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ABSTRACT. We propose a collocation method for solv-
ing integral equations which model image restoration from
out-of-focus images. Restoration of images from out-of-focus
images can be formulated as an integral equation of the
first kind, which is an ill-posed problem. We employ the
Tikhonov regularization to treat the ill-posedness and obtain
results of a well-posed second kind integral equation whose
integral operator is the square of the original operator. The
present of the square of the integral operator requires high
computational cost to solve the equation. To overcome this
difficulty, we convert the resulting second kind integral equa-
tion into an equivalent system of integral equations which
do not involve the square of the integral operator. A mul-
tiscale collocation method is then applied to solve the sys-
tem. A truncation strategy for the matrices appearing in
the resulting discrete linear system is proposed to design a
fast numerical solver for the system of integral equations. A
quadrature method is used to compute the entries of the re-
sulting matrices. We estimate the computational cost of the
numerical method and its approximate accuracy. Numerical
experiments are presented to demonstrate the performance of
the proposed method for image restoration.

1. Introduction. Discrete models are usually used in image pro-
cessing due to their convenience in implementation and their consis-
tence with the usual sampling method. However, since discrete models
result from piecewise constant approximation of the integral equation
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which describes the processing, this imposes a bottleneck model error
which cannot be compensated for by any image processing method.

To overcome the shortcoming of discrete models, we shall use the
continuous model directly instead of an existing discrete model in
image restoration. The idea of using a continuous model for image
restoration was first proposed in [16]. There are several advantages
of using the continuous integral equation as commented upon in [16].
First of all, continuous models are derived directly from physical laws,
and therefore, they are physically meaningful and more accurate to
represent the physical phenomena. Second, continuous models allow
us to discretize them by a numerical method with a higher order of
accuracy instead of piecewise constant approximation, and hence the
resulting model error can be significantly reduced in comparison to the
model error of the piecewise constant discretization, especially in the
image enlargement, since an approximate solution obtained from the
continuous model is defined at every point in the continuous image
domain, interpolation which is required for that obtained from the
discrete model is no longer needed. Hence, the continuous model is
particularly suitable for image enlargement.

Direct use of a continuous model in image restoration has certain
new challenges. In image processing, the related integral operators are
compact in appropriate Banach spaces since their kernels are normally
smooth. As a result, the solutions of the related first kind integral
equations do not continuously depend on given data. Hence, a small
perturbation in the given data may cause a large perturbation in the
solution of the integral equation. This requires us to use an appropri-
ate regularization method to convert the ill-posed integral equation to
a well-posed one. Such ill-posed integral equations of the first kind are
usually turned to a class of well-posed Fredholm integral equations of
the second kind by a regularization method. We shall use the Tikhonov
method [13] to regularize the first kind integral equation. However, the
resulting well-posed second kind integral equation involves the square
of the original self-adjoint integral operator, and it will cost much more
to compute the square of a Fredholm integral operator than to com-
pute the original operator. Following [3], we shall convert the second
kind integral equation which involves the square of the integral opera-
tor into an equivalent system of integral equations which do not involve
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the square of the integral operator. In this way, we avoid computing
the square of the integral operator.

There are two other two crucial issues that remain to be resolved.
Appropriate choice of the regularization parameter is crucial for the suc-
cess of the regularization method. An optimal regularization parameter
should give the best balance between the well-posedness and approxi-
mation accuracy. The choice strategies of such parameters have been
discussed by many researchers (for example, see [13, 17, 21, 24, 25]).
Another issue is that discretization of the resulting integral equations
of the second kind leads to algebraic systems with full coefficient ma-
trices, and efficient numerical methods are required to reduce the large
computational cost in the numerical solutions of the systems. The
representation of certain integral operators under a multiscale basis is
numerically sparse and thus matrix compression techniques can be used
to approximate the full matrix by a sparse matrix. The idea has been
used for solving well-posed integral equations, and the methodology of
this method was described in [7].

We develop a multiscale piecewise polynomial collocation method for
solving this equation and then use the multiscale analysis to develop
a matrix compression technique which leads to a fast solver for the
integral equations. The reason that we choose the collocation method
is its lower computational cost in generating the coefficient matrix of
the corresponding discrete equation in comparison with the Galerkin
method. Asshown in [16], the Galerkin method approximates both the
range and domain of the integral operator by the same basis functions
and, thus, the entries of the resulting discrete matrix are integrals whose
integration dimensions double those of the original integral that defines
the operator. However, there is a challenging issue related to developing
the collocation method for solving the ill-posed integral equation since
a posteriori parameter choice strategies for the fast collocation method
demands certain estimates in the L°°(F) norm, which are not available.
This is one of our focuses of this paper. We shall give an estimate of
the L* norm bound of the regularized integral operator and develop
a posteriori parameter choice strategies for the collocation method.

We organize this paper in seven sections. In Section 2, we intro-
duce the integral equation of the first kind that governs the image
restoration from an out-of-focus image, consider its Tikhonov regular-
ized equation and convert the Tikhonov regularization equation into a
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system of integral equations which do not involve the square of the orig-
inal integral operator. We describe in Section 3 a multiscale collocation
method based on the multiwavelet of Micchelli and Xu [18, 19] and the
multiscale collocation functionals of Chen, Micchelli and Xu [4, 6] for
solving the corresponding regularized integral equation of the second
kind. We propose a matrix compression strategy in Section 4. In Sec-
tion 5, we introduce the numerical quadrature scheme to compute the
nonzero entries of the compressed coefficient matrix, which is designed
so that the quadrature error will not ruin the overall convergence order
and the number of functional evaluations used in computing all the
nonzero entries is linear with a logarithmic factor with respect to the
dimension of the approximate solution space. We propose in Section 6
a posteriori regularization parameter strategies and provide a complete
analysis of the convergence rate of the corresponding approximate solu-
tion obtained by using the parameter. Finally, in Section 7, we present
numerical examples to demonstrate the performance of the proposed
method for image restoration.

2. An integral equation model for image restoration. In this
section, we describe an integral equation model for image restoration.
In particular, we are interested in the integral equation which governs
the image restoration from an out-of-focus image.

The image restoration problem may be modeled by an integral
equation of the first kind. Specifically, we let 2 C R? denote the image
domain, usually a rectangular region. We are given an observed image
f @ — R and wish to restore the original image v : Q@ — R from f.
The original image and the observed image are related via the integral
equation

(2.1) Gv=,

where G is the Fredholm integral operator defined in terms of a kernel
k by

(2.2) (Gu)(z) = / k(z,2")u(z")dx', z € Q.
Q
We call G the blurring operator. Mathematically, restoring the original

image from a blurred image f is equivalent to solving v from the integral
equation (2.1).
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The choice of the kernel depends on the specific application context.
Examples of integral equation (2.1) with special kernel may be found
in [2, 14]. In this paper, we will focus on developing basic concepts of
using integral equations in the numerical process of image restoration
and, for this reason, we will use the out-of-focus image model as an
example. Let Q := E x E with E := [0,1]. An out-of-focus image is
usually modeled [11] with the kernel

N (@ -+ (y—y)?
(2.3) k(z,z") = 52 CXP (— 557 ,
where x = (z,y), X' := (2/,y') € Q and o is the model parameter

characterizing the degree of accuracy and clearness of the image in the
system.

The two-dimensional integral equation (2.1) with the kernel (2.3)
may be written as a system of two univariate integral equations due to
the symmetry of the kernel. That is, equation (2.1) is equivalent to the
system

(2.4) L /O1 exp ( - W)u(wyy') dy' = f(z,y),

2o 202

1 1 _ )2
N /O exp ( - @ch)>v(w’, y')da' = u(z,y').

For a given observed blurred image f, we may obtain the original
image by successively solving the above two one-dimensional integral
equations. We first solve equation (2.4) for u and then solve equation
(2.5) for v. For this reason, in the remaining part of this paper, we
shall focus on developing a collocation method for solving the one-
dimensional integral equation

(2.5)

(2.6) Kv =h,

where the integral operator K is defined for v € X := L*°(FE) by

(2.7) (o)@) = [ K)ot dy. €.

with
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T — )2
(2.8) K(z,y) = \/Zl?aexp<—(202y)>, z,y € kb,

and h € X is a given function.

Integral equation (2.6) is ill-posed in the sense that its solution does
not continuously depend on the given data h due to the compactness of
the integral operator K on X. Therefore, we need to use a regularization
method to find its approximate solution. In this paper, we will adapt
the Tikhonov regularization method. The Tikhonov regularization
solution vy of (2.6) is obtained by solving the second kind integral
equation

(2.9) (AT + K*K)vy = K*h,

where Z denotes the identity operator on X, * denotes the adjoint
operator of K and A is a regularization parameter. Actually, due to
measurement errors, the observed data is a noisy one, h° with

(2.10) Ih =¥ <0

for a noise level 6. We shall denote by v{ the solution of equation (2.9)
with h being replaced by h’, and we rewrite equation (2.9) as

(2.11) (AT + K* K)ol = K*he.

