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ABSTRACT. In this paper we analyze constrained optimal
Dirichlet boundary control problems subject to the linear heat
equation. We propose using boundary integral equations to
solve the coupled optimality system, and we present results
on unique solvability and related a priori error estimates for a
symmetric Galerkin boundary element method. A numerical
example confirms the analytical results.

1. Introduction. Optimal control problems subject to elliptic or
parabolic partial differential equations are of great interest, both from
a mathematical and an application point of view, see, e.g., [4, 7, 16].
In most cases, the numerical solution by using finite elements is based
on the variational formulation of the optimality system. In particu-
lar, when considering boundary control problems, boundary integral
formulations and boundary element methods may be an interesting al-
ternative to finite element methods. In [11] we have introduced and
analyzed a symmetric Galerkin boundary element method for the so-
lution of Dirichlet boundary control problems subject to the Poisson
equation. When describing the solutions of both the primal and adjoint
value problems by using boundary integral equations, a variational in-
equality in the Sobolev trace space H'/2(T") has to be solved, see also
[15]. Since the state enters the adjoint problem as a volume density,
an appropriate reformulation of the related Newton potentials by using
bi-Laplace boundary integral operators has to be introduced.

In this paper we analyze the Dirichlet boundary optimal control
problem governed by the linear heat equation as a model problem.
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Several variational formulations for a Dirichlet control in Lo(T') are
considered in [6] and a Galerkin finite element method for the numerical
solution of a parabolic Neumann control problem was proposed in [17],
where a backward discretization in time was used. Instead, here we
propose and analyze the use of boundary element methods to solve the
related optimality system, see also [12].

Boundary integral formulations for the heat equation are well estab-
lished, see, e.g., [2, 3, 10]. In fact, the state u and the adjoint state p
can be represented by some layer heat potentials. Since the final state
u enters the adjoint heat equation, which is in fact reverse in time, we
need to modify the presentation of the related Newton potential by us-
ing an auxiliary function which is related to the fundamental solution
of the heat equation. With this, similar formulations of boundary inte-
gral equations as in the case of stationary boundary control problems
[11] are obtained.

This paper is organized as follows. In Section 2 we describe the model
problem where the Dirichlet control is considered in the boundary
energy space HY/21/4(%), where ¥ := I' x (0,T) is the boundary of
the space time cylinder, and where an equivalent norm is induced by
the hypersingular layer heat potential D, see, e.g., [3]. Moreover, we
discuss the optimality system, which consists of the primal problem,
the adjoint problem and the optimality condition. In Section 3 we first
recall the boundary integral equation approach in the case of the heat
equation which can be used to describe the primal state u and the
adjoint state p. Since the final state u(T') enters the adjoint equation
as a final termination condition, we introduce an auxiliary function to
rewrite the related volume potential by using surface potentials only.
It turns out that we can state almost the same mapping properties
of the resulting boundary integral operators as in the elliptic case
[11]. The symmetric Galerkin boundary element approximation of the
resulting variational inequality is formulated and analyzed in Section 4.
Finally, in Section 5, a numerical example is given which confirms the
theoretical results.

2. Parabolic Dirichlet boundary control problems. For a
bounded Lipschitz domain Q@ € R?, d = 2,3, with boundary I' = 99
and, for a fixed real number T > 0, we define the time interval
I := (0,T), the space time cylinder @ := Q x I and its boundary
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3 :=Tx1I. We consider the model problem to find a Dirichlet control z
to minimize the distance of the final temperature u(-,7T") from a desired
temperature u, i.e., we consider the cost functional

(2.1) J(u, z) = %/ﬂ[u(x,T)—u( z))*dr + — <Dz 2)s

to be minimized subject to the heat equation
Ou(z,t) — Au(z,t) =0 for (x,t) € Q,
(2.2) u(z,t) = z(z,t) for (x,t) € X,
u(z,0) =uo(z) foraz e,

and subject to pointwise control constraints
(2.3) 2 €U = {w € HY2VA4(R): 2 (2,t) < w(z,t) < 22(z, 1)

for (x,t) € Z}.

For the definition of the Sobolev spaces used, see, e.g., [1, 3]. In
particular, an equivalent norm in H'/21/4(¥) := Ly((0,T), H/?(T")) N
HY4((0,T), Ly(I)) is given by

w(z y.t)
Hw||H1/2 1/4(x) = ||wHL2(z / / / |x — y|d dtdsy ds,

T HU} " - ('v )||2L2(F)
dt dr.
+/o / |t—T|3/2 T

Sobolev spaces with negative indices are defined by duality, e.g.,
H-Y2-14(%) = [H’léz’l/Al(E)]', where the index zero indicates that
zero initial conditions at ¢ = 0 are incorporated. We assume %, ug €
Ly(Q), a € Ry, 21,20 € HY/>Y4XY), and D : HY/>V4(Z) —
H~1/2-14(%)) is the hypersingular heat boundary integral operator
[3] which defines an equivalent norm in H'/%/4(%). In particular, for
z € HY/?1/4(%), we have

Dz)(x,t) := // x—y,t—71)z(y,7)ds, dr
for (z,t) € X,
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where
1 lal?
(2.4) E(z,t) = Gnt)arz® 2I%/4t for ¢ > 0,
0 for t <0,

is the fundamental solution of the heat equation. Let v be a given
function defined on Q2 x R4 (or I' x Ry ), and let ¢y € R4 be arbitrary.
Then we define the time reversal map ¢, by

(2.5) Kov(x,t) == v(z, tg — t).
The hypersingular heat boundary integral operator D is H/%/4(¥)-
elliptic and self-adjoint with respect to a time-twisted duality, see [3],
i.e.,
(2.6) (Dz,2) 2 P2l 0115

(Dz, kpw)y = (Dw, krz)s  for all z,w € HY/>Y4(%).

As in [4, 7], we obtain the related optimality conditions as follows:

Theorem 2.1. Let (u,z) € H"Y2(Q) x HY/?Y4(2) be an optimal
solution of the optimal control problem (2.1)—(2.3). Then there exists a
unique p € HY'/2(Q) satisfying the adjoint heat equation

—op(x,t) — Ap(x,t) =0 for (z,t) € Q,
(2.7) p(z,t) =0 for (z,t) € &,
p(z,T) =u(z,T) —u(z) forx e,

and the optimality condition

(2.8) <aﬁz —Opp,w — 2)2 >0 for all w € Uyg,
where

~ 1
(29) D= §(D + KTDHT).

