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WELL-POSEDNESS AND ASYMPTOTIC BEHAVIOR OF
A NONAUTONOMOUS, SEMILINEAR HYPERBOLIC-
PARABOLIC EQUATION WITH DYNAMICAL BOUNDARY
CONDITION OF MEMORY TYPE
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ABSTRACT. We consider a nonautonomous, semilinear,
hyperbolic-parabolic equation subject to a dynamical bound-
ary condition of memory type. First we prove the exis-
tence and uniqueness of global bounded solutions having rel-
atively compact range in the natural energy space. Under
the assumption that the nonlinear term f is real analytic,
we then derive an appropriate Lyapunov energy and we use
the Lojasiewicz-Simon inequality to show the convergence of
global weak solutions to single steady states as time tends to
infinity. Finally, we provide an estimate for the convergence
rate.

1. Introduction. The main purpose of this work is to study
the existence and the asymptotic behavior of global weak solutions
to the semilinear degenerate wave equation with boundary conditions
of memory type given by

Ki(x)ug + Ko (x)uy — Au+ f(z,u) = g1 in RT x Q,
(1) Ou + p(z)u + k * up = go on Rt x I,
u(0) = ug, vVEiui(0) =V Kyug.

Here, Q C RV (N > 1) is a bounded open connected set with smooth
boundary I', v denotes the outer normal vector to the boundary. The
coefficients K1, Ko € L>®(Q), p € WH*°(T) and k € L (RT) are
nonnegative functions, Ky(z) > ko > 0, p is not identically zero on T,
and k * v stands for the convolution on the positive half-line, that is,
(k *v)(t fo (t —s)v(s)ds (t > 0).
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The boundary condition arises in mathematical models for the motion
of viscoelastic materials. For such materials, the feedback operator is
a convolution operator in time. We consider also the case in which the
kernel is singular; a typical example for the kernel £ we have in mind
is given by

() k() = ﬁ £ et (B (0,1), w>0),

where I' is the Gamma function.

The nonlinearity f = f(z,u) : 2 x R — R is assumed to be a C?
function satisfying the following assumptions:

(F'1) The function f is analytic in the second variable, uniformly with
respect to x € 2 and v in bounded subsets of R;

(F2) One has f(-,0) € L*>(Q2), and there exist constants p > 0 and
€ (0,1], (N — 2)a < 2 such that:

0
p

<p(l+|u|¥) foreveryueR, ze€Q.

(F'3) There exist A < A\; and C > 0 such that, for every u € R and

every x € (),
2

F(x,u)Z—/\%—C,

where F'(z,u) fo flz,s)ds (x € Q, u € R), and A\; > 0 is the best
Sobolev constant in the followmg Poincaré type inequality

[1wap+ [ @i =x [ P e ).

We study well-posedness of equation (1) in the energy space H =
HY(Q) x L*(Q) and the asymptotic behavior of weak solutions when
t — oo. In particular, for all initial values in the natural energy space,
we prove the existence and uniqueness of a global, bounded solution
of (1). In addition, we prove that every global, bounded solution
has relatively compact range in . Then, by using a new Lyapunov
functional and the Lojasiewicz-Simon inequality, we show that, if g1
and g2 tend to O sufficiently fast at infinity, then the solution of (1)
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converges to a single steady state. Finally, we show that the decay rate
to equilibrium is either exponential or polynomial.

Concerning existence of solutions, we carefully note that the function
K7 may vanish on Q or on a subset of Q. Equation (1) thus includes the
semilinear diffusion equation (K7 = 0), the semilinear wave equation
(K7 = 1), and mixed hyperbolic-parabolic problems (K7 > 0). In our
existence proof below, we shall first replace K7 by K; + ¢ and prove
existence of solutions for this perturbed, purely hyperbolic problem by
means of a Faedo-Galerkin method. We shall further obtain a priori
estimates for the solutions which are independent of € > 0, in such a
way that we can pass to the limit when ¢ tends to zero, obtaining thus
a function w which is the solution of problem (1). By differentiating
the equation with respect to time, we shall also prove the existence of
strong solutions if the data are regular enough.

We recall that the basic argument in the proof of the convergence
results is the Lojasiewicz inequality which was generalized first by
Simon [19], then by Haraux and Jendoubi [14, 16, 17| (see below
for the definition of the Lojasiewicz-Simon inequality).

Concerning the convergence to steady state for nonlinear equations
with memory there is a technical difficulty consisting in proving that
the solutions of such problems are bounded and have relatively compact
range in the natural energy space. However, the more complicated
problem is to find an appropriate Lyapunov functional in order to
investigate the asymptotic behaviour of global, bounded solutions. For
the type of kernel k and nonlinearity f as above, we note that there
are up to now two techniques to construct an appropriate Lyapunov
functional which allows one to apply the Lojasiewicz-Simon inequality
in order to obtain a convergence result. The first technique goes back
to Dafermos [10], and this technique was recently adapted by Aizicovici
and Feireisl [1] in order to obtain a convergence result for a phase-field
model with memory (see also Aizicovici and Petzeltova [2]), and then
by Chill and Fasangov4 [8] in order to obtain convergence results for
the wave equation, where the dissipation is both frictional and with
memory:

g +ug +k*ug — Au+ f(z,u) =0 in RT x Q.

Recently, Zacher and Vergara [20] have developed a second technique
to find Lyapunov functions for ordinary differential equations, in finite-
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dimensional spaces, of order less than 1, and of order between 1 and
2 in time, which, combined with the Lojasiewicz inequality, leads to
a proof of convergence of global, bounded solutions to a single steady
state.

In [23], Zacher has proved that, still in the finite-dimensional case,
the dissipation given through the memory term is strong enough to
guarantee convergence of global, bounded and regular solutions of the
following second order equation

i+ kxu+ VE(u) =g,

when the nonlinear potential E satisfies the Lojasiewicz inequality. In
his proof, Zacher used the Lojasiewicz inequality together with the
method of higher order energies. In this direction it is important to
mention the work of Alabau-Boussouira, Priiss and Zacher [3], also,
where the autonomous, linear case (f = Ko = g1 = g2 =0, K1 = 1)
was studied under the same boundary condition.

Concerning the nonautonomous, nonlinear case, the source terms
introduce non-standard difficulties. The convergence proof given here
is direct and naturally generalizes the autonomous case, without using
the additional discussion from Chill and Jendoubi [9] or the additional
integral lemma from Huang and Takdc [15] (see also Feireisl and
Simondon [11] and the author’s article [21]).

Remark 1 (Related boundary conditions). For the well-posedness
of the Robin-type problem, we assume that the coefficient 1 on the
boundary is not identically zero almost everywhere on ' (with respect
to the surface measure). However, the following variants of (dynamical)
boundary conditions may also be studied. Assume, for example, that
I' = TyUTI'y for two closed, disjoint subsets I'g, I'y C I'. Then the results
of this paper (existence and uniqueness of global, bounded solutions,
relative compactness of their range in the energy space, convergence
to equilibrium and decay rate estimates) still hold for the following
boundary condition

=0 Rt xT
3) {u on x Tg,

Ayu+ p(x)u+k*up =go on RT x Iy,
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where € Wh°°(I'1) is such that

if I'p # @, then p >0,
(4) if I'y = @, then p is not identically zero
almost everywhere on I'y.