The operator A\Z 4+ K*K is strictly coercive, and thus, for any positive
number A, it has a bounded inverse [16]. Being a convolution-type
operator, K is self-adjoint, that is, £* = K. Hence, equation (2.11)
may be rewritten as

(2.12) (AT + K%l = Khe.

Note that the integral operator K2 has the kernel

K(z,y) :=/EK(3:,Z)K(z,y)dz7 z,y € E.

Clearly, from the above expression of the kernel of the integral operator
K?, evaluation of (K2v{)(x) requires computing a double integral,
which is computationally expensive.

We shall develop an efficient collocation method for solving equation

(2.12). A difficulty in the numerical solution of this equation is
the involvement of the integral operator K2 in the equation. The
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collocation method applied directly to solving equation (2.12) leads
to a linear system whose coefficient matrix has the entries involving
(K2v3)(z) for x € E. Since it is computationally expensive to compute
(K2v3)(z) for x € E, avoiding evaluating the double integrals is highly
desirable. To this end, following an idea used in [3], we observe that
equation (2.12) is equivalent to the following equation

(2.13) K(Kv§ — hd) + Ml = 0.

By letting \/Xl‘i = K:Ui — h®, we write equation (2.13) as a system of
equations

1) 5 _
(2.14) {’C”JA VAR =0,

/Cvf\ — \[\:1:‘; = ho.

Instead of solving equation (2.12) directly, we shall solve the system
(2.14). The collocation method applied to system (2.14) leads to
a linear system whose coefficient matrix has the entries involving
(Kv3)(z) for = € E. Hence, the coefficient matrix of the linear system
of the integral equation system involves only single integrals. Efficient
methods can be developed for the integral equation system (2.14).

3. Multiscale collocation methods. This section is devoted to
describing a multiscale collocation method for solving the integral
equation system (2.14). The discretization of system (2.14) leads to
a linear system having a dense coefficient matrix. We shall adapt the
multiscale analysis presented in [4, 6, 7, 18, 19] and the references
cited therein to develop an efficient multiscale collocation method for
solving system (2.14).

The multiscale analysis suitable for developing collocation methods
for solving system (2.14) provides a multiscale basis of a subspace V'
(which contains the continuous function space C(E)) of X and a set of
multiscale collocation functionals. The multiscale basis will be used to
approximate the solution of system (2.14), and the set of functionals
will be used to set up the collocation method.

We describe below the basis and the set of functionals. Specifically,
we shall choose the solution space of the integral equation to be a space
of piecewise polynomials on multiscale partitions. Following [18, 19],
we construct a multiscale basis for the piecewise polynomial space. Let
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N denote the set of all positive integers and Ny := NU{0}. Forn € N,
we let Z, :={0,1,...,n—1} and Zy i =Zyx- X2y (n times). For a
fixed positive integer 1 with > 1, we define a set ® := {¢. : e € Z,,}
of contractive mappings on F by

t
©e(t) ::6—; , LeE ecZ,.

Clearly, we have that

E=|J ¢e(B).

€€EZ,

The contractive mappings ¢, will be used to form a sequence of multi-
scale partitions of E' on which the multiscale basis and the correspond-
ing collocation functionals will be defined. Specifically, associated with
these mappings, we define linear operators 7. : X — X for v € X by

(Tew)() = 12w oo )Xo (i) (1), tEE,

where y s is the characteristic function of set J C E. We let Xy :=[],
be the space of all polynomials of degree < k — 1. With the given
subspace X and linear operators 7, we generate recursively a sequence
of multiscale piecewise polynomial spaces X,, by

Xp = @ﬁ(anl)a n € N.

€€EZ,

Note that X,, is a space of piecewise polynomials of degree £ — 1 and
X, C Xpa1- We let W, 41 denote the orthogonal complement of X,
in X, 41, that is, X,11 = X, et Wp41. With the convention that
Wo = Xy, we have that X,, = Wy @+ Wy &+ --- @+ W, and the spaces
W;, j € Z,41, form a multiscale analysis of the space X,,. Moreover,
when W is available, we have for n € N that

(31) Wn-',—l == @eezuﬁ(Wn)-

For j € N, we let w(j) := dimW;, and it is easy to verify that
w(l) = r == (u— 1k and w(i) = p*~'r. We may choose the k
orthonormal polynomials {woj :j € Zx} on E as a basis of Xy and
construct an orthonormal basis {wy; : j € Zy,1)} of Wi via the Gram-
Schmidt process.

The multiscale basis {w;; : j € Z,(;)} of W; can then be constructed
from that of W;_; by applying the operators 7.. The basis functions
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w;; may be expressed in terms of consecutive applications of operators
Te to basis functions of Wj. To see this, note that each j € Z,
can be uniquely written as j = u'"lsg + -+ 4+ us;_o + s;_1 for
some s = [so,51,...,8.-1] € Z},. Hence, we write j = u(s). For
s = [80,51,.-.,8i—2] € ZZL_I, we let Tg = Top0Tsy0--0Ts,.
Then, for j € Z,u), j = p(s)r + £ with ¢ > 1, s € fol and
¢ € Z,., we have that w;; = Tswi,. By defining the index set
Un :={(i,7) 1 € Zny1,] € Zuw(i}, we conclude that {w;; : (4,5) € Upn}
forms a multiscale orthonormal basis for X,,.

We now identify the support of w;;. For each ¢ € N with ¢ > 1 and,
for s € fo17 we let @, 1= @ 0905, 0---0p;, , and define Ejs := ®4(E).
Clearly, we have that

U Ei-=E

sEfo1
and
meas (E; s NE;¢) =0 fors#s.

Moreover, letting S;; := E; g, for ¢ > 1 and j = p(s)r+£ with s € ZZL_17
l € Z,, wedefine Ey; :==E, j € Z; and Fyj := E, j € Z,. Clearly,
the support of w;; is contained in S;;.

Next, we turn to describing the sequence of the multiscale collocation
functionals. Corresponding to each basis function w;;, we have a
collocation functional ¢;;, which is a sum of point evaluation functions
at a fixed number of points in S;;. Specifically, following [4], we choose
a finite set Go := {t; : j € Z;} of distinct points in E, which is refinable
relative to the mappings ® in the sense that

®(Go) = | #e(Go) 2 Go.

€EZ,

We let G1 := ®(Gy) and Vi := G1\ Go = {txy; : j € Z,}. For j € Zy,
we define lo; := d;,. For j' € Z, and q := k + r, we find the vector
[cjs = s € Zg] such that byjr = Esezq ¢js0t,, j € Zy, satisfies the
equations (€1;/,wo;) = 0, for j € Zy, and (¢1j/,wq;) = 0;:5, for j € Z,.
To generate the multiscale collocation functionals, we introduce for
any s € Z,, a linear operator £, : X* — X* defined by the equation
(Llv) = (lvops), v e X, £ e X* where X* denotes the dual
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space of X. Moreover, for s := [sg, $1,...,8i-1] € ZZL, we define the
composition operator as Ly := L5 0---0L,, ,. Fori> 1, j = p(s)r+1
with s € fol, l € Z,, we define {;; := L4¢1; and observe that

<£ijvv> = (li,v0p5) = Z c1sv(ps(ts))-

S€Z,

Clearly, the “support” §i]‘ of £;; is also contained in S;;.

We next summarize several useful properties of the basis functions
and the collocation functionals that we constructed above. To this
end, we let P,, denote the projection from X onto X,, defined by the
requirement that

(3.2) <Eij,7)nl’> = <€ij,x>, (i,4) € Uy.

We shall use ¢ to denote a universal constant which can be distinct at
different occurrences in the remaining sections.

Proposition 3.1. The following properties hold:

(1) For any n € Ny, <€i/j/,wij> = 5ii/5jj’; (i,j), (i/,j/) €eUn, 1< i

(ii) Forpe Hk> <€ij7p> =0, <wij,p> =0, (4,5) € Un.

(iii) There exists a positive constant 0y such that, for all (i,7) € U,,
[1€ij} + llwijlloo < 00 holds.

(iv) If dim X; = s(7) and max{meas_(Ei,s) is € Zi7'} = di, then
s(3) ~ pt, w(i) ~ p* and d; ~ p~t.

(v) The operators P,, are well defined and converge pointwise to the
identity operator T € X as n — oo, that is, for each x € X,
lim;, 00 ||Prx — x| = 0 holds.

