavior of the exact solution
with the help of a change of variables, and on central
part interpolation by polynomial splines on the uniform
grid. A detailed error analysis for the proposed numerical
schemes is given. This includes, in particular, error bounds
under various types of assumptions on the equation, and
shows that the proposed central part collocation approach
has accuracy and numerical stability advantages compared
with standard piecewise polynomial collocation methods,
including the collocation at Chebyshev knots.

1. Introduction. We consider an integral equation of the form
1
(1.1) u(z) = /[a(m,y)|w Y b y)uly) dy + f(), 0<z <,
0

where v € (0,1), f € C[0,1] n C™(0,1), a,b € C™([0,1] x [0,1]),
m € Ng := {0} UN, N := {1,2,...}. By C™(Q), we denote the set
of m times continuously differentiable functions on 2. The Banach
space of continuous functions v : [0,1] — R := (—00, 00) with the norm
[t)loo = {max|u(z)] : 0 < z < 1} is denoted by C|0,1]. Equations
of the form (1.1) and related equations arise, for example, in potential
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problems [13], nuclear physics [4], atmospheric physics [12] and in
radiative heat exchange [40].

The exact solution to (1.1) (if it exists) is typically non-smooth at
the endpoints of the interval of integration [0, 1], where its derivatives
become unbounded, see, for example, [11, 27, 29]. In order to
construct high-order numerical methods for these types of integral
or integro-differential equations, the singular behavior of the exact
solution [3, 5, 8, 38, 39] must be taken into account, see also
[1, 6, 15, 18, 20, 24, 40]; in particular, the use of polynomial splines
on special graded grids will work, see e.g., [3, 5, 25, 34, 38]. However,
strongly non-uniform grids may cause serious rounding error problems
and the unstable behavior of numerical results. With the aid of a
suitable change of variables it is possible to convert the solution of
(1.1) into C™[0, 1]-smooth function, after which the converted problem
may be solved by standard piecewise polynomial collocation methods
on uniform grids, see e.g., [19, 28].

In the present paper, we follow the idea of smoothing transforma-
tion, but we apply so-called central part interpolation/collocation on
uniform grids. This method was introduced in [23] for more specialized
problems. Now, we actually consider a more complicated situation for
(1.1), assuming that the coefficient functions a(z,y) and b(z,y) and
their derivatives are continuous on [0, 1] x (0,1). They may have some
boundary singularities with respect to y, see Lemmas 2.1 and 2.2 below.

In central part interpolation method, for a given n € N, the uniform
grid {jh : j = 0,...,n}, h = 1/n, is used on the interval [0,1].
For a given m € N, an interpolation operator P} ,, is constructed
for approximating a function g € C]0,1] by a piecewise polynomial
P, mg of degree m — 1 such that, on each subinterval [jh, (j+1)h], j =
0,...,n —1, function P} ,,g coincides with the Lagrange interpolation
polynomial of degree m — 1 that interpolates g at m grid points kh
for integers k satisfying —m/2 < k — j < m/2. An extension of g is
introduced for the evaluation of Py, ,,¢ for nodal points close to the end
points of the interval [0, 1].

The collocation method based upon central part interpolation has
accuracy and numerical stability advantages compared with standard
piecewise polynomial collocation methods, including the collocation at
Chebyshev knots, see the end of Sections 4 and 5 and Remark 6.2. The
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Lagrange polynomial is exploited only for one subinterval of length h
in the center of the full interpolation interval of length (m — 1)h. In
this central part, the polynomial interpolation loses its bad convergence
property near the end points of the interval. A classical error formula
for Lagrange interpolation of g € C™[0,1] gives considerably more
precise estimates in the central region than on the whole interval (see
Lemma 4.1 below) and we have for m — oo only logarithmic growth of
norms of Py, due to Runck [9, 31, 32] (see formula (4.8) below).

As usual, the collocation method for integral equations is only semi-
discrete since the matrix entries of the resulting linear system require
the evaluation of integrals of products of the kernel function of the
integral operator against the Lagrange polynomials on small intervals.
In order to derive a discrete collocation method [3], we employ product
integration techniques based on central part interpolation in a similar
manner as in [23] with a € C™ ([0, 1] x [0, 1]) and b = 0. Our approach
here is close to that in [35], where smooth splines are used as trial
functions, see also [21].

The rest of the paper is organized as follows. In Section 2, some
results concerning the compactness of the integral operator of equa-
tion (1.1) are recalled, and a result regarding the smoothness of the
exact solution to (1.1) is presented, see Theorem 2.3. Later on, these
results will play a key role in the convergence analysis of the proposed
algorithms. In Section 3, a smoothing transformation is introduced,
and its properties are discussed. In Sections 4 and 5, central part in-
terpolation by polynomials and piecewise polynomials is studied. In
Sections 6 and 7, for (1.1), two numerical methods are constructed and
justified. The main results of the paper are given by Theorems 6.1 and
7.2. Finally, in Section 8, the theoretical results are tested by numerical
experimentation.

2. Smoothness of the solution. Denote by T the integral opera-
tor of equation (1.1):

1)  (Tw) = / lale, 9)lz — 4™ + b, v)u(y) dy
0

0<x<1, O<wv<l.

We refer to [27] for the proofs of the following two lemmas.
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Lemma 2.1. Let T be defined by formula (2.1) with o fized v € (0,1).
Let Mg, A1 € R, g < 1 —v, A\ < 1—v. Assume that a,b €
C([0,1] x (0,1)) and

(2.2) la(z,y)| + b(z,y)| < ey (1 —y)~,
(z,y) €10,1] x (0,1),

where ¢ = ¢(a,b) is a positive constant. Then, T maps C[0,1] into
itself, and T : C[0,1] — C10,1] is compact.

For m € N, 6,0, € R, 6y < 1, 6; < 1, denote by C™%:01(0,1)
the weighted space of functions v € C[0,1] N C™(0,1) satisfying for
€ (0,1), k=1,...,m, the inequalities

1 for 6p <1 -k,
‘u(k)(a:)‘ <csl+]logz| forfy=1-k,

gl=k=0o for g > 1 —k,

1 for 0 <1 -k,

’U(k)(l - 33)‘ <cql+|log(l—=z) for6 =1—k,
(1—a)=*=% for 6; >1—k,

where ¢ = c(u) > 0 is a constant, in other words, u € C™%-01(0, 1) if

Ul 00,0, = Z sup wi—1+g0 (@)wi—110, (1 = 2)[u™ (2) | < oo,

0<m<1
where
1 for p <0,
wp(r)=4q1/1+logr| forp=0, 7 peR, r>0.
rf for p > 0,

Equipped with the norm

|2/l gm.60.01 0,1) "= Oglai(l lu(z)| + |u‘m,90)91 )

C™%:91(0,1) becomes a Banach space. Note that

C™[0,1] ¢ ¢™%:01(0,1) for any m € N, 6y <1, 6; < 1.
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We introduce the notation

- 6 k a l
%0, = 5;) (5,) WieNo={0}uN.

Lemma 2.2. Let T be defined by (2.1) with v € (0,1). Let m € N and
Ao, A1 €ER, A < 1—v, Ay < 1—w. Assume that a, b € C™([0,1]%(0,1))
and

23)  [0r9ya (@ y)| +[0:9,b (@, y)] S ey T —y) T,

with (z,y) € [0,1] x (0,1) and a positive constant ¢ = c(a,b) for all
k,1 € Ny such that k +1 < m. Then operator T maps C™%:01(0,1)
with 0y = v+ Ao and 0, = v + \; into itself, and T : C™%:61(0,1) —
C™:91(0,1) 4is compact.

Denote N(I —T) = {u € C[0,1] : w = Tu}. The following theorem
is a consequence of Lemmas 2.1 and 2.2.