Proof. For a given z € H1/2’1/4(E), there exists a unique solution
u, € H“/2(Q) of the primal heat equation (2.2), see, e.g., [3]. Then
the cost functional (2.1) can be rewritten in reduced form as

1

~ _ o
J(2) = Sllu=(T) = ll7, o) + 5 (D2, 2)s.
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Let h € H'/?1/4(%) be an arbitrary but given direction for which we
have

~ ~ 1 _ 1 _
J(z+h) = J(2) = 5 [uesn(T) =TT, ) = 5 lu=(T) = Tl7,0)
2 2

+ %(D(z T h), 24 Ry — %(Dz,z)z

= (u.(T) — @, v(T)

~

1
La(9) T —||U(T)||2L2(Q

+ (Dz hys 4+ =(Dh,2)s + = (Dh h)s,

wl@

2
and where v(z,t) := u,qpn(x,t) — u.(z,t) is the unique solution of the

heat equation
Ov(z,t) — Av(z,t) =0 in Q,

v(z,t) = h(z,t) on X,
v(xz,0) =0 on Q.
By applying Green’s second formula for the pair (v, p),

/ / (z,t) 8t ) (z,t) +v(x,t) (6} + A)p(x,t)] dx dt
- / [v(x T)p(e.T) — v(a, 0)p(a,0)] da

+/0T/r <8izp(x,t)v(x,t) -

v(zx, t)p(z, t)) ds, dt
Ny

we obtain

B 0
/Q (. (2, T) — T(@)]o(z, T) dz + /F ol Oh(a, ) ds, di = 0.

Therefore, by using the self-adjointness (2.6) of the hypersingular heat
boundary integral operator D, we conclude

J(z+h) = J(2) = s+ 5 L (ke Drrz, ) — (np, h)s

(D,
+ 3 (D ey + 5 (DR, B

= (aDz = 0up, W) + O (1120 j2suqsy ) -
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where we have used

lo(T) | Loy < cllbllgrrz/agsy,

(Dh, hyss < B 12 171
Note that the solution operator S : h € H/21/4(X) s v € HY/2(Q)
of the Dirichlet boundary value problem
Ov—Av=0 in Q, v=~h onX, v(,0)=0 on
is continuous, as well as the trace operator in time,
yr v e HYY2(Q) = v(-, T) € Ly(Q),
see [8, Theorem 2.1].
Hence, we conclude that the gradient of .J(z) satisfies
(VJ(2),h)s = (aDz — d,p, h)sx,

from which the assertion follows, see also [4, 7]. O

In the following we will use a boundary element approach to solve
the optimality system, i.e., the primal heat equation (2.2), the adjoint
heat equation (2.7) and the optimality condition (2.8).

3. Boundary integral equations. In this section we first recall the
boundary integral equations for the heat equation (2.2). Some mapping
properties of the standard boundary integral layer heat operators can
be found in, e.g., [3]. For the adjoint heat equation (2.7), instead of
using the volume potential of the state u, we introduce some boundary
potentials with a regular kernel.

3.1. The primal heat equation. Let us first consider the primal
heat equation (2.2), where the solution is given by the representation
formula for (z,t) € Q,

t
u(%,t):/ /E(E—y,t—T)a%u(y,T)dsydT
y

/ /—5 T —y,t—7)z(y,T)dsy, dr

+/Q£(E—y,t)w3(y) dy,
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where £(z,t) is the fundamental solution of the heat equation as given
n (2.4). By taking the limit Q > T — = € T', we obtain the first kind
boundary integral equation to find w(x,t) := d,u(x,t) such that

1
(Vw)(z,t) = (51 + K)z(x,t) — (Moug)(z,t)

for (z,t) € %.

(3.1)

Here,

(Vw)(x,t) = /0 /FS(:U —y,t — T)w(y, T) dsy dr
for (z,t) € &

is the single layer heat boundary integral operator V : H~1/2=1/4(%) —
HY/21Y4(%), and

(Kz)(x,t) //8—%5 z—y,t—7)z(y,T)dsy, dr

for (z,t) € &

is the double layer heat boundary integral operator K : H/21/ L) —
H'/21/4(%), see [3]. Moreover,

(Mouo)(x, 1) = /Q £z -y, Duoly)dy for (z,6) € D

is the related Newton potential. Since the single layer heat boundary
integral operator V is H~/2~1/4(%)-elliptic, i.e.,

(Vw,w)s > c¥||w|\§{_1/2,_1/4(2) for all w € H~1/2=V4(x),

the boundary integral equation (3.1) is solvable, when a Dirichlet datum
z is given, and we obtain

1
(32) w=V"1 (51 + K)Z - VﬁlMQU().

3.2. The adjoint heat equation. Next we consider the adjoint
heat equation (2.7). Since the time reversal of the adjoint state variable,
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KTp, is a solution of the heat equation, i.e.,

O¢(krp)(x,t) — A(krp)(x,t) =0 for (x,t) € Q,
krp(x,t) =0 for (z,t) € X,
krp(x,0) = u(z,T) —u(z) forxzeQ,

the representation formula for (Z,t) € @) gives

t
krp(Z,t) = / / E(T—y,t— T)iHTp(y, T) dsy dr
(33) 0 T any

+ [ £@ = yuterp(.0)dv
Q
and therefore the first kind boundary integral equation
(34) (V(krq))(z,t) = (Mou)(x,t) — (Mou(-,T))(x,t) for (z,t) € X

to determine the unknown Neumann datum g¢(z,t) = 9J,p(x,t) for
(z,t) € X follows.

In (3.4), the unknown state u(-,T") at the final time T appears in
the Newton potential. Hence, in what follows, we will modify the
representation formula (3.3). The crucial idea is to use an auxiliary
function

; /2 ]
Gla,t,7) = (ﬁ) S(T=)(T+e—r)(al?/40)

forzx e Q; t,7 € (0,T),

(3.5)

which satisfies

E(x,t)G(x,t,7) =E(x, T+t —1),
lim G(Z —y,t,7)=1 forallte (0,T).
T—=T—
For y € €, we then have
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T
:/0 O {u(y,r)G(%—y,t,r) dr + uo(y)G(T — y,t,0)
/ 0:G(T —y,t,T)u(y, 7)dr

/ G(E — y.t.1)0ruly, 7) dr + uo(y)G(E — y,1,0).

Hence we can write the Newton potential in the representation formula
(3.3) as

(Mou(-,T))(z,t) /Sx—y, u(y,T) dy
=/ /5@—MQ&G@—%tﬂM%ﬂMMT
0 Q
T
+/ /5@—%QG@—%tﬂAw@ﬁﬁwm
0 Q

+/5@—%ﬂG@—%t®w@My
Q

It is easy to check that

AYJE@T -y, )G —y,t,7)] =0, @ —y, T+t —1)
=& —y,t)0;G(T — y,t,7),

and, by definition, we have
E@ -y, t)G@—y,t,7)=E@T —y,T+t—7).