(vi) There exists a positive constant ¢ such that, for all u € W,
dist (u, Xp,) < e "||ullk,00-

(vil) There exist positive constants 61 and 02 such that, for all n € Ny
and v € X,, having the form v = Z(i,j)eUn vijwij, the following
inequality holds

O1[[v]lco < [[V]loo < O2(n+ 1)[|Env| s,

where v := [v;; : (i,7) € Up)Ts.

The proof of these properties may be found in [7].
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We now describe the multiscale collocation method for solving sys-
tem (2.14) of integral equations. For n € N, let K, := P,K|x, .
The multiscale collocation method for system (2.14) seeks vectors

- A, ¥ T S [N L (s T
Vin = [ 0 (4,5) € Uplt and x3 ,, = [z;" : (i,5) € Up|" such
that

5 L An
V= Z v Wi
(i,7)€Un
and
5 An
s, = Z 7wy
(i,7)€Un

are the solution of

(3.3) lCnx‘;’n + \f)\vi’n =0,
. K.

vf\’n — ﬁx‘i,n =P, hl.
By introducing

E, = [(lij,wig) : (4,4), (i, 57) € Unl,
K, = [(lijr, Kwij) : (4,7), (@, 5") € U]

and

he = (0, B0) 2 (7', 5') € U,

equation (3.3) has the matrix form

(3.4 S _?E} {Vg =[5

X)\,n
Upon solving system (3.4), we obtain an approximate solution of the
system (2.14). To close this section, we compare the solution of
system (2.14) as an approximation of the reconstructed image with
that of the discrete model. When the basis functions are chosen as
the piecewise constant approximation, the solution of system (2.14) is
in fact the same as the solution of the discrete model. An advantage
of using the continuous model is that it allows us to use piecewise
polynomial approximations of a higher order. They will give us more
accurate approximations of the reconstructed image. Higher order
piecewise polynomial approximation is particularly suitable for image
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enlargement, since the basis functions chosen are defined on the entire
image domain. Image enlargement for an image generated from a
discrete model requires certain interpolation, which normally gives
poor quality. For numerical comparison, the reader is referred to [16].
However, the use of a high order piecewise polynomial approximation
will lead to higher computational complexity. This is a main issue that
we shall address in the next section.

4. Generation of the compressed matrix. In this section, we
propose a matrix compression strategy for the coefficient matrix of the
linear system (3.4) and develop a quadrature scheme for computing the
remaining nonzero entries of the resulting compressed matrix.

We first consider compressing the coefficient matrix of the linear
system (3.4), which is formed by two matrices E,, and K,,. Note that,
according to property (i) in Proposition 3.1, matrix E,, is a block upper
triangular matrix with the identity matrices in the diagonal blocks,
which is already sparse. However, matrix K,, is a dense matrix with
each of its entries an integral involving the Gaussian kernel. Although
the Gaussian kernel is smooth, when its variance is small, the kernel
behaves like a singular function, and computing integrals involving the
kernel needs special care. Generating such a matrix requires much
computational cost when the size of the matrix is large. In order to
reduce the computational cost and yet retain the order of accuracy
of the approximate solution, we propose to truncate the matrix K,
according to the properties of the Gaussian kernel.

We denote by Ky ;; the entries of matrix K,,, that is, Ky ;; =
(ti'j", Kw;;). We partition K,, as a block matrix
K, = Ky : 0,1 € Zyny1],

where
Kii = [Kijrij: ' € Zuin:J € Zu@))-

We use dist (Y, Z) := min{|y—z| : y € Y, z € Z} to denote the distance
between two compact sets Y and Z of R. For each i,i € Z,1, we
choose a truncation parameter ¢;; and introduce the matrix K;; :=
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[I?i/jl’ij : j/ S Zw(i’)>j S Zw(z)]a where

) Ry = o 18750 <0

0 otherwise.

We then define the compressed matrix Kn by letting Rn = [RM :
i',i € Zp4+1] and replace the matrix K,, in (3.4) by K,,. This gives rise
to the compressed linear system

56

vn,)\ — hfL

X2 5 0"

We solve the linear system (4.2) for vectors V2 , and 9 ,, which provide

(4.2) VAE K

an approximation of vfl 5 and fo \» respectively.

In the truncation scheme described above, there is a parameter §;;
which may depend on 7, ¢ needing to be determined. We choose it in a
way similar to the Galerkin method described in [16]. Specifically, we

let )
1 T

r):=——exp| —— |, TER
o) i= e (- %)

denote the normalized Gaussian function, and define
(13) Ganlt) = [ 1Ol de, te fo.00).
t

For two given numbers « and o/, we let

(4.4) €1 = (LYIM—77(—n+o¢(n—i)-‘:-o/(n—i/))UQk7

where 7 := 2k1. If €;,; < G2 (0), we choose d;/; such that

(4.5) Gor(0irs) = €,
and otherwise, we choose

The nonlinear equation (4.5) may be solved numerically with the
method described in [16].

We next estimate the number of nonzero entries in matrix IA(n For
a matrix K, we denote by N (K) the number of nonzero entries in K.
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Theorem 4.1. If a and o’ are real numbers not larger than one, and
the truncation parameters §;; are chosen as in (4.5) and (4.6), then
there exists a positive constant ¢ such that, for all o > 0,

~

N(K,) < cs(n)log™ s(n),
where T = 1, except for o« = o/ =1, in which case T = 2.
Proof. We first estimate the number N(IA{M) For fixed 4,7 and j’,
if K7y # 0, then we have that dist (Sy/;7, Si;) < 0d;/;. This ensures that
Si; €83i,i") :={z: 2 € R,|Jx —xo| < d; +dir + 001},

where z¢ is an arbitrary point in the set Sy ;. Let /\/Z«!i,j, denote the
number of the sets contained in S(¢,4'). Using Proposition 3.1 (iv), we
conclude that there exists a positive constant ¢ such that

(4.7) Niirjr < meas (S(i,4"))
: 2,1')

< ‘ ) i’ e ).
S Min{meas (Sy) : Sy C 8@} = o i+ dir +00u)

See [20] for more details. Note that the number of functions w;;
having support contained in S;; is bounded by r := w(1). Appealing to
Proposition 3.1 (iv), we conclude that there exists a positive constant
c such that
(4.8)
J\/‘(Kz/z) <r Z ./V;'yi/j/ < Cﬂi+i/ (dl +d;y + U(Si/i)7 i,i/ S Zn+1.
J'€Z gty

It remains to estimate A/ (IA{n) It follows from (4.8) that

(4.9) N(K,) < e(N +N2),

where

No= >0 ST i ds + dy),

1€EZp41 YV E€ELn41

Nom Y i
1€Ln 411 EZn41
Since d; ~ p~* and dy ~ ;fi/, we obtain that

(4.10) N1 <cln+1p™
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We next estimate N2. Noting that limg o [g%%(€)€%*| < ¢, which

implies that
c

19
Integrating both sides of the above inequality over [d;/;, 00) yields

> [g@R)(€)].

/5 e > [ 1990 de.

£k Siri

If §;/; # 0, computing the integral on the left-hand side and using (4.5),
we have that

ilq

C —(2k—1 _
10 za

which ensures that

777(7n+a(n7i)+a'(nfi'))O,Zk‘

3

(4.11) a8 < cam/f”—&-a(n—i)—i—a’(n—i').

Using (4.11), we have that

1 n a—1)(n—1: o' —1)(n—i’ n, T
N2 < camu Z 'u( 1)( ) Z ,U( 1)( ) =cu"n’,

1€ 41 V' EZn41

which, together with (4.9) and (4.10) proves the desired result of this
theorem. |

We next turn to discussing computation of the nonzero entries of
the matrix Kn These entries are integrals whose integrands involve
products of the Gaussian kernel and piecewise polynomials. When
the variance of the Gaussian kernel is small, the kernel behaves like
a singular function, although it is smooth. Hence, the integration of
these functions requires special treatment. The nonzero entries 3 ij
of matrix IA{n needing to be computed have the form

Kirjrij = Z Cm/s hij(x,y) dy,

xESi/j/

where h;;(x,y) := K(z,y)w;;(y). Recalling that the Gaussian kernel K
is not an elementary function, the above integrals cannot be computed
exactly. As a result, we have to resort to numerical methods for
evaluating IA(i/j/7ij. We shall develop a numerical quadrature scheme
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for computing the integrals

I(hij) := / hij(x,y) dy,
S
so that the quadrature error will not ruin the overall convergence order
of the resulting approximate solution. To this end, following similar
ideas proposed in [8, 15, 16], we shall use an appropriate partition of
S;; and apply the Gauss-Legendre quadrature formula to the integrals
on subintervals.