Also, the results of this paper still hold when the boundary feedback is
both frictional and of memory type

=0 Rt xT
(5) {u on x I,

Ayu+ p(x)u + b(x)us + k xug = g on RT x Ty,

where b is a nonnegative function on I'y and u € WH>°(T'1) satisfying
(4). This boundary condition has been studied in [3], when g2 = 0; see
also [21, 22], when the feedback is only frictional (that is, & = 0).

Another boundary condition, with more regular kernels, has been
studied by several authors (see, for example, Santos [18], Cavalcanti et
al. [6, 7] and the references therein), namely, the boundary condition

_ +
(6) {u 0 on R™ x Iy,

u+hx0,u=0 onRt xT}j.

Here, the relaxation function h belongs to W1>°(0, 00) and is assumed
to be positive and non-increasing. By differentiating equation (6) and
by applying the inverse Volterra operator, we obtain

yu = —p(ug + k1(0)u — ky (t)ug + kf *u) on RT x Ty,
where p = 1/h(0), and k; is the resolvent kernel satisfying
k1 + ph' x k1 = —ph'.
Observe that

4 k1 xw) — k1 (0)u = ky xug + k1 (t)up — k1(0)u.

ki xu= dt(

Then, the boundary condition (6) can be rewritten in the following
form

1) {u 0 on Rt x Iy,

Oyu+ pus + pk1 xup =0 on RT xI'y,
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which is a particular case of the boundary condition (5).

Throughout the following:

e The inner product (respectively the norm) in the spaces H'(2),
HY(Q)', L*(2) and L*(I) is denoted by (-,-)m1(), ()« (-;-)2 and
(-, )r (respectively, by |- lliay, |- |- 2, and |- [|r). The norm in
L?(Q) is denoted by || - |-

e We denote by C (sometimes C;) a generic positive constant which
may vary from line to line, which may depend on g1, g2, f and the
measure of 2, but which can be chosen independently of t € R™T.

The remaining part of this paper is organized as follows. In Section 2,
we state the assumptions on the kernel and the source terms, and
we state the main results. The existence and uniqueness of solutions
to problem (1) is proved in Section 3. Section 4 is devoted to the
compactness results. In the final Section 5, we prove the convergence of
global bounded solutions and we obtain an estimate on the convergence
rate.

2. Assumptions and main results. Before stating our main
results, we present several assumptions about the initial data, the
source terms, and the memory kernel.

2.1. Assumptions on the source terms and the kernel. For
the global existence and uniqueness for weak solutions, we assume that
the functions g1 and go satisfy the regularity condition

(G1) g1 € L3 (R L*(Q) and g, € WH(RT; LA(1)),

loc

and for our convergence result we assume in addition a decay condition,
namely, that there exist constants 79 > 0 and ¢ > 0 such that for all
teRT

©2 e+ | " lgr ()13 + loh(s)l12) ds < e

Condition (G2) implies in turn that go € LY(R*; L2(T)), ||g2(t)|lr \( 0
and there exists an 7 > 0 such that

c "l )13+ laa(2 + h(s)2) s < o



BEHAVIOR OF A HYPERBOLIC-PARABOLIC EQUATION 523

Concerning the kernel k we suppose that

(K1) there exists a nonnegative and nonincreasing kernel b € L (R™T)
such that b+ k=1, and

(K2) there are v > 0 and a € L'(R"), strictly positive and nonin-
creasing, such that b =a+ v (1 x a).

Remark 2. (a) Condition (K1) implies that the kernel k is nonnega-
tive.

(b) The conditions (K1) and (K2) together imply that b(t) > b =
lims o0 b(s) = ¥||a| L1w+) > 0 for every ¢ > 0.

(c) It follows further from conditions (K1) and (K2) that k € L(R™T).
Indeed, since k is nonnegative (see (a)), the condition (K1) implies
(bxk)(t) <1 for every t > 0. Using the lower bound for b from (b) and
the positivity of k, we see that ||k| 1 (r+) < 1/boo-

(d) For each v > 0 the unique solution of the equation in (K2) is
given by

a=b—y(e " xb).

(e) Typical examples for the kernels b and k which satisfy conditions
(K1) and (K2) are given by

b(t) =T1_s(t)e “ +w[l* (T1_se)(t)] (s€(0,1), w>0),

k and I" are given by (2).

In fact, our method can be adapted to the more general case when
the kernel k is completely positive, that is, the condition (K1) can be
weakened to the condition that

(K1’) there exist by > 0 and a nonnegative and nonincreasing kernel
be Ll (RT) such that bok(t) + (b* k)(t) = 1 for all t > 0 (see [23]).

This condition allows one to include the nonsingular case s = 0 in
example (2). In particular, our results are still valid for k(t) = e~
(t>0, w>0).

2.2. Existence and uniqueness of global, bounded solutions.
Throughout the following, a function u : RT — H?() is called a global
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strong solution of (1), if

u e LS, (RT; HA(Q) n Wb (R HY(Q)) n WE2(RY; L2(9)),
K{Pup € WP (RTL2(9)),

if it satisfies the initial conditions u(0) = wuy and (K;)Y?u:(0) =
(K1)Y?uy, and if it satisfies the differential equation (1) almost ev-
erywhere on R*. A function u € C(R*; H(Q)) N WL (RT; L3(Q)) is
called a global weak solution of (1), if it satisfies the initial conditions
u(0) = ug and (K1)Y?u.(0) = (K1)'/?uy, and if there exists a sequence
(ut) of strong solutions such that

ut — u in C(RT; HY(Q)) nWLA(RT; L3(Q)),
K2ut — K4, in C(RY;LA(Q)).

Our first main result, which establishes the global well-posedness of
equation (1), reads as follows.

Theorem 3(Existence and uniqueness of global, bounded solutions).
Assume that the function f satisfies conditions (F2) and (F3), and that
the kernel k satisfies conditions (K1) and (K2).

(I) Strong solutions. Let
(8)
g € WEZRTILAQ)) and gy € L, (RY; H=(D)NW?2(R*; LA(T)),

and let the initial values (ug,u1) € H?(Q) x H1(Q), (¢ > 3/2), satisfy
the compatibility conditions

(9) { _Au() + f(ma UO) = gl(o) - K2u1 n Q7
Oyuo + p(x)ug = g2(0) onT.

Then problem (1) possesses a unique, global, strong solution.

(IT) Weak solutions. Let g1 and go satisfy the regularity condition
(G1) and let (ug,u1) € D, where

(10) D= {(uo,ul) € H*(Q) x H1(Q); q > g and (9) holds}.
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Then problem (1) possesses a unique global weak solution w. In addi-
tion, this weak solution satisfies the following properties:

(T1) (u, K1%w,) is bounded in H'(Q) x L2().
( (T2) gt)Lt,v) € L2(RT; L3(Q)) x L2(RT; L*(T)), where v = (d/dt)(k *
u—ug)).