Together with Green’s second formula, we finally obtain

T

(Mou( )G ) = [ [ €@ =T+t = D)Auly, ) dy s
o Ja
T
—/ /u(y,T)Ayé'(%—y,T—i—t—T)dydT
0 Jo

+ /Q E@—y, T+ t)uo(y)dy

T d
:/ /5(5—y,T+t—7’)—u(y,T)dsydT
o Jr 0

Ty
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0 .,
- /Fu(y,r)aTS(x—y,T—Ft—T) dsy dr

Y

+ / E@—y, T+ t)uo(y) dy,
Q

and this gives a modified representation formula for the adjoint variable
for (z,t) € Q,

(3.6)
¢ 0
krp(Z,t) = / / E@—y,t —7)5—rrp(y,T)dsy, dr
oJr Iny

.145@—%wmmdy
+/0T/r {8(%—y,T+t—T)ainyU(yv7')

o .
u(y,r)a—nyf(x —y,T+t—7)| dsydr
+/5@—%T+ﬂw@My
Q

By taking the limit Q >  — z € I' we obtain a boundary integral
equation for (z,t) € X,

0= (V(rkrg))(z,1) + (Viw)(z,t) — (K12)(,1)

(3.7) — (Mou)(z,t) + (Miouo)(x, 1),

where
T
(Viw)(z,t) = / /E(x —y, T+t —T7)w(y,T)ds, dr,

(K12)(z,t) / / (¢ —y, T+t—71)z(y,7)dsy dr
any '

are the bi-single and the bi-double layer heat boundary integral oper-
ators, respectively, defined for (z,t) € @. In addition to

(Mou)(z /5w—y, (y)dy for (z,t) € &
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we introduce the volume potential
(Myouo)(z, t) = / E@—y,T +uoly)dy for (z,1) € %
Q

When inserting (3.2) into the boundary integral equation (3.7), this
gives
1
V(KTQ) = KlZ - ‘/v]_‘/v_1 (5]— + K)Z + V]_V_lMQU()
+ Mou — Miguo,

and hence we conclude

1
(3.8) krq=V 1K z—Vlyyy—1! (51 + K>z + V'V Moug

+ V_lM()a - V_lMl()’U,O.

Now the optimality condition (2.8) can be rewritten as a variational
inequality to find z € U,q4, such that

(3.9) (Taz —g,w—2)s >0 for all w € U,q,

where
(3.10)
~ 1
To:=aD — ke VK] + kpV IV VL (51 + K)

and

(3.11)
g:=krV 'Mou+ kr (V'VAV T My — V™ M) uo.

3.3. Mapping properties. To investigate the properties of the
composed boundary integral operator 7, as defined in (3.10), let us
summarize some properties of the bi-layer heat boundary integral
operators V7 and K; which are similar to the properties of the bi-
Laplace boundary integral operators as considered in [11, 13].
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Lemma 3.1. For w € H=Y/%71/4(%), we have

1 ~
312) (14K JourrVis) = erien Vil = [ (T I 0
with the single layer heat potential
_ t
(Vw)(x,t) = / / E(x—y,t —T)w(y,7)ds, dr
0o Jr
for (z,t) € Q,

and with the adjoint double layer heat potentials

(Kw)at) = | t /
for (z,t) € &,

T
(K{w)(x,t):/ / 9 E(x—y,TH+t—T1)w(y,7)dsy dr
o Jrong
for (z,t) € X,

0
8nr5(x —y,t —T)w(y, T)dsy dr

which satisfy

(3.13) (krw,Kz2)s = (krz, K'W)s, (krw,Ki1z)s = (12, Kjw)s.

Proof. Consider the following functions for (z,t) € Q

u(z,t)

Vw)(z,t)

= (Vw)(
:/Ot/rg(x—y,t—T)oJ(y,T)dsydT,
) :/OT/Fg(x—y,zT—t—T)w(y,r) ds, dr

which are solutions of the heat equation and of the adjoint heat
equation, respectively,

Oru(z,t) — Au(z,t) =0,
—0w(x,t) — Av(z,t) =0 for (x,t) € Q.
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Moreover, we have
u(z,T) =v(z,T), u(z,0) =0.
The application of the standard interior Dirichlet and Neumann trace

operators v and vy, gives

2
You(x,t) = kr(Viw)(z,t), mno(x,t) = kp(Kiw)(z,t).

You(x,t) = (Vw)(x,t), yu(x,t) = <ll + K’)w(x,t),

Now the assertion follows from Green’s second formula, i.e.,

/OT/Q [v(x,t) (&s - A)u(x,t) + u(z, t) <8t + A)U(x,t)} dx dt
= /T/ {71v(x,t)vou(x,t) - *ylu(x,t)fyov(x,t)} ds,, dt
o Jr

+ /Q[u(x, T)v(z,T) — u(z,0)v(z,0)] dz. u|

As in the case of the bi-Laplace operator, see [11, 13], we can state
the following properties.

Lemma 3.2. For the layer and bi-layer heat boundary integral
operators, the relations

(3.14)
1 1
KV =VK', DK=K'D, VD= ZI—KQ, DV = ZI—K'2,

1 1 1
(3.15) V‘1(§I+K> =D+ (§I+K’)V_1<§I+K>,
and

(3.16) VK| + WK =K,V + KW,
(3.17) DK, - D\K = K\D — K'Dy,
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(3.18) ViD-VDi+ KK, +KiK=0,
(3.19) DVi —DiV+ K'K|+K/K'=0
hold. Note that D1 is the normal derivative of the bi-double layer heat

potential, i.e.,
(3.20)

(D12)(z =5 / 8n —y, T +t—71)z(y,7)dsy dr,
x Y

z,t) € X.

Proof. The relations of (3.14) for the layer heat boundary integral
operators are well known, see [3]. Relation (3.15) is an alternative
representation of the so-called Dirichlet to Neumann operator, see
[14] for similar properties of the Laplace boundary integral operators.
Indeed, by (3.14), we have

D+<%I+K)V1<%I+K)
vl ke + 1I+K’ vt 1I+K
4 2 2
vk lI+K + lI+K’ 7 lI+K
2 2 2 2
—( Iy kv (k) s (e kv (trek
2 2 2 2
:V1<%I+K).

To establish relations (3.16)—(3.19), let w € H~Y27V4%) ¢ €
H?'/21/4(%) be arbitrary. We then define, for (z,t) € Q,

T
u(x,t)z/o /Fg(m—y,T—i—t—T)w(y,T)dsydT

T
_|_/ /if,’(x—y,T—l—t—T)go(y,T)dsydT,
o Jr ony '
t
v(x,t):/ /g(x—y,t—T)w(y,T)dsydT

//5—%5 x—y,t—T7)o(y,7)ds, dr,
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which are solutions of the heat equation. Their related boundary and
initial conditions are given by

You = Viw + Kjp,
mu = Kjw+ Dip,
u(z,0) = v(z,T),

1
Wov:Vw—l—(—EI-I—K)(p
1 /
MU = §I—|—K w — Do,

v(z,0) = 0.