Let € > 0 be a given fixed number, and let m be a positive integer.
We choose 3 to satisfy that

(4.12) 1— 8 <opltt/2

Let tg := 0 and t, := ™" for + € Zpy1 \ {0}, and choose a
sequence of nonnegative integers k, := [ef] + 1 for + € Z,,, where
[] is the largest integer less than or equal to z. For a point z, we
pick two collections of nodes 7} := {t} ==z +t, : t € Zpy1 \ {0}}
and 7} = {t! .= 2 —t, 11 € Zns1 \ {0}}). Let m(hij) be a set
m(hij) == {x¢ : £ =1 € Zys_1} such that hy; € CEV(E\ 7(hij))
and [¢, ¢""] := supp (h;;). We arrange the elements of the set

(m(hij) Unr Umt U {q,q"}) Nsupp (hij)
in the increasing order and write them as a new sequence
/ 1
g =q<q<-:- <gm=q,

where m” < 2m + m’ + 1. We define the partition [[(hi;) := {Qa =
[GasGat1) @ @ € Zpyn}. For each interval [ga,qa+t1], there exists an
L € Zm such that [ga,qa+1] C [t:at:+1] or [qa,qat+1] C [ti-i-l,ti]'
We approximate the integral I(h;;) by computing the integral on
each interval [¢a,ga+1] using the Gauss-Legendre quadrature having
precision of order 2k, — 1.

The integral of h;; on [¢a, ga+1] is computed approximately. Let gy,
denote the Legendre polynomial of degree k, on E, let {7y : £ € Zy,}
denote its k, zeros with the order 0 < 79 < .-+ < 73,1 < 1, and
let Tﬁ = Qo + (qat1 — 9a)e, £ € Zi,. We then construct a piecewise
polynomial S, (h;;) of order k,, which interpolates h;; at points Tt
¢ € Zy, on [ga,qa+1] and is equal to zero outside [gq,qa+1]. We use
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Y acz ,, I(Sa(hij)) to approximate I(h;;) and use

z’j’ ij = § Cx §

meSI/J, aEZ, 1

m!!

to approximate the nonzero entry KMI ij- We replace the nonzero
entries IAQ/J-/,Z-J— of I/im by Kl/J/ i; and denote by KZ /; the resulting matrix
block, and we use these blocks to form the matrix K,,. In system (4.2),
we replace the matrix Kn by I~(n to obtain the approximate system

(4.13) Ko VAR | [Vo,] _ [k

' VAE, K, . o]
where ¥, = [5;° ¢ (i,5) A65 Ua) and X3, = [7)° © (i, 3)5 € Uyl
Defining Uf\,n = Z(z‘,j)eUn ;7 wi; and :I:‘f\yn = Z(i,j)eUn T wij, we

observe that i)'im, Eim € X,,, and they are an approximate solution of
system (2.14).

To close this section, we present an estimate of the computational
complexity for generating the matrix I~{n in terms of the total num-
ber M,, of functional evaluations used in computing all nonzero en-
tries of the matrix. We denote by M;; the number of functional
evaluations in computing the nonzero entries of block INCM. Thus,

Mn - Zi'iezn+1 Ml/l

Theorem 4.2. If é;; is chosen according to (4.5) and (4.6) with a < 1
and o/ < 1, then there exists a positive constant ¢ such that, for all o
andn € Zy,

M, < es(n)log® s(n).

Proof. For ', i € Zpi1, we let M ; denote the number of
functional evaluations used in computing the j'th row of the block
K;/;. Recalling that the number of rows in the block is w(i’), we have
that

(4.14) My = w(i) My ;.

To estimate M,/ ;, we let M(h) denote the number of functional
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evaluations used in computing I(S(h)). We then have that

(4.15) Mijri= > M(hi).

JEZ 1.

/57,0

Associated with the geometric partition described earlier in this section,
there is a unique L;; € Z,,~» such that

tr,,—1 < min{ody; +d; + dir}
and
tr,, = min{m;i/i +d; + di/}.

By using the fact that k, = [et] + 1, we have that

2. M) < ) 2 ki

jezj']",i LeZLi/,; [qa,qa+1]C([t’[7tf+1]U[tf»tf+1])

(QMZ(dZ =+ dl‘/ + O'(Sili) + 2Li’i)(€Li’i + 1)

IN

We can see that m” < cn for a constant ¢, independent of 7 and 7’

Thus, we obtain that
Mirjr i < C1/~Lin(di +di +00i;) + con?.
By using (4.11), we further have that
M < clnui-‘ri/(’u—n-‘ra(n—i)-i-a/(n—i’) +u—i +M—i’) —&—czuian.
This leads to the estimate
M, <ecin Z Z (et (i) =iy =Y 4 g3

VE€Zpy1 1€Zpn 41

S clu”nTH—l—c,u"ng,

where 7 = 1, except for & = o’ = 1, in which case 7 = 2. (]

5. Convergence analysis. In this section, we establish a conver-
gence result for the approximate solution 5f\7n obtained from the nu-
merical method developed in the previous section. We let v denote
the solution of equation (2.6), that is, ¥ = KTh, where KT denotes the
Moore-Penrose generalized inverse of K. By the triangle inequality, we
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have that

(5.1) 10 =23 nlloe < 117 = valloo + Il = B3 nlloo,

where v}, is the Tikhonov regularization solution of equation (2.6). We
shall estimate the two terms on the right hand side of (5.1). To estimate
the first term of equation (5.1), we impose the following

(H) v € R((KK)"K) with 0 < v < 1, that is, there exists an
w € L*(E) such that v = (KK)"Kw.

According to [12], we have the following lemma.

Lemma 5.1. If hypothesis (H) holds, then
(5.2) 10 = valloo < c(@)||wllooA”, as A — 0,

where c(v) is the constant defined by

(53) o) = {isin vr)/(v(1 — v)m) zyf:()1< v <1,

We next estimate the second term on the right hand side of (5.1). For
this purpose, we write the equivalent operator form of system (4.13).
To this end, we let IN(,L denote the operator from X, to X, such that
its matrix representation under the basis w;;, (¢,5) € Uy, is E:Llf(n.
Associated with the operator K,,, the system (4.13) has the following
operator form

(5.4) {fi@i VAR, =0,

K83, — VAB,, = Pulhe.
By eliminating the variable %‘;,n, we obtain the operator equation of
the function '635\7”7

(5.5) (A +K)33,, = K Puh°.

To estimate |jvy — 'ﬁf\7n||°°, we study the error ||K? — K2 ||, where the
operator norm is defined on the space X,,. By the triangle inequality,
we have that

(5.6) [IK? = K20 < IK? = K2 loo + K2 = K2loo + K2 = K2 oo
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We shall estimate the three errors that appear on the right hand side
of (5.6).

By the definition of the operator norm on Banach spaces, we have

that
K25 > Kzl

[Klloc = sup
reX ||33||OO

= [IKlx, lloo-
zex, [[]lo

Recalling that || K||s is bounded, K|x, || is bounded as well. It follows
from properties (v) and (vi) in Proposition 3.1 that a positive constant
c exists such that, for all n € N,

B.7) K = Khlleo < I(Z = Pa)Klx, lloo I Klx, lloo
HPuKlx, o l(Z = Pr)Klx, lloo < cu™.

In order to estimate the second item on the right hand of (5.6), we next
analyze the convergence of the truncation algorithm.

Our first goal is to obtain estimates for the entries of matrix K,,. To
this end, we state the following lemma.

Lemma 5.2. There exists a positive constant ¢ such that, for alln € N,
all indices (i,7), (i',7") € U, and all parameters o > 0,

_ T y
|Kirjrij] < c(didir)Fo #n Z [5 g <0) ‘ -
IESi/j/ ij

Proof. The proof of this lemma is essentially the same as that of
[20, Lemma 3.1]. Thus, we do not present the details here. O

With Lemma 5.2, we have the following lemma.

Lemma 5.3. If €¢;; and 6;; are chosen according to (4.4) and (4.5),
respectively, then there exists a positive constant ¢ such that, for all
o>0, N

1Kiri — Kirilloo < c(didir)*eirs /o™
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Proof. Define the set Zy;; := {j : j € w(?) and dist (S;;, Sirjr) >
0d;;}. Note that

1K — Ri’i“oo = max Z [ Kirjrig1-
J JEZ 1,0

According to Lemma 5.2, we observe that
(5.8)
1Ko — Kyilloo < cldsd))Fo™ R+

% max Y Z/S

jrew(i) .
]ezz"ij/ IESi/j/

()

Using a change of variable, t = (z — y)/o in the integral appearing on
the right hand side of inequality (5.8), we conclude that

(5.9) K — Kinilloo < cro™ (did))* Y /5 199 (1)] dy,

:CESi/J-/

where r is the same constant that appears in Section 3. Since there are
finite points in S ;, by employing the definition of d;/;, we obtain the
desired estimate. |

Noting that the matrix representation of operator /C, relative to
basis W, is given by E'K,, and IA(n is the truncated matrix of K,,,
we let K, denote the operator from X, into itself having the matrix
representation E1K,, relative to the basis W,,. Using this notation,
we present the next lemma. For v € L*(E), we set

an = E VijWij,
(1,4)€EUL

where the quantities v;; are the linear functionals of v, which we defined
in Section 3.