Theorem 2.3. Assume the conditions of Lemma 2.2 and N(I —T) =
{0}. Let f € C™%:91(0,1), 6p = v+Xo and 61 = v+X1. Then, equation
(1.1) has a solution u € C™%:91(0,1) which is unique in C[0,1], and

(2.4) [ull o001 0,1y < €l fllgmto.on 0,1

with a constant ¢ which is independent of f.

3. Smoothing transformation. Possible boundary singularities of
the solution u € C™¥FT20¥+21(( 1) of equation (1.1) are generic; they
occur for most of the free terms f even when f has no boundary
singularities. In order to suppress the singularities of the solution we
perform the following change of variables in equation (1.1):

(3.1) x=p(t), y=¢(s), 0<t<1,0<s<1.
Here, ¢ : [0,1] — [0, 1] is defined by the formula

Cx

t
1
(32) olt) = / M1 (1= o~V de, 0<t<1, popr €N,
0
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po — Dl(p1 — 1)!

1
e = [ 0?71 = o)~ tdo = B(po, = (
0/ (1-0) (o) = LB

where B is the Euler beta function. Representing

(1— o)t = pf(—l)k <p1k‘ 1) o

k=0

and integrating, we see that ¢ is a polynomial,

gp(t) — ltpo plz_l(il)k 1 <p1 — 1> tk
Cy k=0 k +p0 k '

Observe that
0 < o(t) < cot?,

0<1l—pt)<d1-tP, 0<t<1,

3.3
(3.3) “P(k) (t)‘ < thpo—k(l _ t)m—/f7

O0<t<1l, k=1,...,m, meN.

If po = p1 = 1, then ¢(t) = ¢ for 0 < ¢t < 1. We are interested
in transformations (3.2) with po > 1 or/and p; > 1 since then the

transformation (3.2) possesses a smoothing property for functions u(x)

with singularities of derivatives of u(x) at * = 0 or/and = = 1, see

Lemma 3.1; the proof may be found in [35].

Lemma 3.1. Let m € N, 0p,0; € R, 6 < 1, 61 < 1. Let u €
C™9:9:(0,1) and v(t) = u(p(t)), with ¢ defined by (3.2). Then, for

j=1,....m 0<t<]1,

tPo—J 00 <0
’U(j) (t)‘ <c ||UHC""=90'91 (0,1) tpO*j(]_ + |10gt|) 00 =0
t(l—Go)po—j 0o >0

(1 _ t)pl*j 01 <0

X (1—t)Pr=I(1+|log(1—¢t)]) 6 =0
(1 _ t)(l_el)pl_j 0, > 0.
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Theorem 3.2. Let m € N, 0 < v < 1, Ag,A\1 € R, Ay < 1 —v,
A < 1—v. Let u € CmvHror+A1(0 1) and v(t) = u(p(t)), t € [0,1],
where ¢ is defined by (3.2) with the parameters po,p1 € N satisfying

(3.4) o forv+ X <0, P20 izl
' bi m/(l—v—2X) forO<v4+)\ <1, ’ '

Then v € C™[0,1] and
(3.5) v 0) =01y =0, j=1,...,m.

Proof. Let u € C™v+Trov+A1(0 1) and v(t) = u(p(t)), t € [0,1].
Clearly, v € C[0,1]nC™(0,1). Due to (3.4) and based upon Lemma 3.1,
we obtain

v(0) := lim v (2) = 0,

t—0
v (1) :=limoD () =0, j=1,...,m,

t—1

in other words, the derivatives of v up to order m can be extended to
the interval [0, 1] so that v € C"™[0, 1], and (3.5) holds. O

From (3.2), we see that ¢(0) = 0, ¢(1) = 1 and ¢ is strictly
increasing. Hence, for s # t, we have

p(t) —e(s)
t—s ’
o) = o) = (ZO =2 e
After the change of variables (3.1), equation (1.1) takes the form
(3.6) o(t) = / K, (t, s)o(s) ds + f, (1),
O;tgl, 0<v<l,

where f,(t) = f(p(t)),
(3.7) K,(t,s) = A(t,s)|t —s|7" + B(t, s),
(3.8) Alt,s) = a(o(t), o(s)) (¢, s)"¢'(s),
(3.9) B(t,s) = b(p(t), o(s))¥'(s)
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and

0<t, s<l1.

S) = <p(t) - W(S)/(t - 5) for t 3& s,
(3.10)  @(t,s) {¢,(S) ot

The solutions of (1.1) and (3.6) are related by
v(t) =ule(t),  ulz) =v(e” (@)

It follows from (3.2) and (3.10) that ®(¢,s) > 0 everywhere in the
square 0 < ¢, s < 1 except two points (0,0) and (1,1) in which &
vanishes causing singularities of ®(¢,s)™”. Note that ® is a polynomial
in s, t, since ¢ is a polynomial and pg,p; € N. According to (3.2), (3.3)
and (3.10),

O(t,s) = P(s,t), 0<t,s<1.

Further, we have

(3.11) D(t,s)=(t+s) H((1—t)+(1—s)" "
ast,s > 0orast,s—1,

where ®(t,s)=<U(t,s) as t,s — 0 or t,s — 1 means that ®(¢,s)/V(t,s)

and ¥(t,s)/®(t,s) are bounded as t,s — 0 or t,s — 1.

Indeed, let 0 < s < ¢t < 1/2. According to (3.2) and (3.10), the
following holds:

t t
1 1
O(t,s) = P /go’(a)da: i s /Upo_l(]_ — o) do.
s s
Thus,
t
1 1 1 1 ¢Po — gPo
(t,s) < — /opo—lda S
cit—s c«pog t—s

S
By Lagrange’s mean value theorem we obtain
tPo — gPo 1 1
ti < potpo— < po(t—l— S)Po— ,
-5

and therefore, ®(t,s) < (t + s)P*"!/c,. Below, we also see that
®(t,s) > /(t+s)Po~1 for a positive constant ¢ > 0and 0 < s < t < 1/2.
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Indeed, for 0 < s < t < § < 1, the following holds:

B(t,s) = jw%ﬂdoCA;ﬂﬂ/;mwlﬂMWJ

S S
< (1-— 5)191—1 tPo _ gPo
- C«Po t—s .

Since tP0 — sP0 /(t — s) > tPo~L for 0 < s < t, pg > 1, we obtain

Cs

1— gt
(t + )Pt with ¢; = a=om=

> cstPo™t >
O(t,s) > cst 2 Spo-T -~

Therefore,
®(t,s)=(t+s5)""" asts—0.

In a similar manner, we obtain that ®(¢,s)=<[(1 —t) + (1 — s)]P» ! as
t,s — 1, and (3.11) follows.
Using (3.3), we obtain for 0 < s, ¢t <1, k=1,...,m, m € N, that

(3.12) |8§¢>(t, S)| < c(t + 5)?0*’671 [(1 _ t) + (1 i S)]pl—k—l .

Let g be an m times continuously differentiable function on an
interval which contains the values of a function ¢ € C™[0,1]. Then
the composite function g(¢(s)) is m times continuously differentiable
on [0,1], and it can be expressed by the Faa di Bruno differentiation
formula, see e.g., [16],

J . , s k1
(3.13) (CZ) g((s)) = Z Mg(kﬁ.“%j)(w(s)) (1/’1(')>

Y@ (s)\ ™
e
where s € [0,1], 7 = 1,...,m, and the sum is taken over all non-

negative integers k1, ..., k; such that ki +2ky +--- + jk; = J.
Due to (3.11), (3.12) and (3.13), the following lemma holds.
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Lemma 3.3. For j =0,....m, m e Ny, 0<t<1,0<s <1, the
following holds:
(3.14)

0 (®(t,5)™)| < et + )T [(L—t) 4 (1 s)] 1D

Since the factor ¢’(s) = (1/c,)sP*~1(1 — s)P1~! damps the singular-
ities, it holds for j = 0,...,m that

]8§ (®(t,5)7") (p/(s)} < esPom D=1 (] _ 5)(P1=D(A=v)=j
Lemma 3.4. Let a and b satisfy the conditions of Lemma 2.2, and let

@ be defined by (3.2). Then, for j =0,...,m, 0 <t <1,0< s <1,
the following holds:

(3.15) [dda(p(t), p(s))| +|02b((t), p(s))| < esTPor0 ™I (1) P17

Proof. Estimate (3.15) is a consequence of (2.3), (3.2) and the
formula of Faa di Bruno (3.13). O

Lemma 3.5. Let a and b satisfy the conditions of Lemma 2.1. Let A
and B be defined by the formula (3.8). Let ¢ be defined by (3.2). Then
the following holds true.

