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TRAVELING WAVES FOR A NONLOCAL
DISPERSAL SIR MODEL WITH STANDARD INCIDENCE

WAN-TONG LI AND FEI-YING YANG

Communicated by Stig-Olof Londen

ABSTRACT. This paper is concerned with traveling wave
solutions of a nonlocal dispersal SIR epidemic model with
standard incidence. We show that our results on existence
and nonexistence of traveling wave solutions are determined
by the basic reproduction number of the corresponding ordi-
nary differential model and the minimal wave speed. These
threshold dynamics are proved by constructing an invariant
cone and applying Schauder’s fixed point theorem on this cone
and the Laplace transform. The main difficulties are the lack
of an occurrence of a regularizing effect and the loss of the
order-preserving property of this model.

1. Introduction. The current paper is concerned with the existence
and nonexistence of traveling wave solutions of the following nonlocal
dispersal SIR model with standard incidence:

(1.1)
B8(w,) = di(J * S(,1) — S(a, 1)) — Groses,
D 1(x,1) = do(J  I(w,1) — I(,1)) + SEEEL 1 (a,1),
B R(x,t) = ds(J * R(x,t) — R(x, 1)) +7I(x,1),

where S, I and R denote the sizes of the susceptible, infected and
removal individuals, respectively. The infection rate 5 and the removal
rate v are positive numbers. d; > 0 (i = 1,2,3) are dispersal
rates for the susceptible, infected and removal individuals, respectively.
JxS(x,t), JxI(x,t) and J* R(x,t) are the standard convolutions with

2010 AMS Mathematics subject classification. Primary 35K57, 35R20, 92D25.
Keywords and phrases. Traveling waves, nonlocal dispersal, SIR model, Schau-

der’s fixed point theorem, Laplace transform.

Research supported by NSF of China (Nos. 11031003 and 11271172) and FRFCU
(No. lzujbky-2011-k27).

The second author is the corresponding author.

Received by the editors on December 15, 2012, and in revised form on May 16,

2013.
DOI:10.1216/JIE-2014-26-2-243  Copyright ©2014 Rocky Mountain Mathematics Consortium

243



244 WAN-TONG LI AND FEI-YING YANG

space invariable x. Throughout this paper, we assume that the nonlocal
dispersal convolution kernel J is a smooth function on R and satisfies:

J e CY(R), J(x) = J(—x) >0,
(J)

/ Jdy=1 and J is compactly supported.
R

It is well known that disease propagation in space is relevant to the so-
called traveling waves, solutions of the form (S(z+ct), I(x+ct), R(z+
ct)) for which c¢ is called the wave speed. For applications to disease
control and prevention, it is important to determine whether traveling
waves exist and what the propagation speed c is. Moreover, it is found
that the first and second equations of system (1.1) form a closed system,
it suffices to consider a two-dimensional system for S and I.

System (1.1) is the nonlocal counterpart of the following SIR disease
outbreak model with the standard incidence
S dl 8{2 - g_f-‘;’

(1.2) i[:dQ_ + 858 41,

R d3 8z2 + ’}/I

This model was considered by Wang et al. [35]. They showed that if
Ry := /v > 1, then for each ¢ > ¢y = 24/da(8 — ), the system

°5 _ BSI
{ F5=dig3 — 511,

8% | BSI
8tI dagez + 557 — 1

(1.3)

has a traveling wave solution (S(z+ct), I(z+ct)) and no traveling wave
solutions for 0 < ¢ < ¢g. On the other hand, there are no traveling
wave solutions for Ry = /v < 1. The proof is mainly based on that
of Wang and Wu [38] and several earlier studies, see [13, 20, 23, 36,
37]. Here, Ry = /7, which is the so-called basic reproduction number
calculated from the corresponding ordinary differential system of (1.3)
at the initial disease-free equilibrium (Sp, 0,0), completely determines
the transmission dynamics and epidemic potential: if Ry > 1, I(t)
increases to its maximum firstly and then decreases to zero and hence
an epidemic takes place; if Rg < 1, then I(¢) decreases to zero and the
epidemic does not occur.
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Systems (1.1) and (1.3) describe the transmission of communicable
disease. Classically, the random (or local) dispersal operator is common
in modeling the diffusion of the species; it suggests that the population
at location z can only be influenced by the variation of the population
near the same location z, see [1, 11-15, 19, 24, 29, 38, 40, 42].
However, the random (or local) dispersal operator such as the Laplace
operator can only influence a species’ immediate neighborhood for
ecological and epidemiological models. One method in overcoming
these problems with the Laplace operator is to describe these models
connecting spatial migration by a nonlocal dispersal operator, see
[15, 17, 18, 23]. For traveling wave solutions of nonlocal dispersal
problems, we refer to [3-8, 10, 21, 25-28, 30-32, 34, 43-49] and
references therein. In addition, one refers to [2, 9, 16-18, 33] to
understand the development of this type of work.