Lemma 5.4. If a and o/ are real numbers, parameters €;; are chosen

as
€iri 1= afnufn(fn+a(n77,)+a (n—1 ))(_}_Qk:7 i, il e Zn+1



284 Y. LIU, L. SHEN, Y. XU AND H. YANG

for some constant a > 0 and n := 2k — 1. Then there exists a positive
constant ¢ such that, for v e Wk (E),

(5.10) 10 = Kn)Prvlloo < et/ ™ " [0]]1, 00-
Furthermore,
(5.11) 1K — En”oo < Cﬂlﬂikna

where, for given real numbers oy, B1 and n € Ny,
S T Z i Z B1i’
M[ahﬁhn] - M ! M ! )
1€ Zn+1 V' €Zn11

and
p' = (n+ Dp2k — na, k —na’snju"™.

Proof. For v := [v;; : (i,5) € Uy], we let h := E;'(K,K,)v and
write h = [h;; : (4,7) € Uy]. We then have that

(/Cn - ’Cn)PnU = Z hijwij.
(4,7)€UR

By Proposition 3.1 (vii), we conclude that
(5.12) (K — ’/C\n),PnU”oo < Oi(n+1)[[(Kn — I/in)vlloo

We next estimate ||(K, — K,,)v|]os. To this end, we introduce the
matrix A, = [Ayji5 0 (5, (3, 5) € Uy,] whose entries are given by
Ai’j’,ij = V/J,k(n_i)—i_n(Ki/j/’ij — I?i’j’ﬁij)u where v := l/ﬂ[2k — cm,k —
a’n;n]. Defining vector v/ := [vj; : (i,7) € U], with components
v = p*viz, (i, §) € Up, we have that

(5.13) 1Kn = Kn)vloe <077 7 Ay oo V]| -

We next estimate ||A,, ||oc. By the definition of matrix A/ ;;, we have
that . R
Yo Byl <v Yo @O Ky - Koo
(4,§)EUn 1€ Zn+1
According to Lemma 5.3, there exists a positive constant ¢ such that

(514) Z |Ai’j’,ij| <cv Z uk(n—i)-i—n—k(i—i—i’)Ei/i/o}k.
(i,5)EU, 1€ 2041
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Furthermore, using the choice of €;/; in inequality (5.14) yields that

Z |Ayjr 5] < cva™ Z pBE=ne)(n=i)  (k=na’)(n—i),

(iuj)eUn iEZ"t+1
Since
S pk e b)) < §Y k)i § kel
1€2Zn+1 1€ 2Zn+1 1€2Zn+1

= p[2k — an, k — a'n; n),
by the definition of v, we finally have that

(5.15) 1AL ]o0 = max S |Avyal <e

Moreover, by [7, Lemma 7.3.1], there also exists a constant ¢ for all
v € Wk,

(5.16) VIl < cllvllk,co-

Combining inequalities (5.12)—(5.16) yields the inequality (5.10).

For the second inequality (5.11), by using the definition of the
operator norm in Banach spaces and estimate (5.10), we have that

(5.17)  [Kn — Rulloo = sup 1En —Kn)Pntlloc

vex, [[v]loo
< sup H(K:n B ’Cn)an”oo < Cllz/,U/_kn-
vEW ko0 ”U”k,oo

In the next lemma, we translate the second estimate in Lemma 5.4 to
an estimate of [|K2 — K2 || - O
Lemma 5.5. Suppose that o and o' satisfy the conditions

(5.18) 2k—na=1, k—na’' <1 and (2k—na)+ (k—na') < 1.

If €;r; and 6;; are chosen according to equations (4.4) and (4.5), respec-
tively, and n = 2k — 1, then there exists a positive constant ¢ such that,
for alln >2 and o > 0,

(5.19) IK2 — K2los < enp™m.
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Proof. According to the triangle inequality and inequality (5.11) in
Lemma 5.4, we have that

HKZ - 16721||<x> < HICnHOOWCn - ]EnHoo + |||Icn - EHHOOWEHHOO
S c'u/’ulfkn.

Moreover, since ula, 8;](n+1)p~ " ~n whilea =e, 8 <e, a+ 8 <e,

by the way we choose «,a’, we have that p’ ~ n. Substituting

this quantity into the above estimate gives the desired result of this

lemma. O

Next we turn to estimating the third term ||K2 — K2 ||oo. This error
is caused by the numerical integration used in computing the nonzero
entries of the truncated coefficient matrix of the linear system. To this
end, for (4,7), (¢/,5") € Up, we let
(5.20)

Em(hi/j’,ij)Zz Z Cy Z

fEES‘i/j/ Q€L 11

/ Sa(h”)(x,y)*h”(l}y)dy )

o

which is the error of the approximation of K, ;;. The following lemma
gives an estimate of the error E,, (hy/ ;s ;).

Lemma 5.6. If € > 0 is a given fived number and m is a positive
integer, then there exists a positive constant c such that, for all m,o,
for all (i,7"),(i,7) € Un, for all B satisfying (4.12), and for all
0<o<1/2,

B (hirje ij) < epk@=1pm,

Proof. We estimate E,,(hi ;/;;) by splitting it into two sums. For
Lt € Zm,, we introduce two index sets

IV :={ae€Zy : Qq € U(hij),Qa C [tf,tf+1]}
and

I i={a € Zpr: Qu € (hij), Qu C [th 1, ]}
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Associated with these two index sets, we set

(5.21)
ok, (Rirjr i) = Z sz / Sa(hij)(z,y) — hz‘j(l‘,y)dy‘
J,ES// a€el'y
and
(5.22)

Blyg (hiryrig) == > cx

Salhig) (2,9) — hij (,9) dy].

Clearly, we have that

(5.23) Epn( b 1.7 Z Ey, ’L]',ij)+ Z E,lka(hi'j’,ij)-

LELm, VEZm,

We next estimate E}, ;. (hirjrj). Using the standard quadrature
formula, we obtain that

(5.24) E:n,k iji5) Z Lhw(m o)l

QLES 141 a€l’}

\/ (4 =02 (y — Th1 )y

where &, € (Ga;qa+1)- We begin with estimating the quantity
1/(2k)! | D2F hij(x, &) Since hij(z,y) = K(z,y)wi;(y), by the Leib-
nitz formula for the k,th derivative of a product of two functions, we
observe that

(5.25)

(D2 by, €0)| < Z(%)lDZ’“ K (Sl (Ea)l,

1
(2k,)! (2k )'p o\ P

where ko := min{2k,, k}. Furthermore, since

K(z,y) =olg(x‘y),

g
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by using the property of the Gauss function, we find that

1 2k
v\ A (2k—p) ~1_—(2k.—p)
65200 gy (IR K w0l < a2k
where
(5.27) =l — 2l 2 ..

