JOURNAL OF INTEGRAL EQUATIONS
AND APPLICATIONS
Volume 25, Number 4, Winter 2013

MODIFIED PROJECTION AND THE
ITERATED MODIFIED PROJECTION METHODS
FOR NONLINEAR INTEGRAL EQUATIONS

LAURENCE GRAMMONT, REKHA P. KULKARNI AND PAULO B. VASCONCELOS

Communicated by Kendall Atkinson

ABSTRACT. Consider a nonlinear operator equation x —
K(z) = f, where K is a Urysohn integral operator with
a smooth kernel. Using the orthogonal projection onto a
space of discontinuous piecewise polynomials of degree < r,
previous authors have established an order r 4+ 1 convergence
for the Galerkin solution and 2r + 2 for the iterated Galerkin
solution. Equivalent results have also been established for
the interpolatory projection at Gauss points. In this paper,
a modified projection method is shown to have convergence
of order 3r 4+ 3 and one step of iteration is shown to improve
the order of convergence to 4r + 4. The size of the system of
equations that must be solved, in implementing this method,
remains the same as for the Galerkin method.

1. Introduction. Let X be a complex Banach space and K a
nonlinear compact operator defined on a non empty open subset O of
X. For f € X, we are interested in a solution of

(1.1) x—K(z)=f.
We assume that the above equation has a unique solution ¢ in O.

Let X,, be a sequence of finite-dimensional approximating subspaces
of X, and let m, be a sequence of projections from X to X,,. If X is a
Hilbert space and m, is the orthogonal projection from X to X, then
in the classical Galerkin method, (1.1) is approximated by

‘Pg - WnK(‘PS) =T f.
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If 7, is an interpolatory projection, then the collocation solution ¢ is
obtained by solving

‘Pg - WnK(‘Prc;) =T f.

The above projection methods have been studied extensively in the
research literature. See Krasnoselsii [9], Krasnoselskii, et al. [10] and
Krasnoselskii and Zabreiko [11].

The iterated Galerkin solution is defined by

oh = K(¢S) + f,

and the iterated collocation solution is defined in a similar fashion. The
iterated projection methods are analyzed in [4].

In [7, 8], the following modified projection method is proposed:

(1.2) o — K (en') =,
where
(1.3) KM(z) = 1,K(2) + K (mpx) — 1, K (m,2), x € O.

It is a generalization of the modified projection method in the linear
case, which was proposed in [12].

As in the case of the iterated Galerkin method, we perform one step
of iteration and define the iterated modified projection solution as

o = K(e)) + f.

In this paper we consider K to be a Urysohn integral operator. For
r > 0, let X,, be a space of piecewise polynomials of degree < r
with respect to a quasi-uniform partition of [0,1]. Let h denote the
length of the largest subinterval of the partition. The projection 7,
with range X,, is chosen either to be the orthogonal projection or an
interpolatory projection, defined on an appropriate space. If the kernel
of the Urysohn integral operator K is sufficiently smooth, then in the
case of orthogonal projection as well as in the case of the interpolatory
projection at the Gauss points, we show that

len" = ¢l = O(R*?)
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and

187" = ¢lloc = O(RY ).
These estimates are to be compared with the following orders of
convergence proved in [4]:

(1.4)

leg = @lle = O™, 05 = @llec = O(R™),
(1.5)

s = @lloc = O(R*"2).

They have, in fact, obtained the error estimates for the iterated projec-
tion methods in a more general setting of a Urysohn integral operator
with Green’s function type kernel.

As in the case of linear operators, the size of the system of equations
that needs to be solved in order to compute ¢} remains the same as
in the case of the projection method.

In the case of an interpolatory projection with collocation points
which are not Gauss points, we show that

len’ = ¢lloo = O(R**2).
The corresponding orders of convergence in the collocation as well as
the iterated collocation methods are r + 1.

For §p > 0, let
B(p,d0) = {¥ € X : o = ¥lloo < do}-

For future reference, we describe below a result from Grammont [7].

Let Y be a closed subspace of the Banach space X, and let the range
of K be contained in Y. Let K be Fréchet differentiable on O and the
Fréchet derivative of K, denoted by K’, Lipschitz continuous. Let m,
be a sequence of projections such that 7,y - yasn — oo,y €Y.

Theorem 1.1 [7]. Suppose that ¢ € O is the unique solution of (1.1)
with f =0 and that 1 is not an eigenvalue of K'(p). Then there exists
a neighborhood B(p,d0) of ¢ which contains, for all n large enough, a
unique solution M of (1.2). In addition,

2
go‘n < H‘quy = ¢lloo < 20,



484 L. GRAMMONT, R.P. KULKARNI AND P.B. VASCONCELOS

where oy, = ||(I — (KM)'(¢)) Y (K () — KM ()| is a sequence con-
verging to zero. Also,
an

——— —0 asn— oo.
17 — @lloo

Note that ¢ exhibits superconvergence, which is not always the case
in the iterated collocation method.

The paper has been arranged in the following way. In Section 2 the
notations are set and orders of convergence in the modified projection
method with the orthogonal projection as well as the interpolatory
projections are obtained. In Section 3 the projection is chosen to
be either the orthogonal projection or the interpolatory projection at
Gauss points, and the orders of convergence in the iterated modified
projection are proved. Section 4 is devoted to the implementation
details and numerical results are given in Section 5.

2. Modified projection method. Let X = L°°[0, 1], and consider
a Urysohn integral operator

K(2)(s) :/0 K(s,t2(t)) dt, s €0,1], z € X,

where the kernel x(s,t,u) is a real valued continuous function. Let ¢
be the unique solution of (1.1), and let a and b be real numbers such
that

i , C (a,b).
[Sgﬁ]sﬂ(S) Sgl[gﬁ]so( s)] C (a,b)

Define
Q=10,1] x [0,1] x [a, b].

Let a > 1. For x € C*[0, 1], we define

[Zlla,00 = ZHx l)”om

where 2(9 denotes the ith derivative of z. Assume that

keCQ) and % € C*(Q).
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Then K is a compact operator from L°°[0,1] to C<[0,1]. As in
Section 1, we assume that (1.1) has a unique solution ¢. We also
assume that f € C*[0,1]. Then, since

the solution ¢ of the above equation belongs to C*[0, 1].
The operator K is Fréchet differentiable and the Fréchet derivative
is given by

1
(K’(x)h)(s):/o %(s,t,x(t))h(t)dt.

Since by assumption,

oK 20
% eC (Q)a

it follows that K is Lipschitz continuous in a neighborhood B(y, §o) of
@, that is, there exists a constant v such that

1) K@) - K@) <1l -2l € Blp,8).
The operator K'(y) is compact. Assume that 1 is not an eigenvalue of
K'(¢).