In the present paper, we focus on the existence and nonexistence of
traveling wave solutions of system (1.1). Note that system (1.1) does
not satisfy the mixed quasimonotone or exponential mixed quasimono-
tone conditions and the method in [22, 27, 28] may not be used directly
to consider the existence of traveling wave solutions any longer. It is
known that Schauder’s fixed theorem has been used to prove the exis-
tence of nontrivial traveling wave solutions by constructing a suitable
invariant set in the past years, see [13, 20, 23, 38]. Inspired by [12,
13, 39], we want to prove the existence of nontrivial traveling wave
solutions by constructing an invariant cone in a large bounded domain
with the initial functions being defined on and applying Schauder’s
fixed theorem on this cone, then passing to the unbounded domain by
a limiting argument. But, we find that a uniform a priori bound of
solutions of nonlocal dispersal problem (1.1) is more difficult to be ob-
tained than those in [39]. In particular, we must point out that the
exact boundary behavior of susceptible S(§) at £ = 400 is more diffi-
cult to be obtained than the local SIR model (1.3). The main reason is
that we do not know whether S(£) is monotone or non-monotone due
to the effect of nonlocal dispersal compared to problem (1.3) in [35].

In summary, we shall prove that, if Ry = 8/v > 1, then there exists
a critical velocity ¢, such that, for each ¢ > ¢4, system (1.1) admits
nontrivial traveling wave solutions with wave speed ¢ and no nontrivial
traveling wave solutions of (1.1) for 0 < ¢ < ¢y, and, if Ryg = /v < 1,
no nontrivial traveling wave solutions exist for every speed ¢ > 0.
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This paper is organized as follows. In Section 2, we prove the
existence of nontrivial traveling wave solutions by Schauder’s fixed
theorem. The nonexistence of traveling waves is obtained in Section 3
by applying the two-sided Laplace transform, which is first introduced
by Carr and Chmaj [5] and further used by Wang et al. [36-38].

2. Existence of traveling waves. In this section, we shall consider
the existence of traveling wave solutions of system (1.1). Since the third
equation of (1.1) is relatively independent, we only consider the first
two equations. Let £ = x 4+ c¢t. Then the traveling wave equation of
system (1.1) is as follows:

eS' (&) = di(J * S(€) — S(§)) — %,

2.1
=y eI'(€) = da(J + I(6) — I(6)) + £581E _ 1),

Assume that the initial disease-free equilibrium is (Sp,0). We intend
to find solutions (S(£),1(£)) which are nonnegative and satisfy the
following boundary conditions:

(2.2)  S(—00)=So, lim S(€):=Ss < So, I(c0) = 0.

£—+o0

Define a function as follows:
“+o0
f(x\,(;):dg(/ J(y)e_)‘ydy—l) —cA+ 6 —17.
Then, we have the following result.
Lemma 2.1. Suppose that Ry := 8/ > 1. There exists ¢« > 0 and
A such that

Of (A )
O

=0 and f(Ae,ce)=0.
()‘*76*)

Furthermore, the following alternatives hold.

(i) If ¢ > cx, the equation f(A,¢) = 0 has two positive roots, \i(c)
and Az(c), with 0 < A1(c) < Ax < A2(c) < A for some X € (0,+0], and
f(,e) <0 in (A(c),A2(c)) and f(-,¢) > 0 in (0, A1(c)) U (A2(c), A).
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(ii) If ¢ < cs, we have f(A,¢) >0 for all X € (O,X),

Proof. By direct calculation, we know f(0,¢) > 0 and f(X,+o0) =
—oo for A > 0. In addition,

A
aféc’ ) =-A<0 forany X>0, 3fgi, ) =—c<0
and ) N
)\ oo
1) i;()\; ) _ do /700 J(z)z?e  dx > 0.
Then, by simple analysis theory, we can obtain these results. ]

In the following, we intend to show the existence of traveling wave
solutions of (2.1) when Ry > 1. Denote A;(c) by A;, and fix ¢ > c,.
Define functions as follows:

S5+(&) = So, S_(§) = maX{SO(l - Ueaﬁ)’ 0}7
I, (6) =eMs  T_(€) = max{eM*(1 — Me™),0},
where o, a, M and n are all positive constants. Then we have the

following results.

Lemma 2.2. Suppose a« < A1 is sufficiently small. Then, the
function S_(&) satisfies

(2.3) cS'(§) < di(J * S(€) — S(€)) — BI+(§)
for any £ < (1/a)In(1/0) and o > 1 large enough.

Proof. If ¢ < (1/a)In(1/c), then S_(£) = Sp(1 — 0e*®). We need to
verify that

cS"(€) < di(J * S-(§) = S-(&)) — BLL(E)-

That is,

+oo
—coaSpe®t — ody Syet (1 — /

— 00

J(x)e_‘”dx) + BeMé <.
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Since £ < (1/a)In(1/0), it is sufficient to show that
+oo
—coaSy — od1Sy <1 - / J(x)e_"‘zdx) + Ba(o‘_)‘l)/o‘ <0.
Keep 0 = 1/a, and let a be small enough. The above inequality holds,
which implies that (2.3) holds. O

Lemma 2.3. Suppose n is small enough such that n < min{a, Ay —
A1} and the constant M is large enough. Then, I_(€) satisfies

24) O IO~ 1E) + g e —6)

for any & < (1/n)In(1/M).

