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ABSTRACT. We consider the following system of Volterra
intergral equations

t
u; (t) :/ gi(t, ) fi(s,u1(s), u2(s), -+ ,un(s))ds,
0

ae t€[0,T],1<i<n.

Criteria are offered for the existence of one and more constant-
sign solutions u = (u1,u2, - ,un) of the system in LP and
the Orlicz spaces. We say u is of constant sign if for each
1<i<mn,0;u;(t) >0 for a.e. t € [0,T], where §; € {1,—1} is
fixed.

1. Introduction. In this paper we shall consider the system of
Volterra integral equations

(1.1) u;(t) = /0 gi(t, s) fi(s,u1(s),ua(s), - ,un(s))ds,
ae. t€0,T], 1<i<n.

Throughout, let u = (u1,ug, -+ ,u,). We are interested in establishing
the existence of one and more solutions w of the system (1.1) in
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Orlicz spaces, i.e., for each 1 < i < n, u; is in the Orlicz space L.
Moreover, we are interested in constant-sign solutions u, by which we
mean O;u;(t) > 0 for a.e. t € [0,T] and 1 < i < n, where 6; € {1,-1}
is fixed. Note that positive solution is a special case of constant-sign
solution when 6; =1 for 1 < i < n.

We shall consider the existence of solutions in L? (p > 1) spaces first,
since we can obtain more general results here and also the analysis
will motivate the ideas later in obtaining existence results in Orlicz
spaces. We remark that those results obtained for LP spaces invariably
assume a polynomial type restriction (in «) on the nonlinearity f;(¢,u)
(see condition (C2) later). On the other hand, seeking solutions in
other Orlicz spaces will lead to restrictions that are not of polynomial
type (see condition (H4) later), and hence will allow us to consider
new classes of equations. The main tools employed in this paper
are the Leray-Schauder alternative and the Krasnosel’skii’s fixed point
theorem.

The existence of multiple constant-sign solutions of (1.1) in (C10, T])"
has recently been tackled in [7]. However, to the knowledge of the
authors, there is very little literature on the existence of solutions of
Volterra integral equations in LP spaces, the only paper in this area
[15] applies Krasnosel’skii’s fixed point theorem to obtain a positive
solution of

y(t) = /0 g(t,s)f(s,y(s))ds, a.e.t€0,T].

Moreover, to date very little work has been done on the existence
of solutions of Volterra integral equations in Orlicz spaces. Hence,
our present work not only generalizes and extends those of [15] to
(i) systems, and (ii) the existence of multiple constant-sign solutions
through the use of two fixed point theorems, but also investigates the
existence of multiple constant-sign solutions in Orlicz spaces, which is
totally new in the literature.

We note that, on the other hand, a lot of work has been done on the
existence of solutions of Fredholm integral equations of the form

y(t) = / ot $)f (s, u(s))ds, ¢ €[0,T)

Mostly solutions are sought in C[0,T] or LP[0,T] with p > 1 [1, 10, 11,
13], whereas solutions in Orlicz spaces are tackled in [14, 16, 17, 19,
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20]. The more recent investigation on the existence of constant-sign
solutions of systems of Fredholm integral equations in continuous, L?
and Orlicz spaces can be found in Agarwal, O’'Regan and Wong [2-6].

The plan of the paper is as follows. The existence of constant-sign
solutions of (1.1) in LP and Orlicz spaces will be tackled respectively
in Sections 3 and 4. Examples are also presented to illustrate the
usefulness of the results obtained.

2. Preliminaries The following two theorems will be needed to es-
tablish the main results later. The first theorem is known as the Leray-
Schauder alternative and the second is usually called Krasnosel’skii’s
fized point theorem in a cone.

Theorem 2.1. [1] Let B be a Banach space with E C B closed and
convez. Assume U is a relatively open subsel of E with 0 € U and
S :U — E is a continuous and compact map. Then either

(a) S has a fized point in U, or
(b) there exists u € OU and X € (0,1) such that u = A\Su.

