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ABSTRACT. Existence of solutions is shown for equa-
tions of the type Av + B(KGuv,v) = f, where A, B and G
are possibly nonlinear operators acting on a Banach space V,
and K is a Volterra operator of convolution type. The proof
relies on the convergence of a suitable time discretization
scheme.

1. Introduction. We are concerned with nonlinear Volterra equa-
tions of the type

(1.1a) Av+ B(KGv,v) = f in (0,T),
with
(1.1b) (KGv)(t) = up + /0 k(t — s)Gu(s) ds,

where (0,7) is the time interval under consideration and where ug
and f are given data of the problem. Let V be a real, reflexive,
separable Banach space with its dual V'. The operator A:V — V' is
assumed to be hemicontinuous, monotone and p-coercive, the operator
B :V xV — V' is strongly continuous and satisfies a certain growth
condition, and the operator G : V' — V is weakly continuous with
linear growth.
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Let us briefly discuss the type of integral kernels k we have in mind.
The simplest case is k = 1. Problem (1.1) can then be written as

AG™ (u —ug)' + B(u, G (u—ug)’) = f in (0,7T),

if G is invertible (the prime ’ denotes the time derivative). Problems
of this type have been studied in Bauzet and Vallet [1] as well as in
Emmrich and Vallet [6]. Such problems of Barenblatt type arise in the
description of nonlinear and anomalous diffusion. A typical kernel that
arises in many applications is a kernel of exponential type k(z) ~ e™**
(A >0). Problem (1.1) then reads as

Av+ B(u,v) = f in (0,7)
with

(uw—1up) + AMu —up) = Gu.

Another typical example is a weakly singular kernel k(z) ~ z~1+e

with @ € (0,1). This corresponds to the Riemann-Liouville fractional
integral

Jw)(t ! tt “ew(s)ds, te[0,T

()0 = gy [ (=97 s, te 0.
The Riemann-Liouville fractional derivative is then defined by Dy =
D'J'* Py (B € (0,1); D! denotes the full time derivative), and one
easily finds that D*J%u = u (« € (0,1)). For more details and
applications, we refer to Diethelm [5], Hilfer [8], Kilbas, et al., [9],
Podlubny [12]; see also Lubich [10, 11] and the references cited therein
for numerical aspects. Problem (1.1) can then also be written as

Av+ B(u,v) = f in (0,7T)
with
D(u — ug) = Go.

Later we shall need that k € L (0,T), where p is the Lebesgue
exponent determining the coercivity of A and p’ denotes the conjugate
exponent to p.

Abstract nonlinear Volterra equations have been studied by many
authors, we refer to the monographs Gripenberg, et al. [7] and
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Priiff [13] and the references cited therein as well as to Corduneanu [2,
3]. It is worth mentioning that our results do not require any positivity
assumption on the kernel (often, kernels of positive type or completely
monotone kernels are considered), and we may also allow kernels of the
type k(z) ~ e~ cos z or k being the difference of two weakly singular
kernels. Moreover, the problem under consideration here differs from
results known on nonlinear Volterra equations insofar as both the op-
erators A and B may be nonlinear and as the operator B describes a
nonlinear coupling.

The method for proving existence of a solution is based on a time
discretization. Let us consider an equidistant time grid with abscissae
t, =nt (n=0,1,...,N € N) and constant step size 7 = T/N. We
look for approximations v™ = v(t ) such that

(1.2a) Av"™ + B (u",0") = n=12,...,N,
with

u" = uO—i-TZ’yn,jHGv%% = 7/ k(s)ds (i=1,2,...,N),

j=1 T Jtia

where u’ ~ ug and {f"}N_, ~ f are given approximations. This

discretization is implicit in the first argument of B.

The idea behind the numerical scheme above is a simple product
quadrature. For t € (t,_1,t,], we employ the approximation

/Otk(t — s)w(s)ds =~ /Otnk( s)ds = Z t] Yw(s) ds

tjl

NZ/ s)dsw(ty) = TZ% i1 w(t

tg 1
where

1 [t 1 [in—i+1 1
'yn,jH:f/ k(tnfs)ds:f/ k(s) dS:/k((TL*j+U)T) do.
T t 0

tj—1 T Jtn;

Considering a sequence of time discrete problems (1.2) with 7 — 0,
we show convergence of (a subsequence of) the sequence of approximate
solutions in a suitable sense. The limit is then identified as a solution

o (1.1).
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In the course of the proof of convergence, it turns out that the unique
solvability of a corresponding auxiliary problem (see Assumption (AB)
below) is crucial. This uniqueness assumption is, of course, a restriction
of the class of possible problems we can deal with. Such a restriction,
however, is expected since (1.1), interpreted as an operator equation
posed on a suitable Banach space of time-dependent abstract functions
with values in V', misses standard assumptions for proving solvability
such as pseudomonotonicity of the governing operator. Let us empha-
size that the strong continuity of B : V xV — V' does not imply strong
continuity of the corresponding Nemytskii operator acting on Bochner
integrable functions with values in V.