Moreover, by using u(z,0) = v(z, T, we can also represent the function

u(z,t) as
u(z,t) = /t / E(x—y,t —m)nu(y, 7)dsy dr

/ / 8ny —7)v0uly, 7) dsy dr
+ /Q E(x —y,t)o(y, T) dy.

Again, we can modify the volume potential as before to obtain the
representation formula

u(x,t)z/t/é’(x—y,t—r)%u(y,r) dsy dr

/ /any r—y,t —7)vuly, ) ds, dr
—|—/ /5(33—y,T—I—t—T)’}/l’U(y,T)dSydT

/ / any —y, T+t —7)yv(y,T)dsy dr.

Hence, by taking the Dirichlet and Neumann traces, we conclude

You

You \ %I—K \%4 -K; W Y1iu
mu ) D iI+K —-Di Kj You |’
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and, by inserting the traces of u and v, we obtain

1
Viw+ Kip = (EI — K) [Vlw + Kltp] + V[K{w + Dltp]

_Kl{Vw—i— (—%I+K)<ﬂ]

1
+ W {<§I+K’>w—D<p],

and

1
Kiw+ D1y = D[Viw + K9] + <§I + K') [Kiw + D1¢]

b (L),

1
i (b1 1) 0],

which hold for all w € H™V/2-V4(%), ¢ € HY/?1/4(¥), and which
imply

1 1
Vi = (§I—K)V1+VK{—K1V+V1(§I+K'),
1 1
K= (§I—K)K1 + VD, +K1(§I—K> —WiD,
! 1 ! ! ! 1 !
K| =DV + §I+K K| - D,V +K; §I+K ,
1 ! 1 !
D, =DK; + §I—|—K Di + Dy §I—K - K{D.
Now the assertion follows. a

Note that the boundary integral operators V', D, Vi, and D; are self-
adjoint with respect to the time-twisted duality pairing, see (2.6) for
D, and hence the operator D is self-adjoint with respect to the inner
product (-,-)x, i.e., for all w,0 € H-Y2="V4%), p,w € HY/>V4(R),

we have

(3.21) (Vw, HT(9>2 = <V0, liTw>§], <V1w, HTO>§) = <V10, liTw>§],
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(3.22) (D1, krw)y, = (Drw, krp)s, <5gp,w>g = <5w,<p)g.

Lemma 3.3. The operator

_ (W K
A= (—Ki x )
satisfies
Al w _ K
< (Qp>v’$T(s@) >E Viw, krw)s = (K1, krw)s
— (Kiw, k7¢)s + (D1, kr)s > 0

for allw € H-Y2714(%), o € HY/2V4(D).

Proof. For w € H-Y/27Y4(%) and ¢ € H'Y/?1/4(%) we define, for
(2,8) € RU\ T x (0,7),

u(z, 1) :/T/ Elx =y, T+t —7)w(y, 7) ds, dr

//8% =y, T+1=T7)p(y,7)dsy dr,
U(x’t)://5(x_yvt—7)w(y,7)dsyd7

//8% —7)p(y, ) dsy dr,

which are solutions of the heat equation in both the interior and exterior
domains. The related boundary traces of u are given by

You = Viw — K, yu = Kiw— Do,

while v satisfies jump relations across %,

int int

[’YOU] = ’YSXtU Yo V= —¥, [’Ylv] = ’Y(th - U= —w.
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Hence, we can rewrite the bilinear form of the operator A as

(a () omr (9) = (220, ) o (= = B ),

= (You, kTY1"v)s — (You, k777 0)s
+ {(nu, Kry5v)s — (N, k7" )s
= (70" u, k") — (1w, ey )s
+ (U, kg o) — (06 u, kYT ) 5.
The application of Green’s second formula to the solutions u and v of
the heat equation both in the interior and exterior domains gives

int int

(V0" u, kT 0)s — (W™, kg U>E:/Qu(x,0)v(x,T) dx

:/[u(x,O)]Qdm,
Q
and

(V5 u, kv )s — (1§, kY ) s

= / [u(z, 0)]2 dr — (Y10, KTY0U)aBrx1 + (Y1U, KTY0V)9Br X1+
Q

c
R

where Bg := {z € R : |z| < R} is a sufficiently large ball containing
Q, and Qf := Br \ Q, Q% := Q% x I. Thus, we obtain

w w o 2 .
<A <<P> ' (‘P) >E - /QUQ;2 lute O)F da /83Rx1ﬁTuarv o

+ / Krv0ruds, dt.
8BR x I

We will show that the last two terms tend to zero as R — oco. To do
this, let us consider the function v first. Let us choose 0 < Ry < R such
that Q C Bg,. By the representation formula for the solution v of the
heat equation, it follows that, outside Q% , in particular for |z| > Ro,
the function v coincides with

t
vo(z, ) ::/0 /BB E(x —y,t — Two(y, 7)dsy dr
Ro
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t
—/ / ic‘f(ﬂc—y,t—T)sao(y,T) ds, dr,
0 JOBr,

ony

where the single and the double layer potentials are now defined for
density functions on X, := 0Bgr, X I, i.e., wp := 8T'U|ERO, Yo = v|gR0.
The densities wo, o, as well as the boundary Xp,, are smooth. We
can now easily estimate v, and 0,v on the boundary Xr for R > Ry,
using the behavior of the fundamental solution £(x, ). From the simple
estimates, for all u € R,

E(@, )] < ecut™ [P0, |VE(@,b)] < et MY

and
62
‘8$18$J

we obtain for finite T,

5(x,t)‘ et pPrTAT2 G =1,2,

kv = O(R™%), ov=0R ) as|z]=R— .

Similarly, for (z,t) € 0Br x I, the kernel E(z —y, T +t—71), (y,7) € X,
is smooth. Then kpu and 9,u are bounded as |z| = R — oo. Hence,

— / Krudv ds, dt + / Krv0ru ds, dt
8BR x I 8BR x I

=OR 1Y) —0 as|r|]=R— cc.

Hence, we finally conclude
AlY Y)Y = / 2dx > 0.
< (@),KT(SD) >E Rd[u(x,O)] x>0 O

Corollary 3.4. The boundary integral operators Vi and Dy are
positive semi-definite with respect to the time-twisted duality pairing
(-, k)%, i-e., we have

(Viw, krw)s >0 for all w € H- /27 V4(x),
(D1p, kre)s >0 forall p € H1/211/4(2).
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To close this section, let us recall the mapping properties of the
Newton potential My, see [10, Lemma 7.10].