(T3) Let G : RT — R be the energy of the solution u given by

_ 1 12, |2 1 2
G(t) = 5 K uy , + E(u) + Ea* vl — (g2, a % v)r

[ - 2
tap | o)l ds

+ d/too(lgz(S)II% +lg5()17) ds,

where d = ||a||p1gr+) max(y,y™!) and E : H'(Q) — R is the energy
functional given by

1 1
(11) E(u) = —/ |Vu|? da —|—/ F(z,u)dx + = / w(z)|ul? do.
2 Ja Q 2 Jr
Then G is nonincreasing and
d ko b 2l

(12)  2G0) < —2fuld - Z2 ol - Tax o]}, >0,

(T4) The following variational equality holds for all ¢ € H'(Q)
i/ Ki(x)uppdx +/ Ko(x)urpdx
+/ VuVedz —|—/ flz,u)pdx
Q Q

d
+ 4 [ s w—wonodo + [ pwyuodo

:/leqbdx—k/rgquda.

Remark 4. (a) When K; = const, we replace the compatibility
conditions (9) by the compatibility conditions

Oyup + p(x)ug = g2(0) on T.
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(b) Note that, for every u; € L*(2), the problem (9) admits at most
one solution ug € H%(Q).

2.3. Compactness property of solutions. In the following
theorem, we state an additional property of global weak solutions of
(1) which is of crucial importance for the study of their asymptotic
behavior, namely, the relative compactness of their range.

Theorem 5. Let u: Rt — HY(Q) be a global bounded weak solution
of (1). Then the function U = (u,Kll/Qut) is uniformly continuous
from R with values in H'(Q) x L*(Q), and |J,~,{U(t)} is relatively
compact in H*(Q) x L*(Q). N

2.4. The Lojasiewicz-Simon inequality for the underlying
energy. Our basic argument in the proof of the convergence result
below is the Lojasiewicz-Simon inequality for the energy functional
E given by (11). By the regularity and growth condition on f,
the function E is twice continuously Fréchet differentiable [21]. Let
E'(u) € HY(Q) and E"(u) € L(H (), H()") denote the first and
second derivative at a point u € H'(12), respectively. Then, for all ¢,
v e H'(Q)

(E'(u), ) mr ), 11 () =/VuV¢dx+/ f(z,u)y de

(13) @ @
d

+ [ ayu o

and

(E" (w)$, ) gy, 11 () Z/S2V¢V¢dx+/ﬂ%(x,u)¢wdx

+ [ uayondr

The proof of the following proposition, in the case N = 3, can be found
in [21, Proposition 9]; the proof for general space dimensions can be
easily adapted. Recall that the norm in H!(Q)’ is denoted by || - |-
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Proposition 6. Under the assumptions (F1) and (F2) on the func-
tion f the energy functional E € C*(H'(Q)) satisfies the Lojasiewicz-
Simon inequality near every equilibrium point ¢ € H (), that is, for
every ¢ € HY(Q) with E'(¢) = 0, there exist B5 > 0, o4 > 0 and
0 <6y <1/2 such that

|B(¢) = BE@)|'™% < Bl E'(9)]l-

for all ¢ € HY(Q) such that ||¢ — ||gi) < 0g. The number 0y is
called the Lojasiewicz exponent of E at ¢.

2.5. Convergence to equilibrium and decay rate. The
following theorem describes the asymptotic behavior of global weak
solutions to problem (1).

Theorem 7. Let u : RT — HY(Q) be a global, bounded, weak so-
lution of equation (1). Suppose that f satisfies (F1), (F2), and that
(91,92) satisfies the growth condition (G2). Then, the solution con-
verges to a single stationary state, which follows from the integrability
of us. That is, there exists ¢ € H*(Q), solution of the stationary prob-

lem:
—A¢+ f(z,0) =0 inQ,
O+ pup=0 on T,
such that

||K11/2Ut(t)|\2 + |lu(t) = dllar) — 0 ast — oc.

From the proof of Theorem 7 and the differential inequality given be-
low (Lemma 15), we deduce in addition that the Lojasiewicz exponent
0 in the Lojasiewicz-Simon inequality determines the decay rate of the
solution u to the steady state ¢.

Theorem 8. Let 0 = 04 be the Lojasiewicz exponent of E at ¢,
where ¢ is given by Theorem 7, and let 0 be given by (G2). Then, the
following assertions hold:

(i) If 6 € (0,(1/2)), then there exists a constant C > 0 such that
llu(t) — ¢lla < C(L+1t)"¢ for every t > 0,
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where
fz{mHWAl—w»xwm} if (91,92) # (0,0),
(0/(1 - 20)) if (91,92) = (0,0).

(ii) If @ = (1/2) and (g1, 92) = (0,0), then there exist constants C
and k > 0 such that

[u(t) = ¢ll2 < Ce™ .

3. Existence and uniqueness. In this section, we prove the exis-
tence and uniqueness of strong/weak solutions of problem (1), that is,
we prove Theorem 3. First, we prove the existence and the uniqueness
of strong solutions satisfying the properties (T1)—(T4), when the initial
data and the source terms are sufficiently smooth. Then we extend the
same results to weak solutions by using an approximation argument.

For the convenience of the reader, we recall here explicitly some
auxiliary lemmas which will be used in the proof below. We begin
with the subsequent simple lemma [20, Lemma 2.1].

Lemma 9. Let H be a Hilbert space and T > 0. Suppose that
k € LL_.(R") is nonnegative. Then, for any v € L*([0,T);H), the
following holds:

Gk * o)1, < (k * [0]3,(1% k)(©))  for almost every ¢ € (0,T).

The second lemma [20, Theorem 2.1] is one key to finding a proper
Lyapunov function for problem (1).

Lemma 10. Let H be a Hilbert space, T > 0, and b € L{ (RT)
nonnegative and nonincreasing such that bx k = 1 in (0,00) for some
nonnegative kernel k € L (RT). Suppose that v € L*(0,T;H) is such
that bxv € H'(0,T;H) as well as b ||v||3, € WH1(0,T). Then
(14)

(v i(bw)(w) > 14

+

(b [vll3,)(2)

vo] SHEY

b(t)||v||3, for almost every t € (0,T).
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Remark 11. (a) Under the same assumptions on kernel b, the
inequality (14) in Lemma 10 is also satisfied for any function v €
H'Y(0,T;H), [20, Remark 2.1].

(b) For the kernels k and b given as in Remark 2 (e), the inequality
(14) in Lemma 10 is also satisfied for any function v € L?(0,T;H) such
that bxv € H'(0,T;H), [20, Example 2.1].

Proof of Theorem 3. Existence of strong solution. We transform the
problem (1) into an equivalent problem with null initial data. In fact,
let us consider the change of variables

v(z, t) = u(z, t) — ¢(x,t),
where
d(z,t) = up(z) + tug (x).

Due to this change of variables and the regularity of the initial data we
get the following equivalent problem for the variable v:

Kivy + Kovy — Av + f(x,o+¢) =F in RT x Q,
(15) v+ pv+kxv, =G on RT x I,
v(0) =0, (K1)"2v,(0) =0.

Here,
F =—-Koui + Ap+ g1,

and

G =g2— (0ud+ p(w)p + k% uy).

We note that if v is a solution of the modified problem (15) in [0, 7],
then u = v + ¢ is a solution of (1) on the same interval.