Let

(2.2) 0=t" <t™ <... <t =1

be a quasi-uniform partition of [0,1]. For r > 0, let X,, denote the
space of piecewise polynomials of degree < r with respect to the above

partition. For simplicity, we drop the index n and write tE") = t;,
1=0,1,...,n. Let

h=max{t, —t;—1: i=1,...,n} and B= min{a,r+1}.

We consider two types of projections from L*°[0,1] to X,.

1. The map m, is the restriction to L*°[0,1] of the orthogonal
projection from L?[0,1] to X,,.

2. Choose r + 1 distinct points in each of the subinterval [t;_1,1,],
1=1,2,... ,n.



486 L. GRAMMONT, R.P. KULKARNI AND P.B. VASCONCELOS

Let 7, : C[0,1] — X,, be the map which interpolates a given function at
(r+ 1)n points in [0, 1]. This map, if necessary, is extended to L*°[0, 1]
as in Atkinson et al. [3] and then m, : L>[0, 1] — X, is a projection.
In both cases,
™Y I Y, Y € C[Ov 1]7

and, for z € C?[0,1],

(2.3) lz = mnelloo < Cul|zch”,

where C is a constant independent of n.

Thus, Theorem 1.1 is applicable with f # 0, and there exists a
neighborhood B(yp, dy) of ¢, which contains, for all n large enough,
a unique solution M of (1.2).

The following result will be used in obtaining the order of convergence

of oM to .

Lemma 2.1. Let X, be the space of piecewise polynomials of
degree < r with respect to the partition (2.2), and let 7, be either the
restriction to L>°[0,1] of the orthogonal projection from L*0,1] to X,
or an interpolatory projection from L*°[0,1] to X,,. Then

1T = 7a) [K (M) = K () = K'(9) (Mg = 9)] lloo = O(R™).

Proof. Since by assumption,

% € C?(Q) with a > 1,

it follows that for v,w € L*>°[0, 1],

1 92
o’k
K'(@)ew)(s) = [ St o) otyue e
The norm of the bilinear operator K" () is defined as follows:

K" (D)l = sup —[|K7 () (v, W) oo
Iolloe 1wl <1
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If v € B(p,dp), then by Taylor’s generalized theorem,

(24) K(e+v)(s) = K(p)(s) = K'(¢)v(s)
1

= | (1 =0)(K"(p+0v) v*)(s)dp

Define

(Q)(s) = (K" (4 0002)(5) = [ S (sut.0(0) +00(0) v 00 .

Then .
(R0 = [ (1= 0)(Quv)(s)db.
Since 9
Em € C’QO‘(Q),

it follows that Qgv, and hence Rv, belong to C?*~1[0,1] ¢ C“[0,1].
We have

L gB+2p
) B (5) = — (s v v?
Q) (s) = | 5 (s tlt) + 0u(®) (1) d

and .
(Ro)P(s) = [ (1= 0)(@00) " (5) b,
0
Let 9542
= 2" (s, t,u).
C s,]éré?b},(l] 0s80u? (5, ,u)
[ul<[l¢lloo+3d0
Then
1(Qov) P |oe < Calv]|Z,
and

C
(2.5) I(Bo) o < 72||U||?>o'
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Since by (2.3)
(I = 7n) Rol| o < Cull(R0)P|och?,

it follows that
4 Cg

(T = ) Rofloe < == lvll3h".

Since my — y, y € C[0,1], for n 1arge enough, 0 — ¢ € B(g,dp).
Hence,

C.C
(I = 7) R(Tnp — @)oo < —=—2lmnip — 0|2 1P
Since ¢ € C*[0,1], by (2.3),
I = 7)¢lloo < Cillo® ||oh®.

Thus,

10 = 70) (K () ~ K () ~ K@) o — )]l
= (T = m)Rn — )l
< A% oz s

which completes the proof. O

2.1. Orthogonal projection. In this section we consider m, :
L*°[0,1] — X,, to be the restriction of the orthogonal projection from
L?[0,1] to X,, and obtain an error estimate for the approximate solution
in the modified projection method. We first prove a preliminary result.

Lemma 2.2. For a > 1, let K € C%(Q), & & e C*(Q) and
f € C*0,1]. Let ¢ be the unique solution of (1.1). Then

17 = 1) K" () (T = @)oo = O (h*7).

Proof. Note that, for v € L*°[0, 1],

! = 1%5 v = 1 s.t)wv
o Ko = / 0% (5ot plt)) o) di = / (s, 1) o) dt

€ [0,1],
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with 9%
(s, t) = —(s,t,0(1)).
(5,) = 5~ (5,8, 9(t))
Since 25 € C2%(Q), it follows that
K'(p)v € C?*([0,1]).

Hence, by (2.3),

@1 =) (K () )l < Cull (K (2)0) .
Now

1 98+1

(K o)? (9= [ 2 s ooy i
(2.8) 0
:/ q(s,t) v(t) dt,

0

with

P
q(S,t): M(S,t,(ﬁ(t)), s,tE [07 1]

For a fixed s € [0, 1], define

qs(t) = q(s,t), te]0,1].
Then, as 8 = min{a, r + 1},

gs € C?*7P[0,1] € C*[o, 1].

Using the fact that m,, is the restriction to L>°[0, 1] of the orthogonal
projection from L?[0,1] to X,,, we obtain

(K () (g — ) (s) = / a(5.1) (mup — ) (8) dt

0
= <qs, (7rn - I)(p>
= —<(7Tn — I)QS; (ﬂ-n - I)(,O>
Let
625+1k.

Cs = dsPatBoN

max
s,t€[0,1]

(s t.(0)|
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Then
[(70n = D)gslloo < C1ll(gs)[loch® < (C1 Cs) 1P

Since ¢ € C*[0,1],

(70 = Dplloo < Clle'? ook,

Thus, for each s € [0,1],

|(K'(9) (7 — 0)') ()] < C2C3]1 0P| ok,
and hence

1 (@) (ne = ) Jloo < CF Cs |01 0h?.
From (2.7), we then obtain
(I = 1) K (2) (T — D)oo < Cull (K (@) (mnp — )P |l och?
< 7 O3 |90 b7,

which proves the result. ]

Theorem 2.3. For o > 1, let k € C%(12),

% €C?*(Q) and feC0,1].

Let ¢ be the unique solution of (1.1), and assume that 1 is not an
eigenvalue of K'(p). Let X, be the space of piecewise polynomials of
degree < r with respect to the partition (2.2) and 7, : L>°[0,1] — X,
the restriction of the orthogonal projection from L%[0,1] to X,,. Let ¢
be the unique solution of (1.2) in B(p,d0). Then

(2.9) len" — ¢l = O(R?).