Proof. 1f € < (1/n)In(1/M), then I_(§) = eM&(1 — Me"). When
&> (1/a)In(1l/0), S—(€) = 0. In this case, we only need to verify that

(2.5) I’ (€) < do(J % I_(§) — I_(£)) — I (€).
That is,
eME(B — f(A1,0)) < Me"E(B — £+ Ap, 0)),

where f(A,c¢) is defined as above. Note that f(A1,¢) = 0 and f(n +
A1,¢) < 0 because n < min{A;, A2 — A1} as a < A;. Thus, following
&> (1/a)In(1/0), it is sufficient to verify that

B < Me"*™7(B — f(n+ A1, c)).

Consequently, we have that inequality (2.5) holds if we take

Bo e
M= B—fn+ o)

When ¢ < (1/a)In(1/0), S_(&) = So(1—0e®¢). Then, we need to show
that

I’ (§) < da(J* I (§) = I-(8)) +

PSOLEO g

§+1-(§)
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The above inequality holds if we show

eI’ (§)

< AT T_(§)—T_(€)+(—m1_(e) - L= SO H O

So+ 11(§)

Applying the definition of f(),¢) to obtain the above inequality, it is
sufficient to verify

B(So = S—(§) + 1+ (§)I-(§)
So + 11.(§)

< —Mf(\ +n,c)ePtms,

That is,

eME(Spoe® 4+ M) (1 — Me™)
M
ﬁf

< - (A1 + 1, )eMTE(Sy + I,.(€)) .

It is sufficient to verify

Syoel@—mE 4 gu-me o M0

f()‘l + 1, C)'
Since £ < (1/n)In(1/M) and f(A +n,¢) <0, we need only to show
—a/n —A1/n S0
oSoM +M S—ﬁf(/\an,C)

due to n < a. Note that the above inequality holds if we choose M
large enough. So, we end our proof. o

Let M and n be defined as in Lemma 2.3. Fix 0 < § <
Inax{(dg + ’}/)//\1, C*} and set \g = (dg + 7)/50. Denote & = (1/7])
In(Ag + A1)/[M (Mo + A1 +n)]. We define a new function as follows:

Y_(€) = {e*lﬁ(l—Me"f) if € < &,

n Ao+ Ao+ - :
)\0+A1+n(M(A§+A11+n))( otA)/memRotif € > &

Then, we have the following result.
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Lemma 2.4. The function ¢_(&) satisfies:

BS_(E)y-(§)

(2.6) (&) < da(J *x9—(§) —9-(§)) + SO +0 (6

— v (§).

Proof. Denote € = [1/(Ao4+X1+1)][(Ao + A1)/ M (Xg+A1+n)]Potr)/n,
and define a function as follows

f&)=c+ MePotrtme _ (Aot+r)E

We claim that f(£) > 0 for any & > &. Obviously, f(£) = 0. Thus,
we need only to verify that f/(£) > 0 for any £ > &. Since

1 Ao+ A1
>¢pg=—-In—"———
£> % nnM()\0+/\1+77)

we have
Ao+ M1

?75>—
€ M()\o+>\1+77)

Then, we can obtain that
M(Xg + Ap + n)ePotAtmé 5 (3 4 x;)ePotAE,
Consequently, we get
F1(©) = M(Xo + Ay + m)ePotrtns
— (Ao + Ao S o

for any £ > &. Thus, f(£) > 0 for any £ > &.

Note that this claim implies that ce=*0¢ > eM&(1 — Me"¢) for any
£ = &o-

If £ < &, then _ (&) = eM¢(1 — Me™). Now, we need to verify that
_(§) satisfies inequality (2.6). It is noticed that

€
Jxap_ (&) = J(E—y)eMY (1 — Me™)dy
+oo
+ J(& —y)e vd
6/50 (€ —ye Yy

+oo
> [ ae-pe - demyay,

— 00
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Thus, it is sufficient to verify

+oo
! (€) < dy /_ J(E — y)MV(L — Me)dy — dyib (€)
BS_(€)d_(©)
HERGETRE A,

for any £ < &. It follows from the proof of Lemma 2.3 that the above
inequality holds. Hence, (2.6) holds.

If £ > &, then ¢ (&) = e ¢, We need only prove that

efS_(§e ¢

(2.7) —choge 8 < doJ x4 (€) + S_(€) + ee—ME

— (do + 7y)ee 208,

It is sufficient to show

B W BS_(§)
o < e tdae™ T x (&) + 750 TL© (d2 + 7).
Indeed,
Ao — e(dy +7) - c(dz +7) > (ds + 7).

50 Cy
Thus, (2.7) holds. This completes the proof. O

Now, we establish the existence of traveling wave solutions of (1.1) for
Ry > 1 (8 > ). Take X > max{(1/a)lno, (1/n)In[M (A1 + 1)/M\]},
and let
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p(X), §>X,
P = {w(ﬁ, €] < X,
P(§), £<-X.

Then, we consider the following initial value problems

+oo -
eS'(€) = dy / TW)3(E —y)dy
(2.8) -

B Be(§)
(dl IO+ @(6))5 ©.

“+o0

cl'(&) = d2/ J(y)@(& —y)dy
(2.9) oo
Be€)
* <<z>(£> e " ”)I(@

with
(2.10) S(=X)= S (=X),  I(—=X) = (-X).