(i) If
(3.16) po> 1 —v)/(1—v—A), p1>(1-v)/(1—v—XA),

then with 69 := (1—v—Xg)po—(1—v) >0, 61 := (1—v—XA)p1—(1—v) >
0, the following holds:

(3.17) |A(t, s)] < esP(1—3s)%,  (t,5) €[0,1] x (0,1).
(i) If
(3.18) po > 1/(1 = Xo), p1>1/(1—A\),

then, with 69 :== (1 — Ao)po — 1 > 0, 61 := (1 — A1)p1 — 1 > 0, the
following holds:

(3.19) IB(t,s)| < es®(1—s)°, (t,s)€[0,1] x (0,1).
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Proof. By inequalities (3.3), (3.15) and (3.14), we have
|A(t, 8)| < CS—P0>\0+P0—1(t+8)—VPo+V(1 _S)—P1>\1+p1—1(2_t_S)—Vpl-‘rl/

that, for po, p1 satisfying (3.16), which yields (3.17). Similarly, by (3.3)
and (3.15),

IB(t,s)| < esTPoroFPo=l(] _ g)~Piditpi—l

for pg, p1 satisfying (3.18), we obtain (3.19). O

From (3.17) and (3.19), we can define A(¢, s) = 0 and B(t, s) = 0 for
t €10,1], s =0 and, for t € [0,1], s = 1. Moreover, we extend A(t, )
and B(t,s) with respect to s outside [0, 1] by the value of zero. The
corresponding extensions of A and B will again be denoted by .4 and
B. Thus, under conditions (3.16) and (3.18), we obtain that

(3.20) A, B e C([0,1] x [-0,1+6]) for any § > 0.

Under the conditions of Theorems 2.3 and 3.2, the solution v(t) =
u(e(t)), t € [0,1], of (3.6) belongs to C™[0,1] and satisfies (3.5).
Continuing v for ¢ < 0 by the constant value v(0) and for ¢t > 1 by
the constant value v(1), the extended function belongs to C™(R). This
circumstance is helpful for the central part interpolation on the uniform
grid by polynomials and piecewise polynomials treated in the next two
sections.

Remark 3.6. While the change of variables (3.1) eliminates the bound-
ary singularities of K, f, and exact solution v of equation (3.6), the
diagonal singularity of the kernel K, will still be present, see (3.7).

Remark 3.7. Instead of (3.2), other transformations may also be
used. We refer the reader to [26, 28] for a general discussion in this
connection, see also, [7, 10, 14, 19, 22, 33].

4. Central part interpolation by polynomials. Given an inter-
val [a,b], a < b, and m € N, we introduce the uniform grid consisting
of m points

1 _
(4.1) J;i:a+<i—2>h, izl,...,m,h:b
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Denote by P,,,—1 the set of polynomials of degree not exceeding m—1
and by II,, the Lagrange interpolation projection operator assigning to
any g € Cla,b] the polynomial II,,,g € P,,,—1 which interpolates g at
points (4.1):

m

(Ing)(z) = Y g(x;)

=1

r — Tk

a<xz<b m?>2,

=

)
Tj— Tk

Sl

i
(Iyg)(w) = g(x1), a<wz<b

Lemma 4.1. In the case of interpolation knots (4.1) with m € N, for
g € C™[a,b], the following holds:

_ < m (m)
(42)  max |g(z) = (ng) (z)] < Omh™ max |9 (z)],
with (2m)
o m): ~ -1/2
O = 22m (m1)2 (mm) ’

where 0,, = €, means that 0,, /e, — 1 as m — co.

Further, for m =2k, k > 1, the non-improvable estimate

4. — (I <9, h™ (m)
(43)  max  19(@) — (ng) @) < 9nh™ ma g™ (@)
holds with

|
(4.4) O =272m " ST l/2gmm

((m/2)1)?

whereas, form =2k + 1, k > 1, the non-improvable estimate

_ m (m)
(4.5) o lnax lg (z) — (ILng) (z)| < Imh ag}ggb\g ()],
holds with
2v3  (k)? 0T
4. - = /29=m
(4.6) = Gk 9 "

Remark 4.2. Without a detailed proof, similar results were formulated
in [23].
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Proof. These estimates are consequences of the following well-known
error formula, see, e.g., [30]:

(m)
o@) = (Mng)) = 2o =) o = )
x € [a,b], &€ (a,b).

Indeed, for points (4.1), the maximum of |(z — z1) -+ (z — 2| on
[a, b] is attained at the end points of the interval; thus,

max [(e = 1) (o =) = 5 Sheo 2
_ 1.3.5.”2;7; (Qm_l)hm,
and (4.2) holds with
g _L3..Gm-1) _ (m)
m 2m m) 92m ()2
The Stirling formula
(4.7) ——
yields
Om = 2y/mm (2m)*me 2" _ 2y/mm _ (mm) /2,

2m\/2rm mme—m2m\/2rm mme—m  2wm

We now prove (4.3) and (4.4) for m = 2k, k € N. Note that the
maximum of |(z — x1) -+ (z — zax)| on [zg, Try1] is attained at the
center of [z, xr4+1] and equals

() (3n) - (H50) = =

Thus, (4.3) holds with

[1-3-...-(2k—1)] [(2k)1]? m!

Im = 2m ml Tomml(2-4- . 2k) T 92 (2
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This, together with (4.7), yields (4.4):

2rmm™e ™ V2 /mmm™ e ™

2 7 92m mo9—m ,—m
22m [ \/2m(im]2) (m/2)"” =2 2 mmm 27 e
1/2
=92 M 1/2 2 .
™

Finally, we will prove (4.5). Let m = 2k + 1,k > 1. We estimate

U

1%

separately |(x —z)(x — xp41) (@ — Tpa2)| and |z — 21| - -+ |2 — 21 ||z —
Zgts| | — zm| on the interval [zy, zp12]. Taking x — x4 = y, we
have

, nax l(z = z1)(@ — Tpt1) (T — Tpt2)| = _max [(y — h)y(y + 1)

3 2
— — h2y|.
_pax |y Yl

The cubic function ¢(y) = y* — h?y vanishes at —h, 0 and h, has a local
maximum at y = —(v/3/3)h in [—h, h] with

(-5

and a local minimum at

y = ?h
with
NEAEN
Thus,
s o= 5= ) (o — asa)| = 2
The maximum of | — z1|--- | — p—1||(x — 2k43)| - [(x — 21 )| o0

[z, Tp42] is attained at the center xp41 of [k, Zk42] and equals

(20)2(3h)% - - - (kh)? = (KD)2R2*=1) = (k1)2pm =3,
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This results in the estimate

2
s, o) ) < 2

and (4.5) with

g — 23 (k1?2
9 (24 1)
Due to the Stirling formula (4.7),
g 2v3  (K!)?
9 (2k41)!
2v/3 2m k k2Fe 2k

9 /27(2k + 1) (2k + 1)2k+1le—(2k+1)

V3 or ( k )2’”1
9 krlet\2k+1 ‘

Since

ko k 2k _11 1
2k+1 2k\2k+1/) 2 2k+1)°

k 2k+1 B 1 2k+1 1 1 2k+1 N 1 2k+1 .
2% + 1 —\2 2% + 1 —\2 €5

we obtain (4.6) due to:

2v3 (k)> _ 2v3 Vor N
9 2k+1)! 9e 1kt 1I\2k+1

24/
= 7967T m~Y227m,

O

In what follows, we will denote by £(X,Y") the Banach space of linear
bounded operators A from a Banach space X into a Banach space Y
with the norm [|Allz(xy) = SUPge X, |la]|x <1 | Ay .