Proof. By assumption, I — K'(¢p) is invertible. From (1.3),

(KM (p) = mnK'(0) + (I — mp) K' (0 0) .
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Hence,
K'(0)~(K") (@)= (I =) K (9)(I=m00) + (I=10 ) (K" (0) =K' (0 0) )5

Since 7, — I pointwise on C[0,1] and K'(¢) : L*°[0,1] — C0,1] is
compact, it follows that

(I —m)K' ()| — 0 as n — oo.
By (2.1),
1K () = K (mn )l <7l = mnplloc —> 0 as n— oo.
Thus, since the sequence (||7,||) is uniformly bounded,
1K (0) = (1) (@) — 0 as n— oo

It follows that, for all n large enough, I — (KM

n

I = (BT (@) M < 20 = K" ().

By [7, Theorem 1.1], we have

) () is invertible and

lon’ = @lloo < 2am,

where

an = (I = (K1) (0) 7" [K(9) = K3 (0)] Il
= I = (K1) ()7 (U = m) (K () = K (100)] |l oo-

Hence,

(2.10) llgn' ¢l < 4NUT=K"(@) 7 I = m0) (K () = K (10 0)) || o-

Consider

(211) (I = m0)(K () — K(mnp))
= —(I =) [K(mnp) = K(p) = K'(9)(Tnp — ¢)]
- (I - Wn)KI(‘P)(T"n‘P - ‘P)-
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By Lemma 2.1,

(I = m) [K (m00) = K () = K'(¢) (00 = 9)] | = O(h*7)

and by Lemma 2.2,

I = m) K () (T = @)lloc = O(R*?).

Combining (2.10), (2.11) and the above two estimates, we obtain the
desired result. O

2.2. Interpolatory projection. Let 79, 71,...,7 be r+ 1 distinct
points in [—1,1]. Consider the partition (2.2) of [0,1] and, for i =
1,...,n, define a function

1—-t 1+1¢

i(t) = i ti, t —1,1].
fi(t) 5 1+ 5 €] ]

Then f; : [-1,1] — [t;—1,t;] is a one-to-one, onto and affine map. Let
S={r,=fi(r), i=1,...,n, j=0,1,... 71}

be the set of collocation points and =, : C[0,1] — X,, defined by
(mnx)(1ij) =x(rj), t=1,...,n, 5=0,1,...,r

If o = —1 and 7. = 1, then 7,z is continuous, and we can choose
X,, to be the space of continuous piecewise polynomials of degree
< r with respect to the partition (2.2). Thus, X,, C C[0,1] and
7 : C[0,1] — X, is a projection.

Otherwise, since 7, is not necessarily continuous, we need to choose
X, to be the space of discontinuous piecewise polynomials of degree < r
with respect to the partition (2.2). In this case, X,, C L*°[0, 1], and we
extend 7, to L*[0, 1] so that m, : L>°[0,1] — X, is a projection. (See
Atkinson et al. [3].)

Theorem 2.4. For a > 1, let k € C*(Q)), % € C**(Q) and
f € C¥[0,1]. Let ¢ be the unique solution of (1.1), and assume that
1 is not an eigenvalue of K'(p). Let X, be the space of piecewise

polynomials of degree < r with respect to the partition (2.2), and let



MODIFIED PROJECTION METHODS 493

7+ L®[0,1] — X, be an interpolatory projection. Let @M be the
unique solution of (1.2) in B(p,d0). Then

(2.12) len' — @l = O(R*7).

Proof. Recall from (2.10) that

(213) llgn" = wlloo < 47— K"(9)) M 1 =) (K (9) = K (70 0)) || o-

As before, we write

(I —m)(K(p) — K(mny))
= —(I —m) [K(mnp) — K(p) = K'(¢) (g — ¢)]
— (I =) K" (@) (mntp — ).

By Lemma 2.1, we have
(2.14) (I — 1) [K (1) — K () — K'() (00 — )] o = O(h*P).
On the other hand, by (2.3)

(I = ) K" (9) (T — ) oo < Cull (K" (@) (g — )P [|ooh®.

Recall from (2.8) that

1
(K () (mnp — )P (s) = / 4(5, 1) (mnp — ©)(8) dt.

Hence,
(2.15)

1 (@) (mne = ) lloo < llalloollmne — @llos < Ctllalloolle™® lloh?.
Thus,

I(I = m) K" (@) (0 = #)lloo < (C1)*[lalloollg"? [loch? .
From (2.13), (2.14) and the above estimate, we obtain

lep" = ¢l = O(r*).
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Remark 2.5. It is known that in the present case the error in the
collocation method is of the order of 5 and one step of iteration does not
improve this order of convergence. (See [4].) However, the above result
shows that the error in the modified projection method is of the order
of 23, and thus the approximate solution in the modified projection
improves upon the approximate solutions in the collocation/iterated
collocation methods.

We now consider the collocation at the Gauss points. Choose
T0,T1,---, 7 in [—1,1] to be the zeroes of the Legendre polynomial
of degree r + 1, and let

{TiJ:fi(Tj), izl,...,n,j:(),l,...,r}

be the set of collocation points. Let X,, be the space of discontinuous
piecewise polynomials of degree < r with respect to the partition (2.2),
and let 7, : C[0,1] — X,, be defined by

(mnx)(1ij) =x(rj), t=1,...,n, 5=0,1,...,r

We quote the following estimate of de Boor and Swartz [6]: For
x € CP[0,1] and y € C?7[0, 1],

1
(2.16) ‘/O (t)(I = ma)y(t) dt| < Calllp.oollyll 26,0007,

where Cy is a constant independent of h.

In the present case we need to make the following stronger assump-
tions:

0
K, € C?(Q) and f e C20,1].
ou
Then ¢ € C??[0,1]. Using estimate (2.16), we can improve the order
of convergence 8 in (2.15) to 28 and obtain the following improved

estimate.

Theorem 2.6. For o> 1, let s, 25 € C?%(Q) and f € C**[0,1]. Let
@ be the unique solution of (1.1), and assume that 1 is not an eigenvalue
of K'(¢). Let X,, be the space of piecewise polynomials of degree < r
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with respect to the partition (2.2), and let m, : L*°[0,1] — X,, be the
interpolatory projection at r + 1 Gauss points. Let oM be the unique
solution of (1.2) in B(p,d0). Then

(2.17) len" = ¢l = O(R?).

Proof. From (2.10)

len" = @lloe < 411 =K' () HHIT = ) (K () = K (m00))lloo
<A = K" (@) I =)
x [K(mne) = K(p) = K'(9)(mn — @)] [l
+A(I = K'(0)) T = 70) K () (M@ = 9) | o-

Note that estimate (2.14) is still valid, and we have

-K
-K

1T = 7a) [K (M) = K () = K'(9) (Mg = 9)] lloo = O(h™).