The paper is organized as follows. We close this section by intro-
ducing some notation and providing a preliminary result concerning
the integral operator. The main result together with all the structural
assumptions is then provided in Section 2. The time discrete problem
is studied in Section 3. The proof of the main result is finally presented
in Section 4.

1.1. Notation and preliminaries. By L"(0,T;V) (r € [1,00]), we
denote the usual Bochner-Lebesgue spaces equipped with the standard
norm. Here, (V)| - ||) is a real, reflexive, separable Banach space
with its dual (V’,] - |lv/) and the duality pairing denoted by (-, -).
Note that V’ is reflexive and separable since V is also. Denoting by
r" = r/(r — 1) the conjugate of r € (1,00) with ' = c0 if r = 1, we
have (L"(0,T;V)) = L™ (0,T; V') if r € [1,00); the duality pairing is
given by

T
(g,v) = /0 (g(t),v(t)) dt.

Moreover, L"(0,T;V) is reflexive if r € (1,00), and L'(0,7;V’) is
separable, see, e.g., Diestel and Uhl [4] for more details.

The norm in a Banach space X will always be denoted by | - || x,
except for the norm in V, where we omit the subscript V. We make
use of the convention 22:1 z; = 0 for whatsoever z;. By ¢, we denote
a generic positive constant (that is always independent of the time step
size).

Without proof, we give the following result, which is classical for
real-valued functions (see, e.g., Gripenberg, et al. [7, Theorem 2.2,
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page 39]) but easily extends to Banach-space-valued functions.

Proposition 1.1. Let p € (1,00) and ug € V. If k € L*(0,T) then K
with

(Kw)(t)=u0+/0 k(t — syw(s)ds, € 0,T],

maps LP(0,T,V) into LP(0,T,V) and is affine-linear and bounded. If
ke LV (0,T), then K maps L?(0,T,V) into C([0,T],V) and is affine-
linear and bounded.

2. Main result: Existence via time discretization. Let us start
by stating the main assumptions on the operators appearing as well as
the integral kernel. Let p € (1,00) be suitably given, and let (V, || - ||)
be a real, reflexive, separable Banach space with dual (V/,|| - ||v/)-

Assumption (A). The operator A:V — V' is

(i) hemicontinuous, i.e., the mapping 6 — (A(u+6v),w) : [0,1] = R
is continuous for all u,v,w €V,
(ii) monotone, i.e., (Av — Aw,v —w) > 0 for all v,w € V, and
(iii) coercive in the sense that there exist u > 0, A > 0 such that, for
allveV,
(Av,v) = o] = A

Assumption (B). The operator B:V xV — V' is

(i) strongly continuous, i.e., in V X V weakly convergent sequences
are mapped into in V' strongly convergent sequences and
(ii) there exist ¢ >0, g € [0,p — 1) such that, for all u,v € V,

(2.1) 1B, v)llv: < (1 + [lullP~" + [lv]| 7).

Assumption (AB). For each u € V and b € V' there exists at
most one solution v € V' such that

(2.2) Av+ B(u,v)=0b in V',
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Assumption (G). The operator G : V. — V is

(i) weakly continuous, i.e., in V weakly convergent sequences are
mapped into in V weakly convergent sequences and
(i) there exists ¢ > 0 such that, for allv €V,

[Gol < e(L+ ol

Assumption (k). Let k € L?' (0,T).

Remark 2.1. We shall remark that the operators A, B and G can be
extended, as usual, to operators acting on functions defined on [0, T]
and taking values in V.

Since the operator A : V' — V' is hemicontinuous and monotone,
it is also demicontinuous (i.e., it maps strongly into weakly convergent
sequences) and thus maps, in view of the separability of V' and the
theorem of Pettis (see, e.g., Diestel and Uhl [4, Theorem 2, page 42]), a
Bochner measurable function v : [0, 7] — V into a Bochner measurable
function Av: [0,T] — V'.