Comparing estimates (4.2)—(4.5), we observe that, in the central
parts of [a,b], estimates for the error g — Il,,g are approximately
2™ times more precise than on the entire interval. In the central
parts of [a,b], the interpolation process on the uniform grid also has
good stability properties as m increases; in contrast to the exponential
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growth, see [9], of ||IL,|lz(C[ab],Clap)) @5 M — 00, the following holds
for rh'/2 < (b — a)/2 by Runck’s theorem (see [9, 31, 32]):

(4.8) Ml z(cla,b),Cl(atb) 2—rh1/2 (atb) j24rmrr2)) < Cr(1 +logm),
where the constant ¢, depends only upon r > 0.

As is well known, logarithmic growth is the slowest which holds
for projectors P, : Cla,b] — Pp—1 and, for example, Chebyshev
interpolation projectors II,, have this slowest growth.

Recall, see e.g, [9, 30], that the Chebyshev interpolant II,,g is a
polynomial of degree m — 1 that interpolates g € Cla,b] at m distinct
knots {x;} C (a,b):

b b-— 2i—1
(4.9) Ii:aJr + acos(Z 7r>, i=1,...,m.

2 2 2m

Actually, these knots are zeros of the Chebyshev polynomial of the first
kind T;,,((2z — a — b) /(b — a)), where:

(4.10) T (t) = cos(marccost), te[-1,1], m=0,1,....
In the case of Chebyshev knots (4.9) the non-improvable estimate

(4.11) Dax, ‘g(m) - (ﬁmg)(x)\ < %

g € C™a, ]

(m)
Jnax, lg"™ ()],

holds, and

_ 4
||Hm||/$(C[a,b],C[a,b]) < 8+ ; log m, m = ].7 2, e

On the other hand, it is known that, for any projection operator
P, : Cla,b] = Pp—1, that is, for any operator P, : Cla,b] — Cla, b]
such that P2 = P,, and the range R(P,,) = P,,_1, the following holds:

m
| Pl zClapl,clap)) = co(l +logm), m=1,2,...,

where ¢g > 0 is independent of m, see e.g, [9, 30]. Thus, in the case
of Chebyshev knots (4.9), the norm |[IL,||£(c[a,b],Clab)) I8 Of minimal
possible growth order as m — oo.

Further, in the central part [z, Zg41] or [Tk, k2], the interpolation
error g — I1,, ¢ is even smaller than the error on [a, b] of the Chebyshev
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interpolant II,,,g of degree m — 1. Indeed, with respect to b — a = mh
the estimate (4.11) for g € C™[a, b] reads:

) —(1I <0.hm (m)

(412)  max [g(a) - (Mug)(w)] < Buh™ max o).
— 2m™

(4.13) Om =

Therefore, due to (4.4), for even m we have

O 22" Fmm ((m/2))*  2m™ ((m/2))* _ (e\™
A 4 (ml)2 T (m)? :(2>'

For instance, 04/94 = 32/9 for m = 4, and the Chebyshev interpolant
II,,g is approximately 3.56 times coarser than the central part of the
interpolant I1,,g.

Due to (4.6) for odd m, we have

2m™ 9m) N3\/§<e)m

|

(4.15) - =

Om  mldm2y/3(((m —1)/2)1)2 2w \2

For instance, 0s/95 = (9375v/3)/4096 for m = 5, and Chebyshev
interpolant II,,,g is approximately 3.96 times coarser than the central
part of the interpolant II,,g.

5. Central part interpolation by piecewise polynomials. We
introduce in R the uniform grid:

1
(5.1) {jh:j ez}, h:ﬁ,nEN.

Let m € N, m > 2, be fixed. Given a function g € C[—0,1 + 4],
d > 0, we define a piecewise polynomial interpolant I ,,g € C]0, 1]
for h = 1/n < (20)/m as follows. On every subinterval, [jh, (j + 1)h],
0 <j <n—1, the function IIj ,,g is defined independently from other
subintervals as a polynomial H%]mg € Pim—1 of degree < m — 1 by the
conditions '

1l g(ih) = g(ih), l:j—%+17...,j+% if m is even,
: 1 1
i g(n) = g(in), l:j—mT7...,j+mT if m is odd.
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A unified writing form of these interpolation conditions is
(5.2) I g(th) = g(lh) for | € Z such that | — j € Zyp,

where

m m
Ly =keZ: ——<k< —
i frez e}

Z:={..,-1,01,..}.

For an “interior” knot jh, 1 < j < n — 1, interpolation conditions (5.2)

contain the condition (Hg;nl]g)(jh) = ¢g(jh) as well as the condition

(H%}mg)(jh) = g(jh); thus, IIj ;g is uniquely defined at interior knots,
and II, ,,,g is continuous on [0, 1], namely, for the “interior” knots jh,
1 < j <n—1, interpolation conditions (5.2) yield

(In,mg)(5h) = g(jh)

for IIj, ;g as a function on [(j — 1)h,jh] as well as a function on
[k, (j + 1)h]. The one side derivatives of the interpolant IIj ,,g at
the interior knots may be different.

We introduce the Lagrange fundamental polynomials Ly, ., € Pp—1,
k € Z,,, satistying Ly, (1) = 6, for | € Z,,, where 6y is the Kronecker
symbol, d;; = 0 for k # [ and d; r = 1. An explicit formula for Ly ,, is
given by

(5.3) L) =[] t—_l, k € Lo,

1€Zm \{k}
For 0 < j <n—1, we claim that

(5.4) W9 () = S g((j+ k) h) L (nt — ),
k€Zm

t € [jh,(j + 1)h].

Indeed, ngj,]m g defined by (5.4) is really a polynomial of degree < m—1,
and it satisfies interpolation conditions (5.2): for | with | —j € Z,,, the
following holds:

@) ) = 3 g((G+k)h) L (1 — J)
k€L
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=Y g((G+k)h)driy

kE€ZLm
=g+ U=34)h)=g(hn).

For m = 2, the interpolant Il 2g is the usual piecewise linear
function joining the pair of points

(jh,g (jh)) € R* and ((j+1)h,g((j +1)h)) € R?

for 0 < j < n —1 by a straight line; I} 2g does not use the values
of g outside [0,1], and II; 2¢ is a projection operator in C[0,1], i.e
H%,Q =11 2.

For m > 3, I, ,,g uses values of g outside of [0,1]. For g € C[0,1],
I1j, ,ng obtains a sense after an extension of g onto [—d,1 + 4] with
d > (m/2)h. In our work, we will consider the functions g € C™[0, 1]
that satisfy the boundary conditions (recall Theorem 3.2):

gD 0)=¢g"1)=0, j=1,...,m.

This fortuitously yields that the simplest extension operator

(5.5) C0,1] - C[-4,1+ 4],
g(0) for —6<t<0,
(5.6) (Esg) ( g(t) for0<t<1,
g(l) for1<t<1+44,

maintains the smoothness of g. The operator
(5.7) Py =1, Es : C[0,1] — C0,1]

is well defined, and Pg’m = Ph.m, 1.€., Py is a projector in C[0, 1].

For wy, € R(Ph,m) (the range of Py ), we have wy, = Py pwp, =
I}, . Eswy, and, due to (5.4), we obtain for ¢t € [jh,(j + 1)h], j =
0,...,n—1, that

(5.8) wi(t) = Y (Bswn)((j + k)B) Lim (0t — ),
KkE€EZm
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where
wp(th) fori=0,...,n,
(Eswp)(th) = ¢ wp(0)  for ¢ <0,
wp(1)  for i > n.