Lemma 3.5. Let Q C R% d = 2,3 be bounded. Then, for any
f € La(R2), the following holds:

IMofll g2y < CO) |1 £l Laoy-

Note that, since &(z, T +t) € C°(R? x Ry) for T > 0, the operator
My is continuous on the considered Sobolev spaces.

We are now in a position to prove the properties of the boundary
integral operator 7.

Theorem 3.6. The operator T, : HY/>Y4(Z) - H-Y2=1/4%) as
defined in (3.10),

~ 1
To =aD — krV Ky + ke VIV (51 + K)

is bounded, self-adjoint with respect to the inner product {(-,-)y and
HY2Y/4(S) -elliptic, i.e., there exists a constant ¢]* > 0 such that

(Taz,2)s > clTO‘||zH§{1/2,1/4(E) for all z € H1/2’1/4(E).

Proof. The proof is similar to [11, Proof of Theorem 4.4]; hence, we
skip the details. In particular, we have
V—l . H1/2,1/4(2) N H_1/27_1/4(E),
K - H1/2,1/4(2) N H1/271/4(2),
D: HY2YA(5) — H-Y2VA(R),

Since the kernels of the bi-layer heat potentials are regular, we can also

derive
Vl :H71/2,71/4(2) N H1/2’1/4(2),

K, : HY2Y4(x) — HY2V4x®). o
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Hence we conclude the unique solvability of the variational inequality
(3.9).

4. Symmetric boundary element approximations. In this
section, we investigate a symmetric boundary integral formulation by
using also a second boundary integral equation for the solution of the
adjoint heat boundary value problem. We ensure unique solvability
and we derive a priori error estimates for a Galerkin boundary element
approximation.

In particular, when computing the normal derivative of the repre-
sentation formula (3.6) of the adjoint variable p, this gives, for all
(x,t) € %,

krq(x,t) = <%I + K’) krq(z,t) + (Kjw)(z, t) — (D12)(x, t)

— (Mya)(z,t) + (My1uo)(z, t),

(4.1)

where, in addition, we introduce the Newton potentials for (z,t) € X

9 _
- 5 [ e =ty do
8%/5 —y, T+ t)uo(y) dy.

By substituting (3.2) and (3.8) into the right hand side of (4.1) we
obtain the alternative representation

(Myu)(z, 1)

(MHU() x, t

1 1 1
KTq = <§I+ K’>V1K1Z — (§I+K') vty vt (§I+K>Z

1
+ <§I—|— K/> V71V1V71M0’U,0

1 / —1 — 1 / —1
+ §I+K V™" Myu — §I+K V™" Mioug

1

+Kv! (51 - K)z — K{V ™" Moug — D1z — My + Myuo.

Hence, we have to solve the variational inequality to find the control
z € Uy,q such that

(4.2) (Taz —g,w—z)x >0 for all w € Ung,
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where
(4.3)
~ 1 1
To =aD + krDy — ke K[ V1 (51 + K) — K (51 + K’) VK,

1 1
+ Kt (51 + K’) vyt (§I + K)
is an alternative representation of 7T, as defined in (3.10), and
(4.4)
1 1
KTy = <§I + K’) Vi Mya — M@ + (51 + K’) ViV Myug

1
— <§I + K’) V= Migug — K1V~  Moug + Miiug
is the related right hand side.

Theorem 4.1. The operator Ty as given in (4.3) coincides with the
operator as defined in (3.10). In particular, T, is bounded, self-adjoint
with respect to the inner product (-, s, and HY?*/*(X)-elliptic, i.e.,
it satisfies, for some clT‘* >0,

(Taz,2)s > CT‘)‘HZ||§{1/2,1/4(E) for all z € HY*Y4(x%).

Proof. The self-adjointness of 7, is obvious from the symmetric
representation (4.3) and (3.13), (3.21), (3.22). In particular, the
operators 7T, in the symmetric representation (4.3) and in the non-
symmetric representation (3.10) coincide. Indeed, by using (3.14) and
(3.16), we have

To = aD + kp D,y
1 1
— KT (K; - <§I + K’) V1V1>V1 <§I + K)
1 ! —1
— RT §I+K %4 Kl

~ 1 1
=aD + krDy — kpV (VK{ — KV, — 5v1>vl (51 + K)
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1
— Kr (51 + K’) VK,
m -1 / 1 -1 1
=aD+krDy —krV | K4V —VIK —§V1 v §I+K
1 ! -1
— RT 5]— + K|V Kl
- . 1
=aD + krDy — kpV K3y §I—|—K
—1 1 Ny -1 1
1 ! —1
— RT 5]— + K|V Kl.
By using (3.14), (3.15) and (3.18), we further conclude
~ 1
To = aD + krDy — liTV_lKl <§I + K)
-1 —1 1 1 ! —1
+rrVT VIV §I+K — D) —kp §I+K VK
~ 1
=aD + /iT‘/vi1 (VDl — K1 <§I + K)
(1 1
+Wnv §I—|—K -WD - §I—|—K K
~ 1
=aD + krV ! (Vﬂ/_1 (51 + K) — K1>
~ 1
=aD — krV K + kpV VL (51 + K),
and we obtain the non-symmetric representation (3.10).
Moreover, the ellipticity estimate can be shown directly by using

Lemma 3.3. Indeed, for z € HY/2/4(%) and w = V"1(I/2+ K)z €
H~1Y/2-14(%), we have

(Taz,2)s = a(ﬁz, 2)s + (krD1z,2)s — (kr Kjw, 2)s

1
- </€T (—I + K') VK2, z>
2 =
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1
n </-;T (51 n K’) V1w, z>2

= a(ﬁz, 2)s + (kr D1z, 2)s — (Kjw, kr2)s
— (K12, krw)s + (Viw, krw)s

> a(Dz,2)s > ac? |2l ey O

Hence, the variational inequality (4.2) admits a unique solution.
Moreover, in consequence of the alternative representation (4.4) of the
right hand side g as defined in (3.11), we obtain the following corollary.

Corollary 4.2. For any ug,u € La(Q) the following identities hold:

1
(4.5) My ( -3l + K’) V! My,

1
Mijug = K{VﬁlM()'LLQ + <§I - K/> V’1V1V’1M0u0
(4.6) 1
— <§I - K/> VﬁlMlouO.

4.1. Galerkin boundary element approximations. In what
follows, we study the numerical solution of the variational inequality
(4.2) by a Galerkin boundary element method. The ellipticity of the
Schur complement boundary integral operator 7, will imply the quasi-
optimality of Galerkin approximations. Let us first introduce some
finite-dimensional trial spaces.