By the ODE theory, we have that (2.8)—(2.10) admit a unique so-
lution (Sx (&), Ix(€)) satisfying Sx(-) € CY([-X,X]) and Ix(-) €
Cl([-X,X]). Then, we define an operator G = (G1,G2) : I'x —

C([=X, X]) by Sx(&§) = Gi¢,¢l(§) and Ix(§) = Ga[d,¢](S) for
e [-X,X].

Theorem 2.5. The operator G maps I'x into I'x and is completely
continuous.

Proof. Obviously, 0 is a sub-solution of (2.8). Then, by the strong
maximum principle, we know Sx(£) > 0. According to the definition

of ¢(&), we have

d; /_:O J(& — z)p(z) do — (d1 + B@f(”z)so
<
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which implies that Sy is a super-solution of (2.8). Taking X; =
1/alnl/o, S_(&) = So(1 — ge®) holds for any ¢ € [-X, X1). Ac-
cording to Lemma 2.2, we have

+oo .
eS' (&) —dy / J(& —z)p(x) dx

- Bol(€)
* (dl T30 + @(6))5 -©)
< ' (€) —dy (J * S_(€) — S_(€)) + BL.(€) < 0.

for any € € [-X,X1). In addition, Sx(—X) = S_(—X), by the
maximum principle, we have Sx(§) > S_(§) for any £ € [-X, X1].
Consequently, it is obtained that S_(§) < Sx(§) < Sp for any £ €
X, X].

Next, we consider Ix(§). It is obvious that Ix(§) > 0 for any £ €

[—X, X], by the strong maximum principle. According to Lemma 2.1,
it is easy to obtain that

“+oo
Q) —ds [ (e n)Fw)dr+ (d2 -

— 00

B6(6)
o) + 20 ) L&)

> el (§) = do(J * 1. (§) — 14(§))
—(B=1(§) =0,

which implies that I;(€) is a super-solution of (2.9). Recalling the
definition of ¢ and applying Lemma 2.4, it is not difficult to show
that ¢_(§) < Ix(§) for any & € [-X,X]. In summary, we have
(&) < Ix(§) < I4(€) for any £ € [-X,X]. So, we have shown
that G maps 'y into I'x.

Finally, we show that the operator G is completely continuous. It
follows from ODE theory that system (2.8)—(2.10) admits a unique
solution (Sx(+),Ix(:)). Moreover, Sx(-) € C}([-X, X]) and Ix(:) €
C'([-X, X]). By direct computation, we obtain that
(2.11)

n _/ exp{ - %/ (d1 + #(2(7)) dr}gé(n)dn
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and
(2.12)

—|—d—c2/£Xexp{—%/j (d2+7—$(2(7)> dT}gi(n)dn,

-X
ah() = / J(n—v)S-(y) dy

where

=
+ /7X J(n—y)o(y) dy
+oo
[ o) dy
e
92(n) =/_ J(n—y)p-(y) dy
X
+ /_X J(n —y)p(y) dy

+oo
" /X J(n— v)p(X) dy.

Choose (¢, p;) € I'x, i = 1,2, and suppose that Sx ;(§) = G1[di, pi](§)
and Ix ;(&) = Ga[di, pi](§). Note that

X
93, (n) — gl (n)] < \ [T in(0) - 620 dy‘

“+oo
+‘/X J(n—y)[qbl(X)—@(X)]dy‘
< 2y€I[IF§§X] |p1(y) — d2(y)
and

X
162, (n) — &%, ()] < \ | a-9iat) - e dy\
s

+ ‘ /X+°° T - 9)[p1(X) — ¢2(X)] dy‘

<2 - .
< yer[g@ng]Ism(y) w2(y)]
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Then, by the definition of the operator G and equations (2.11) and
(2.12), we know that G is continuous. Moreover, since Sx and Ix are
all of class C'([—X, X]) and, according to equations (2.8) and (2.9),
for any (¢(-), ¢(-)) € I'x, we know S% and I are all bounded for any
¢ € [-X,X]. Thus, it is obtained that the operator G is compact.
Finally, we have obtained that G is completely continuous. ]

Furthermore, it is easy to verify that I'x is closed and convex. Thus,
Schauder’s fixed theorem implies that there exists (Sx(-), Ix(-)) € I'x
such that

(9x(£), Ix (£)) = G[Sx, Ix](£)
for any € € (—X, X). Define

CHY([-X, X])={u € C*([-X, X]) | v and v are Lipschitz continuous}

with the norm

/() — /()|

ul| 1 = max |u|l+ max [|[u/|+ sup
lellen—x.x) ze[—x,)q' | me[—x,x1| | ewel-x.x] |z —yl
TFy

Then, we list some estimates about Sx and Ix as follows.

Theorem 2.6. There exists a constant C' > 0 such that

Sxllcrr—x,x)) < 5,

1x|lorx.x)) < C

and

X ~
/ Ix(€)de < O
e

for any X > max{(1/a)Ino,(1/9)In[M (A + n)/M], R}, where R is
the radius of supp J.