In view of the continuity of the operator B: V x V — V' and (2.1),
it maps LP(0,T;V) x LP(0,T; V) into L¥ (0, T; V).

Since G : V — V is weakly continuous and V is separable, Petti’s
theorem again provides that G maps Bochner measurable functions
into Bochner measurable functions. In view of the linear growth of G,
we find that G maps LP(0,7; V) into itself.

As we have not made an assumption on the growth of the operator
A, it does not need to map LP(0,7T;V) into its dual. Note that the
above assumptions do not imply that the operator B : LP(0,T; V) x
LP(0,T;V) — L¥(0,T; V") is strongly continuous. This is one main
difficulty in the course of the proof of the main result.

Further note that the existence of a solution to (2.2) easily follows

from standard results from the theory of monotone operators (see, e.g.,
Roubicek [14, Proposition 2.17, page 40]).

Let us now state the main result and start with the definition of a
solution.
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Definition 2.2 (Solution). Let ug € V and f € L¥' (0, T; V") be given.
A function v € LP(0,T;V) is said to be a solution to (1.1) if (1.1a)
holds true in L (0,T;V").

For the discretization in time, let {Ny} be a sequence of integers
such that Ny — oo as £ — oco. We then consider the sequence of time
discrete problems (1.2) with step size 7, = T'/Ny, starting value u) € V,
and right-hand side {f"}Y < V given by

(2.3) . i/" F(2)dt.

Te Jt

n—1

Often we do not call explicitly the dependence of f™ and the time
instances t,, on /.

Denoting by {v"}N2 < V the solution to (1.2) with step size 7, let
vg be the piecewise constant function with ve(t) = v™ for ¢t € (tn—1,tn]
(Tl: 1,2,...,]\7@).

The main result reads as follows.

Theorem 2.3 (Existence via convergence of a time discretization). Let
Assumptions (A), (B), (AB), (G) and (k) be satisfied. Let ug € V and
f e L¥(0,T;V') be given. Moreover, let {u} C V be such that

u) —sug in V oas € — oo.

Then there is a subsequence (still denoted by £) such that, as £ —
oo, the sequence {vg} of piecewise constant interpolations of the time
discrete solutions to (1.2) with (2.3) converges weakly in LP(0,T;V);
the limit v is a solution to (1.1) in the sense of Definition 2.2.

If f € L0, T;V') then v € L*(0,T;V) and (1.1a) holds in
L=(0,T;V").

The proof will be prepared by the following section on properties of
the time discrete solution.

3. The time discrete problem: Solvability and a priori es-
timates. In this section, we study the time discretization (1.2) for a
given time step 7 > 0.
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Proposition 3.1 (Time discrete problem). Let Assumptions (A), (B),
(AB) and (k) be fulfilled. Letu® € V and {f"}_, C V' be given. Then,
if T is sufficiently small, there is a solution {v"})_, C V to (1.2), and

the following a priori estimates hold true forn =1,2,...,N:

(3.1a) la™ P+ 7 7|7 < 0<1 + P+ DI )

Jj=1 Jj=1

(3.1b) > AP+ Y B o),

j=1 j=1

< c(l TS ||fj||p,>.

Jj=1

Proof. Existence of a solution follows step-by-step. Let {v7 };’:_11 cVv
be given if n > 2 (in the case n = 1 only u is given). Then v € V
(n=1,2,...,N) is the solution of the problem

Av™ + B! + 7y Go™ o) = 7
where
n—1

a1l =0 + TZ’)/n,j+1G’Uj eV

j=1
is given. The mapping
D,:V —V' Dpv=Av+ B@ '+ 77,Gv,v),

is the sum of a hemicontinuous, monotone and a strongly continuous
mapping and is coercive if 7 is sufficiently small. Indeed, we find that

(Dnv,0) 2 pllollP = A= B@" ™ + 731Gv,0) v o]
> pllell? = A—c(1+[[@ 1 + rnGol|* ™ + o)) o
> plloll? = A—e( T[T |+ PGl + ol o]
> pullolP=A=c(1+[[a P + el

(L+el7=) + el o]l



ON A NONLINEAR ABSTRACT VOLTERRA EQUATION 83

Since [ry1| < [y [k(s)|ds, Young’s inequality yields
(3:2)  (Dwv.v) = Sl = A= (1+ [ ) = elrn ol

which shows coercivity if 7 is sufficiently small such that

(33) ([ |k<s>|ds)p_l <

Note that the constant ¢ here is the constant that appears in (3.2)
in front of |ry1|P~!|lv||P and is independent of 7. We are now in
the position to apply standard results from the theory of monotone
operators (see, e.g., Roubitek [14, Proposition 2.17, page 40]) to get
existence of v" € V.