For the approximating subspaces of H~%/2~1/4(%) and H'Y/?/4(%)
it is customary to use tensor products of spaces of functions of the
spatial variables and of spaces of functions of the time variable. We
introduce a standard class of tensor product spaces

b2 = S0 e T

which are based on polynomials of degree d; in time and polynomials
of degree d, in space, see [3, 10]. We choose an approximation for the
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Neumann data w,q which is piecewise constant both in space and in
time. For continuous functions z; and zs, we define the discrete convex
set
U, = {wh S Q}L7O(Z)I Zl(l‘i,tj) < wh(xi,tj) < Zg(xi,tj)
for all nodes (z;,t;) € Z},

where Q}L’O(E) is a boundary element space of piecewise linear and
continuous basis functions in space and piecewise constant ones in time.
Then the Galerkin discretization of the variational inequality (4.2) is
to find 2z, € Uj, such that

(4.7) (Tazn, wn — zpYs > {g,wp, — zp)s for all wy, € Uy,.

Theorem 4.3. Let z € Uyq and zp, € Uy, be the unique solutions
of the variational inequalities (4.2) and (4.7), respectively. Then the
following error estimate

(4.8) HZ — zh||H1/2v1/4(E) <c (h;71/2 + his_l/Q)/Q) ||Z||Hs,s/2(2)

holds when assuming z, z1, zo € HS%/2(X) and Toz — g € H*~Hs—1/2
(2) for some s € [1/2,2].

Proof. The assertion follows from standard a priori error estimates
for first kind variational inequalities, see in particular the discussion in
[15]. o

Since the composed boundary integral operator 7T, and the right hand
side g as defined in (4.3), (4.4) do not allow a practical implementa-
tion in general, instead of (4.7) we consider a perturbed variational
inequality to find Z € U}, such that

(4.9)  (TaZnwn —Zn)s > (G, wn — Zn)s  for all wy, € U,.

Theorem 4.4. Let T, : HY214(2) = H-Y271/4(%) be a bounded
and Q}L’O(E)-elliptic approximation of T, satisfying

(Tazn, 2n)s = e[ |20l 3 200y for all zn € Q°()
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and
”?\;Z”H—l/l—l/‘l(z) S C;ra ||Z||H1/2,1/4(E) for all z € H1/2’ 1/4(2)

Let g € H-Y%=Y4() be some approzimation of g. For the unique
solution zp, € U of the perturbed wvariational inequality (4.9) the
following error estimate

(410) ||Z - 2h||H1/211/4(E) < 01”2 - Zh||H1/211/4(E)
e (ITa = o)zl mr-vm sy + g = Gll a2/ -1s8())

holds, where z, € Uy, is the unique solution of the discrete variational
inequality (4.7).

Proof. Since the operator 7., is bounded and Q}L’O(Z)—ellip‘cic, the
discrete variational inequality (4.9) admits a unique solution. From
this, we further obtain

61?& ll2n — 2h||far1/2,1/4(2)
< (Talzn = 2n), 20 — Zn)s
< <ﬁzh, 2h — Zn)s + (9, 2n — 2n)»
+ (Tazh,2n — 2n)s — (9, Zn — 2n)x
= (Tazhs 20 — Zn)s + (G — 9,50 — 205 + (Tazn, 20 — 20)%
< (I1a = Tzl a-va sy + llg = Glla-sv2-17aw))
X \lzn = Znllgrreasa sy
By using the triangle inequality and the boundedness of 7, and 7A;, we
have
1(7a = Te)znllmr-1/2-1/aemy < 1(Ta = Ta) 2l 1721/
+1(Ta = Ta)(z = 20) |12 1735)
<N (Ta = T2l -1/ 13

+ (C;r(1 + CQQ)HZ - Zh||H1/2,1/4(Z).
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The assertion now follows from the triangle inequality

||Z - 2hHH1/2~1/4(E) < HZ - Z}L||H1/2,1/4(E) + ||Zh - 2h||H1/211/4(E)' ]

It remains to define the appropriate approximations 7A;, g which are
based on the use of boundary element methods. For z € H'/21/4(%),
the application of 7,z reads

~ 1
Toz = aDz+ krD1z — kr Kjw, — K (51 + K') q-,

where ¢.,w. € H~1/%71/4(2) are the unique solutions of the boundary
integral equations

1
Vw, = <§I + K)Z’ Vg, = K1z — Viw,.

Let Q)°(%) be another boundary element space of piecewise constant

basis functions both in space and in time. Let ¢, € Q?L’O(E) be the
unique solution of the Galerkin variational problem

<qu7h, 9h>2 = <K12 — Vlwzﬁ, 9h>2 for all 6, € Q?L’O(E),
where w, , € Q%O(Z) solves

1
(Vw, p, On)s = <(§1 + K)z,9h>2 for all 6, € QY°(D).

~

We are now in a position to define an approximation 7, of the operator

T by

- - 1
(4.11) Toz =aDz+ kpDiz — kr K{w, h, — Kt (51' + K') Qs h-

Lemma 4.5. The approzimate operator To HY2U4(E) —
H-Y2-Y4%) as defined in (4.11) is bounded, i.e.,

||,?\:1'ZHH*1/21*1/4(E) S C;ra ||ZHH1/2~1/4(E) fO’I“ all z € H1/2’ 1/4(2),
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and the following error estimate
(4.12)

||(7; — 7;)Z||H71/2,71/4(2) <c inf ||qZ — 9h||H*1/2v*1/4(2)
(S %0

+ CQH(UZ — Wz,h||H—l/2,—1/4(2)

holds, where To, was defined in (4.3).

Proof. The boundedness of the operator 7. follows from the mapping
properties of all boundary integral operators involved. In particular,
the Galerkin boundary element solutions w; 5, ¢, 5 in (4.11) satisfy

||Wz,h||H71/2w71/4(2) < Cl||Z||H1/2v1/4(E)’

e mllir-1/2.-1/403) < callzllararnass .

For the error estimate (4.11) let z € H'/21/4(X) be arbitrary but fixed.
By definition, we have

Tz =aDz + kpDyz — krKjw, — kp(1/21 + K')q.,

where )
Vw, = <§I + K)Z’ Vg, = K1z — Viw;.

By using (4.11), we then obtain
T / 1 /
Taz = Taz = kr K (we,n — w2) + KT <§I + K > (¢zh — 42),

where g 1, € Q?L’O(E) is the unique solution of the Galerkin variational
problem

(Ve n,0n)s = (K1z — Viw, b, 0h)s  for all 0, € Q?L’O(E),

and w, p € Q?L’O(E) solves

1
(Vs )y = <(§I+ K)z,9h>2 for all 6, € Q)°(%).
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Moreover, we define ¢, € Q?L’O(Z) as the unique solution of the
Galerkin variational problem

(V@on,On)s = (Kiz — Viw,,0)s  for all ), € Q)°(%).
Then the perturbed Galerkin orthogonality

(V(gzh — @) On)s = (Vi(wen — w2), 0h)s
for all 6, € Q)°(%)

follows. This implies the inequality

~ 1
lgz.n — QZ,h||H71/2171/4(2) < C—V||V1(Wz,h - WZ)||H1/211/4(E)
1

\%
c 1

< oy lwsn = well-vazags).