For details of the proof of the above inequality, see the proof of [16,
Theorem 6.1]. To estimate w (fa) we introduce the constant

(5.28) A := max sup{lwP ()| : t € E}.
PEZy,
leZz,

According to the definition of w;;, we have for all ¢t € E that
(529) el (O] = [V e 0)] < A,

Combining equations (5.24)—(5.29) and the inequality that

O k)« T
—(2k.—p) <
(5.30) ;:0: o < T

we obtain that
(5.31)  Ey, i, (hirjrij)

co~ .
<D ey T tf+1 — 1) (qas1 — ga)lnl TP ARFETY.
.’I‘ES/ v OzEFT

By the construction of the collocation functionals, positive constants
c1 and ¢ exist such that

card (§i/j/) <c
and
(5.32) max{max{|c,|: x € §i/j/} :(i',5") € Up} < ca.
Using (5.32) and the formula

Z (CIaJrl - QQ) = t:Jrl - t:

a€l'r
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in (5.31) yields the estimate

(5.33)

k(i—1) ok 2 [y —1
Z z] KY <CCICQA,“ Z 1—0o ( L+1_t ) ke (L+1_tb)‘n| .
LEZm, LEZm

For ¢ # 0, from the definition of ¢/ and inequality (5.27), we get that

1 2%,
(5:34)  (t7,y —t1)2% [n|” 1s<b+l—t:>2w£s(ﬂ—1) k-1
and

(5.35) (tp —t) = <; - 1> JCHE

By the choice of § in (4.12) and the definition of k,, we obtain that
(5.36)

2k, 2k, 2k,
1 1 Brg— 2 = _1-8 < 1-8 <1
8 - 0-61+L/2k:L = 051+1/2e =

Moreover, when ¢ > [1/2¢] + 1, 2k, — 1 > 1, we have that

[1/2€]

(537) Z 2k —1 < Z 2k —1 =+ Z 2k —1

LEZm L_[1/2e]+1
m—1
1
< |=— t,
<[5]+ >

1 p
<ot

Combining (5.23)—(5.37), the fact that ¢ < 1/2 and the choice (4.12)
of 3, we get that

1 )
(538) Em(hi’j’,ij) S C( |:2:| + 1) ‘LLIC(’Lfl)IBﬂ’L7
€

which leads to the desired estimate of this lemma. O

The error bound in the next lemma gives an estimate of ||IA{1/z —
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Lemma 5.7. If € > 0 is a given fired number and m is a positive
integer, then there exists a positive constant c¢ such that, for all 1,7’ €
Znt1, for alln € N and, for all0 < o < 1/2,

||IA<m — Ri’i”oo < eptpklti=bgm,

P?”OOf, Define Zi/ij’ = {j € ”UJ(Z) : dist (Sij,Si/j/) § 52'/1'0'}. By
Lemma 5.6, we have, for all (i/,j") € Z,41 that

[ Kiri = Kirilloo = e Z B (hirjrij) < e’ ™ =Vpm. O
JEZ ;1550
We next choose the integer m used in the numerical quadrature
according to the levels 7 and i’ so that the resulting approximation
solution 535\’” preserves the nearly optimal convergence order. To this
end, we use m;/; to denote the integer m for different 4, i’s.

Lemma 5.8. Let € > 0 be a given fized number. If B is chosen
according to inequality (4.12), a and o’ are chosen to satisfy inequality
(5.18), and m;; are chosen to satisfy

log p
il 2>
m log 3

then there exists a positive constant ¢ such that, for allm > 2 and for
all0 <o <1/2,

(—k(i—1)—(G+i)k—i—nn+(n—9a+(n—1i)a)),

(5.39) 5 = K3 oo < enp®™.

Proof. By using the triangle inequality, we have that
(5.40) I = K21 < (Inllso + Kalloo) 1K = Knlloe-
It suffices to estimate ||K, — Kn oo and to prove the boundedness of
1 s
By Lemma 5.7 with the choice of 8 and m;;, we obtain that
1K — Kirglloo < e~ ) ymn(=ntn=iat(n—i)a’)

Using a similar approach as used in the proof of Lemma 5.4, we may
translate the above estimate of the matrices to the operators

(5.41) ”Kn - I%n”oo <cp'pmt
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Moreover, since
1K llse < 1Knloe + 1Kn = Koo

and ||K,||so is bounded, estimate (5.41) leads to the boundedness of
I lloo- This, combined with inequalities (5.40) and (5.41) yields the
desired result of this lemma. g

Lemma 5.9. If €;; and 6;:; are chosen according to (4.4) and (4.5),
respectively, n = 2k — 1, and my;, o and o’ are chosen as described in

Lemma 5.5, then there exists a positive constant cy such that, for all
n>2and0<o<1/2,

(5.42) 1K2 = K2 loe < conp™*™.

Proof. Estimate (5.42) is obtained directly by combining inequalities
(5.7), (5.19) and (5.39). O

We now return to the study of the regularization solution. To this

end, we define
1 1/2
M := sup (/ |K(x,y)|2dy) .
0<z<1 0

According to [12, 13], for each A\ > 0, the operator (A + K?) is
invertible from X to X, and satisfies

- fA+M/2.

(5.43) AT+ K?) e < a7

With this result and Lemma 5.9, we derive the following proposition
which is crucial in the error estimate of [lux — 33 ,[|°°.

Proposition 5.10. For each A > 0, if n € N is chosen to satisfy

(5.44) k Lo
. T L A —
=0 VA+ M/2
then XZ + lEfL : X — X is invertible and
~ A+ M/2
(5.45) |+ R2) Y < 22 M/2

\3/2



292 Y. LIU, L. SHEN, Y. XU AND H. YANG

Proof. We use the identity
AT+ K2 = (W + K[+ (0T +K2)~HK2 - K2)).
Using the estimate in Lemma 5.9 for K2 — K2|o, |(AZ + £2)~ /o
and the assumption on the choice of n, we obtain that

- = 1
(5.46) IOAZ +£2) 7 Hloo | (K5 = K2)loo < 5

This implies that Z+(AZ+k2) 1 (K2—K2) is invertible. Hence, AT +K2
is invertible as an operator from X, to X,,, and

M+ =T+ O +K)1(K2 -] '\ + K2

This, together with estimate (5.46), implies that

o M+ K27 . 2(VA+ M/2)
T IC2 1 o < ||( o K:Q —K2 o <
proving the desired result. ]

From (5.44), we see that the choice of n depends on A. For this
reason, we shall use the notation ”17?\ n() for véy, to indicate its

dependence on A\. We next give an estimate of the error ||vy —'ﬁi n(\) Iloo-

Lemma 5.11. If n is chosen to satisfy (5.44), then there exists a
positive constant ¢ such that, for all A > 0 and alln > 2,
(5.47)

- 5 i VA + M2 Cen VA + M2
||U/\—U§\,n(,\)|oo§6<>\+”l$ g Tﬂﬁw g T2 )

Proof. By Uy n(x), we denote the solution of equation (5.5) with ho
replaced by h. Using the triangle inequality, we have that

(5:48)  floa =03 iy lloe < lloa = Tanylloe + 10xm(x) = 03 meaylloo-

We estimate the two terms on the right hand side of (5.48) separately.
For the first term, we have that

Ux = Dy = AL+ K2)7HCh — (AT + K2) 71K, Pk,
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which can be rewritten as
Ux = Dy = (AT +K2) 71— (M +K2)7YKh
L O+ K2) YK (T — Po)h+ (K — Ko)h.
By employing the relation A = v and introducing
vy = (AT 4+ K2)"1(K2 — K2)(\T + K2~ 'K3,
vy = (AT + K2)"'Kn (T — P)Ku,

and
vg := (A +K2)"Y(K — K,,)Kv,
we have that
(5.49) Ux = Uxn(n) = V1 + V2 + V3.

By hypothesis (H), ¥ € R(K), and thus, we write ¥ = Ku for some
u € X. Since, for any positive number A, the operator AT + K2 is
invertible and ||[(A\Z + K?)71K?||5 < 1, it follows that

I(AZ 4 K2) ' KCP0]l 0o < IK(AT + K%) 'Kl 0o
<Kl 2 (By—x l|ull2-

(A similar development may be found in the proof of [9, Lemma 3.4].)
Hence, there exists a positive constant ¢ such that, for all A > 0,

I(AZ + K*) 7 0]l < c.
This estimate, together with equations (5.42) and (5.45), ensures that

g VA M2

(550 [oaloe < enp=m S

Likewise, combining equation (5.45) with Proposition 3.1 (v) and (vi),
we conclude that:

(5:51)  Joslloe < IOT +K2) ™ Hlocllalloo | (Z = Pa)K oo 0]l

VA M/2

< CH \3/2



294 Y. LIU, L. SHEN, Y. XU AND H. YANG

To estimate vs, it suffices to estimate ||K — Ky|lco. By the triangle
inequality, we have that

(5:52) K = Kalloo < 1K = Knlloo + [1Kn = Knlloo + 1Kn = Knloo-
According to property [9, Proposition 2.3 (2)], we obtain that
(5.53) 1Kn = Kanllso < enp=™.

Moreover, by inequality (5.11) in Lemma 5.4, we have that

(5.54) 1Kn = Kanlloo < cnp™"".

Substituting estimates (5.41), (5.53) and (5.54) into the right hand side
of (5.52) yields

(5.55) 1K = Knlloo < cnp™.