By (2.3),

I = 7) K (9) (T — @)oo < Call (K () (mnip — ©))® [loch”.

From (2.8),
1 98+1
(e =) () = [ S s, 60) (i~ )0 .
Let
B

G =2 max

m(sa t, (1))

OB+t ‘

For s € [0,1], using estimate (2.16), we obtain

|(K" (@) = ) (3)] < Ca C lpllap,ooh®.
Hence,

(I — Wn)KI(SD)(WnQD —9)llc £C1C4C5 ||90||2B,ooh367
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and it follows that

len” = ¢lle = O(*). o

Remark 2.7. In the case when the kernel of K is sufficiently smooth,
that is, & > r 4+ 1, we have

B =min{a,r+1} =r+ 1.
Hence, we obtain the following estimates. If ,, is either the orthogonal
projection or the interpolatory projection at Gauss points, then by
Theorem 2.3 and by Theorem 2.6, respectively,
(2.18) len' — @lloc = O(R73),

whereas if the collocation points are not the Gauss points, then by
Theorem 2.4,

(2.19) lep" = ¢l = O(R**2).

3. Improvement by iteration. Let ¢/

(1.2) in B(¢g, dp), that is,

be the unique solution of

on — KM (e} = f.

Define

(3.1) o =K(g)) + f.

If m, is either the orthogonal projection or the interpolatory projection
at the Gauss points, then we show that this one step of iteration
improves the order of convergence from 34 to 48.

Throughout this section, we make the following assumptions.

Let X,, be the space of piecewise polynomials of degree < r with
respect to the partition (2.2).
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If 7, is the orthogonal projection onto X,,, then we assume that

neC“(Q),%eCQO‘(Q) and f € C?[0,1].

On the other hand, if 7, is the interpolatory projection at Gauss points,
then we assume that

Ok 2c 20
i e C*(Q) and feC*¥0,1].

We first prove some preliminary results.

Lemma 3.1. Let m, be either the orthogonal projection or the
interpolatory projection at r + 1 Gauss points with the range equal to
X,,. Then
(3.2)

K (@) = ) [K (700) = K () = K'(9) (T — 9] llo0 = O(h*?).

Proof. Let

zn = K(mnp) — K(p) = K'(9)(mnip — @).

From (2.6),

K'(0)(I — mp)wn(s) :/0 (s, t)(I — mp)zpn (t) dt, s €0,1],

where 9%
L(s,t) = %(s,t, o(t)).
For a fixed s € [0, 1], let
ls(t) = L(s,t), te]o,1].
If 7, is the orthogonal projection, then

K'(©)(I — m0p)an(s) = (ls, (I — mn) )
(I = mp)lsy (I — 70)Ty).
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Hence, using (2.3), we obtain
1K () = m)an(s)] < (CO (1) Pl (20) P Nloch®, s € [0,1].

Let

oy
Co = nax 0, 5 b))
Then
1(16) |0 < Cé
and

1K' (9)(I = mn)zalloo < (C1)*Coll ()P ook

Recall from (2.4) that for n large enough,

Ty = K(mnp) — K(p) = K'(¢)(Tnp — @) = R(mngp — ¢).

From (2.5) we obtain

C
1(20) P Nloo = [(R(map — )Pl < 72||7Tn§0 — ol

Thus,

(C1)2Cy
(@) |os < THSD(B)HgthB

and (A0
|E (@) = m)anllos < 2220 2 008,

which proves (3.2) in the case of the orthogonal projection.

If 7, is the interpolatory projection at 4+ 1 Gauss points, then using
(2.16) we obtain

/01 (s, 0)(I = 7)) (2) dt'

h28.

K (0)(I = mn)an(s)| =

(3.3)
< C4||ZS||B,OO||xn||2B,oo

Let

M(Sv t, )

B .
1k
Cr = jgo 572?351] '
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Then, for s € [0, 1],
(3.4) lsllg,00 < Cr.
It can easily be checked that

2B
[Znll28,00 = Z ”(xn)(]) oo

) —Zn (Mo — )P

8
< —|lme —oll2

2
Ch)°C
<OV oz s,

where 25
92
Cys = -
87 Z s?é?o 1] ‘&sﬂazﬂ
=0 )<l ]| o +30
Combining (3.3), (3.4) and (3.5), we obtain

(O oz oo,

(s,t,u)|.

which completes the proof. O

Lemma 3.2. Let m, be either the orthogonal projection or the
interpolatory projection at r + 1 Gauss points with the range equal to
X.. Then

15 (¢) [K () = K3 (9)] l|loo = O(R*7).

Proof. Since by definition
Krjzw(@) = mn K (p) + K(Tnp) — mn K (mnp),
we have
K(p) — K (9) = (I = mn) (K (¢) — K (mng))
= —(I —m) [K(mnp) = K(p) = K'(0) (M — )]
- (I - Wn)KI(‘P)(T"n‘P - ).
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Hence,

1K () [K () = K3 (#)] Nl
<K' ()T = 70) [K () = K(9) = K'(9) (T = 9)] lloo
K (@) = m) K'(0) (T = )l o

By Lemma 3.1,
15" (0)(I = m0) [K () — K () = K'(9) (0 — ¢)] l|loo = O(R"7).

Note that K'(¢) is a linear integral operator with a kernel ¢ €
C?*(]0,1] x [0,1]). In the case of orthogonal projection, by estimate
(4.6) of [12, Proposition 4.2], we obtain

1K (0)(I = 1) K' () (T = 9) |00 = O(h*7).

In the case of the interpolatory projection at Gauss points, the above
estimate is obtained from [12, Proposition 4.4]. Hence,

IK'(¢) [K () = K3 ()]l = O(R*),

which completes the proof. ]

Lemma 3.3. Let w, be either the orthogonal projection or the

interpolatory projection at r + 1 Gauss points with the range equal to
X,,. Then

I (0n") = K (@) = (K (9) (e’ = @)l = O(R).

Proof. If v € B(p,dp), then by Taylor’s generalized theorem,
K3 (o +0)(s) = K () (s) = (K1) (9)v(s)

:/0 (1 - 0) (KM)" (0 + 0v) v?) (s) do.

(3.6) KA (0n) = Kn' () = (K3)) (@) (@n' = 9)lloo

1
< = M1 M _ M _ 2 .
< 5 gmax [(K0) (e +0(on —@)lllen — elis
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Note that, since 7, is a linear map,
(KD (@) = 1 K" () + (I = m0) K" (mn ) (0 @ ),
where m, @ m, : X x X — X x X is defined as

(T, ® 70 ) (v, W) = (700, TRW).