Therefore, by the boundedness of the operators K’, K| : H~1/%=1/4(x)
— H~1/271/4(%) and by the triangle inequality we conclude
1(Ta = T2l mr-r/2 -1y < et lwap — wsll-v/-1/ags,)
+ 05 N1 gen = @l
< Céq [wzn — well g-1/2.-1/4(x)
+ C?”Qz,h - qu,h||H—1/2,71/4(2)
+ S NTn = @l 121z
The assertion now follows by applying Cea’s lemma. o
By using the approximation property of the trial space Q%O(E), we

conclude an error estimate from (4.12) when assuming some regularity
of ¢, and w,, respectively.

Corollary 4.6. Assume q.,w, € H>*/*(2) for some s € [0,1]. Then
the following error estimate holds:

(4.13)  |[(Ta — 7A;)Z||H71/2171/4(z)

1/4 s 5/2
<c (hglc/Q + ht/ ) (ha: + ht/ ) (”qz”Hs,s/Z(E) + ||OJZ||H3,S/2(E)).
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Similarly, the right hand side in (4.4) can be rewritten as
1 ! ! —
g = KT 51 + K' | quu, + 67K Wy, — ko Mit + k7 Miiug,

where gz, € H~Y/2-14(%) is the unique solution of the boundary
integral equation

(Vaa,u,)(x, 1) = (Mow)(x, ) — (Miouo)(x,1)
— (Viwy,)(z,t)  for (z,t) € X,

and w,,, € H~1/271/4(%) solves
(Vwy ) (x,t) = —=(Moug)(x,t)  for (z,t) € X.

Hence, we define approximate Galerkin solutions ¢, w;, € Q?L’O(E) of
Gu,uo and wy,, and then we can introduce the approximation

~ 1 ~ -
(4.14) g = HT<§I+K/>(]}L+/€TK{LU}L — krMyw + kK Miug,

and we obtain the error estimate

(4.15) g - §HH71/2171/4(§3)
<c (h;/z ¥ h}/4) (hi + hf/2) (llqa,HOHHS,S/Q(E) n ||WUOHHS,S/2(E))7

when assuming ¢z u,,wy, € H>%/?(X) for some s € [0,1].

4.2. Approximate variational inequality. By using the approx-
imations (4.11) and (4.14), the perturbed variational inequality (4.9)
reads to find zj, € Uy, such that

~ R 1 R
<aDzh + krD1Zp — /iTKiw;}“h — K7 <§I + K’) Q2 s Wh — Zh>2

1 - ~
> <I€T (EI-F KI) qn + KTKiwh

— ke M @ 4+ kp Mi1ug, wy, — 2h> for all wy, € Uy,
b))
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which can be written as
~ R 1 R
(4.16) <04Dzh + kr D1z — /QTKiwh — KT (51 + K/) qh, Wh — Zh>2

> (kr Miyug — kM1, wy, — Zh)s
for all wy, € Uy, where we introduce gy, := @, ,t an € Q%O(E) which
is the unique solution of the Galerkin variational problem
(Van,0n)s = (K1zn — Viwn, On)s + (Mot — Miguo, Op)s
for all 0), € Q)°(%),
and wy, 1= wy ot wyp, € Q%O(E) which solves
(4.18)

1 .
(Vwn, O = <<51 + K) Zn — Mouo, oh>2 for all 8, € Q)°(%),

(4.17)

see the corresponding boundary integral equations (3.1), (3.7).
Let

2

—1 No—1
wi(,t) = D ) wapl (YR (t),

>
Il
o

=
2
[}

Z
[

0

qn(z,t) = qe gl (2)UR (1),

>
Il
o
~
Il
=]

and
N—1N;—1

t) = Z Z 2nk¢}z($)¢2(t)a (z,t) € X,
k=0 n=0
where N; denotes the dimension of S} (T'), i = 0,1 and N is the
number of time steps. Substituting these expansions into (4.17) with
the test functions 0 (x,t) = w?(x)/i;pw?(t) for i = 0,1,...,Ny — 1,
j=0,1,... , N -1, we get
N-

,_.

Z_ (Wﬁk VAl (@) R ()], ¢ (x)fiT%/J?(t))z

k=0 £¢=0
+ an (VI @00, 2 (@)rr il (1))

N—-1N;—-1

=YY mnlKaleh @ (0], D)l (1)

k=0 n=0
= (Mot — Myguo, Y (z) k1) () s
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foralli=0,1,...,Ng—1,j=0,1,...,N — 1.

Since the last equation is indexed by four integers, it requires some
ordering or partitioning of the unknowns. For 0 < k < N —1, we define
vectors wy,, ¢, € RN and z, € R™ by

wi[f] = wer,

qrlf] = qex,for £=0,1,... ,No—1, n=0,1,... ,N; — 1.

zi[n] = znk

Similarly, i]l denote vectors of length Ny whose components are given
by
fili) = (Mot — Myguo, @7 (x)rrt} (1)),
fori=0,1,... ,No—1, j=0,1,...,N — 1.
Finally, we define matrices Vjj, Vjx € RY*No and K, € RNo*MN for
0<kj<N-—1by

VJ [6]10] = (Valgl (@)U ()], &F (@) s (1)) s,
Vi[d][€) = (Vg (@) ()], 27 (@) sy (1)) =,
Kl slilln] = (Kilen (2)UR (D], €7 (2)rr ey (1)) =,

fori,l =0,1,... ,No—1,n=0,1,... ,N; — 1.
With this notation, the system (4.18) can be written in the form

N-1

Z (Viiws, + Vikq, — Kjz;,) = It

(4.19) = J

for j =0,1,...,N — 1.
In the same way, system (4.18) reads

N-1
1 2
(4.20) Z Vi = 2. <§Mjk ' Kjk>§’“ L
forj:(),l,... SN —1,
where the matrices My, Kjr € RYo*N1 are defined by

Mji[i]ln] = (pp (2)¥R (1), &7 (2) 5795 (1)) s,
Kjililln] = (K [y (2)¥R ()], 0} (2) w795 (1))
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and
F7li] = —(Mouo, @} (z) k7] (1)) -

Let us rewrite linear systems (4.19) and (4.20) as follows. For the N2
matrices Aji, j,k = 0,1,...,N — 1, which correspond to one of the
layer heat potentials A, i.e.,

Ajrlil[] = (Al (@) ¥R (t)], 27 (@) rr sy (B))x,

we denote a block matrix Ay by

Ago Agr -+ Ao n—1
Ay Ay o AN
Ah = . . . .
An_10 An—1n 0 An—iN—1

We define a vector a which is constructed from the N vectors a; by

a=(aj af - af )",

With this notation, the inner product of two vectors Apa and b can be
expressed by the time-twisted duality, i.e.,

(Apa,b) = (Aan, k1by)s,

where ay, by, are trial functions whose coefficients of the expansions in
trial spaces correspond to the vectors a,b. Here the operator A can be
one of the layer heat potentials V, K, V7, ... . In the case of the identity
operator, we have a mass matrix M, as usual.