Proof. By the above discussion, we know that (Sx, Ix) satisfies

+o0 _
(2.13) cSk(©) =d1/_ J(e—y)Sx (y) dy—dlsx(g)_%
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and

(2.14)

BSx(€)Ix(§)

for any € € (—X, X)), where
{SX(X)’ £>Xa
(

Ix(X), €>X,
{ &), <X,

w—(&)a €<_X

First, integrating (2 13) from —X to X, we have

+oo -
eIl (€) = dy / (€ — ) Tx(y) dy —

€l < X,
£< _Xv

daIx(§)

X /BSX +OO
e // 9)(Bx (€~ y) - 5x(6)) dy de

—[Sx(X) = Sx(=X)].

An easy calculation gives

//m J(Bx (€ — ) — Sx(€)) dy dé

X—y

+o0 -
- / J(y) / (8x(2) - Sx(z +y)) dzdy

—X—y

:{/000 J(y)/X (Sx(z)—SX(z+y))dzdy}

—X—y

" { / ) / Zywx(z) -
+{/f Ooo i) [ T S () -

Sx(z+y))dz dy}

Sx(z+y))dzdy

+ / o / (5. - Sx(e 4y d: dy}

—X—y
= Fsl + FSQ + F53-
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Noting that 0 < Sx (&) < So, we have
0 X
r,, :/ J(y)/ / ' (= + ty) dt d= dy
X— v
/ J(y / (Sx(X +ty) — Sx(—X —y + ty)) dt dy
< So / T(y)(~y) dy,
X—y 1
r, = / J() / (~9) / S'x (= + ty) dt dz dy
0 —-X 0
“+o0 1
- / () (~y) / (Sx(X =y +ty) — Sx (=X +ty)) dt dy
0 0

—+oo
< So /0 J(y)y dy

and
0 X—y
o< [ aw [ sx(x)dsay
—00 X
+o00 —-X
+/ J(y)/ S_(z)dzdy
X—y
—+oo
< So/ J(y)(—y) dy + So/ J(y)y dy.
0
Thus, according to J(z) = J(—z), we can obtain that
* BSx(§)Ix(€) / e
2.15 LEXSIEXS) ge < 4dy S, J dy + ¢So.
SN RGO R S
Below, we divide two cases to obtam that some constant C; exists
independent of X such that f x(§)d¢ < Ch.

Case I. We consider the case IS( (X) < 0. Using the fact that
I (=X) > ¢~ (—X) > 0, there exists some &y € (—X,X) such that
Ix(&nr) = maxee—x, x] Ix (§). Hence, it follows from (2.14) that

—+o0 -
YIx(€m) = dz{ / J(Enr —y)Ix(y)dy — Ix (ﬁM)}

— 0o

BSx (Em)Ix (Enm)
Sx(Enr) + Ix(Em)
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Since
+oo ~
/_ T(énr —y)Ix (y) dy — Ix (éar)
-X
= /_ J(Enm —y)I-(y) dy
X
n /_ 6=y dy
“+oo
+ /X J(€nr — y)Ix (X) dy — Ix (1)

-X
< HJHLw(ru/ Y_(y)dy

and

BSx (Em)Ix (Em)
Sx(&m) + Ix (&)

SBSCH

we have

do|| Il =) [T BSo
I _ —(y)dy + —.
xlen) < TR [y gy +

Then, integrating (2.14) from —X to X, we have
(2.16)

X X +oo -
v/XIX@dg:dz/X{/m J(y)fx(f—y)dy—fx(f)}d€
X BSx(&)Ix(€) de
_x Sx (&) +Ix(§)
— clIx (X) = Ix(=X)].

+

It is noticed that

/i {/:OJ@)TX(& — y)dy — IX@} e

+o00 X—-y _
= [ J(y)/ (Ix(2) — Ix(z +y))dzdy

- {/w J(y>/X <fx<z>—fx<z+y>>dzdy}
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-y

+ (Ix(z)—IX(z+y))dzdy}

y(IX(X) —Ix(z+y))dzdy

/0 / y(w—(Z)—IX(z+y))dzdy}

= ].—‘]1 +F[2 +F[3.

_|_

(o),
{/.

Since Ix (&) < Ix(&m) for any € € [—-X, X], by the same computation
as above, we obtain that

doll T 7 s —-X S “+oo
A S%M/ Y (y) dy +%}/ J(y)ydy.
—o00 0

Moreover, we have

dol| J|| Lo 0
F13S<M/ J(y) dy+1>/ W (
550 / Iy
Thus, it is obtained from (2.15) and (2.16) that

X - X
LT %(ﬁSoeralJle(R) /- ¢_(y>dy)

« <c+ 3 /0 T dy)

“+o0
+ 4d150/ J(y)y dy
0
-X
+cSo + do / Y_(z)dz

Here, since X < &, it is easy to see that f:o)s Y_(y)dy < C for some
constant C' independent of X.