Since Ky > 0, we first perturb problem (15) by the term vy (€ > 0)
and we apply a Faedo-Galerkin method in order to solve the perturbed
problem. Then we shall pass to the limit with ¢ — 0 in the perturbed
problem and obtain the solution for problem (15).
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Let Ki. := K1 + ¢, and consider the perturbed problem:
Kic(2)verr + Kovey — Av,
+f(z, v+ ) =F in Rt x Q,
Oyve + p(r)ve +kxvey =G on Rt xT,
v:(0) =0, (K1.)"?v4(0) = 0.
Let (w;)ien be a total family in H?(Q) which is orthonormal in L?(Q),
and let V;, be the subspace of H?(Q) which is spanned by the first

m vectors wy, ... ,w,,. Consider the following weak formulation of an
approximated problem, namely, to find a solution

Ve () ==Y gim (t)ws,
of the ordinary differential equation
(17) (K105, (1), w)2 + (K2vly, (1), )2
+ (Vvem (1), Vw)2 + (f (vem(t) + ¢), w)2
+ (@) vem (t), w)r
4 [kt = 8)(0h (). e ds = (Fw)a + (G ).
0

for every w € V,,,
vem(0) =0,  vL,,(0) =0.

(16)

By standard arguments from the theory of ordinary differential equa-
tions, one proves the existence and uniqueness of a maximal solution
of the integro-differential equation (17) on some interval [0, t.,,]. We
show that this solution can be extended to the whole interval [0, 7] by
using the first estimate as follows.

First estimate. Taking w = v.,, in (17), we obtain

d (1, 1/2 1
8) g (FIRL B + 51900
1
+ [ Pl + 0)da + gl v
Q

L2013+ (B * 0L 0l )

Em em’ Yem

= (]:7 ’U;m)Q + (ga U;m)r
em d.
—|—/Qf(v + ¢)uy dx
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Let wep, = k * v,,. We use property (K1) in order to write

(b * wep,),

Egm

’ _i / -
v —dt([b*k]*vsm)—dt

W]liC]l yields
(k * UE ) - (ws _(b * We ))]“
m ’ em m dt m ’

Then, by Lemma 10,

(19) (ks s )i > g (% Ja0emlR)(E) + S5O

1
2

Em’

Using this inequality and the decomposition b = a + (1 * a), we find

1d ~
(k% 0Ly Ul )1 > 5= (a % [|wem |2 (8) + 5 (@ [[wem || £)(2)
boo
+ = ||w€m||F7

where boe = lim; 00 b(t) = 7||al|L1(r+). Using the last inequality, (18),
and the fact that Ko > ky > 0, we obtain

d

1) (SIEL B + 51Vemn

1
+/Fw%m+@M+§mW%m@
Q

1 b
+ g0 lwanl?) + Foll il + = lweml? + Jo e

S(]: Uém)2+(g Uem F+/fvsm+¢)uldx

Integrating (21) over the interval (0,¢) and observing that v, (0) =
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! (0) =0, it follows that

vsm

L 1/2 ¢
@2) I B+ ko [ ekl ds
1
43 IVoem B+ [ P von+ ) do
Q

1 1
+ 5”#1/2”&m”% + 5& * HwemH%

boo t ) 7y t )
t5 [Wem T ds + 5 | ax [wem |1 ds
0 0

< / (Fvh)2 + (G tl)r) ds

+/Ot/Qf(v€m+¢)u1 dxds—i—/QF(x,uo)d;v.

Next, we shall estimate some terms in (22). In fact, by (F3), we have
A
F(x,vem + dxz——/ Ve + 012 dz — C
o FE oz =5 [ ol
> ~Cllveml3 - C.

By the Cauchy-Schwarz inequality and since F € L?(0,T; L?(Q2)),
t 1 t kO t
[ Fataeds <o [ 17+ 5 [ o, s
0 ko Jo 4 Jo
(24) Lt
<3 [ Inlas+c.
Moreover, by Lemma 9, (K1) and Young’s inequality, we have

(25)
d d
( ”U;m)F = <g’ %b * w6m>r = (gv Ea * wem)F + 'Y(ga a * wem)F

d
(G,a % Wem)r — (G, a % Wern)r + V(G @ % Wepn)T

dt
d _
< L (G axwem)r +lallx o GIGIR +7 1G'1R)
Y 2
+——Ja* wem
Tl 1 wemlle
d ¥
< 2 (Graw wer)r + d(IGIR + 1G'17) + T w2
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where d = [|a|| 1 (g+) max(y,7~"). Then
(26)

t t
/ (Gl )r ds < (G, wem)r +d / (IGI1Z + I6712) ds
0 0

e
+ —/ a * ||w5m||% ds
4 Jo

1 t
< qox ||wsm||%+c||g||%+d/ (G2 + 19'12) ds
0
P)/ t
+—/ a*||w€m||%ds
4 0
1 2 Y i 2
< —a*||wsm||r+—/ 0% weml 2+ C.
4 1/,

Also, by the growth condition (F2), Cauchy-Schwarz inequality and
Young’s inequality, we have

¢ ¢
/ / f(Vem + @)ur dads < C/ / (1 + |vem + &' T*)uy do ds
0 Jo 0 Jo

t
SC—FC’/ /|v€m|1+°‘u1dxds
0 Jo

t
§C+C/ (Nvem " (|2]w1]|2) ds
(27)

<c+c/ loeml50, ) ds
< C+C/ [[veml| 1, ds
SC+CAH%N%mM&

Combining (22)—(27), we obtain
(28)
1/2, ‘ 3k0 1/2
—||K w3 +— || VI3 ds + 5 IIVvsmllz ||M Vel [F

1 boo
+gax ||wem||%+ [ el as



534 HASSAN YASSINE

t
—|—1/ a*||wsm||12~ds
4 Jo

t t
<C( [ tonlizas+ | ||vem||zl<mds+||vem||§+1).

Observe that

2 "d 2 c 2
Cllvemllz = C/ —[vem ()2 ds < / [[vem ()2 ds
o dt ko Jo

ko ’ / 2
+ 20 ol () B s
0

Using this inequality and (28), we obtain

(29) —IIKl/Q' ||2+_/ [V 113 ds

1/2

1
+ 3 IV 0eml + S e 2

1 5 boo [* 5
"’Za*”wsmHP‘FT A [wem It ds
t
—|—1/ a % ||we ||2 ds
4 0
t
S C/ ||U€m||%{1(ﬂ) dS+C
0

By using this inequality and Gronwall’s inequality, we obtain that

(30)
T

T
1/2
el / 1013 5+ [V 21 gy 02 0o |+ / 0 2 ds

S CTv

where Cr is a positive constant independent of m, ¢ and ¢.
Second estimate. Next, we estimate v’ (0). Indeed, taking w =
v (0) in (17) and noting that ven, (0) = v.,,(0) = 0, we obtain

em

||K1/2 " ( )||2 (f('UfO) . ]_—-(0) v (0))2 + (Q(O) q// (O))F =0.
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Using the assumptions on the initial data, we obtain
(31) | 53702 (0)]]2 = 0.

Also, taking the derivative of (17) with respect to time ¢, taking
w =" (t), and arguing as in the first estimate, we obtain

(32) —(—n K200 |2

1 1, 1 1
+ 3Vt + gl + G Lol

b
+ kollolll3 + 22l zem R + 3 1zl

/f (Ve + O) (Ul + ur)0l', d

< (FLol o+ (G0 )r,  where 2o, = kx vl

Integrating this inequality over the interval (0, ¢) and noticing ve,, (0) =
v, (0) = ||K1/2vsm(0)||2 =0, it follows that

1/2
(33) —||K/ rlI3 —||w;m||%

1, 1
+ —||M2Usm||% +5ax | 22mlIF

+ko/ o | ds +—/ eml[2 ds
+1/ a*||z€m||Fds

2

//f (Vem + @) (VL,, +u1)vl,, drxds

[ lh)e+ @t o) as.