Theorem 2.2. [12] Let B = (B, || - ||) be a Banach space, and let
C C B be a cone in B. Assume 1, are open subsets of B with
0€Qy, Q1 C o, andlet S: CN(N\Q1) — C be a continuous and
completely continuous operator such that, either

(a) ||Su|| < JJull, v € CNINy, and ||Su|| > |Jul|, u € CNINa, or
(b) ||Sul| > |lull, w € C NI, and ||Su| < ||u|l, v € C N ON;.
Then, S has a fixed point in C' N (Q22\Q4).

3. Existence in LP Space In this section, we consider the
system (1.1) where, for each 1 < i < n, g;(t,s) is a real-valued
function for a.e. t € [0,7] and a.e. s € [0,t], and f;(t,u) is also
a real-valued function for a.e. ¢ € [0,7] and all v € R™. We shall
establish the existence of a constant-sign solution v € (L?[0,T])" =
LP[0,T) x LP[0,T] X --- x LP[0,T] (n times) of (1.1) where p > 1.
Throughout this section, let 6; € {1,—1}, 1 < i < n be fixed, also let
the integers p; and ps be such that
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(3.1) 1<p; <p< o and —+—=1.
P1 P2

Let the Banach space B = (LP[0,T])"™ be equipped with the norm

1

T P
— (+)|P — .
lullp = max (/O |ui(?)] dt) max fuily

1
where we let |u;|, = (fOT |ui(t)|pdt) "L1<i<n.

To begin our discussion, let the operator S : B — B be defined by

(3.2) Su(t) = (Syu(t), Sou(t), -, Spu(t)), a.ete[0,T]

where

(3.3) Su(t) = /0 gi(t,s) fi(s,u(s))ds, a.ete€[0,T], 1<i<n.

Clearly, a fixed point of the operator S is a solution of the system (1.1).

Our first two lemmas show that S : B — B is well defined, and is
continuous and completely continuous.

Lemma 3.1. Assume

(C1) for each 1 < i < n, f; : [0,T] x R* — R is a Carathéodory
function, i.e.,

(i) the map t — fi(t,u) is measurable for all u € R™,
(ii) the map u— fi(t,u) is continuous for almost all t € [0,T;

(C2) for each 1 < i < n, there exists a function b; € L*?[0,T] and
constants c;; > 0, 1 < j < n such that

n
filt,w)] < bi(t) + Y cijlus72, ae.te[0,T], allueR™
j=1



VOLTERRA INTEGRAL EQUATIONS IN ORLICZ SPACES 341

(C3) for each 1 < i < n, the map (t,s) — g¢i(t,s) is measurable, and
gi(t,s) >0 fora.e. t €0,T], a.e. s € [0,t];

(C4) for each 1 < i <m,

» 1
PL 1

T T P
/ (/ |9i(t,s)|pdt> ds =M, < co.
0 s

Then, the operator S : B — B is well defined.

Proof. For each 1 <i <mn, let

« 9i(t, s), 0<s<t<T
gi(tvs):
0 5 0§t<S§T

First, using Tonelli’s Theorem and the fact that if a function y is
measurable, then so is |y|P, we see that for each 1 <4 <n,

< / e s)|p1ds> g (f ot slrds)

is a measurable function of ¢ on [0,T].

P
P1

Applying the integral version of Minkowski’s inequality [21, p.143],

we obtain, noting p% > 1 and also (C4),

-

s | ' (/ t ot.5)ds ) e / ' ( / ' |ng(t,s>|p1ds> o

<|/ ' ( / e s)|pdt> ds

'(:7|S
|

- P1 2
P

-1/ ' ( / ' |gi<t,s>|pdt> ds

=M, 1<i<n.

Hence, (fot |gi(7§,s)|plds)H is integrable on [0, T1.
Let w € (LP[0,T])™. In view of (C2), it is clear that
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T % n T t
(35) (/ |fi<t,u<t>)|p2dt> < oo + Y i (/ |uj<t>|pdt)

=L;<oo, 1<i<n.

Therefore,

(3.6) fi(t,u) € LP?[0,T) for uw € (L?[0,T])", 1<i<n.