Thus, wy, € R(Pp,m) is uniquely determined on [0, 1] by its knot values
wyp(ih), i =0,...,n. We conclude that dim R(Py, ) = n+1. It is also
clear that, for wy, € R(Py,m), we have wy, = 0 if and only if wy, (ih) = 0,
1=0,...,n.

For g € C[—4,1+ 4], the interpolant IIj, ,,,g is closely related to the
central part interpolation of g on the uniform grid treated in Section 4.
On [jh, (j + 1)h], the interpolant IIj, ,,g = Hgf’]mg coincides with the

polynomial interpolant II,,g constructed for g on the interval [a;, b;],
where

1
b; = j—i—ﬁ h in the case of even m,
J 2
.m
a; = (] - 2>h,
b; = (j + ?)h in the case of odd m.

Moreover, [jh, (j + 1)h] is contained in the central part of [a;,b;] on
which the interpolation error can be estimated by (4.3) and (4.5). In
this way, we obtain the following result.

Lemma 5.1.

(i) For g e C™[—6,1406], m >2,0 >0, h=1/n < (2§)/m,

. — < m (m)
(5.9) dax |g () — [nmg)(t)] < Imh™ _ max g™ (1),

with V., defined by (4.4) and (4.6), respectively, for even and odd m.
(ii) Let

yim) .

{vEC’m[O,l]:v(j)(O):v(j)(l)zo, jzl,...,m}.
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Then, for g € V™ | the following holds:

. — < m (m) )
(5.10) gax [g(t) = (Prmg) (O] < Imh™ max [g7 (¢)]

Proof. Claim (i) is a direct consequence of Lemma 4.1. Further, to
prove estimate (5.10), we have Esg € C™[—6,1 + 8] for g € V™) and

(m) (4] — (m)
_max [(Esg)"™ (1)] = max g (1)),

(Es9)(t) =g(t) for0<t<1.
Applying (5.9) to Esg, yields:

_ < m (m)
max (Es0) (1) — (W Byg) ()] < b max [(Bg) ™) (1),

We can rewrite it as

_ < m (m)
Jnax, l9(t) = (Ph,mg)(t)] < Imh Jnax lg"™ ()],

which completes the proof. O

From (4.8), (5.5), (5.6) and (5.7), we obtain that, with respect to n
(with respect to h = 1/n) the norms || Py m || £(c[0,1],c0,1]) are uniformly
bounded:

(5.11) | Pl 2oy, cp0.my) < €(1+ logm)

with a constant ¢ which is independent of & (of n) and of m.

Together with (5.10), noting that V(™ is dense in C[0,1], the
Banach-Steinhaus theorem yields the next result.

Lemma 5.2. For any g € C[0,1],

Jmax lg () — (Phmg) ()] — 0 asn — oo.

It is natural to compare the accuracy of 11}, ,,,g, not with the accuracy
of I}, mg (the Chebyshev interpolation), but with the accuracy of
ﬁﬁ,mg, h = mbh, since I} ;mg and ﬁﬁ7mg need, respectively, n+1 and n
values of g. Due to (4.14) and (4.15), we have similar relations between
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the accuracies of g — Il ,,,g and of g — ﬁ,37mg:
_ ﬁ7 oo m
lg = M5 mglloe () , m=2k k> 1;
19 = Mpmgllee  \2
lg = T m9llo  3V/3 (e
Hg - Hh,mg”oo 2 2

) . m=2k+1, k> 1.

6. Collocation method based on central part interpolation.

6.1. Operator form of the method and convergence analysis.
We rewrite equation (3.6) in the operator form

(6.1) v="Tov+ fo,

where operator T, is defined by

—

(6.2) (Tov)(t) = | Ky(t,s)v(s)ds, 0<t<1,

—~~ O

with K,(t,s), given by
mate (6.1) by equation

(6.3) vh = Py Tovn + Phm fo-

This is the operator form of our first method based on collocation
techniques and central part interpolation on the uniform grid.

It follows from (3.4) that (3.16) and (3.18) hold. From (3.20) with
d = 0, we obtain that A, B € C([0,1] x [0,1]). Therefore, T,,, given by
(6.2), is compact as an operator from C|0, 1] into C0, 1]. Assuming that
N(I—-T) = {0}, or equivalently, N (I —T,) = {0}, the bounded inverse
(I —T,)':C[0,1] — C[0,1] exists due to the Fredholm alternative.
Denote

3.7). Using Ppm, see (5.7), we approxi-

k=TI —=Ty)  lzccp,co-
The compactness of Ty, : C[0,1] — C[0,1] and the pointwise conver-
gence Py, ,,, to I (the identity mapping) in C[0, 1], see Lemma 5.2, imply
the norm convergence
en = ||T, — Ph»mTSDHC(C[O,l],C[O,l]) — 0 asn— o0
(as h=1/n—0).
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Hence, there is an ng such that ke, < 1 for n > ng. We conclude that
I — Py T, is invertible in C[0, 1] for n > ng and

— —1
(6.4) Kh += ||(I = PhmTy) ||£(C[0,1],C[0,1])
(as h=1/n—0).

—r Kk asn—»x

This proves the unique solvability of the collocation equation (6.3) for
n > ng.

Let v and vy, be the solutions of (6.1) and (6.3), respectively. Then,
(I = PymTy)(v—vp) =v— Phmv,
v—uvp, = - Ph,ng,)_l(v — P mv)
and
(6.5) lv = wnll < Bnllv—Pamoll,, h=1/n, n>ng.
Note also that

= :
||I - Ph,stﬂ”z;(c[

(6.6) v —vnll [0 = Phmvll

0,1],C0,1])

11— thmTWH.C(C[O,l],C[O,l]) — HI—T‘P”ll(C[O,l],C[O,l])
as n — oo;

thus (6.5) essentially cannot be improved.

Further, let the assumptions of Lemma 2.2 be fulfilled, and let
f € Om’eo’el(o,l), m € N, m > 2, 0 = v+ A, 01 = v+ A
Then, it follows from Theorem 2.3 that the solution u of (1.1) belongs
to C™%:91(0,1). By Theorem 3.2, for v(t) = u(p(t)), we have
v € C™[0,1] and v (0) = v (1) = 0, j = 1,...,m; by Lemma
5.1 (ii), |v = Pr.mv]loo < Fmnh™||v™)]|o. Now, (6.5) yields

(6.7) v —vnllo < KROmh™ [0 oo, B =1/n, n > ne.

We summarize the above-obtained results as follows.

Theorem 6.1. Let the assumptions of Lemma 2.2 be fulfilled. More-
over, assume that f € C™%-91(0. 1), withm € N, m > 2, 6y = v + Ao,
61 =v+ M. Let N(I —T) = {0}, or equivalently, N(I —T,) = {0}.
Finally, let ¢ be defined by the formula (3.2) with parameters pg,p1 € N
satisfying (3.4).
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Then, equation (6.1) (equation (3.6)) has a unique solution v €
C[0,1], and there exists an ng such that, for n > ng, equation (6.3)
has a unique solution vy. The accuracy of vy, can be estimated by (6.7)
where kp, is defined in (6.4) and U, is given by the formulae (4.4) and
(4.6) for even and odd m, respectively.

Remark 6.2. Method (6.3) contains n + 1 unknowns and is more
precise than the standard piecewise polynomial collocation method

(6.8) vy, = ﬁfz,stov}_z + ﬁﬁ7mf<p, h= mh,

with n = 1/h unknowns and arbitrary choice of m collocation points
in subintervals [jh, (j + 1)h], even in the case of Chebyshev collocation
points. For example, as was just shown, the accuracy of method (6.3)
is guided by ||v — Pp, 1mv]|c Where v is the solution of the equation (6.1).