0

Next, we shall estimate the nonlinear terms of (33). For this, by using
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Holder’s inequality and the first estimate, we obtain (for N > 3)
¢
6 [ [ £t 0ty + wa)ely, duds
0 Jo
t
< C/ /(1 + |vem + @|*) (VL,, + ur)vl, dxds
0 Ja
¢
< C/ (11 + [vem + S [ W llvL, + utllzn/(v—2)[v2m]l2) ds
0
t
< C/O (14 llvem + SN llvim + willan/(v—2)IvEnl2) ds
ko ! "2 ! / 2
< 7, [vell2 ds + C A [vem + ullan ) (v—o) ds
t
<3 [ lBds +0 [t ds 0
The inequality (34) still holds when N < 2 by using the boundedness
of Ve, in H(Q) (first estimate) and the fact that:
e H'(Q) — C(Q) in the one-dimensional case and

e H(Q) — LP(Q), for all p € [1,00], if N = 2.
Again, by the Cauchy-Schwarz inequality and since 7/ € L?([0, T]; L*(2)):

t t
k
(35) / (F' v8n)2ds < ZO/ v |12 ds + C.
0 0
Moreover, similarly as in (26),
t 1 v t
) [ (@ trds < qaxlznli+ 1 [ ax s+
0 4 4 Jo
Combining (33)—(36) and applying Gronwall’s inequality, we obtain
302 e ’o2 2
(37) ||Klsvsm||2 + 0 ||Usm||2 ds + ||vsm||H1(Q) +ax* ||Z€’m||F
T
+ [ Neenllpds < .
0

where C7 is a positive constant independent of m, ¢ and t.
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Passing to the limit. Using estimates (30) and (37) and passing
to the limit (first m — oo, and then € — 0), we see that there
exists a strong solution u € W,o(R*; HY(Q)) N W22(RT; L3(Q)),
K11/2ut € Wh™(R*; L3(Q)). In addition, u satisfies, for every ¢ > 0,
the nonhomogeneous Neumann problem:

(38) {—Au:—Klutt—KQUt—f(x,u)—Fgl in LQ(Q)7

Ou = —pu —k *up + go in HY/2(T).

The theory of elliptic problems gives us u € LS (R*; H%(Q)).

loc
Boundedness and energy estimate for strong solutions. Now, let u be
a global strong solution of (1), and let v = k * u;. We take the inner
product of equation (1) with wu; in order to find that

d /1
T <5|K11/2ut||§ + E(u)) + (Ko (2)ug, ug)2 + (v, ue)r

= (gla ut)Q + (92, Ut)F~

Using that K5 is strictly positive and the Cauchy-Schwarz inequality,
we find

d

1 2 1 &
(39) E(i”Kll/ wll3 + E(u) + 2_/%/15 ||91(5)||§d5> + (K * ug, ug)r

k
< =2l + (g2, w)r-

Using the regularity of the strong solution, Remark 11 and arguing as
in (20), we obtain

boo
(10)  (erunur 2 5ok ol + 22 ol? + Zax ol

N =
SN

where bo, = lim; o b(t) = 7l|al| 1 (g+). Moreover, by Lemma 9 and
by Young’s inequality, we have (as in (25))

7

2
L [oll?

(92, av)r + d(|lgallE + [l92]17) +
(t>0).

e

(41) (g2, us)r <
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Combining (39), (40) and (41), one obtains (12) for every strong
solution. In addition, from the condition (F2) we have

‘/W@wMSCO+Mﬂ%%
Q

where C' > 0 is a constant depending only on the constants from
condition (F2) (including the norm ||f(-,0)||z=) and the constant of
the embedding H'(Q) < L**t2(Q). It follows from this inequality
and the definition of G that there exists a constant C; > 0 which is
independent of the initial data such that

(42) G(0) < Oy (1+ K1 *ur |32 + [luol| .

On the other hand, by using condition (F3), the definition of G, the
boundedness of g» with values in L?(I'), and the following estimates
given by Lemma 9, that is,

1
(43) (92, a*v)r < HCLHLl(R+)||92H% + Vi ol

one easily shows that there exists a positive constant Co depending
on A and Aj, and a positive constant Cs depending on f, g and the
measure of 2 such that, for every ¢ > 0,

1/2
(44) ()32 (g + K7 ue(®)]I3 < C2G(t) + Cs.
We combine (12), (42) and (44) to obtain the a priori estimate
(45)  u®r o) + 1K Pw @)
UL () 1 Ut 2

t t
+Anm@ﬁw+4nww@w

< Cy (1+ 1K Pu |22 + [luollit?) (> 0),

where Cy > 0 depends only on the constants Cy, Cs, C3 and on ¢,
but is independent of the initial data. This a priori estimate gives the
boundedness of strong solutions in H((2).

Uniqueness and continuous dependence. Next we show the continuous
dependence of strong solutions on the initial data. Let u? (p = 1,2) be
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two strong solutions of (1), corresponding to the initial data (uf,u?)
and the forcing terms (¢7,¢5) (p = 1,2). Setting u = u! — u?,
91 =gi — gi and go = g — g3, one has

K1ty + Koty — Au+ f(z,u') — f(x,u?) =¢g1  in RT x Q,
(46) &,ﬂ—i—uﬂ—l—k*ﬂt:gg on RT x I,
u(0) = up — v, VE1u:(0) = VEKiul — vEKu3.

Let h = k x u;. We multiply equation (46) with @, and integrate over
€, in order to find that

d (1, 1 1. 9 1. 1/ 9
S (St + SIvalB + Sl

1 1
+gur IRl = 2 ax e+ g [ ()l ds

+ d/too(llgz(S)l% +lga()l17) dS)

B N (w) — u2) de
+AUW)f(DM )4

kO oo Y
5 [l + == IR ]E + gax AlIE

<0,

where we have used (40) and (41), when (u,v) are replaced by (u, h).

Integrating this inequality over (0, t), using (43), and the fact that the
Nemytskii operator generated by f is locally Lipschitz continuous from
H(Q) into L*(Q) (note that u' and u? are bounded in C(R*, H!(2))
by (45)), we obtain

(47) 4mwzm wwﬁ+umﬂ%m
1
4—mwm+—/mmw+—/wmw

i
# 3 [anmizas s+ 5 [T lnla
[+ Ios(6)17) ds
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t _ 1 e’}
<C [l e ds+ g [ lonolas

+ d/m(llga(S)II% +[lg5(s)|I7) ds
0
+C(|1K T 0)]3 + [7(0)[7:).

From this inequality and Gronwall’s lemma we infer that, for every
t >0,

(48) (15" @013 + |[at) 2 g
t t
+ / e (s)|2 s + / B2 ds
0 0
t [e'e)
SCeCt< / lgr (s)]12 ds + / (lg2(5) 12 + lgh(s)II2) ds

IR 2w ) + ||ﬂ<o>|%ﬂ).

The continuous dependence of strong solutions on initial data, and the
uniqueness of strong solutions are both an immediate consequence of
this inequality.