Now, for each 1 < i <n, we use Hélder’s inequality, (3.4) and (3.5) to
get

[ iswtora< [T [ st ol 1566 dsr "

</OT Uot |93 (¢, S)I’“dS) ﬁ(/OT |fi(57u(5))|p2d5> g dt

< MP L.

This leads to

(3.7) [Siulp, < M;L; < oo for w € (LP[0,T])", 1<i<nmn.

Hence, S;u € LP[0,T], 1 <4 <n and so Su € (L?[0,T])™. This shows
that S : (LP[0,T])™ — (LP[0,T])™ is well defined. O

Lemma 3.2. Let (C1)—(C4) hold. Then, the operator S : B — B is
continuous and completely continuous.

Proof. We shall show that S;, 1 < i < n is continuous and
completely continuous. For each 1 < i < n, we observe that the
operator S; : (LP[0,T])™ — L?[0,T] can be written as

(3.8) Si = AiF;
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where F; : (LP[0,T])™ — LP2[0,T] and A; : LP2[0,T] — LP[0,T]
are respectively defined by

(3.9) Fu(t) = fi(t,u(t)), a.e. te]0,T]
and
(3.10) Aix(t) :/0 gi(t, s)xz(s)ds, a.e.te€[0,T].

Note that F; : (LP[0,T])™ — LP2[0,T] is well defined by (3.6). Further,
for x € LP?[0,T], using (3.4) we have

/OT |A;x(t)|Pdt < /OT {/Ot (L, 5)] - |x(8)|dé’rdt

< /OT ( / |gi<t,s>|mds)%< /OT |ac<s>|mds>5 dt

< M [2fs,.

Therefore,

(3.11) |Aiz|p, < M; |z|p, < oo for z e LP2[0,T].

This shows that A4; : LP2[0,T] — LP[0,T] is well defined. Indeed, it has
been noted earlier that S; = A;F; : (LP[0,T])™ — LP[0,T], 1 <4 < mn,
is well defined (see (3.7)).

By a result of Krasnosel’skii [13, p.22, p.27], it follows that F; :
(L?[0,T))™ — LP2[0,T] is continuous and bounded. Thus, to prove
that S; is continuous and completely continuous, it suffices to show
that A; is continuous and completely continuous.

First, we shall prove that A4; is continuous. Let z,, — x in LP2[0,T],
ie., limy, oo |Tm — x|p, = 0. Applying Holder’s inequality and (3.4),
we find
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p

/OT |Asm (t) — Agz(t)[Pdt < /OT {/Ot 1gi(t, )| - [2m (s) — a:(s)|ds] dt

</OT [(/ |gi<t,s>|mds)ﬁ

1P

T P2
( / (e (s) — 2(s)|P ds) dt
0

< MY |z — zlp,

or
|Aizy, — Asxlp < M; |m —xlp, =0  as m — oo.
Hence, A; is continuous.

Next, we shall show that A; is completely continuous. Let € be a
bounded set in LP?[0, T, i.e., there exists a constant K > 0 such that

(3.12) |z]p, < K, x €l

We shall use the Riesz Compactness Criteria [18, p.10] to show that
A;Q is relatively compact. The first condition in the criteria is to have
A;2 bounded in LP[0,T]. This is satisfied in view of (3.11) and (3.12).
The second condition in the criteria is to have the following satisfied

T
(3.13)/ |Aiz(t+h) — A;z(t)|Pdt — 0 as h — 0, uniformly for z € Q.
0

In fact, applying Holder’s inequality, the integral version of Minkowski’s
inequality [21, p.143] and (3.12), we find for x € Q,
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T
/ \Asa(t + h) — Asa(t)[Pdt
0