Let )
0°k
Co = 5,2?5,(1] w(s,t,u) .
lu|<[l¢]loo+80
Then, since
K"(p+0(23" — 9))(v,w)(s)
1 an M
=, 92 (51 e(t) + (0" (1) — (1)) v(t)w(t) dt,

it follows that, for 0 < 6 < 1 and for n large enough,
1K (¢ +0(n" = @)l < Co.
In a similar manner, for 0 < 6 <1 and for n large enough,
1" (Mg + 0(mngp’ — mg))| < Co.
Since the sequence (||7,,||) is uniformly bounded, it follows that

KM " M <
max [ (9 + (3! = @) < Cro,
where C}g is a constant independent of n.

By Theorem 2.3 in the case of the orthogonal projection and by
Theorem 2.6 in the case of the interpolatory projection at Gauss points,
we have

oA = ¢lloe = O(h*),

and thus the desired result follows from (3.6). O
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Lemma 3.4. Let m, be either the orthogonal projection or the
interpolatory projection at r + 1 Gauss points with the range equal to
X.. Then

(37 K @(EY) () = K'(0)(@ = ¢n'llo = O(h*).

Proof. Note that

E'(0)(E") () = K'(9))
= —K'(o)(I = mn)K' (@) + K'(@)(I — mn) K' (70 0) .

If 7, is the orthogonal projection, then by [13, Theorem 4.1}, we obtain
(3.8) K" ()T = m) K' ()]l = O(h*).

In the case of the interpolatory projection, the above estimate is
obtained by appealing to [13, Theorem 4.2]. On the other hand,

Kl(‘ﬂ)(j - WH)K/(Wn‘P)Wn
= K'()(I = mn) (K (Tnp) = K'(0))mn + K' () (I — mn) K' (@) 5.

Since, by (2.1),
1K () = K'(0)] < 7 llmnp = @lloe < 7 Clle@ | och?,
and ||m,|| are uniformly bounded, it follows that
(3.9) 1K (0)(I = o) (K" (Tnp) — K ()7l = O(A?).
Using (3.8) and (3.9) we obtain
1K (0) (K1) () = K/ ()| = O(h7).
By Theorem 2.3 in the case of the orthogonal projection and by

Theorem 2.6 in the case of the interpolatory projection at Gauss points,
we have

lep" = @l = O(h*?).
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Hence,

1K (@) (K" (9) = K' () (¢ = 93l

< IK/() (K () = K (@Dl = o 1
= 0(n*?),

which completes the proof. u]
Theorem 3.5. Let m, be either the orthogonal projection or the

interpolatory projection at v + 1 Gauss points. Let o > 1. In the case
of the orthogonal projection, assume that k € C*(2),

Ok

i 20
€ 0@

and f € C*[0,1]. In the case of the interpolatory projection at Gauss
points, assume that

i 20
5 5 e C**(Q)

and f € C?*[0,1]. Let ¢ be the unique solution of (1.1) and ¢ the
unique solution of (1.2) in B(p,d0). Assume that 1 is not an eigenvalue
of K'(¢). Then

(3.10) 187" — @lloc = O(h™).

Proof. From (1.1) and (3.1), we obtain
on —p=K(en') - K(p).
Recall from (2.4) that, for n large enough,
(3.11) K(on') = K(9) = K'(9) (w0 = ¢) + Rlgy' = ¢)
with
(Rlen' —©))(s)

- / (1-0) (K" (9 + 6(o™ — 0)) (oM — 0)?) (s) b, s € [0,1].
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Then
IR(en" = @)lloo < T(II% — plloo)?.
Since by Theorem 2.3 in the case of the orthogonal projection and by
Theorem 2.6 in the case of the interpolatory projection at the Gauss
points,
len" = ¢l = O(R?),
it follows that
(3.12) IR(n" = @)lloc = O(R*).
Define
Bu(x) = ¢ — (I - K'(9)) ! [K(p) = K'(0)p — I () + K'(p)a] .
Then
B,(z) ==
= (I - K'(9)p — [K(p) - K'(p)p — K (x) + K'(p)z]
= - K'(p)
=ar-K)(z)=p-K(p) = [
Thus, pM is a fixed point of B, that is,

Bn(ey') = @b
Note that

on —¢=Baley) — ¢
= —(I=K'(9) 7" [K(¢) = K'(9)p — K (90") + K'(9)¢h'] .

Since K'(p) and (I — K'())~! commute, we obtain

K'(0)(en" =)
=—(I-K'(9))'K'(¢) [K(p) = K'(0)p — K} (o0") + K'(0)n' ] -
We write
K'(0)(en" =) = —(I = K'(9)) "K' (¢) [K(p) — K} (9)]
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By Lemma 3.2 the first term in the above expression is of the order
of h*3. By Lemma 3.3 the second term in the above expression is of
the order of h%’. Lastly, by Lemma 3.4, the third term in the above
expression is of the order of A*?. Thus

1K' (0)(en = ©)lee = O(h*).
Combining (3.11), (3.12) and the above estimate, we obtain
127" = ¢llee = 1K () = K (93l = O(h*?),

which completes the proof. O

Remark 3.6. In the case when the kernel of K is sufficiently smooth,
that is, & > r 4+ 1, we have

B =min{a,r +1} =r + 1,
and hence

(3.13) le = &3 lloo = O(A" ).

4. Implementation details. Let
dim (X,,) = N(n) = N.

Let {en,1,... ,en N} be an ordered basis of X, and {e}, ;,... e} v} the
adjoint basis, that is, for i, =1,... | N,

e s10t ) = 1 ifi=j,
g 0 ifis#j.

Let X = L?[0,1] or X = C[0,1] and 7, : X — X,, be the projection

defined by
N

TpX = Z(m,e;’;?j)en,j.

=1
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Let M be the solution of (1.2), and define
P = ﬂ'ngoflw .
Recall from (1.2) and (1.3) that

901];4 _ﬂ'nK(Sprj\L/[) _K(any)"‘wnkv(”n@r]\;[) =f.

Hence,
(I —=m)en = (I = ma) (K (%) + f)
and
Yo — K (pp') =m0 f,
that is,

Foly) =y —mnK(y + (I = m)(K(y) + f)) = mnf, y € Xon.
The Fréchet derivative of F), is given by
(Fn)' Wh =h—mpK'(y + (I = m) (K (y) + ) + (I = m) K' ().
Equation (4.1) is equivalent to
Fn(yn) =0,

and it is iteratively solved by applying the Newton-Kantorovich method.
Let %(10) be an initial approximation. The iterates ka)’ k=1,2...,
are defined as follows.