Ezistence and uniqueness of weak solutions. Let (ug,u1) € D and
(g1,92) € L2 (RF;L2(Q)) x WE2(R*; L3(T)). Then there exists a

loc
sequence ((uf,u})), C H?(Q) x H3/2(Q) satisfying the compatibility
condition (9), and a sequence ((g7, g5)), satisfying the regularity prop-
erties (8), such that

(uh, u?) — (uo,u1) in H'(Q) x L*(R2), and

(91, 95) — (91.92) in Li, (R*; L*(Q)) x WH2(RF; L*(D)).
Then, for each p € N, there exists a unique strong solution u? to the
problem (1). By estimate (45), we have
R*; HY(Q),
R*; L*(92)),
R*; L)),
R*; L*(I)).

P is uniformly bounded in Cj,

u? s uniformly bounded in L?

(49) e o |
Ki"“u; is uniformly bounded in Cj

ks u? is uniformly bounded in L?

—~ Y~ ~
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Moreover, by the estimate (48) we have

uP s a Cauchy sequence in C(R*; H'(Q)),
uf is a Cauchy sequence in L (R1; L?(2)),
K%/Quf is a Cauchy sequence in C(R™; L?(0)),
kxu! is a Cauchy sequence in LZ (R™; L*(T)).

(50)

The convergences given by (49) and (50) are sufficient to obtain a weak
solution u to problem (1) as the strong limit of the above sequence of
strong solutions, that is,

u? — u in C(R*; H(Q)),
uf — uy in L . (RT; L*(Q)),
(B g2y K12y, in C(R™; L3(Q)),

kExul — v = %(k ¥ (u—up)) in LE (RT; LA(T)).

However, from (51), one easily sees that the energy inequality (12),
the estimate (45) and the a priori estimate (48) remain true for
any weak solution, respectively any pair of weak solutions. The
uniqueness of weak solutions is again an immediate consequence of
the a priori estimate (48). From the estimate (45) we obtain that every
weak solution is bounded (property (T1)). Moreover, by (12), the
boundedness of u in H'(), the continuity of E, and (43), the energy
function G is decreasing and bounded from below, and therefore

(562) tlggo G(t) = tlI>1£ G(t) = G exists.
From this and the energy inequality (12), we obtain (T2). Finally,
in order to prove the variational equality (T4) we note first that
this equality is satisfied pointwise (in time) for any strong solution.
However, by using again that weak solutions are locally uniform limits
of strong solutions, one sees that this equality remains valid for all weak
solutions. O

4. Compact range of global and bounded solutions. In this
section we obtain a compactness result which generalizes the previous
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results in [13] to the case of dynamical boundary conditions. In order
to prove Theorem 5, let us list two lemmas for which we need the
following notation. Let X be a (real) Banach space equipped with the
norm || - || x, and let S?2(R*; X) be the Stepanov space defined by

t+1
S2<R+;X>={geL%OC<R+;X>, o | ||g<s>||§ds<m}.
teR+ Jt

For any h > 0, t > 0 and any g € S?(R*; X) we denote by g"(t) the
difference g(t + h) — g(t) and we say that g is S'-uniformly continuous
with values in X if

t+1
swp [ 1g B ds — 0 ash—o
teR+ Jt

Lemma 12 [5]. Let u be a global bounded weak solution of (1).
Assume that f satisfies (F2) and that g1 satisfies (G2). Then the source
term H(t) = g1(t) — f(t,u) is St-uniformly continuous in L?(Q) and
H e S2(R*, L3(Q)).

Lemma 13 [13]. Let X and Y be two Banach spaces endowed
respectively with the norms ||| x and ||-||y. Assume that X is compactly
embedded into Y. Then:

(a) Ifu: RY =Y is uniformly continuous and

46
sup H/ u(s)ds
¢
]

< 00,
X

t>0
5€(0,1

then U, {u(t)} is precompact in Y.

(b) If u € CYRT',Y) is bounded with values in X, and if u' is
uniformly continuous with values in'Y, then |J,~o{v (t)} is precompact
mY. -

Proof of Theorem 5. We proceed in two steps.

Step 1. We first show that the function (u(t), Kll/zut (t)) is uniformly
continuous with values in H'(Q) x L?(Q). For all t > 0, h > 0,
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u(t + h) — u(t). Since u; € L*(R*;L%(Q)) and
g1 — f(-,u) € S2(RT, L?(2)), we have

t+1
sup/ 1K up — Aull2ds < C.
t>0 J¢

From this estimate and (1), we easily deduce the inequality

t+1
/t ()12 s

t+1
< 0{ [ e 6 + (90, 9 ) ds}

IN

t+1
C{ /t (uu"(s) + Opu”(s), pu"(s))r + (—Au’(s), u"(s))2 ds}
t+1
: C{/t 1L 2ult ()13 ds + [ Kyl (8)]|2]lu (1)

+ K ruy (¢ + 1) l2flu (¢ + D]l

t+1
[ ek = ot s+ s |uh|2}
t [t,t+1]

t+1 1/2 t+1
<C{/ K2 ) Bds + [ llgh = oM ds + Co sup ||uh||2}.
t t

[t,t+1]

Since u; € L2(R*;L?(Q)), u is uniformly continuous from R™T into
L?(Q). Using this and the last inequality, we obtain
(53)

t+1 t+1 1/2 t+1
/ ||uh<s>|%ﬂ<mdssc{ [+ ||g3—vh||%ds}
t t t

+ ¢1 (h)a
where ¢1(h) — 0 as h — 0. Moreover, since u; € L*(R™; L*(Q)) and

since the left-shift semigroup on the space L*(R*;L?(Q)) is strongly
continuous, then we have

t41
(54) / K1 Pul(s)|2ds — 0 as h — 0.
t
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Similarly, since g2, v € L2(R*; L3(T)),
t+1
(55) / lgh —v"|2ds — 0 as h — 0.
t

By using the last two limits and the inequality (53), we obtain

t+1
(56) [ IOl ds < 020,
¢
where ¢2(h) — 0 as h — 0. Now we introduce

1/2
(151 2up N3 + VU @13 + |62 O + ax [o"[2(2).

N —

Vi(t) =

Since a * ||v]|% € L}(RT),
t+1
(57) / ax [ o"2(s)ds — 0 as h— 0.
t
Combining (54), (56) and (57), we obtain
t+1
(58) / Vi (0)do < ¢3(h), where ¢p3(h) — 0 as h — 0.
t

On the other hand, for a strong solution u, by taking the derivative of
Vi (t) with respect to t, and by using (1) and (40), we obtain
(59)
d
2 Vn(t) < (91 — f" (@, w),up)o + (95, uf)r
—((Kou b hy2 , L h|2 b;.o h|2
(Kouf ) + Lo ol 3+ S w ol 3+ 22 o
< (g{L - fh(xa U),’U,I{L)Q + (gg,u?)l“

Integrating (59) over [0,t + 1] with 6 € [¢,¢ + 1], using Lemma 12,
the fact that wu(t) is bounded in H*(Q), u; € L*(R*;L?(Q)), and
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gy € L2 (R*; L*(T")), we deduce that, for any ¢ > 0:
(60)

t+1
Vi(t+1) — Vi(6) < C / (l(gr — £ w)" ()3 + [l ()|2) ds
t+1
4 / (gb, ul)r(s) ds
t+1
<C [ (o= Flau) () + (<)1) s
t+1

- / ((gh)", u)r(s) ds

+C sup g3 (s)llr
[t,t+1]

t+1
< C/t (g1 = £z, w)" (s)II3 + llug' (s)113) ds

t+1
e / (64" (s)2 ds
t
+C sup [|gh9)]Ir
[t,64+1]
< ¢4(h), where ¢p4(h) — 0 as h — 0.