<[ [0+ 1)~ i) ol

t+h
+/ |gi(t+h,s)|-|x(s)|ds] dt
t

p

T T
- / V |g:<t+h,s)—g:<t,s>|'|x<s)|ds] dt
0 0

1 1P

s/OT (/OT|g:<t+h,s>—gf(@s)@ds)m (/OT|x<s>|p2ds>m d

v

T T P1
= |zlp, / (/ lgi (¢t + R, s) — g (¢, s)l’“d8> dt
0 0

T [ T 5
< KP / (/ |9f(t+h78)—gf(t78)|pdt> ds
0 0

Now noting (3.4) and the fact that translates of LP functions (1 <
p < 00) are continuous in norm, we see that (3.13) holds. Hence, the
Riesz Compactness Criteria are fulfilled and we have shown that A4;Q
is relatively compact, so A; is completely continuous. The proof is
complete. ]

P
Pl

We are now ready to employ Theorem 2.1 to get a general existence
result in (L7[0, 1])".

Theorem 3.1. Let (C1)-(C4) hold. Assume there is a positive
constant My, independent of A\, with

(3.14) lull, # Mo

for any solution u € (LP[0, T))"™ of the system
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(3.15) u(t) = ASu(t), a.e. te€[0,T]

where 0 < A < 1. Then, the system (1.1) has a solution u* €
(LP[0, 7)™ with ||u*|l, < M.

Proof. By Lemma 3.2, (C1)—(C4) guarantee that S : B — B is
continuous and completely continuous. In the context of Theorem 2.1,
let

U={ueB||ul,< M}

Since |lul|, # Mo, where u is any solution of (3.15), we cannot have
conclusion (b) of Theorem 2.1, hence conclusion (a) of Theorem 2.1
must hold, i.e., the system (1.1) has a solution v* € U with ||u*||, < M.
]

The next result applies Theorem 3.1 to get the existence of a constant-
sign solution in (LP[0, 1])™.

Theorem 3.2. Let (C1)—(C4) hold. Assume
(C5) for each 1 < i < n,

0:fi(t,u) >0, ae te[0,T], allue K

where

K’—{uEB

for each 1 < i <mn, 6;u;(t) >0 for a.e. t € [O,T]};

(C6) there exists a > 0 such that for each 1 <i < n,
Mﬂpi(a) <«
where 1; : [0,00) — [0, 00) is defined by

i) = bilpy + ()72 Y cyy.
j=1

Then, the system (1.1) has at least one constant-sign solution u €
(L?[0,T])™ such that ||ull, < a.
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Proof. To begin, we consider the system

(3.16) u;(t) = /0 gi(t, s)fi(s, u1(8),u2(s), - ,un(s))ds,

ae t€l0,T], 1<i<mn
where f; : [0,T] x R" — R is defined by
(317) fi(t7u17u25 e ,’Ltn) = fi(t791|u1|792|u2|7 T ;0n|un|);
1< <n.

Note that (61 |u1l,02|usal, -, 0nlun]) € K.

We shall prove that (3.16) has a solution. For this, we consider the
system

(3.18), ui(t):)\/o gi(t,$)fi(s,uls))ds, aetel[0,T], 1<i<n

where 0 < A < 1. Let u € (L?[0,T])™ be any solution of (3.18). We
shall show that

(3.19) l[ully # o,

then by Theorem 3.1 it follows that (3.16) has a solution.
Now, using (3.17), (C3) and (C5), we get

Oiui(t) = /\/0 gt )03 Fi(5, u1 (), us(s), - -, un(s))ds

t

= A/ 9i(t,5)0; fi(s,01|ui(s)], O2]uz(s)], -, On|un(s)|)ds > 0,
0

ae. t€[0,T],1<i<n

which means that

(3.20) lu;(t)] = Giui(t), ae. te€[0,T], 1<i<n.
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Moreover, it is clear that for each 1 <i <mn,

/ vl

<[ [ 1009 o b9 el

p

Using the same argument as in getting (3.7), we find

n

P

il < M | [bilp, + > cij(Juglp) 72
j=1

n
< My |[bilps + D cii(lully) ™ | = Mavi(llull,), 1<i<n.

j=1

It follows that

(3.21) lully < max Myl

Noting (3.21) and (C6), we conclude that ||ul|, # a. Hence, (3.19) is
proved.