This, with the definition of v3 leads to the estimate

(5.56) vslloo < AT + K2) ™ ool IC = Kolloo 1 KC0lloc
e VA M/2
Combining (5.49) with estimates (5.50), (5.51) and (5.56) yields
_ Cen VA M/2
(5.57) lva = Ua ) oo < cnp k ez

It remains to estimate the second term on the right-hand side of
inequality (5.48). Recalling

(AT + K2) (@ — 03.) = KnP(h — hP),
we rewrite it in the form
Uan(x) = Danny = AT+ K2
Pl = 1) + (K = K)Pulh = h°) + (K7 = K2) @) = Ty

It follows from the second estimate of [9, Lemma 2.1] and hypothesis
(2.10) that

(5.58) |(AZ + K2 7KP,(h — ho)||lo < M%
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Proposition 5.10 and estimates (5.42) and (5.55) ensure that there
exists a positive constant ¢ such that, for all n,

(5:59) [(AZ+K2)" (KoK Pu(h—h) e < cnu-k"(ﬁﬂj%fm
and
(5.60)

_ ~o i~ ~ 1 . -~
IAZ + K*)7HK? = K2) @) = D) lloe < 51000000 = 03 iy llso-

Combining the above three estimates (5.58), (5.59) and (5.60), we
conclude that

~ ~ J W VA+M/2
B0 [y~ Rl < e 5 + i L),

Finally, inequalities (5.57) and (5.61) together with (5.48) lead to
the desired result of this lemma. d

We are now ready to present the main result of this section, which
gives an estimate to the error || — 9 () lloo-

Theorem 5.12. If n is chosen to satisfy (5.44) and hypothesis (H)
holds, then there exists a positive constant co such that, for all X > 0
and alln > 2,

(5.62)

VA M/2

NOIE +onp

\3/2

’ VAt M/z)

o Y 0
193l < 13§
with ¢ := c¢(V)||w||oo-

Proof. Estimate (5.62) is obtained by substituting (5.2) and (5.47)
into the right hand side of inequality (5.1).

Clearly, the error bound on the right hand side of (5.62) has two
parts: One (the last two terms on the right hand side of (5.62)) comes
from the projection of the solution to the approximate subspace and
the other (the first two terms) comes from the ill-posedness and the
presence of noise. O

We remark that the accuracy of the discrete model is given by the
estimate (5.62) with & = 1. The last two terms on the right hand side of
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(5.62) may be improved if we choose higher order piecewise polynomial
approximation.

6. Regularization parameter choice strategies. Solving system
(4.13) requires appropriately choosing the regularization parameter A.
This section is devoted to the description of an a posteriori parameter
choice strategy. We shall adopt a general principle developed in [21]
with special consideration to our current context.

We now develop the a posteriori parameter choice strategy for the
multiscale collocation method. The main idea is to establish the
estimate

~ )

(6.1) [v— Ui,n()\)HOO <)+ SO’

from estimate (5.62) presented in Theorem 5.12 for two continuous
increasing functions ¢ and 1, so that the general principle of [21] can
be applied. For this purpose, we develop a strategy of choosing the level
n of the multiscale approximation according to a given A. Specifically,
for a given A > 0, we choose n := n(\) to satisfy condition (5.44)
and to make the second term on the right hand side of estimate (5.62)
bounded by a constant multiple of §/A. In other words, we choose n(\)
to be the smallest positive integer satisfying the condition

VA WA 1 N2 }
VA+ M2 A+ M2 2c0 X+ M2 )

where ¢ is the constant appearing in (5.44). This leads to the next
theorem.

(6.2)  nup " < min {

Theorem 6.1. If hypothesis (H) holds and, for a given A > 0, n(}\)
is chosen to be the smallest positive integer that satisfies (6.2), then
estimate (6.1) holds with p(X\) := 1 A” and P(N) := A/3ca.

Proof. The desired result is obtained by using the choice of n that
is the smallest integer satisfying (6.2) and substituting it into the right
hand side of estimate (5.62). O

With Theorem 6.1, we are able to apply the general principle
presented in [21] to choose the regularization parameter. We choose the
optimal parameter Aqpy so that the right hand side with ¢(A) := 1 \¥
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and ¥(A\) := A/3ce of (6.1) is minimized. This is accomplished when
©(A) = 6/¢(X), which gives

A= Dopt = (03) 7 (0).-

Estimate (6.1) with this choice of the parameter becomes

(6.3) 5= B3 iy lloe < 20((03) 7 (6))-

Alternatively, since, for A > 0, both ¢ and ¢ are continuous increasing
functions, we observe from (6.1) that

(6.4) Aopt = Max {)\ (A < w?/\)}»

or

1)
Aopt = min{)\ (X)) > }
’ P(A)
We now describe a method for finding an approximation of Agpt,
specifically, we choose a positive integer N and let

Ay :={N:0< A <A < <Ay},

be a set of N + 1 distinct positive numbers. The integer N and the
N + 1 distinct positive numbers will be specified later. We then define
a finite set

)
(6:5) @ = { wopN) € 55 b
According to (6.4), we find an approximation of the regularization
parameter Aope by

A = max{)\i HP VNS M(AN)}

The method of choosing the regularization parameter . described
above requires knowing both functions ¢ and . The function ¢
involves the unknown smoothness order v of the integral operator, while
1 only involves a constant cy which can be estimated. Hence, direct
use of the set M(Ay) defined in (6.5) is not feasible. We now modify
the definition of the set M(Ay) so that the method described above is
implementable. Note that, by the triangle inequality and Theorem 6.1,
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we observe for A;, A; € Ay that

~5 ~5 ~ 5
”U/\,-,n(/\i) - ”Aj,n(Aj)HOO <|v- Uxim(hs )||oo +[[v - %,n(x )||oo
0

< (M) + o)

)
o) + @A) +

In particular, if A;, A\; € M(Ay), then
152, ) = T o lloe € e+
A A mOTT = 08) T ()

Due to the monotonicity of ¢, for A;, A\; € M(Ay) with \; > A;, we
have that

~ 46
”v)\ n( fvin()\)HOO < .
L R Tow

The above discussion leads us to introduce the computable set
(6.6) M*(Ay)
46
X € An : |3 o < 0,1,...,1‘}
=1 33, mr = B, mernlloe < s

to replace the set M (Ay) in the method of choosing the parameter A,.
In fact, it can be seen from the derivation presented above that, for a
given positive integer N,

M(AN) C MT(Ay).
As a result, we observe that
A <A i=max{\; : A € MT(AN)D,
and the number A\ may be considered as an approximation of A\,. This

conjecture is proved in the following lemma.

Lemma 6.2. Suppose that hypothesis (H) holds, M(Ayx) # 0, An \
M(AN) # 0, and there emists a positive constant q for all \; € Ap,
i=1,2,...,N,

(6.7) PY(Ai) < qp(Nin)-

If, for Ay, n(Ay) is chosen to be the smallest positive integer that
satisfies (6.2) with \ replaced by Ay, then

(6.8) 1933, o, e < Bap((01) ().
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Proof. The desired result may be obtained by modifying the proof
of [21, Theorem 2.1] and using estimate (6.1). We skip the details of
the proof. |

According to Theorem 6.1 and Lemma 6.2, we propose the following
rule for choosing the a posteriori regularization parameter.

Rule 6.1. A selection strategy of the a posteriori regularization

parameter.

e Choose constants p > 0, g9 > 1 and a positive integer N
according to
pogd ~t <1< pigd.

e Specify the finite set Ay by
Ay = {\i = pdq} i € Znya}).

e For each \; € Ay, choose n();) to be the smallest positive
integer that satisfies

n(Ag) k) <min{ VA VAL X }
s - VN + M2 N+ MJ2" 2c9 /N + M2

e Find vf\i n(h) by solving system (4.13).
e Choose

126¢

. ~5 ~5 2 )

Ap :max{)\j A EAN?””AJ,n(Aj)* U/\j,n(Ai)”oo <——=,1i=0,1,... ,j}.
In the next theorem, we present the convergence order of the ap-

proximate solution corresponding to the above choice of A .

Theorem 6.3. If hypothesis (H) holds and Ay is chosen according
to Rule 6.1, then the convergence order of the approximate solution

5§+7n(/\+) 18 given by
Ha_ 5§\+,7“L()\+)HOO = O(éy/y+1)7 as 6 — 0.
Proof. This theorem can be proved directly by using Lemma 6.2. It

suffices to verify the hypothesis of Lemma 6.2. Using the definition of
A, we conclude that (\;) = ¢ — 0p(N\;—1). We observe that Ay > 1.
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Thus, for sufficiently small §, it is easy to see that
clp”+15” <ecg and ciANAY > c20.

Hence, we observe that

) )
0w and @(AN)>w()\N).

(M) <

~

From this, we conclude that \g € M(Ay) and Ay ¢ M(Ay). Thus,
M(AN) # 0 and Ay \ M(AN) # 0. As a result, the hypothesis of
Lemma 6.2 is satisfied. Therefore,

[0 =33, niai lloo < 6a00((935(8) 1) = 58"/,

with C3 = 6(]001 (362/01)V/V+1. O

7. Numerical experiments. We present in this section numerical
examples to demonstrate the performance of the proposed multiscale
collocation method for solving the integral equation model for restora-
tion of out-of-focus images. Comparisons of the continuous model with
the discrete model in numerical performance were given in [16] for the
Galerkin method. It was shown there that the continuous model signif-
icantly outperforms the discrete model, especially in the case of image
enlargement. Readers interested in the comparisons are referred to [16]
for more information in this regard.