By an approximation argument, inequality (60) still holds for all weak
solutions. Then, by integrating (60) over [¢, ¢+ 1] with respect to 6 and
by using (58), we obtain

t+1
Vit +1) < ¢a(h) +/ Vi(6) d < o5 (h),
t
which tends to 0 as h — 0. This concludes the proof of Step 1.

Step 2. We show that (u(t),Kll/2ut(t)) is relatively compact in
HY(Q) x L?(Q). By applying Lemma 13 (b) with Y = L?(Q) and
X = HY(Q), we obtain immediately that (J,-,{K,/*u(t)} is relatively
compact in L?(Q2). To prove that Ut>0{u(t5} is relatively compact in
H'(Q), we remark that -

t+h t+h
Kiu(t+ h) — Kqu(t) — / Au(s)ds + / Kouy(s) ds
¢ ¢

t+h
- / (91(5) — F(z,u(s))) ds.
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By using (F2), Lemma 12, u; € L*(R*;L?(Q)) and the fact that
(u, Kll/Qut) is bounded with values in H*(Q) x L?(£2), we obtain
46
sup H/ Au(s) ds
¢
]

< 0.
2

>0

5€(0,1
By applying Lemma 13 (a) with ¥ = HY(Q) and X = {¢ €
H(Q); A¢ € L*(Q)}, we obtain the claim. o

5. Convergence of global weak solutions. In this section we
study the long-time stabilization of global bounded solutions of (1),
that is, we prove Theorems 7 and 8. Let us recall that the w-limit set
of a continuous function u : R™ — H () is defined by

w(u) = {¢ € H*(Q) : there exists ¢, — 400
such that lim ||u(t,) — ¢ g1 (o) = 0}.
n—oo

From well-known results on dynamical systems [12], if u is a continuous
function having in addition relatively compact range, then the w-limit
set of u is a non-empty, compact, and connected subset of H().
Moreover, since our system has a continuous Lyapunov functional G,
we prove the following lemma which is fundamental for the proof of
Theorem 7.

Lemma 14. Let u be a global bounded weak solution of equation (1)
and v = (d/dt)(k = (u—ugp)). Then:

(i) The function E is constant on w(u), and

E(¢) = tliglo E(u(t)) = Exo <00, for all ¢ € w(u).

(i) limy oo ||K11/2'UftH2 =limy 00 a * [[v]|7 = 0.
(iii) E'(¢) = 0, for all ¢ € w(u).

(iv) There exists a uniform Lojasiewicz exponent 6 € ]0,(1/2)], 8 >0
and T > 0 such that, for allt > T,

(61) | B(ult)) = Bool' ™" < BIIE" (u(t))]
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Proof. Let ¢ € w(u). Then there exists an unbounded increasing
sequence (t,) in R* such that u(t,) — ¢ in H'(Q). Since u; €
L?>(R*, L?(2)), we have

tn+s
Ut + 5) = u(ty) + / w(p)dp — &

in L?(Q) for every s € [0, 1].

This, together with the relative compactness of the trajectory in H*(2),
implies that u(t, + s) — ¢ in H'(Q) for every s € [0,1]. Then, by
continuity of E, E(u(t, + s)) — E(¢) in HY(Q) for every s € [0,1].
Using the dominated convergence theorem,

E(¢) = lim E(u(t, + s)) ds.

n—00 0

Therefore, by integrating G (¢, + -) in [0, 1], we obtain

1
E(¢) = lim G(tn + s)ds = Goo,

n—oo 0

where we have used (T2), (G1), (52) and the following estimate:

2

tn+1
< / lga(s)|I2 ds
t

n

tn+1
Hlaloa [ ax o) ds.

n

‘ [:nﬂ(gz(S), a*v(s))r ds

Since ¢ was chosen arbitrarily in w(u), this implies that F is constant
on w(u). Moreover, by the relative compactness of v with values in
H(Q), we obtain lim;_, E(u(t)) = Goo = Eso. Then assertion (i) is
proved. From this, the definition of G and since g2(t) and the integral
terms in G tend to 0 as t — oo, we obtain assertion (ii).

In order to prove (iii), let ¢ € w(u), and choose t, — oo such that
u(t,) — ¢ in H'(Q2). We have already seen that this implies u(t, +s) —
¢ in HY(Q) for every s € [0,1]. Hence, E'(u(t,+s)) — E'(¢) in H1(Q)’
for every s € [0,1]. Finally, using the dominated convergence theorem,
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(T2), (T4), (ii) and (G1), we have, for all yp € H(Q),

(E'(9), V) mr oy, 11 ()

1
:/ (E'(0), ) i (11 () ds
0
1
= lim (E/(’U,(tn + S)), w)Hl(Q)’,Hl(Q) ds

n—00 0

1
= lim

+ /F pu(ty + s)1 da) ds

(/QVU(tn—FS)V¢dx—|—/Qf(x7u(tn+8))wdx

1
= lim (—i/Klut(tn—i—s)?bdx
dt o,

n—oo 0

- / (Kour — g1)(tn + s)¢ dx
Q

- [ -t )0 da) ds

- nh_{& {/01 </Q(_K2Ut + g1)(tn + 8)9 dx
- /F (v —g2)(tn +5)¥ do) ds

+ /Q(Klut(tn) — Kiw(tn +1))¢ dx]
=0.

This proves (iii). Since w(u) is compact, then there exists a finite family
of open balls B(¢;,0;) covering w(u), where ¢; € w(u) and o; > 0 is
such that |E(¢) — Ex| < 1 for every ¢ € B(¢;,0;). By Proposition 6,
and for all 7, there exist constants 6; and §; such that

|E() = Eoo|'™% < Bi E' ()],

then there

for every ¥ € B(¢;,0;). Since lim;_, o dist (u(t),w(u)) = 0,
t > T. Choosing

exists T > 0 such that u(t) € |JB(¢i,0;) for all
B =sup B;, 8 = inff;, we obtain (iv). O
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After the previous preparation, we are ready to prove Theorem 7.

Proof of Theorem 7. Let Wy(t) : RT — R be the function defined by
Wo(t) = G(t) — Euo + (B (u(t)), Kiug)s  (t > 0).

Then, by (T3) and (T4), we have

d d
EWO(” = %G(t) +e(E" (u)ug, Kiug)s + (B (u), Kiug)«
k boo y
(62 < Dl ~ 2 ol ~ Ja ol

+e(E" (u)us, Kiug)s + (B’ (u), —E'(u) — Koug — v
+ 91(t) + g2(t))-
In order to estimate the term (E" (u)us, K1ug)« let L : HY(Q) — H*(Q2)’

be the linear operator associated with the inner product on the space
HY(Q):

(63)  (Lu,v)mr(y,m1 Q) = (U, v)51(0) :/Vqudx—i—/uuvdo,
Q r

and let K = L™1. We equip H'(Q2)’ with the inner product:

(91,92)« = (Kg1, Kg2)m (), 91, g2 € H(Q)'.