Case II. We now consider the case that I%(X) > 0. Note that if
Ix (€) attains its maximum at an interior point &3 € (—X, X), we have
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done as in Case I. Thus, we assume Iy (X) = maxec[— x,x] Ix (&). Since
Ix (&) € CY([-X, X)), some point sequence &, € (—X, X) exists such
that

lim IX(fn) = Ix(X)

n—-4oo
and

T (€)= dy ( / T e - i) dy — Ix @))

— 0o

+ ﬁSX (fn)IX (fn)

Sx (gn) +Ix (fn)

holds. Note that, for any ¢ > 0, there exists some Ny > 0 such that for

each n > Ny we have |Ix(X) — Ix(&,)] < € and I% (&) > 0. Thus, for
every n > Ny, there is

= 7Ix(&n)

+oo .
VIx(En) < d2< [ a6 - wlcway - 1 (&») T 8S0

— 00

—X
< dy T e / b_(y) dy + doz + BSo.

Now, we can pass to the limit on the above expression to get a uniform
bound of Ix(X). Then, discussing as above, we also can obtain that

some constant C exists independent of X such that f Ix(&)de < Ch.

It is noticed that Sx(§) < Sy for any ¢ € [-X,X]. By simple
computation, we have

5@ D [ a6 - pSxtay
dq B Sx(§Ix (&)
O S O T k@

2
< dlc+ 650

According to the discussion as above, we know that there exists some
constant C, independent of X such that Ix(§) < C, for any ¢ €
[-X, X]. Then, it follows from (2.14) that

—50.
¢ e
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Consequently, it follows from the above two inequalities that some
constant Cy exists independent of X such that |S'x(§)] < Cp and
[I'x(&)| < Co. Thus, for any &,n € [—X, X], some constant L; > 0
exists such that

1Sx () = Sx (M) < Lil§ —=nl and  [Ix(§) — Ix (n)| < Lal§ —nl.
On the other hand, it follows from (2.13) that

15" x(6) - S'x ()] < &

c

[ =Sk dy
—/tfﬂn—wiﬂwd4

ISx( ) = Sx(n)]

x(©Ix ()  Sx(m)Ix(n) ‘
Sx(&) +1Ix(§)  Sx(n)+Ix(n)
L+ L+ I

+B

It is noticed that

‘/ifﬂg_y%‘ﬂﬁ—yDSAMdﬂ

E+X
’ /§€+X /7]5
/n J(z)Sx /77 —2)dz

+X X

7I+X
—2)dz

n+X
+ / J(2)(Sx (€ - 2) — Sx(n— 2))dz
£

-X
< 2[[J||LeeSo + L1)I§ — nl-

According to assumption (J), we know J is Lipschitz continuous. Thus,
we have

d
I =%
C

/ifjg_yﬁkwwy—/+wﬂn—w§ﬂwd4

— 00
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dq

c

X
+ / (J(€—y) — T(n— 9))Sx (y) dy
X

-X
/_ (J(E —y) — T(n— 9))S—(y) dy

+oo
[~ J(U—y))SX(X)dy’
X
dy n+X X
<—{So /£+X J(z)dz| + /nX J(y)dy

-X
+ oS / (€ — ) — J(n — y)|e“dy

\/ &= - I )Sx(0)

< (JLSO + 4S50[|J || e + L1) |€ — 7]

So

for the Lipschitz constant L of J. In addition, a simple computation

yields
Iy = ﬁ Sx(OIx(§) __Sx(m)Ix(n) ‘
Sx (@) +Ix(€)  Sx(n) +Ix(n)

< E[IIX( §) — Ix (| + [Sx (&) — Sx(m)l] -

Then, there exists some constant Ly > 0 such that

19"x (&) = §'x(n)| < La|¢ — ]

for any &,n € [-X, X]. In addition, it follows from
+oo —+oo 5
‘ | wixe-na- [ swixt -y dy}
_X -
< /ﬁ |J(§—y)—J(n—y)l-(y) dy
C>OX
+/ [J(€—y)—J(m—y)lIx(y)dy
-X

e-X
+C. / J(z)dz
n—X
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X
s@[ Y_(y) dy
X
v [ ) dy+c*|J|Lw<R>)|f—n|
X

and the estimate of I3 that

1I'x(§) = I'x ()] < Lal§ — 7

for any &,n € [-X,X]. So far, we have shown that some constant
C > 0 exists independent of X such that

[15x o (= x, x7) < C, I xllenr - x,xp) < C.

Thus, we have completed the whole proof. ]

Now, choose a sequence {X,,}{° satisfying

X, > max{llna, 1IHM,R}
@ n A1

for each n and lim,,— 4+ X;,, = +00. We know some (Sx,,Ix,) € I'x,
exists satisfying Theorem 2.6. Thus, there exists a subsequence {X,, }
by the diagonal extraction argument such that X,,, — 400 ask = 400
and

Sx,, — S and Ix, — 1 in Cl,.(R)as k — +oc.

"k

Since J is compactly supported on R, using the Lebesgue dominated
convergence theorem, we have

400 _ too ~
Jim [ = Sx, iy = [ J€-nSway
= J* 5(¢),
and
o0 _ +o0 N
Jim [ ae— T, @y = [ €= Tt dy

= J = I(5),
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for any ¢ € R. Moreover, we have that (S, I) satisfies (2.1) and

S_(€) < S(€) < So,

Y- (&) <I(§) < I4(8),
+oo
/ 1(¢) d¢ < +o0.