The numerical experiments to be presented in this section will
focus on testing the proposed collocation method and the choice of
regularization parameters. A blurred image is given in a matrix form.
Hence, we need to convert it to a bivariate function on a continuous
domain. According to [16], we assume that the image to be restored
is an intensity function v defined on the continuous domain E x E and
its pixel values are samples of this function, that is,

256

(7.1) o(ey) = Y (@) (), wy € E,

,j=0
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where
(7.2)
(256t —(£—1)),(£—1)/256 < t < £/256,
Pe(t) :==<((0+1)—256t),£/256 <t < (£+1)/256,
0 otherwise, t € F,

for £ = 0,1,...,256. Here we assume that the size of the image is
257 x 257. Then the observed image h can by generated by (2.2) with
kernel k given by (2.3). Specifically, by using (7.1), we have that

256 1 1 1
) b= 57 || 5
_ \2 _ 2 \2
X exp (_ (-T €T ) 21_2(2-/ y) )wz(x/)¢](y/) dy/dI/, T,y € E.

We shall use the proposed multiscale collocation method to obtain an
approximation of v from h.

We now describe the approximation spaces X,, and the correspond-
ing collocation functional spaces L,,. Specifically, for each positive in-
teger n, we choose X,, as the space of piecewise linear polynomials on
E with knots at j/2n, j = 1,2,...,2"1. Here dim X,, = 2"*! ;=2
and r = 2, corresponding to the general case described in Section 3.
The space X, has a basis

woo(x) := —3x + 2, woy(x) :=3x — 1,
and Wj has a basis

1-9/2z €[0,1/2],

(7.4) wio(x) == ¢ 3/2x — 1 € (1/2,1],
0 otherwise,
1/2 —3/2z €10,1/2],

(75) wn(x) = 9/23? - 7/2 S (1/2, 1],
0 otherwise.

The basis functions of the space W; := span{w;; : j € Zzi} can be
generated recursively from W according to the construction described
in Section 3. The collocation functionals corresponding to X, are
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constructed likewise. Specifically, we let £oo := 01,3, fo1 := d2/3 and

3 1 1 3
by = —551/3 + 552/3 + d1/6, by = 551/3 - 552/3 + 05/6-

The functionals /;; can be generated recursively from ¢,0 and ¢;1 ac-
cording to the construction described in Section 3. The approximation
spaces and the corresponding collocation functionals have the proper-
ties presented in Proposition 3.1.

Applying the multiscale collocation method with the above basis
functions and collocation functionals to the system of integral equations
obtained from the Tikhonov regularization method, using the matrix
compression strategy and the numerical integration scheme introduced
in Section 4 yield the linear system (4.13). Since, in the context of image
restoration, the size of the matrix is large, the resulting linear system
is ill-conditioned. To overcome the ill-conditionedness, we introduce an
additional parameter Ay and use the following system

U] _ [

B, 10

to replace system (4.13). The corresponding operator form of equation
(7.6) is

Rn + A2:En Y >\1En

7.6 ~
( ) V )\lEn Kn + )\2En

(MZ + (AT + Kn) AL + Kn))oam = (AL + K )hO.

This requires us to carefully balance the two parameters A; and Ay in
the preceding integral equation to avoid the ill-conditionedness of the
resulting matrix.

In our experiments, we shall test the proposed methods for the white
and black Resolution Chart images because, for these images, we do
not have to consider their boundary conditions. In our future projects,
we shall consider boundary conditions of the images and modify the
proposed methods accordingly. Specifically, two original images, the
white Resolution Chart and black Resolution Chart of size 257 x 257
shown, respectively, in Figure 1 (a) and Figure 2 (a) are used in our
experiments. The quality of restored images by our proposed method
is evaluated by the peak signal-to-noise ratio (PSNR).

The first experiment is for the noise-free case. We solve the corre-
sponding integral equation by using the proposed multilevel colloca-
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tion method with the piecewise linear polynomial basis functions at
level n = 7. In this case, both parameters A1 and Ay are chosen so
that the method gives the best quality reconstructed image. For the
white Resolution Chart, its blurred image with the blurring kernel of
o = 0.01 shown in Figure 1 (b) has the PSNR value 14.69 dB, and
the reconstructed image with (A1, A2) = (5e5,0.00015) shown in Figure
1 (c) has the PSNR value 18.80 dB. For the black Resolution Chart,
its blurred image with the blurring kernel of o = 0.01 shown in Figure
2 (b) has the PSNR value 14.94 dB, and the reconstructed image with
(A1, A2) = (le — 6,0.00015) shown in Figure 1 (c) has the PSNR value
18.99 dB. Specifically, see Tables 1 and 2.

0 |
S TE
=M - SN see WE
= =1 =w= BE
=m — s=1 0
=m = n=

m -— 6 =1l

(a) W) (©)

FIGURE 1. (a) The original white image. (b) Samplings of the continuous
observed white image at a uniform grid (with ¢ = 0.01 in the blurring kernel).
(¢) The reconstructed white image (with A1 = 5e — 5, A2 = 0.00015).

0

Nz
" .- l|||l|§
] 5

: —0
s=zm =

FIGURE 2. (a) The original black image. (b) Samplings of the con-
tinuous observed black image at a uniform grid (with ¢ = 0.01 in the
blurring kernel). (c¢) The reconstructed black image (with Ay = le — 6,
A2 = 0.00015).
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TABLE 1. The PNSR values (dB) for the noise free white ‘Resolution Chart’
image

Noise blurred image image reconstructed by proposed method

Free 14.69 18.80

TABLE 2. The PNSR values (dB) for the noise free black ‘Resolution Chart’
image

Noise blurred image image reconstructed by proposed method

Free 14.94 18.99

TABLE 3. The PSNR values (dB) of the images reconstructed with different
regularization parameter values from the noisy white ‘Resolution Chart’
image with noise bound ¢ < 0.001.

A1 Ao n images reconstructed
by proposed method

0.0003 0.0003 7 17.89
0.000648 0.0004 7 18.14
0.0009 0.0008 7 18.12

The second experiment is for the noisy case with noise bound
0 = 0.001. For the white image, by choosing Ay = A, according to
Rule 6.1 with p := 0.008 and ¢y := 3, we obtain n = 7, \; = 0.000648.
For the black figure, we choose p := 0.02 and ¢y := 3.5 in Rule 6.1
and obtain the values n = 7 and A\; = 0.000857. We then compare
the PSNR values of the images reconstructed by using our proposed
method with these parameter values to those with the other two differ-
ent parameter values. The numerical results are shown in Tables 3 and
4 and the corresponding reconstructed images are shown in Figures 3
and 4, respectively, for the white and black images. Clearly, from the
tables and figures we see that the numerical results and quality of the
images obtained with the parameters chosen according to Rule 6.1 are
comparable to those obtained in the first example, which are obtained



SOLVING INTEGRAL EQUATION MODELS

305

0 | 0 | 0 |
2SN | | cSEYE | S
s Sl 2 | | 9SSy U2 | | SS M ee: U
(S Eer B | S B S
SN =0 CEN =0 cEN =0

(a) (b) (©)

FIGURE 3. Reconstructed white images for the noisy case (with o = 0.01 in
the blurring kernel and noise bound § = 0.001). (a) The reconstructed white
image with A\; = 0.0003, A2 = 0.0003. (b) The reconstructed white image
with Ay = 0.000648, A2 = 0.0004. (c) The reconstructed white image with
A1 = 0.0009, A2 = 0.0008.

0
=Y

FIGURE 4. The reconstructed black images for the noisy case (with o = 0.01
in the blurring kernel and noise bound § = 0.001). (a) The reconstructed
black image with A1 = 0.00015, A2 = 0.0003. (b) The reconstructed black
image with A1 = 0.000857, A2 = 0.0007. (c) The reconstructed white image
with A1 = 0.0012, A2 = 0.0009.

TABLE 4. The PSNR values (dB) of the images reconstructed with different
regularization parameter values from the noisy black ‘Resolution Chart’
image with noise bound § < 0.001.

A1 A2 n images reconstructed
by proposed method
0.00015 0.0003 7 18.35
0.000857 0.0007 7 18.82
0.0012 0.0009 7 18.80
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by using the best possible parameters, and they are better than those
obtained with other choices of the parameters.
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