Similarly, the accuracy of method (6.8) is guided by |jv —IIj ,,, V| co-
At the end of Sections 4 and 5 we compared |[v — Py 0|00 with
[v—IT;, ,,,v]loc in the Chebyshev case: |[v—II} ,,, 0|« is coarser than [lv—
Pp, mv||s approximately (e/2)™ times for even m and approximately
(3v/3)/(27)(e/2)™ times for odd m. For other choices of interpolation
points the accuracy of the standard piecewise polynomial collocation
method is, as a rule, more coarse. For instance, in the case of uniform
location of collocation points, the error is 2" times coarser than the
error ||v — Pp ] co-

Remark 6.3. With respect to up(x) = vp(p~(z)), 0 < z < 1,
estimate (6.7) on conditions of Theorem 6.1 reads as
— = — <ch™
gnax |u(z) —up(2)| = max |v(t) —va(t)] < ch™,
h=1/n, n>ng,

where c is a positive constant which does not depend on n.

6.2. Matrix form of the method. The solution vy, of equation (6.3)
belongs to R(Ph,m); therefore, the knot values vy (ih) (i = 0,...,n)
uniquely determine vp. Equation (6.3) is equivalent to a system of
linear algebraic equations with respect to v, (ih), i = 0,...,n, and our
task is to write this system.
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For wy, € R(Pum), we have w, = 0 if and only if wy(ih) = 0,
i=0,...,n. Since (P nw)(ih) = w(ih), i =0,...,n, equation (6.3) is
equivalent to the condition:

wn(ih) = (Tpvn)(ih) + f,(ih), i=0,...,n,

ie., vy € R(Pp,m) satisfies equation (6.1) (equation (3.6)) at the knots
th, i =0,...,n. Using representation (5.8) for vy, we obtain

- Z Z / K, (ih, s)Lgm(ns — j) ds(Esvp)((j + k)h)

n—1 v (0) for j+k <0,
:Z Z aijr s on((j+Ek)h) for1<j+k<n-1,
J=0 k€Zm vp(1) for j + k> n.
Thus,
th Zb”vhlh i=0,...,7’L7

where, for k € Z,,, we denote

J+1)h
(6.9) Qi = / K (i, ) Ly m(ns — ) ds,

2ok 2o{0<j<n—1,j+k<0} Vigik  for 1=0
(6.10) by = ZkeZm Z{jzogjgnq,jﬂc:l} @i forl1<i<n-1
Dok 20 j <1 jrkzn} Qigk  forl=mn
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with ¢,0 = 0,...,n. We see that the matrix form of method (6.3) is
given by

(6.11) vn(ih) = biwn(lh) + fo(ih), i=0,...,n,

1=0
with b;; defined by (6.9)-(6.10). Having determined wvy(ih), i =
0,...,n, through solving the system (6.11), the collocation solution
vp(t) at any intermediate point ¢ € [jh, (j +1)h], 7 =0,...,n— 1, is
given by

(6.12)
v (0) for j +k <0,
vp(t) = Z Lim(nt—j) S vp((j+k)h) for1<j+k<n-1,
k€L vp(1) for j+ k >mn,
with L m, k € Zy, defined by (5.3).

7. Product integration based on the central part interpola-
tion.

7.1. Operator form of the method and convergence analysis.
We present in the following lemma some estimates for functions A(t, s)
and B(t,s), see (3.8), as well as T [A(t, s)v(s)], O [B(t,s)v(s)] in a
somewhat specific form for the requirements of Theorem 7.2 below.

Lemma 7.1. Let a and b satisfy the conditions of Lemma 2.2. Let
A and B be defined by the formulas (3.8) and (3.9), respectively. Let
¢ be defined by (3.2). Finally assume that u € C™%91(0,1), m € N,
O =v+ Ao, 1 = v+ A1, and let v(t) = u(p(t)).

Then, the following estimates hold for (t,s) € [0,1] x (0,1).
(1) pr0apl eN

(7.1) po>m/(l—v—2Xy), p1>m/(l—v—A),

then, with 6g == (1—v—Xo)po—m >0 and §, := (1—v—XA1)p1—m > 0,
(7.2) |A(t,s)] < cs’”_(l_”)""so(l — s)m_(l_”)+61

and

(7.3) [0 [A(t, s)u(s)]] < es™ 70 (1 — )70 [ul| o 0, -
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(ii) If po,p1 €N,
(7.4) po >m/(1 = Xo), p1>m/(1—\),

then with dg := (1 — Xo)po — m > 0 and d1 := (1 — A\1)p1 —m > 0, the
following holds:

(7.5) |B(t,s)] < Csm—1+5o(1 _ S)m71+51
and
(7.6) 107 [B(E ()] < es™ (= )T [ull o -

Proof. These estimates are direct consequences of Lemmas 3.3—
3.4. O

We determine the approximate solution vy for equation (3.6) by
solving the following problem:

vp(t) = / [t — s|7" Prm (A(t, s)un(s)) ds
0

+ [ Pron(Bt,syens)) ds + £ (0,
0

where 0 < t <1 and A,B € C([0,1] x [-d,1 4 6]), § > 0, see (3.20).
Here, Py, see (5.7), is applied to the products A(t,s)v,(s) and
B(t, s)vn(s) as functions of s treating ¢ as a parameter. This is the
operator form of a product integration method corresponding to the
piecewise polynomial central part interpolation on the uniform grid
{jh : 5 =0,...,n}, h = 1/n, n € N. The convergence behavior of
method (7.7) is characterized by the next theorem.

Theorem 7.2.

(i) Let0 <v <1, A0, M1 ER, Mg < 1—v, Ay < 1—v. Let f € C[0,1].
Assume that a, b € C([0,1] x (0,1)) satisfy (2.2). Let N(I —T) =0,
with T given by (2.1). Finally, let ¢ be defined by the formula (3.2)
with parameters pg,p1 € N such that

< 1 1—v
max
po & 1—)\0,1—1/—>\0 ’
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S 1 1—v

max .

P 1—)\1,1—I/—>\1

Then, for sufficiently large n, say for n > ng, equation (7.7) has a

unique solution vy, € C[0,1], h =1/n, and

(7.8) lv—vn|l = m[gu)l(] [v(t) —vp(t)] — 0 as n — oo,

where v € C[0,1] is the solution of (3.6).

(11) Let m € N, M, \1 € R, \g < 1—-v, A1 <1—-v,0<
v < 1. Assume that a,b € C™([0,1] x (0,1)) satisfy (2.3). Let
f e Cm9:91(0,1) with 0y = v+ Xo, 4 = v+ 1. Let N(I —T) = {0},
for T given by (2.1). Finally, let ¢ be defined by formula (3.2) with
parameters py and py satisfying (7.1) and (7.4). Then,

(7.9) [0 = vl < ch™ [fllgmeoor 0y, ™ 2= 10,

with a positive constant ¢ which is independent of n and f.

Proof. We consider equations (3.6) and (7.7) as operator equations

(7.10) v=Tv+ f,
and
(7.11) vp = Tavn + fo,

where f,(t) = f(¢(t)), 0 <t <1, and T = T, and T} are defined by
the formulae

1
(7.12) /|t—s| At s) + B(t, $)o(s)ds, 0<t<1,
0

(7.13)

1
(Tho) (¢ / [t = 5|7 Pam (A(t, 8)0(5)) + Pom (B(E, )0(s))] ds,
0

where 0 < ¢t < 1. Since f € C[0,1], f,(t) = f(e(t)), 0 <t <1, it
follows from (3.2) that f, € C[0,1]. Since A,B € C([0,1] x [0,1]), we
obtain that T and 7, are compact as operators from C[0, 1] into C10, 1]
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Next, we show that T;, — T compactly in C[0,1], i.e.,

(7.14) | Tho —Tv||,, — 0
for every v € C[0,1] as h =1/n — 0,

(7.15) (v) C C10,1], lonll <1, h=1/n,
= (Tpvp) is relatively compact in C[0,1].