It now follows from Theorem 3.1 that the system (3.16) has a solution
u* € (LP[0, T])™ with ||u*||, < «, and

wi(t) = / gi(t,8) fi(s w5 (), w3 (s), - - a0 (5))ds,

a.e. t€]0,T], 1 <i<n.

Using a similar argument as above, it can be easily seen that

(3.22) lui (t)] = Giu;(t), ae. t€[0,T], 1<i<n

and

(3.23) "l # @
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Therefore, u* is of constant sign and ||u*||, < a. Further, using (3.17)
and (3.22), we have for a.e. t € [0,T] and each 1 <4 <n,

ﬁ@=£m@$ﬂwﬂ%@@ww%@w
:Agﬁwﬁ@&M@mM@@h~ﬂmMMms
=Am@$ﬂ&%ﬂ%%@@%~ﬁﬁﬂw%

:AQ%$MWM$@@ww%@W-

Hence, u* is in fact a solution of (1.1). The proof is complete. O

Remark 3.1. By examining the proof of Theorem 3.2, we realize that
the function 1; (appeared in (C6)) must be such that

</O Ifi(t,U(t))lpzdt> < i(llullp)-

Therefore, 1; can be defined differently from the one in (C6), so long
as it satisfies the above inequality.

Remark 3.2. If p% < 1, then the existence of « in (C6) is guaranteed.

We have so far used the Leray-Schauder alternative (Theorem 2.1) to
obtain existence criteria in (LP[0, 1])™. We shall next apply Krasnosel’
skii’s fixed point theorem (Theorem 2.2) to get further existence results
in (LP[0,1])".

Define a cone in B as

(3.24) C,

z{ueB

Here we assume

for each 1 <1 <n, 6;u;(t) > a(t)||ull, for a.e.t € [O,T]}.

a(t) >0, a.e te€l0,T], a € LP0,T] and lall, < 1.
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More conditions on a(t) will be presented later. It is clear that a fixed
point of the operator S in C, is a constant-sign solution of (1.1) in
(LP[0,T])™.

Let 0 < 8 < a. Define

Qo ={ueB[|ullp<a} and  Qs={ueB||uf, <p}.

Our next lemma shows that S maps C, N (2, \Qg) into C,.

Lemma 3.3. Let (C1)—(C4) hold. Assume
(C7) for each 1 <i < n,
0. fi(t,u) >0, ae tel0,T], aluc K

where

K= {uEB ‘fm" each 1 <i<mn, O;u;(t) >0 forae.te [O,T]};

moreover, 8; f; is ‘nondecreasing’ in the sense that if x < O;u; <y for
some j € {1,2,--- ,n}, then for a.e. t € [0,T],

Hifi(taula"' 79jx7"' 7'U'n) S etft(t7u17 y Ujy o 7'U'n)
< gifi(tvulv'" aejyv"' aun);
(C8) there ezists a function a € LP[0,T] with a(t) > 0 for a.e. t €

[0,T] and ||a|l, < 1 such that the following holds for each 1 < i < n
and any R > 0,

/t gi(t,5)0; fi(s, 61 Ra(s),02Ra(s),- - - ,0,Ra(s))ds
0
>a(t)- max M;¥;(R), ae.te[0,T)

1<j<n

where ; is defined in (C6) (see Remark 3.1 for alternative definition
of ;).
Then, the operator S maps Co N (2 \Qp) into C,.
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Proof. Let u € Cy N (2,\Qp). From Lemma 3.1, we already have
Su € B. Moreover, in view of (C3) and (C7), it follows that

(3.25) 0:(Siu) (1) = /O gi(t, )0, fi (s, u(s))ds > 0,
ae. t€0,T], 1<i<n.

We shall show that 6;(S;u)(t) > a(t)|ull, for a.e. ¢ € [0,T] and each

1 < <n.Since u € C, N (Q24\Q2p), there exists R € |3, a] such that

(3.26) llull, =R and Oiui(t) > a(t)R > 0,
ae. t€0,T], 1<i<n.

and (C7), it is clear that for a.e. t € [0,T] and 1 <14 < n,
(3.27)  0;(S;u)(t)
t
> / gi(t, 5)0; fi(s,01 Ra(s),02Ra(s),- - - ,0n,Ra(s))ds.
0

On the other hand, using Holder’s inequality we have (3.7) which
provides

|Siulp < M; [|bi|p2 + Zcij(|uj|p)%] < Mihi([Jullp) = Mii(R),

j=1
1<i<n

(note that v; is defined in (C6)). It follows that

(3.28) I1Sully < max - Mijip; (R).