(4.2)
I = K (00 — iy K () (1 = ) K () Y

= Wn(K(‘Pst)) +f)— WnK/(<P1(1k))¢$Lk)
- WnK/(%(zk))(I - Wn)KI(¢S1k))¢7(1k)a

where

(4.3) o) = ) 4 (I — 7,) (K (P) + f).
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Since w,(lk) € X,, we can write

N

B =3 (@) Z 2®) (jen.s.

Jj=1

The system of equations (4.2) is then equivalent to the following system
of linear equations of size N:

(4.4) (I = AD — BP)alb+) = a®),
with

AP (6, 5) = (K" (5 )en j» €5 1),

B (i,5) = (K"(6) (I = ) K (5 )en €5 4),

dP (i) = (K (o) + f,e5.0) — (AP (6) — (BP ) (3),
i,j=1,...,N.

We now consider the system of equations obtained in the colloca-
tion/Galerkin method. Recall that

(Pg - WnK(QOS) = ﬂ-nf;

and hence ¢¢ € X,,. Define

Gu(y) =y —mK(y) —mf, yeXn,

and solve

Gr (%Cf )=0
iteratively by using the Newton-Kantorovich method. Let C,(lo) be an
initial approximation and the iterates ng) k=1,2,..., are as given
below.

(4.5) ¢{FHY) — i K¢ = (K (CP) + ) — mn K ()P

Let

N
E n 7 n] E yn en;]

Jj=1
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Then (4.5) is equivalent to the following system of linear equations of
size N.

(4.6) (I = Oyt =l

with
CF (i, 5) = (K' (¢ )en s €500,

r (@) = (K(P) + £,e5.) = (CPyP) (),
i,j=1,...,N.

Remark 4.1. A comparison of (4.4) and (4.6) shows that the latter
system is much simpler. Indeed, in the former it is necessary to
construct an additional matrix and the right hand side has an extra
term. From equation (4.3), it is seen that the computation of the
modified projection solution involves an iteration.

If the kernel is smooth enough and if m, is either the orthogonal
projection or the interpolatory projection at Gauss points, then by
(2.18),

len = ¢lloo = O(R?+?)

and by (3.13),
187" — @lloc = O(RTH).

Recall from (1.4) that
el = @lloc = O(™h), ¢l = ¢lloc = O(R™)

and by (1.5),
len = ¢lloc = O(R*"*2).

Thus, while the size of the system of equations to be solved remains
the same, the order of convergence 2r + 2 in the iterated colloca-
tion/Galerkin solution is improved to 3r + 3 in the modified projection
method, and one step of iteration further improves it to 4r + 4.

5. Numerical results. We illustrate the convergence results that
were obtained in Theorem 2.4, Theorem 2.6 and Theorem 3.5 by two
numerical examples.



MODIFIED PROJECTION METHODS 509

We consider X,, to be the space of piecewise constant or piecewise
linear functions with respect to the following uniform partition of [0, 1]:

1 2
(5.1) 0<-<2<.. <oy,
n n n

The projection , is chosen to be either an interpolatory projection or
the orthogonal projection. In the case of the interpolatory projection,
the collocation points are chosen to be the r + 1 Gauss points in each
subinterval of the above partition with » = 0 (midpoints) or r = 1. In
both the examples, since o = oo, it follows that 3 = r + 1. Hence, by
Theorems 2.6 and 3.5,
lp = @n'lloo = O¥™*2), o = @3 [loc = ORI,

Also, from [4, equation (7.3)],

lo = eCllee = O™), o = @il = OH*"+?).

5.1. Example 1. Consider the following Hammerstein integral
operator with a degenerate kernel:

1
(5.2) K(x)(S)Z/O pls)a(t)a®(t)dt, s €[0,1],

where
p(t) = cos(1lmt),  q(t) = sin(11mt).

Then K : L*°[0,1] — C0,1] is compact and
p—K(p)=Tf
has a unique solution for f € C[0,1]. We choose
f(s) = <1 - i) cos(llws), s€[0,1],
337

so that
o(s) = cos(llms), s€[0,1].
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The Fréchet derivative of K is given by
1
K'(2)h(s) = 2p(s) / dOz®hE) dt, he L1°0,1], s € [0,1].
0

For this very special example, it was possible to perform various
integrations exactly.

5.1.1. Collocation at Gauss points. For r = 0,1, let X,, be
the space of piecewise polynomials of degree < r with respect to the
partition (5.1). The collocation points are chosen to be r 4+ 1 Gauss
points in each subinterval. The expected orders of convergence are as
follows:

bc=r+1, s = 2r + 2, oy = 3r+ 3, Opr = 4r + 4.

The results are given in Tables 5.1-5.6.

TABLE 5.1. s=1/3; r=0.

n_ | le(s)=eS() dc |les)—ess)  8s | le(s)=eM ()l om | le(s)=M (s)| o1
40 1.20x 1071 7.67x1074 1.74x10~4 6.69x1077

80 6.34x10~2 091 | 1.63x10~% 222| 2.00x10~° 3.12| 4.61x10~%  3.86
160 | 3.09x1072 1.04| 3.95x1075 2.05| 2.34x107% 3.10| 2.91x10~2  3.98
320 | 1.57x1072  0.98 | 9.78x107% 2.01| 295x10°7 299 | 1.83x107'0  4.00
640 | 7.78x1072 1.01 | 2.44x10°% 2.00| 3.64x10°7 3.01| 1.14x10~''  4.00

TABLE 5.2. s =1/3; r = 1.

n_ | le(s)=9S ()| e | le(s)=eS ()| bs | le(s)=pM ()| oar | l(s) =@M (s)| Onax
40 1.20x 1072 5.14x 1075 1.19x10-6 5.83x 1079