We observe that the sets {A(t,) : 0 <¢ <1} and {B(t,-) : 0 <t <
1} are relatively compact in C[—4, 1+ 4], with a fixed § > 0. Therefore,
we obtain by Lemma 5.2, for a fixed v € C'[0, 1] extended by v(s) = v(0)
for —0 < s <0 and v(s) =v(1) for 1 < s <1+, that
(7.16)

sup max |A(t,8)v(s) — Pum (AL, s)v(s))] — 0 as n — oo,
0<t<10<s<1

(7.17)

sup max |B(t,s)v(s) — Phm (B(t,s)v(s))| — 0 asn — oo.
0<t<10<s<1

Further, we have
1
v 2
(7.18) /|t—s| ds< 2 0<t<10<v<l
—v
0

Therefore,
1
T — Toll, = sup ] [l = o1 P (At 06)
o<t<1|Jo
+ Py (B(t, s)v(s))] ds

_ /0 ([t — s| 77 A(t, s) + B(t, $)]v(s) ds

S( 2 ) sup max |A(t, s)v(s) — Phm (A(t, s)v(s))]

1—-v ) g<i<10<s<1
+ sup max |B(t,s)v(s) — Py m(B(t, s)v(s))|.

0<t<10<s<1
This, together with (7.16) and (7.17), yields (7.14).

The proof of (7.15) can be built with the help of the Arzela-Ascoli
theorem.
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Due to the condition N(I —T) = {0}, N(I —T) = {0} also. As
is well known, see [2, 3, 17, 36, 37], relations (7.14), (7.15) and
N(I —T) = {0} imply that equation (7.10) (equation (3.6)) has a
unique solution v € C[0,1], and there exists an ng € N such that,
for n > mng, equation (7.11) (equation (7.7)) has a unique solution

vy, € C0,1] and

(7.19) [0 = vl <ellTv=Tavll, n = mno,

with a constant ¢ > 0 independent of n (on h = 1/n). Convergence (7.8)
is a consequence of (7.14).

Next, we establish estimate (7.9). For solutions v and v of equations
(1.1) and (3.6), we have v(t) = u(p(t)) and u € C™%91(0,1) by
Theorem 2.3. In order to prove (7.9), it remains to show that (see
7.19):

(7.20) [Tv = Thollo < ch™ | f]

C™:90,91(0,1) n > ni.

We have, see (7.12) and (7.13),

1

(Tv)(t) = (Two)(t) = / [t = |77 (I = Pom) (Alt, s)v(s)) ds

1
+/I P ) (B(t, s)v(s))ds, 0<t<1.
0

Therefore,
(7.21)

[(Tv)(t) = (Tho)(B)] < ‘/O |t = 5|77 (I = Phm) (A(t, s)v(s)) ds

0<t<1.

)

" ‘ /01(1 = Phm) (B(t, s)v(s)) ds

We estimate the first integral on the right hand side of the inequal-
ity (7.21) by dividing the integration into four subintervals: [0, mh],
[mh,1/2], [1/2,1 — mh] and [1 — mh, 1], where mh < 1/2, or equiva-
lently, n > 2m. Thus, first, we estimate
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(7.22) /0 S S (L = P (AL )0(s)) ds

mh
< A %
< (14 1Puml cicrocon) g1, ) ol [ 1o ds,
0

with 0 < ¢ < 1. Tt follows from (7.2) by dp := (1 —v — Xg)po —m >0
that

max |A(t,s)] <c¢ max "0 < o(mp)m- 1)+
0<s<mh 0<s<mh

where 0 < ¢ < 1. Since

mh -
_ 2m-—
/|t—s| Vds < ——ht7v, 0<t<1,
1—v
0
we now obtain

mh

max |A(t,s)\/|t—s\‘”dsgc1hm, 0<t<1,
0

0<s<mh

with a constant ¢; = ¢1(m, v, dg) > 0 which is independent of h = 1/n.
This, together with (5.11), (7.22) and [|[vlec = [|ulleo < [Jullgm 0001 (0,1)
yields
(7.23)

mh
’ /0 [t — 8|7 (I = Pym)(A(t, s)v(s)) ds

< Cth ||UHCm,90,91 0,1) »

where 0 <t < 1, and ¢y is a positive constant which does not depend
on h=1/n.

On the subinterval [mh,1/2], we use (5.10) to estimate
(I = Phm)A(t, s)u(s)| < Imh™ |07 [A(t, s)v(s)]|

for 0 <t <1, mh <s<1/2. Using (7.3), we get for 0 <¢ <1 that

1/2
‘/ [t — |7 (1 = Poo) (At s)o(s)) ds

mh
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1/2
(7.21) <ca™ [ = s 5700 o o
0
< cgh™ ”uHCm»"oﬂl (0,1) »
with some positive constants c3 and ¢4 which are independent of
h=1/n.

In a similar manner, we obtain, for 0 <t <1,

1—mh
(7.25) / [t —s|7" (I = Pum)(A(t, s)v(s))ds
1/2
S CShm ||u| Cc™»90.01(0,1) »
1
(7.26) / [t — 8|7 (I = Poo) (A(t, 8)0(s)) ds
1—-mh

S Cﬁhm ||U||Cm,90,61 0,1)

where ¢5 and ¢g are constants which do not depend upon h = 1/n.

Due to estimates (7.23)—(7.26) and (2.4), we finally obtain that

1
’/ [t — 5|7 (I = Phm) (A(t, s)v(s)) ds
0
< ch™ [Jull gm 00,01 0,1
< pm Hf“cm,eov@l(o,l) , 0<t<1,

(7.27)

with some constants ¢ and ¢’ independent of h = 1/n.

In order to estimate the second integral on the right hand side of
inequality (7.21), we use (5.10), (2.4) and (7.6) and obtain

1
[0 P (e )06 ds| < e ey 001
0

with a constant ¢ independent of h = 1/n. This, together with (7.21)
and (7.27), proves (7.20) and completes the proof of Theorem 7.9. O
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Remark 7.3. With respect to us(z) := vn(¢~1(z)), estimate (7.9)
reads, for sufficiently large n, as

m
max, [u(z) = un(z)| = max [o(t) = on()] < k™ 1f | crmoor 0,1

Remark 7.4. An advantage of the product integration method (7.7),
compared to the collocation method (6.3), is that the number of
integrals which must be numerically computed are, respectively, of
order 2mn and mn?, see subsection 7.2.

7.2. Matrix form of the method. Let us derive the matrix form of
the product interpolation method (7.7). This method is of Nystrom
type; the solution v, of equation (7.7) is uniquely determined by

its knot values vy (ih), i = 0,...,n, through the Nystrom extension,
derived from (7.7) with the aid of (5.4) and (5.7),
(7.28)
(G+1)h
/ (1,54 KR) on (G + R)R) Li (s — ) ds
ih keZ

(G+1h
+ Z / It —s|™"
j=0"Ih

+ E A ]+k ) h((j+k)h)Lk,m(ns_.j)dS+f<p(t)7
kELm
0<t<I1.