Now, using (3.28) in (3.27) yields

) > fot gi(t,8)0; fi(s,01Ra(s),02Ra(s),-- - ,0,Ra(s))ds
- max M;9;(R)

1<j<n
> a(t)||Sullp, ae. te]0,T], 1<i<n

0i(Siu)(t [[Sullp
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where the last inequality follows from (C8). This completes the proof.
]

We are now ready to apply Theorem 2.2 to get the existence of a
constant-sign solution in (L0, 1])™.

Theorem 3.3. Let (C1)—(C4), (C7) and (C8) hold. Assume
(C9) there exists a > 0 such that for each 1 <1i <n,
Mipi(er) < o
where ; is defined in (C6);
(C10) there exists B (# a) > 0 such that for each 1 < i <n,

p

T ot
/0 [/0 gi(t, 8)0; fi(s,010a(s),0208a(s),- - ,0,8a(s))ds| dt > (BP.

Then, the system (1.1) has at least one constant-sign solution u €
(L?[0, T))™ such that

(@) a <|ull, <8 and 6;ui(t) > a(t)a, ae. t€[0,T], 1<i<n
if a < 3

(b) B<|ullp <a and Giu(t) > a(t)s, ae. t€0,T],1<i<n
if B < a.

Proof. Without any loss of generality, let 5 < «. Since S : C, N
(24\Q5) — C, is continuous and completely continuous (Lemmas 3.1-
3.3), it suffices to show that (i) ||Sull, < |lullp for u € Cy NN, and
(i) [|Sullp > |lullp for u € Cq N ONg.

To verify (i), let u € Cy N OQ,. Then,
llullp, = a and Giu;(t) > a(t)a >0, a.e. t€[0,T], 1<i<n.

From the proof of Lemma 3.3, we obtain (3.28)|g=, and hence noting
(C9) we find

I1Sully < max - Mjipj(e) < a = ullp.

Next, to prove (ii), let u € Coq N IN3. So
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lull, =8 and O;u;(t) > a(t)8 >0, ae te€[0,T], 1<i<n.

Now [|Sull, = [Siulp for some i € {1,2,---,n}. Thus, using (3.25),
(3.27)|r=p and (C10) gives

1Sull, = |Siul, = { / [exsz-u)(t)]pdt}p

1

> {/OT {/Ot 9i(t,8)0; fi(s,01Ba(s), 023a(s), - - - a9n5a(5))d5rdt}p
=0 = lul

Having obtained (i) and (ii), it follows from Theorem 2.2 that S has
a fixed point u € C, N (2,\Q2g). Therefore, conclusion (b) follows
immediately. O

Remark 3.3. In (C9) if we have strict inequality instead, i.e., condition
(C6), then from the proof of Theorem 3.3 we see that a fixed point u of
S must satisfy ||u||, # a. Similarly, if the inequality in (C10) is strict,
ie.,

p

T gt
/0 [/0 gi(t, 8)0; fi(s,010a(s),0208a(s),- - ,0,8a(s))ds| dt > (3P,

then a fixed point w of S must fulfill ||u||, # B. Hence, with strict
inequalities in (C9) and (C10), the conclusion of Theorem 3.3 becomes:
the system (1.1) has at least one constant-sign solution u € (LP[0,T])™
such that

(a) o < ||ull, < B and Giu;(t) > a(t)a, aet €[0,T], 1 <i<nif
a < f3

(b) B < ||ullp < o and B;u;(t) > a(t)s, ae. t€[0,T], 1<i<n
if 8 < a.