80 2.37x1073 234 | 298x1076 411 | 1.36x1078 6.45| 1.98x10~11  8.20
160 | 6.75x107%  1.81| 1.83x10~7 4.02 | 2.37x10710 584 | 7.45x10~1% 8.04
320 | 1.59x107%  2.09 | 1.14x107% 4.01 | 3.47x107'2 6.09 | 2.78x107'6  8.08
640 | 4.09x1075 1.95| 7.11x1072 4.00 | 5.57x107'*  6.00 0 -
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TABLE 5.3. s=0;r =0.
n | 1e(s)=9S ()| b |le(s)—eS(s)|  bs | le(s)—eM () oar | lp(s)—@A ()| Onax
40 9.05x 1072 1.53x1073 1.36x10~4 1.34x1076
80 | 2.29x1072 1.98| 3.27x10* 223 | 7.40x1076% 420| 9.23x1078%  3.86
160 | 5.75x1073  2.00| 7.89x1075 2.05| 4.48x10~7 4.06 | 5.83x1079  3.98
320 | 1.44x1073 2.00| 1.96x107° 2.01 | 2.78x107%  4.01 | 3.65x10710  4.00
640 | 3.60x10~% 2.00 | 4.88x107% 2.00| 1.73x107°  4.00| 2.28x10~ 't  4.00
TABLE 5.4. s=0;r = 1.
n | le(s)=¢S ()l dc | le(s)=wn(s)l s | le(s)—en' ()l dm | le(s)—pn' ()| Smr
40 5.89x 1072 1.03x10~* 1.65x 1076 1.17x1078
80 1.53x1072  1.94| 595x1076 411 | 2.39x1078 6.11 | 3.96x10710 820
160 | 3.87x1073  1.99 | 3.66x10~7 4.02 | 3.66x1071° 6.02 | 1.45x10~13  8.04
320 | 9.71x107% 2.00| 2.28x107% 4.01 | 570x107'2 6.01 | 5.55x10716  8.08
640 | 2.43x107%  2.00 | 1.42x1072 4.00 | 8.77x10"'*  6.02 0 -
TABLE 5.5. s=0.4; r=0.
n | le(s)=¢S ()] Sc | le(s)=en(s)l s | le(s)—en’ () dn | le(s)—pn' ()| Smr
40 | 2.80x1072 4.74x10~% 4.21x1075 4.14x1077
80 7.08x1073  1.98| 1.01x10~% 223 | 2.29x10-6 4.20| 285x10"%  3.86
160 | 1.78x1073  2.00| 2.44x10~5 2.05| 1.38x10~7 4.04| 1.80x10~9  3.98
320 | 4.44x107% 2,00 | 6.04x107% 2.01| 858x107° 4.01| 1.12x107'0  4.00
640 | 1.11x10~% 2.00 | 1.51x107% 2.00| 5.35x10-10 4.00| 7.06x10~'2  4.00
TABLE 5.6. s =04; r = 1.
n_ | le(s)=9S ()l dc | le(s)=ws(s)l s | lp(s)—@M ()| Sn | lp(s) =@M ()| S
40 1.82x 1072 3.17x107° 3.44x1076 3.60x1077
80 4.74x1073  1.94| 1.84x1076 411 | 3.92x1078 6.45| 1.22x107'1  8.20
160 | 1.19%x1073  1.99 | 1.13x10~7 4.02 | 5.15x10~10 6.25 | 4.63x10~'* 8.04
320 | 3.00x107% 2.00 | 7.04x107% 4.01| 7.30x10~'2 6.14| 1.66x1076  8.12
640 | 7.51x1075  2.00 | 4.39x10710 4.00 | 1.08x107'3  6.00 0 -

Remark 5.1. Tt can be seen that, for s = 1/3, the computed orders of
convergence match well with the theoretically predicted values. In the
case of r = 0, or the partition points s = 0 and s = 0.4, the computed
orders of convergence dc, in the collocation method and §ps, in the
modified projection method are respectively 2 and 4. These values are
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better than the predicted values. Note that, even though the orders of
convergence in the collocation and the iterated collocation method are
the same, the error in the iterated collocation method is smaller than
the collocation error. The same observation is valid for the modified
projection and the iterated modified projection methods.

It can be seen from Table 5.1 that the approximation in the iterated
modified projection method with n = 40 is better than the iterated
collocation approximation with n = 640.

5.1.2. Collocation at partition points. Let X,, be the space
of continuous piecewise linear functions (r = 1) with respect to the
partition (5.1). Then the dimension of X,, is equal to n + 1. The
collocation points in this case are chosen to be the partition points

i—1

t; = , t=1,...,n+1.
n

The expected orders of convergence are as follows:
0c =0g =2, op = Opr = 4.

The results are given in Tables 5.7-5.9.

Remark 5.2. Tt is seen from the results in Tables 5.7-5.9 that the
computed orders of convergence match well with the expected values.

For s = 1/3, note that the error in the iterated modified projection is
smaller as compared to the modified projection method, even though
the orders of convergence are the same. The same phenomenon occurs
for the collocation and the iterated collocation methods.

For s = 0 and s = 0.4, the values in the second and the fourth
columns of Tables 5.8 and 5.9 are identical. Similarly, the values in the
sixth and eighth columns are identical. This is expected, since s = 0
and s = 0.4 are the collocation points and

S C ~M M
71—n(aon = Spnv Tr’ﬂ(pn = ﬂ—n(pn .

As in the case of piecewise constant functions, the approximation
in the iterated modified projection seems to be the best.



MODIFIED PROJECTION METHODS

TABLE 5.7. s = 1/3.
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n_ | le(s)=eS6)| dc |les)—ess)  8s | le(s)=eM ()l om | le(s)=M (s)| oz
40 | 4.98x1072 2.69x1073 1.14x10~4 3.00x10°6
80 1.02x1072 229 | 7.50x107* 1.84| 5.82x10~6 430 | 1.87x10~7  4.00
160 | 2.89x1073 1.82| 1.93x10~% 1.96| 4.15x10~7 381 | 1.17x1078  4.00
320 | 6.83x10~% 2.08| 4.86x107° 1.99 | 245x10~%  4.08| 7.31x10710  4.00
640 | 1.76x10~% 1.96 | 1.22x107° 2.00 | 1.58x107°  3.96 | 4.57x10~M  4.00
TABLE 5.8. s = 0.
n | le(s)—eS()| dc |lee)—eSs) 8s | le(s)—eM () o | le(s)—9M (s)| dmx
40 5.38x1073 5.38 1073 5.99x106 5.99x106
80 1.50x1073  1.84 | 1.50x1073 1.84 | 3.73x10~7  4.00| 3.73x10~7  4.00
160 | 3.86x10~% 1.96| 3.86x10~% 1.96| 2.34x10"% 4.00| 2.34x10°%  4.00
320 | 9.73x107° 199 | 9.73x107° 1.99 | 1.46x1079  4.00 | 1.46x10=9  4.00
640 | 2.44x10~° 2.00| 2.44x107% 2.00| 9.14x10~1  4.00 | 9.14x10~1*  4.00
TABLE 5.9. s = 0.4.
n | le(s)—eS(s)| dc |les)—eSs)  8s | le(s)—eM () o | le(s)—@M(s)| dmx
40 1.66x 1073 1.66x 1073 1.85%x10~6 1.85%x10~6
80 | 4.64x10~% 1.84 | 4.64x10~% 1.84| 1.15x10~7 4.00| 1.15x10°7  4.00
160 | 1.19x10~% 1.96 | 1.19x10~% 1.96| 7.22x10~° 4.00| 7.22x10~°2  4.00
320 | 3.01x107° 1.99| 3.01x107° 1.99 | 4.52x10710  4.00 | 4.52x10~10  4.00
640 | 7.53x10=6  2.00| 7.53x10=% 2.00| 2.82x10~11 4.00| 2.82x10~1  4.00
5.2. Example 2. Consider
(5.3) (s) / Y s, 0<s<1
. p(s) — —— = f(S S
0 s+t+t) ’
where f is so chosen that
(t) ! >0
= C
14 t+¢’

is a solution of (5.3).