— 0o

By the definition of S_(£), it is easy to obtain that S(—oc) = Sj.
In addition, since fj;o I1(¢)d¢ < +o0 and I'(€) is uniformly bounded

according to the proof of Theorem 2.6, we have I(+00) = 0. Moreover,
it is obvious that

0 < liminf S(€) < limsup S(€) < Sp.

§—+oo E—+o0

Then, we have the following result.

Theorem 2.7. Suppose Ry = /v > 1. If ¢ > ¢, then a nonnegative

traveling wave solution (S(x + ct), I(x + ct)) of (2.1) ewists satisfying
(2.2).

Proof. By the above discussion, we need only prove that there

exists some S such that limg, o S(§) = Soo. Firstly, we claim

that liminfe 4 o S(§) < So. Otherwise, we have limg_, o S(§) = So.
Then, integrating the first equation of (2.1) from —x to z yields

“+o00 1 . ~
— d, / I / (8(z — ty) — 8- — ty)) dtdy

_ [T BSO1E)
—= S(§) +1(£)
Letting x — +o00, we obtain that
/+°° B5©1€)
—oo S(§) +1(8)

which contradicts [*°°(85(€)1(€))/(S(€) + I(€)) dé > 0.

d¢ =0,
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Now, assume limsup,_, ., S(§) > liminfe ;o0 S(§) to the contrary.
Then, some point sequence &, exists satisfying £, — 400 as n — +o0
such that limp, 00 S(§n) = limsup,_, |, S(§) := o1 and S'(§,) = 0.
Furthermore, lim,,_, ; o0 J * §(§n) < o01. And 7, exists satisfying n,, —
400 as n — +oo such that lim, g(nn) = liminfe 4 5(5) = 09
and §’(nn) = 0. Moreover, liminf,, o J *x S(n,) > 02 > 0. In view of

B8
S(&n) + 1(6n)

letting n — 400, we can obtain that lim, 1. J * §(§n) =0;.

0=cS' (&) = di(J * S(E2) — S(En))

Let Sp(y) = S(& + y). Next, we want to show that S,(y) — o1
for any y € suppJ = Q. Take § > 0 small enough, and let Q5 =
QN {limy, 400 Sn(y) < o1 — 6}. Then

o = lim J(y)Sn(y) dy

n—-4o0o Q

< Timsup /Q o @Sy +msw [ )5, )y
5

n—-+oo n—-+oo Qs

<o / Jy)dy + (o1 —8) | I(y)dy
Q\Qs Qs

=01 — o J(y) dya
Qs

which implies m(£2s) = 0 for 6 > 0 small enough. Here, m(-) denotes
the measure. Thus, we obtain that S, (y) — o1 almost everywhere in
Q. However, {S,} is an equicontinuous family, so the convergence is
everywhere in . That is, lim,, 4~ S, (y) = o1 for any y € Q.

Since J € C', R’ > 0 and § > 0 must exist with R’ > §’ such that
R —¢§ R +§|U[-R —¢,-R' + 4] cQ.
Let ¢& = ¢, + R'. Using similar arguments, we get
S(EF +y) — 01 asn — oo for any y € Q.

In particular, g(fn +y) > o1 as n— oo if y € [—4',0']. Repeating the
above procedures, we obtain

§(§n+y)—>al as n — oo
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for any y € [ R, R], where R > 0 denotes the radius of Q.

On the other hand, it follows from I(4+00) = 0 and

> > 6§(77n)f(77n)
JxS(n,) =S, —_—
) = 500+ 56+ Ton)

that lim,, oo J * §(nn) = 09 < o1. Using similar arguments, we can
prove that

S(n+y) —> 02 asn — oo

for any y € 2. Consequently, we have

S +y) — o2 asn — oo for any y € [—R, R].

Note that fi: [S(€)I(€)]/[S(€) 4+ 1(£)] dE — 0 as n — co. Integrating
the two sides of the first equation of (2.1) from 7, to &,, we have
0< 0(01 — 0'2)
=c lim_ [S(&.) ~ S(n.)]

n—oo

=dy lim [ [J*S(€) - S()]de

[e’e) 1
=dy lim J(y)y / [S (M —ty) — S(€n — ty)| dtdy
— 00 0
& 3T
~ lim BS(EI(E) e
neo S(&) +1(8)

which yields a contradiction. Hence, we have

lim inf S(€) = limsup S(€) := Sa < So.

§—oo £—o0

This completes the proof. ]
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Remark 2.8. Note that the solution S(§) of (1.3) is monotone in [35].
However, due to the appearance of the nonlocal dispersal operator in
our problem (1.3), we don’t know whether S(£) is monotone or not; even
the kernel function is symmetric. Also, for the case Ry > 1 (8 > 7)
and ¢ = ¢4, the existence of traveling waves remains open. We shall
leave these problems for further research.

3. Nonexistence of traveling waves. In this section, we prove
that, if Rg > 1 (8 > v) and ¢ < ¢, then there does not exist a nontrivial
and nonnegative traveling wave solution pair for (2.1). In addition, we
will show there do not always exist traveling wave solutions as Ry <1

(B <)

Theorem 3.1. Suppose that Ry = (/v > 1. For any speed
0 < ¢ < ¢k, no nontrivial traveling wave solutions (S(x + ct), I(x + ct))
exist of system (2.1) satisfying (2.2).