IR~

Similarly to the coercivity, we obtain the a priori estimates asserted.
Indeed, we test (1.2a) by v™ and obtain, with (3.2) and (3.3)

Elom P =x—e (1+ @) < (Dav™, ") = (£7,07).

This yields, together with Assumption (G) and with |7y,—+1| <
Sk (z)] d,

ty—

ol < e (14 171, + 7))

, n—1 ) P
<c(1H 1+ 1P + (X 1Pl @ 1071) ) )
j=1
, n—1 \P
< c<1+||f"||1",/+|u0||”+|k||’21(07T) + (Z |rvn_j+1lllvﬂll> )

j=1
, n—1
< c(1+||f"||p,+|u°||P+|k|F’L1(O,T) L ||vf||P).
j=1

Applying a discrete Gronwall-type argument shows that

n—1

(3-4) [o"]7 < 0<1 a1 L VA S S Wl >

Jj=1
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and thus . N
PP < (1 P+ SN,
=1 =1

which implies the assertion because, similarly as before,
n .
617 < {1 10+ s .y + 1T 7 S 1 ).
=1

In view of the growth condition for B, we immediately find that, for
alln=1,2,...,N,

P S IBG, v, < c(l VIS ||fj||P’,).
A 2

This implies, because of (1.2a),

TZHAUJH”/ < CTZIIJ”II”' +CTZIIB (o)

j=1 j=1

which yields the last a priori estimate. O

We shall remark that the second a priori estimate of the proposition
above will not be needed in the course of the proof of the main result.

4. Proof of the main result: Convergence of the time dis-
cretization. In the sequel, we consider a sequence of time discrete
problems (1.2) with step sizes 7y = T'/Ny, where Ny € N with Ny — oo
as £ — o0o. We recall that v, denotes the piecewise constant interpola-
tion of the time discrete solution {v”}gil corresponding to the step size
7. Analogously, we denote by u, and f, the piecewise constant func-
tion with u.(t) = ™ and fe( )= frift € (tho1,tn] (n=1,2,...,Nyp),
respectively, where {7} is given by (2.3). We set uy(0) = u).

Proof of Theorem 2.3. Since the sequence {u} of starting values for
(1.2) is bounded, and since

/
||f£||zl),;v’(07T;V/ TZZ ||anp’ < Hf”Lp (0 T; V’
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the right-hand side in (3.1a) is uniformly bounded with respect to Z.
Moreover, it is easy to prove that

fo— f in LP(0,T;V') as { — .

It follows that {u,} is bounded in L>°(0,T; V') and {v,} is bounded in
LP(0,T;V). Hence, there is a subsequence (not relabeled) and elements
u € L*(0,T;V) and v € LP(0,T;V) such that

wp = u in L(0,T;V)
ve—wv in LP(0,T;V) as { — oo,

since, in particular, L' (0, T; V') is separable and L?(0,T; V') is reflexive.
For t € (th—1,tn] (n =1,2,..., Ny), we observe that
= uy +/ k(t, — s)Gue(s) ds
and thus,

lue(t) = (KGue) ()| < [lug — uol|

+/t” et — 8)|[|Gve(s)]| ds
+/0 k(tn — 5) — k(t — 8)||Gue(s)]| ds

tn , 1/p
< ud = uo|| + (/ |k(tn — )P ds>
t

||GW||LP(0 V)

( / e(t — ) — Kt — 5)[P ds)l/p/

||GW||LP(0,T;V)~

Because of the growth condition for G, the sequence {Gu,} is bounded
in LP(0,T;V) since {vs} does so. The calculation above shows, since
ke L¥(0,T), that

(4.1) max |Jug(t) — (KGup)(t)|| — 0 as £ — oo.
t€[0,T
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Hence,
ug — KGvg — 0in L*™°(0,T;V) as £ — oo,

and thus K Guy converges weakly* in L>°(0,T;V) to u.

Moreover, since {Guvg} is bounded in LP(0,7T;V), there is a subse-
quence (still denoted by ¢) and g € LP(0,T; V') such that

Gvy — g in LP(0,T;V) as £ — co.