We choose ¢ = 1 and ¢ = 0.1. The results are worse in the case of

¢ = 0.1, since the exact solution is ill behaved.
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In this example, we need to evaluate integrals numerically. If X, is
the space of piecewise constant functions with respect to the partition
(5.1), then in both the cases of interpolatory projection at the midpoints
of the subintervals and of the orthogonal projection, the order of
convergence in the iterated version of the modified projection method is
1/n* and it is the least as compared to the other three methods which
we consider. Hence, we choose composite Simpson rule with respect
to the partition (5.1) to evaluate the integrals numerically. If X, is
the space of piecewise linear functions with respect to the partition
(5.1), and the interpolation points are Gauss 2 points, then the order of
convergence in the iterated version of the modified projection method
is 1/n®. 1In this case, we choose composite Gauss 2 point rule with
respect to a uniform partition with n? subintervals as the approximate
quadrature rule.

5.2.1. Collocation at Gauss points. For r = 0,1, let X, be
the space of piecewise polynomials of degree < r with respect to the
partition (5.1). The collocation points are chosen to be r + 1 Gauss
points in each subinterval. The expected orders of convergence are as
follows:

5c=T+1, 55227‘+2, 5]”:37”4-3, Opg = 4r + 4.
The results are given in Tables 5.10-5.13.

TABLE 5.10. o(t) = 1/(t + 1); 7 = 0.

le—eSlle dc | lle=05ll 85 | le—oMloo  n | llo—0Mlloo  Smr

n
2 | 1.09x10~1 2.64x1073 8.46x1074 2.38x1075

4 |5.67x1072 0.95 | 6.07x10~* 2.12| 1.03x10~* 3.04 | 1.37x10~6 4.12
8 | 2.85x1072 0.99 | 1.44x10~* 2.07| 1.24x1075 3.05 | 8.18x10~8 4.07
16 | 1.37x1072 1.06 | 3.52x1075 2.04 | 1.45x10~% 3.09 | 4.99x10~9 4.04
32 ]6.10x1073 1.17 | 8.67x10% 202 | 1.59x10~7 3.19 | 3.08x10~10 4.02

TABLE 5.11. o(t) = 1/(t +1); r = 1.

le=oSlloe 3 | lle=95ll  6s | le—oMloo  6m | lo—0Mlloo  Smr

n
2 | 7.60x102 1.36x10~3 5.06x10~4 6.47x1075

4 | 2.64x1072 1.53 | 8.18x1075 4.05 | 1.07x107° 5.56 | 2.09x10~7 8.27
8 | 7.92x1073 1.74 | 4.68x10~% 4.13 | 1.85x10~7 5.86 | 8.45x10~10 7.95
16 | 2.13x1073 1.90 | 2.84x10~7 4.04 | 3.07x10~9 5.90 | 3.35x10°12 7.98
32 | 5.17x10~* 2.04 | 1.76x10~% 4.01 | 4.74x10~ 11 6.02 | 1.34x10~1* 7.96
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TABLE 5.12. o(t) = 1/(t +0.1); r = 0.

515

n | lle=¢Slle dc | lle=vnll  6s | le—ehlloo  dnr | llo—@h lloo  Snar
2 5.56 1.12x1073 3.64x10~% 7.80x 106
4 3.68 0.59 | 6.73x10~™% 0.73 | 6.29x107% 2.53 | 4.20x10~7 4.21
8 2.22 0.73 | 2.33x10~% 1.53 | 8.85x107% 2.83 | 2.42x1078 4.12
16 1.19 0.90 | 6.76x1075 1.78 | 1.12x107% 2.99 | 1.45x107° 4.06
32 | 5.62x10~1 1.08 | 1.82x10~° 1.89 | 1.27x10~7 3.14 | 8.89x 1011 4.03
TABLE 5.13. ¢(t) = 1/(t +0.1); r = 1.
n | llo=¢Sllc ¢ | lle=9Sll 85 | le—eMloo  dn | le=0Mlloo  Smr
2 6.02 1.03x 1073 9.39x107° 1.14x10~4
4 3.95 0.61 | 2.19x10™3 —1.08 | 1.19x10~% —0.35 | 2.84x10~7 8.65
8 2.17 0.87 | 4.08x10~% 243 | 3.30x1076 5.18 | 1.10x107° 8.01
16 | 9.41x10~1 1.20 | 3.85x107° 3.40 | 4.99x10~8  6.05 |4.35x10712 7.99
32 ]3.20x1071 1.55|2.80x107% 378 | 7.00x1071° 6.16 | 1.78x1071* 7.93

5.2.2. Orthogonal projection. Let X, be the space of piecewise
constant functions and 7, the orthogonal projection from L?[0, 1] onto
X,,. The expected orders of convergence are as follows:

L,

0s =2,

5M:37

The results are given in Tables 5.14-5.15.

TABLE 5.14. o(t) = 1/(t + 1).

5MI =4.

n | lo=¢Slle dc | lle=will s | lle=¢Mlloo  n | le—@M oo Sm1
2 | 1.85x1071 7.15%x1073 3.92x1073 1.75x 104

4 | 1.05x107" 0.82 ] 1.48x1073 2.28 | 4.90x10™% 3.00 | 9.34x1076 4.22
8 | 5.58x1072 091 | 3.17x10~* 2.21 | 5.86x10~5 3.06 | 5.41x10~7 4.11
16 | 2.83x1072 098 | 7.21x107% 2.14 | 6.90x10~6 3.09 | 3.26x10~8 4.05
32| 1.36x1072 1.05 | 1.71x1075 2.08 | 7.96x10~7 3.12 | 2.00x10~9 4.03

TABLE 5.15. o(t) = 1/(t +0.1).

n | llo=¢Slle da | lle=eSll s |lle=eMloo  Sn | lle=@Mlloo  Sar
2 6.18 3.99%x 1072 7.51x103 8.42x 105

4 4.74 0.38 | 1.09x1072 1.87 | 1.07x1073 2.81 | 4.69x10~6 4.16
8 3.33 0.51 | 2.91x1073 1.90 | 1.44x10~% 2.90 | 2.91x10~7 4.01
16 2.07 0.69 | 7.68x10~* 1.92 | 1.85x107° 2.96 | 1.85x10~8 3.97
32 1.14 0.86 | 1.99x10~* 1.95 | 2.25x10~6 3.04 | 1.18x10~° 3.98
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Remark 5.3. Note that the computed values of orders of convergence
in all the cases are as expected.
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