Proof. On the contrary, assume (S(x), I(z)) is a pair of traveling wave
solutions to (2.1) and (2.2). Since (85)/(S+ 1) — B as x — —o0, some
x* exists such that

ps _B=n
S, y—p ’y>5——2 >0

for all z < 2*. Thus, the second equation of (2.1) yields

(3.1) eI'(z) > do(J % I(z) — I(z)) + %1( )

for all x < z*. Since I is integrable, we can define
Q@ = [ 1w)dy,

Integrating (3.1) from —oo to z, we have

x

5@@<dm—@/ (J *I(y) — I(y)) dy.

— 0o
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Noting that

[;J*I(y)dy = /+OO J(2) [:ZI(T) drdz = J % Q(z),

— 00

we have
(3.2) 0Q(x) < cl(x) — do(J x Q(z) — Q(x)).
Moreover, by simple computation, we can obtain that
53 [ Gro0-ama
/ /m Qt — 2) — Q(t)) dz dt
/ /+oo 2)J(2) /1 Q'(t—0z2)dodzdt
:/_Oo /Qx—ez)dedz

Then, an integration of (3.2) yields

5/ Qy dy<cQ()+d2/ /Qx—@z)d@dz

It is noticed that zQ(x — 0z) is non-increasing with respect to 6 € [0, 1].
Thus, we have 2Q(z —02) < zQ(x). Consequently, the following holds:

5[ aw)dy < Q).

Note that
6/ Qwdy=5 [ Qz—y)dy

>5/ Qx —vy)

> 01Q(x — 7)
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for 7 > 0. Thus, there exists 7 > 0 such that Q(z — 7) < 1/2Q(z).
Denote pp = (In2)/7 > 0. Letting L(z) = Q(x)e #°%, it is easy to
verify that L(x — 7) < L(x) for all z < z*, which implies that L(x) is
bounded as x — —oo. It is noticed that

cl'(z) < do(J * I(z) — I(x)) + BI(x).

Then, we conclude that I(z)e #°* and I'(x)e #°* are all bounded as
x — —oo. Since I(§) is bounded, we have

sup{I(z)e """} < 0o, sup{Il’'(x)e """} < cc.

z€R z€R
Moreover, since I/(I +5) <1 and S(z) + I(x) = Sy as  — —o0, it
is known that (e #°*I(x))/(S(z) + I(z)) is also uniformly bounded on

the real line. Below, we introduce a two-sided Laplace transform on
the second equation of (2.1):

+o0 e B Foo . BIQ(!IJ)
(3.4) flp,c) [m I(x)e dx—/ioo e mdm,

where p € (0,p0) and f(p,c) is defined in Section 2. In fact, since
e Hr[(z)/(S(z) + I(x)) is uniformly bounded on the real line, the
two-side Laplace integrals can be analytically continued to the whole
right half plane. Otherwise, the integral on the right has a singularity
at p = p*, and it is analytic for all u < p* (see [41]). But, the
integral on the right is actually analytic for all p < pg + p*, which
is a contradiction. Moreover, by the definition of f(u,c), we know
f(p,c) > 0 for all 4 > 0; thus, fj;: I(x)e "*dz is analytic in the right
half plane. However, according to Lemma 2.1, we know f(u,c) — 400
as u — A. This leads to a contradiction from (3.4), see [36, 38] for
earlier ideas in different settings. So, we conclude that no traveling
wave solutions exist which satisfy the boundary conditions. ]

Theorem 3.2. Suppose that Ry = B/v < 1. Then, for any speed
¢ > 0, no traveling wave solutions (S(x+-ct), I(x+ct)) of (2.1) satisfying
(2.2) exist.

Proof. For the case Rg < 1, since I(z) satisfies

pS(x)I(x)

l'(@) = da( + I(@) ~ 1(2)) + =7y

- P)/I(x)a



270 WAN-TONG LI AND FEI-YING YANG

integrating this equation from —oo to +o00, by simple computation, we
have

7/:0 I(z)dz < dp /_:O (J *I(z) — I(2)) da:—i—ﬁ/_:ol(x) dz.

That is,

which is a contradiction.

For the case Ry = 1, that is 8 = -y, we have

cl'(x) = do(J * I(x) — I(x)) + ﬁ(% - 1>I(x).

Since I(+o00) = 0 and [g(J * I(x) — I(z)) dz = 0, the following can be

obtained: 5/+OQ (& B 1>I(w) dz = 0.
oo \S(x) + I(x)

Moreover, since S(z)/[S(x)+ I(x)] < 1 and I(x) is nonnegative, we

get .
(ﬁ - 1>I(w) =0

according to the continuity of S and I. Tt is noted that Int (supp I) is
not empty. Then, for any = € supp I, we have S(z)/[S(z) + I(z)]—1 =
0, which implies I(x) = 0. This is a contradiction. O

Remark 3.3. Theorems 2.7, 3.1 and 3.2 combined provide a threshold
condition for the existence of traveling wave solutions in terms of the
basic reproduction number Ry and the minimal wave speed c.. We
do anticipate that c, is the asymptotic speed of propagation for our
model(2.1) following the work described in [24], but we do not verify
it. We leave it for further study.
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