Since K : L?(0,T;V) — C(]0,T); V) is affine-linear and bounded (see
Proposition 1.1) and thus weakly continuous, we find that

KGuy— Kgin C([0,T]; V) as £ — o0

as well as
(KGu)(t) = (Kg)(t) in V as £ — o0

for all ¢ € [0, T], which implies with (4.1) that
(4.2) we(t) = (Kg)(t) in V as £ — o0
for all t € [0,T7.

Concerning the convergence of {vs}, we observe the following. Es-
timate (3.4), together with the boundedness of {uf} in V and (2.3)
implies, for all ¢ € (0,T],

e < e (1+ £

We recall that f, converges strongly in Lp/(O,T; V). There is thus a
subsequence (still denoted by ¢) and a majorant h € LP' (0,T) such
that

(4.3) fe(t) — f(t) in V',

I fe@®)]lv: < h(t) for almost all ¢ € (0,T).
We thus obtain
(4.4) loe(®)]] < e (1 + h(t)p’-l) .

For almost all t € (0,7), we therefore have a subsequence of the
subsequence, which we denote by ¢, and which depends on ¢ and an
element v; € V such that

(4.5) v (t) = v, inV as £; — oo,
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Later, we shall show that v; = v(t) for almost all ¢ € (0,T") and that
the subsequence is indeed independent of ¢.

The time discrete problem (1.2) can be written as

Avp(t) + B(ue(t),ve(t)) = fe(t) in V', te (0, 7).

The strong continuity of B : V x V — V' (see Assumption (B)),
together with (4.2), (4.3) and (4.5), yields for almost all ¢t € (0,7T") the

strong convergence
Avg (8) = fo, (t) = Blug, (1), ve,(8)) = f(t) = BU(Kg)(t),v1) = a
in V' as ¢, — oc.
With Minty’s trick (remember that A : V' — V' is monotone and

hemicontinuous), we are able to identify the limit a; € V’. For arbitrary
z €V, we find

(Avg, (t),ve, (1)) = (Avg (t) — Az, v, (1) — 2)
+ <A’Ug; (t),z) + <AZ,’Ug; (t) —z)
> (Avg (), 2) + (Az,vg (1) — 2).
Taking the limit, we obtain
(at,ve) > {ag, 2) + (Az, vy — 2).
With z = v; £ @ w for arbitrary w € V and 6 € (0, 1], we thus have
+ (A(vy £ 0w),w) > £{as, w),

and the hemicontinuity shows, for § — 0, that a; = Av; in V.

In view of Assumption (AB), the element v; € V is the unique
solution to
Avy + B((Kg)(t),ve) = f(t) in V'

for given (Kg)(t) € V and f(t) € V'. Therefore, by contradiction, the
convergence (4.5) not only takes place for a subsequence ¢} depending
on t but for the whole sequence for which (4.4) holds. This implies that
{ve(t)} converges weakly in V towards v; for almost all t € (0,T). Since
we already know that {ve} converges weakly in LP(0,T;V) towards v,
we find that v; = v(t) for almost all ¢ € (0,7).
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Let us summarize that ve(t) — v(¢) in V for almost all ¢t € (0,7")
and thus Gue(t) — Gu(t) in V for almost all t € (0,T) since G : V — V
is weakly continuous. Moreover, Gvy; — ¢ in LP(0,T;V). This implies
g = Guv, which in our situation can easily be seen as follows. Let
z € LP(0,T;V'). Then (z(t), Gue(t)) converges to (z(t),Gu(t)) for
almost all ¢ € (0, 7). Moreover, we have

[{2(2), Gue(®))| < [lz(@) v [|Goe(®) v < ellz(B)llve (1 + (IR @),

where h € LV (0,T). Lebesgue’s theorem on dominated convergence
now yields the convergence of (z, Gvy) to (z, Gv) in L'(0,7T), which
means that Gvy — Gv in LP(0,T; V).

This finally shows that v is a solution to (1.1) in the sense of
Definition 2.2. Note that f € LPI(O,T; V') and, in view of the growth
condition (2.1), also B(KGu,v) € L¥' (0,T;V").

Regarding the regularity statement, we observe the following: If
f € L>®(0,T;V'), then (3.4) already implies the boundedness and thus
(passing to a subsequence if necessary) the weak*-convergence of {vy} in
L>(0,T;V) such that v € L*°(0,T;V). Hence, in view of the growth
condition (2.1), it follows B(KGwv,v) € L*(0,T;V’). This, finally,
implies Av € L*>(0,T;V"). O
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