Our next result gives the existence of multiple constant-sign solutions
of (1.1) in (LP[0,T])™.
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Theorem 3.4. Assume (C1)-(C5), (C7) and (C8) hold. Let (C6) be
satisfied for a = ag, (C9) be satisfied for « = ay, £ =1,2,--- k, and
(C10) be satisfied for f= e, £ =1,2,--- ,m.

@) Ifm=k+1and0 < 1 <oy < -+ < B < ag < Bit1, then
(1.1) has (at least) 2k constant-sign solutions u',--- ,u** € (LP[0,T))"
such that

Br < lutllp, <oq <|u?lp < B2 < < ag < Uk, < Bria-

(b) Ifm=Fk and 0 < f1 < oq < -+ < B < ag, then (1.1) has (at
least) 2k — 1 constant-sign solutions u',--- ,u?=t € (LP[0,T])" such
that

Br < |utllp <ar < U, < B2 <o < B < Y, < au

() Ifm=k+1land0<ap <1 < a1 << am-1 < Bm, then (1.1)
has (at least) 2m constant-sign solutions u°,--- ,u?™~1 € (LP[0,T])"
such that

0 < [Ju’ll, < ao < Jlu'lly < 1 < [lu?llp, < a1 < -
S Om—1 é Hu2m71”p S 6777,

(d) Ifm=kand 0 < ap < f1 < a1 < +++ < By < Qun, then (1.1)
has (at least) 2m + 1 constant-sign solutions u°,--- ,u*™ € (LP[0,T])"
such that

0 < [Ju’ll, < ao < flu'lly < 1 < [lu?llp < a1 < -
< Bm < ||U2m||p < Q-

Proof. In (a) and (b), we just apply Theorem 3.3 repeatedly. In (c)
and (d), Theorem 3.2 is used to obtain the existence of u® € (L?[0, T])™
with 0 < [|u%|, < ao, the results then follow by repeated use of
Theorem 3.3. o

Remark 3.4. Suppose in Theorem 3.4 we have some strict inequalities
in (C9) and (C10), say, involving «; and 3; for some ¢ € {1,2,--- ,k}
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and some j € {1,2,---,m}. Then, noting Remark 3.3, those inequali-
ties in the conclusion involving a; and 3; will also be strict.

We shall now illustrate two applications of Theorem 3.3.

Example 3.1. In nonlinear diffusion and percolation problems (see
[8, 9] and the references cited therein), the system (1.1) arises where g;
is a convolution kernel, i.e.,

u;(t) :/0 gi(t—3) fi(s,ui(s),ua(s), -+ ,un(s))ds, a.e.t€[0,T], 1<i<n.

In particular, Bushell and Okrasinski [8] investigated a special case of
the above system given by

y(t) = / (t — sy fy(s))ds, ace. t € [0,T]

where v > 1. To generalize their problem and also to illustrate the
usefulness of the results obtained for (1.1), we shall consider the system

t

(3.29)  w;(t) = /O(t—s)%*lf(s,ul(s),ug(s), < un(s))ds,
ae. t€l0,T],1<i<n

where

1 1
(330) n=2, T=1 m=2 =3 and f[f({,u)=uf +u;.
Suppose we are interested in seeking positive solutions of (3.29),
(3.30) in (L?[0,1])%. So we fix ; =1, 1 < i < n and p = 2. Choose
p1=p2 = 2.
Clearly, conditions (C1), (C3) and (C7) are satisfied. Condition (C2)
also holds with b; = 0 and ¢;; = 1. In (C4), we compute that

= [ ([re-oraa] -
wi 2= ([ ([e-sra)a] - [T
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Further, using Holder’s inequality, we obtain

=

1 3 3
22 < |urly” + Jualy

1

1 1)z
<2t {2lul }
%
=2lluly" = ¢(lull2)
where the function v is defined by
(3.31) P(z) = 227,
In view of Remark 3.1, we shall use the v defined in (3.31) in conditions

(C8) and (C9).
Now, the inequality in (C8) reduces to

/ gi(t,5)2(Ra(s)) ds > a(t) - max M;p(R) = a(t) - My(2R%),
0 je{1,2}

ae. t€|0,1],i=1,2
or
¢ 1
(3.32) / gi(t,s)(a(s))® ds > a(t) - My, a.e. t€]0,1], i=1,2.
0