We now rewrite linear systems (4.19) and (4.20) in the forms

(4.21) Vipw + Vg — Kipz = f'
and

1
(4.22) Viw — <§Mh +Kh>g= f2

respectively.
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4.3. Discrete variational inequality. Analogously, we can
also reformulate the perturbed variational inequality (4.16) to find
z € RN s 2 € Uy, such that

~ 1
(4.23) <aDhg+D1,hz—K1T,hg— <§MJ+K;I)Q,M—§> > (f*w-2)

for all w € RMYN & wy, € Uy, where w,q € RMN are the unique
solutions of the linear systems (4.21) and (4.22), respectively. Here, in
addition, we define the matrices Djlk, Dj, € RM*N and the vectors

/3 € RM by

D3y [mlln] = (Db (0 (0)] b () (D),
Dyfmlin] = 5 (DIeh @00, oh (@) (1)
+ 5 DIk @) rrv (0], h (2)rr el (1),

Fm] = (Myyuo — My, o, (x)kr1)5 (1))
for ,k=0,1,... N—1,m,n=0,1,...,N; — 1. Note that
(Dna,b) = (Dap, b)) for all a,b € RVN «— ap, by € Q1O(2).

The Galerkin matrix V}, of the single layer heat potential V' is symmetric
and positive definite, hence it is invertible, and we can determine w and
q from (4.21) and (4.22). Then the discrete variational inequality (4.23)
is equivalent to

(4.24) (Tapz,w—2z) > (g,w—z) forallwe RVY 5wy, € Uy,

where
(4.25)

~ 1 1
Toh = @Dy + Dy j, — <§MhT + KJ) Vi K — KVt <§Mh + Kh)
1 1
+ (5M,I + K,I)vh—lm,hvh—l (ﬁMh + Kh)

defines a symmetric Galerkin boundary element approximation of the
self-adjoint operator 7, and

1
(4.26) g = f5+ KV, '/ + <§MJ + KhT)Vh_l(f — ViV %)
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is the related boundary element approximation of the right hand side
g as defined in (4.4).

Lemma 4.7. The symmetric matric Ton as defined in (4.25) is
positive definite, i.e.,

(Tanz,z) > ach ||zh||§11/2,1/4(2) for all z € RMYN «— 2, € Q,ll’O(E).

Proof. While the symmetry of 7, is obvious, the positive definite-
ness follows by using Lemma 3.3. Indeed, by using the symmetry of V},
and with w = V; ' ((1/2) M), + Kp)z, we have

(Tanz,2) = a(Dpz, 2) + (D1pz, 2) — 2(K1pz,w) + (Vi pw, w),
a(ﬁzh, zh)s + (D1zn, KT2n)s
— 2(K1zp, krwp)s + (Viwn, Krwh) s,

> a<52h,2h>2 > ach ||Zh||?v_11/2,1/4(2)~ O

Hence we conclude the unique solvability of the variational inequality
(4.24) and (4.9) as well. Moreover, we can derive an error estimate for
the approximate control solution zj, by applying Theorem 4.4 and with
the error estimates (4.8), (4.13) and (4.15).

Theorem 4.8. Let z and Zj, be the unique solutions of the variational
inequalities (4.2) and (4.9), respectively. Then the following error
estimate

2 = Zhll zrir2aras)
< (h;+1/2 n h§s+(1/2))/2) [ -
+co (hglg/z + hi”) (h; + hf/Q) =1l 750072 (s
+ s (h}ﬁ + htl/“) (h; + hf/z)

x (”WZ”H&SN(E) + ||Qa,uo||sts/2(z) + ||wu0||H5~3/2(E))
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holds when assuming z € H*TLGHD/2(SY and q.,w., Gaug, Wuy €
H*3/2(%) for some s € [0,1].

In particular, if there are constants c1,co > 0 such that
c1h? < hy < exh?,
we obtain the estimate

(4 27) ||Z - /z\hHH1/2’1/4(E) < C(Z,ﬂ, U()) h;s+1)/2
' for z € HFHEHD/2(8) s e (o, 1].

In the case of a non-constrained minimization problem, instead of the

discrete variational inequality (4.24) we have to solve the linear system

7:1]1&:2,

s

which can be written as

Vin Vi —Kyp w s
(4.28) ( Vi —«U%Mﬁth><g>=<f>.
_K1T,h —((1/2)M,] + K]) Dy,p +aDy, z 13

5. Numerical results. As a numerical example, we consider the
Dirichlet boundary control problem (2.1)—(2.3) for a circular domain
Q = By5(0) € R2. For the boundary element discretization, we use a
uniform boundary element mesh on several levels L, with Ny = Ny =
272 nodes and a uniform decomposition of the interval (0,7) by N
time steps. We use the trial space Q}L’O(E) of piecewise linear and
continuous basis functions in the space variable z € I' and piecewise
constant ones in the time variable ¢ € (0,7) to approximate the
Dirichlet control z. For the fluxes w, g, we use the trial space Q%O(E)

of piecewise constant basis functions both in space and in time. We set
T =0.5and

T(x) = (22 4 23)log(a? + 23) + 4x119,
up(z) =0, a=0.1, 2z =-1, 20=0.11.
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FIGURE 1. Final optimal solution (left) and target function (right).

TABLE 1. Errors and estimated order of convergence.

No, N1 I — zeetllLacsy | eoc | 12 = zretllga/zasagy | eoc | lwn = wrelloy s | eoc
32 4 0.154249 - 1.050200 - 0.727606 -
64 16 0.054260 1.507 0.561425 0.903 0.321477 1.178
128 64 0.012887 2.074 0.212840 1.399 0.187099 0.781
256 | 256 0.003018 2.091 0.071736 1.569 0.061187 1.537
expected 2.0 1.5 1.0

Since the minimizer of (2.1) is not known, we use the boundary element
solutions Zzpef, wrer for Ng = N1 = 512 and N = 512 as reference
solutions. In Table 1, we present the errors for the control z and the
estimated order of convergence (eoc). The errors of the flux w in the
Ls(X) norm are also given. Since the data are smooth in this case, we
expect the optimal order of convergence 1.5 for the control z in the
energy space H'/>1/4(¥) which agrees with the theoretical results, see
(4.27). In addition, in Figure 1 the final optimal solution u(-,T) is
presented with the given target function .
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