An algebraic system of linear equations is obtained with respect to
the grid values v, (ih), i = 0,...,n, by collocating (7.28) at the points
t =1h:

(7.29)
n—1 (G+1)h
vy (ih) = Z Z {A(ih, (5 + k)h)/ |ih — 5|7V Ly m(ns — j)ds
=0 k€Zm jh
(G+1h
+ B(ih, (j + k)h) / Lim(ns — j) dS}
jh

va((j + k)h) + f,(Gh), i=0,...,n
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We extend A(t, s) and B(t, s) with respect to s outside [0, 1] by the zero
value; thus,

A(ih, (7 + k)h =0,
B(ih,(j+k)h=0 for j+k<0andj+k>n;

therefore, on the right hand side of (7.29), the values vy, (lh) with [ <0
and [ > n are actually not exploited. Occurring here (in 7.29), the
integrals depend on the difference ¢ — j; with the change of variables
ns — j = o, we see that

(G+1)h 1
/ lih — 5|7 Lin(ns — j) ds hH/ li— j — 0| Li(o) do
jh 0

System (7.29) then takes the form

on(ih) = K S S {AGh, (G + ))as

§=0 kE€Zy,
+B(ih, (7 + k)h)Br} vn((F + k)h) + fo(ih),
1=0,...,n,

or, collecting on the right hand side the coefficients by vx((5 + k)h)
with fixed 7 + k =1,

n—1
(7.30) on(ih) = ciqvn(lh) + fo(ih), i=0,...,n,

=1
where
(7.31)
cig=h'"" |:A(ih7 th) >, itk + Bih, 1h) Y 5k]7

{k€Lpm:0<I—k<n—1} kEZm,

i=0,....,n, I=1,....,n—1,
1
(7.32) Qg = / li' — |7V Li,m (o) do,
0

-/

'=-n+1,....,n, k € Zy,,
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and
1
(7.33) B = h”/ Lim(o)do, k€ Zp,.
0

Note that A(ih,lh) =0 for I <0 and | > n.

Having found the solution {v(ih)}, i = 0,...,n, of system (7.30),
we can use (7.28) to find the solution at any point ¢ € [0, 1].

Remark 7.5. We can also find an approximate solution vy (t) by (6.12):

vp(0) for j+k <0,
Up(t) = Z Lipmnt —7)Svp((G+k)h) for 1<j+k<n-—1,
k€Zm v (1) for j+k >mn,

where Ly, k € Z,,, are the Lagrange fundamental polynomials
defined in (5.3) and 0 < ¢ < 1. With the conditions of Theorem 7.2 (ii),
the error estimate of order O(h™) also remains for vp,:

HU - ah”m § Chm ||f|‘cm,90,91 (071) 9 n Z ni.

8. Numerical example. Here we numerically test the convergence
behavior of the proposed algorithms. We will solve equation (1.1) with
a=1,b=0and v=1/2:

1
61 ule) = [lo-y P uwdy+ @), 0<a<l.
0
We put
w(x) =1+z"2+ (1 —2)/?

as the solution of (8.1); it corresponds to the free term
(8.2)

flz)y=1- g —271/2 — 2(1 - m)1/2 — zlog (1 +(1- x)1/2)

1 1
—(1—xz)log (1 —|—a:1/2) + émlogx—i— 5(1 —x)log(1l — ).

First, we perform in (8.1) the change of variables x = ¢(t), y = (s),
where ¢ is given by (3.2), with pg = p1 = p € N. As a result, we get
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the equation

(83) o) = / t— 8|72 (2, 5) V2! (s)u(s) ds + fu(b),
0<t<l,

where f,(t) = f(p(t)), with f defined by (8.2), ®(¢,s) given by (3.10)
and v(t) = u(p(t)) the function for which we look.

In order to solve equation (8.3) by the collocation method (6.3), we
need to assemble the system (6.11). The parameters py and p; in the
definition of ¢ must be greater than m/(1 — 1/2) = 2m to achieve the
expected convergence order O(n~"™) of our method. Thus, we have to
take p > 2m + 1 (see Theorem 3.2 with A\g = A\ = 0).

In Tables 1-4, the errors

(8.4) €mn,p = max |v(ih) — vy (ih)]

0<i<n

are presented. Here, v is the exact solution of equation (8.3), and vy,
is the approximate solution to v obtained by method (6.3). Moreover,
in Tables 1-4, the quotients €, ,, /2 ,/€m,n,p for different values of m, n
and p = 2m + 1 are presented. Due to Theorem 6.1, the expected limit
value of €, /2 5/ €mn,p is 2.

TABLE 1. m =2, p=5. TABLE 2. m=3,p=T.
n| emns |(e2n/25)/(€2,n,5) n | en7 | (€3,n/2,7)/(€3,n,7)
4 | 4.25E-02 4 [ 2.06E-01
8 | 2.05E-02 2.07 8 | 2.95E-02 6.98
16 | 8.02E-03 2.55 16 | 3.95E-03 7.48
32 | 2.63E-03 3.05 32 | 5.47E-04 7.23
64 | 7.58E-04 3.47 64 | 7.16E-05 7.63
128 | 2.03E-04 3.73 128 | 9.17E-06 7.81
256 | 5.29E-05 3.84 256 | 1.17E-06 7.86
512 | 1.36E-05 3.89 512 | 1.48E-07 7.89
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TABLE 3. m=4,p=9.
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TABLE 4. m =5, p=11.

n | en9 | (€4n/2,9)/(€4,n,9) n | esn,11 | (e5,n/2,11)/(€5,n,11)
4 | 1.94E-02 4 | 8.33E-02
8 | 1.01E-02 2.07 8 | 1.99E-02 10.4
16 | 1.31E-03 7.74 16 | 8.38E-04 23.7
32 | 1.09E-04 12.01 32 | 2.89E-05 28.9
64 | 7.62E-06 14.27 64 | 9.31E-07 31.1
128 | 5.07E-07 15.04 128 | 3.69E-07 2.52
256 | 3.27E-07 1.55 256 | 3.60E-07 1.02
512 | 3.55E-07 0.92 512 | 1.48E-07 7.89

In order to solve equation (8.3) by the product integration method
(7.7), we need to assemble the system (7.30). In Tables 5-8, the errors
(8.4) and the quotients €, ,/2.p/€m,n,p for different values of m, n and
p = 2m + 1 are presented. Due to Theorem 7.2, the expected limit
value of €, 1/2.5/€mn,p is 2.

TABLE 5. m =2, p=5.

TABLE 6. m=3,p=171.

n| ens | (e2,n/25)/(€2,n,5) n| en7  |(e3my2,7)/(e3,n,7)
4 [ 1.O7TE-01 1 | 2.94B-00
8 | 3.23E-01 3.31 8 | 3.41E-01 8.65
16 | 1.15E-01 2.81 16 | 5.10E-02 6.68
32 | 3.66E-02 3.14 32 | 7.34E-03 6.95
64 | 1.03E-02 3.54 64 | 9.53E-04 7.70
128 | 2.74E-03 3.77 128 | 1.22E-04 7.82
256 | 7.07E-04 3.87 256 | 1.55E-05 7.86
512 | 1.80E-04 3.92 512 | 1.97E-06 7.88

TABLE 7. m=4,p=09.

TABLE 8. m =5, p=11.

n| ean9  |(eany2,9)/(e4n,9) n | esm11 |(es,ny2,11)/(€5,n,11)
4 | 1.00E-00 4 | 2.33E-00
8 | 2.49E-01 4.02 8 | 8.91E-01 8.65
16 | 3.02E-02 8.28 16 | 1.99E-02 44.8
32 | 2.57TE-03 11.74 32 | 7.25E-04 27.4
64 | 1.79E-04 14.34 64 | 2.19E-05 33.0
128 | 1.19E-05 15.06 128 | 7.06E-07 31.1
256 | 7.71E-07 15.42 256 | 3.71E-07 1.90
512 | 3.31E-07 2.33 512 | 1.97E-06 7.88
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In all cases, the Fortran in-built package was used for the numerical
results. We see from Tables 1-2 and 56 that the obtained numeri-
cal results are in quite good accordance with the theoretical results.
However, it follows from Tables 3-4 and 7-8 that, for greater n, the
actual convergence order sometimes is not achieved. Therefore, a fur-
ther study connected with the realization of the proposed algorithms
in practice is needed. Also, other test examples and a comparison with
other existing methods are of great interest. We plan to study these
questions in a separate paper in the future.

Acknowledgments. The authors thank the reviewer for his/her
constructive suggestions and comments.
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