Note that Ko E”(v) € L(H(Q2)). Moreover, by (63) and the definition
of E, for all u € HY(Q2), v € HY(Q), we have

KoE'"(uyv=v+ L' (%(aj,u)v)

From this, the growth assumption on f and the Sobolev embedding
theorem, it is not difficult to deduce that the operator K o E”(v)
extends to a bounded linear operator on L%(Q) for every v € HY(Q),
and KoE" : HY(Q) — L(L*(92)) maps bounded sets into bounded sets.

In addition, for all u € L?(Q), v € H'(2)’, we have

(u,v) = (Ku, Kv) g1 (o) = (LKu, Kv) g1 (), 11 (0)
= (U,KU)H1(Q)/7H1(Q) = (U,KU)Q.
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Then:
(B (u)ug, Kiug) e = (K o B (w)ug, K1ug)o
(64) <K o E" ()]l £ez2(e)) 1K1l Lo () [l ue]|3
<C HUtHg

Also, by the Cauchy-Schwarz inequality:
(65) (E'(u), —E'(u) — Kaue — v + g1(t) + g2(t))-
<~ IB @) + O (3
+ ol + g @3 + lg2 () 17).-
Combining (62)—(65) and choosing € > 0 small enough, we obtain

d
(66) = W(t) < =C(lluell3 + 1" @)1+ ol + ax Jlollz) (¢ >0),

where W : RT — R is the energy given by

L 1/2
W(t) = 51 K1 w3 + B(w) — Bx

1
+ 0 [[ollf = (g2, @ x )r + (B (u(t), Krue).

(67) (g -c) [l

+(d—C) /tm(lgz(S)II% +lg5()IIE) ds,

and C. < inf{(1/2ko),d}. Thus, the function W is nonincreasing and
limy—, 0 W(t) = 0. Tt follows that W (t) > 0 for all ¢ € R*. If there
exists a To > 0 such that W (Tp) = 0, then W (¢) = 0 for all ¢ > Tp.
Therefore, by inequality (66), u; = 0 for all ¢ > Ty, and the function u
is constant for ¢t > Tp, that is, u(t) = ¢ for t > Ty. In this case, there
remains nothing to prove. We may therefore suppose in the following
that W (t) is strictly positive on R*.

Now, Let 0 be as in Lemma 14 (iv), and let 6y € (0, 0] be such that

(68) (14+6)(1—6p) >1,
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that is, 6p < 6/(1 4 0). Note that (61) is satisfied with 6 replaced by
0. Using Young’s inequality, we deduce from the definition of W and
Lemma 9 that, for every t > 0,

Wiy < IRl + s 3"
+ B (u) — Eoo| %) + | g2(t)[|r + (a ||v(t)||2)§1_9°)/(200)
[eS) 1-6
([ U@ + e} lheR )
[ K5+ ||E’<u)|l*}'

On the other hand, by assertions (i) and (iv) from Lemma 14, there
exists T > 0 such that, for all ¢ > T, we have

QI uls + [ Kulls + (ax Jo@)2)3} <1
and

|B(u(t)) = Boo|' ™" < Bl B (u(t))]+-
Using this, (G2') and the fact that 2(1 — 6y) > 1 and (1 —6y)/6p > 1,
we obtain, for all t > T,

W= < C{IIUtllz + (ax [lo@®) )2 + 1B (w)]l«

(69)
+ lg2()Ir + (1 + t)—<1+6>(1—00>}.

Combining the last inequality and (66), we obtain
(10) — LW
d
= —90W(t)90*1EW(t)
- C(lluell3 + IE" @)IIZ + [0l +ax [[v]})
= uellz + (a* [[o(@)[7)Y2 + 1B (u)ll« + llg2(t) e + (1 + ¢) =0 1=b0)
> C(Jluellz + o)l + (ax Jo@®[F) + £ (u)].)
— C(lga®)llr + (1 +H)~FD=0),
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From this and the fact that the term —(d/dt)W ()% + C(||g2(t)|r +
(1 + )~ (49 A=60)) ig integrable on [T, +00), we obtain that [u|o
is integrable on [T, +00), which implies that lim¢_, u(t,-) exists in
L?(Q). By the relative compactness of the range of u in H* (),
limg o0 u(t, ) exists in H'(Q). This is the claim. o

Proof of Theorem 8. The following lemma is used in the proof of the
convergence rate to equilibrium. Its proof can be found in [4].

Lemma 15. Let ¢ € WEY(RT,RY). We suppose that there exist

loc

constants K1 >0, Ko >0, k > 1 and A > 0 such that, for almost every
t >0, we have
() + K < Ko(1+6)7

Then there exists a positive constant m such that

1 A
< L =1 _ = ).
) <m(l4+t)7", wherev mf{k—l’k}

In order to prove Theorem 8, we proceed in two steps.

Step 1 (Polynomial decay). First, we note that the inequalities (69)
and (70) are satisfied when 6y is replaced by the initial exponent 6 given
by Lemma 14 (iv). By using (69) together with Young’s inequality, we
obtain for every t € [T, oo],

W()*0=" < C{IIUtII% + (ax Jo@®F) + 1B (u)]2

(71)
+ g2 (D17 + (1 + t)*2(1+5)(1—9)}.

Using this, (G2) and (66), we obtain the following differential inequality
for every t > T

(72) C%W(t) + W ()20 < O(1 + )~204+0)(1-0)

Then we may apply Lemma 15 in order to obtain

(73) W(t) <CA+1)77,
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where v = inf{1/(1 — 26),1 + §}. By again using (66), we have

~SW () > Clu )3

Integrating this inequality over [t,2t] (¢t > T') and using (73), we obtain

2t
/‘wmw@wsca+wﬂ
t

Note that for every t € R,

2t 2t 1/2
/ wwaw<#ﬂ(l WMﬁ@w) .

It follows that
2t
/ lus(s)]l2ds < C(14+1)E=1/2 for every t > T.
¢

Therefore, we obtain for every t > T,

2k+1

/Hmnm<2/ e (3)]]2 ds
t

< 02(2’%)@*7)/2 < O(1+ )=/,
k=0

Then, for all ¢t > T,

lu(t) = oll2 < /too lur(s)ll2ds < C(1+)7¢

. 0 9
where £ = mf{l_—zo, 5}

Step 2 (Exzponential decay). Suppose that g1 = 0 and g2 = 0. Then

(72) becomes
d
—=W(t) > CW ()?1=9),
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Since W(t) > 0, for sufficiently large times ¢, we obtain from this
inequality that

{ (=1/(1 = 20))(d/dt)W (t)~1=20) < —C if 6 € (0,(1/2)),
(d/dt)(In W (t)) < —C if o =1/2.

Hence, integrating these differential inequalities, we obtain that there
exists a constant C' > 0 such that, for every large ¢ > 0,

{ W(t) <C+t)~/0=20) if g € (0,(1/2)),

(74) W(t) < Ce ¢t if 0 =1/2.

Note that the inequality (70) (when g; = g2 = 0) implies, for every
s>T,

d
—EW(UG > Cllut(t)]l2-

Integrating this inequality on the interval [t,00) (t > T'), we obtain
Ju() — olla < [ la(s) 2 ds < CW (o).
¢

This inequality together with inequality (74) implies the claim. O
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