Let
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(3.33) a(t) = (%>_ tt,

It is clear that a(t) > 0 for a.e. t € [0,1] and |lal]2 = 0.063595 < 1.
We shall check that a(t) fulfills (3.32). Indeed, by direct integration
(3.32)]i=1 (g1(t,8) =t — s) and (3.32)]i=2 (g2(t,s) = (t — s)?) respec-
tively reduce to

2>t, ae.te]ol]
and
th >t ae tel0,1]

which are trivially true. Hence, we have shown that (C8) is satisfied
with a(t) defined in (3.33).

Next, the condition (C9) reduces to
My(a) <o, i=1,2

or equivalently 2M; < af, which yields o > 0.48075. Finally, (C10)
leads to
2

1 t )
/ [/ gi(t,5)2(Ba(s))T ds| dt > (% i=1,2
o LJo

which gives § < 0.010461. Hence, (C9) and (C10) are satisfied if

(3.34) a > 0.48075 and £ <0.010461.
Since (C1)—(C4) and (C7)—(C10) are satisfied, Theorem 3.3 is ap-

plicable and we conclude that (3.29), (3.30) has at least one positive
solution u € (L?[0,1])? with

(335) B<lus<a and  w(t)> [(i) tﬂ 3
a.e. t€[0,1], i=1,2.

Noting the ranges in (3.34), it follows from (3.35) that
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0.010461 < [|ul|> < 0.48075 and

%
wi(t) > l<%> t4] (0.010461), a.e. t€[0,1], i=1,2.

a

Example 3.2. Consider the system

w ()= [ st7% |(u(s))7 + (ua(s))T| ds, ae. te[0,1]
(3.36) 1 /0 [ : }

us(t) = /Ot 523 [(ul(s))i + (uz(s))ﬂ ds, ae.te0,1].

Here,

n=2 T=1, gl(t,s):st_%,
: 1 1
g2(t,8) = s%t7%  and ft,u) =uf +uj.
Suppose we are interested in seeking positive solutions of (3.36) in
(L?[0,1])%. Thus, we fix 0; =1, 1 <i<nandp=p; =ps = 2.

Clearly, conditions (C1), (C3) and (C7) are satisfied. Condition (C2)
also holds with b; = 0 and ¢;; = 1. Condition (C4) is satisfied with

My =/} and My = /£

From Example 3.1, we shall use the ¢ defined in (3.31) in conditions
(C8) and (C9).

As before, we see that the inequality in (C8) reduces to (3.32). Let

(3.37) a(t) = (1—3’6> #

It is clear that a(t) > 0 for a.e. ¢ € [0,1] and |ja|l2 = 0.10920 < 1.
We shall check that a(t) fulfills (3.32). Indeed, by direct integration
(3.32)];=1 and (3.32)|;—2 respectively reduce to
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[SUN I
\%
~
(M

, a.e. tel0,1]

and

ol

1

Y

t3, ae. tel0,1]

which are trivially true. Hence, we have shown that (C8) is satisfied
with a(t) defined in (3.37).

Finally, by direct computation we see that (C9) and (C10) are
satisfied if

(3.38) a>1.2114 and 0 < 0.082852.

Now that (C1)—(C4) and (C7)—(C10) are satisfied, we can apply The-
orem 3.3 to conclude that (3.36) has at least one positive solution
u € (L?[0,1])? with

3
(3.39) B <Julz <a and wu,(t [ — ]
a.e. t€[0,1], i=1,2.

Noting the ranges in (3.38), it follows from (3.39) that

%
0.082852 < lull> <1.2114 and wu,(t) > l(%) t4] (0.082852),

a.e. t€[0,1], i=1,2.

4. Existence in Orlicz Space We shall consider the system (1.1)
where, for each 1 < i < n, g; : [0,T] x [0,] — R¥*N is a matrix
valued kernel function and f; : [0, 7] x (RY)" — R¥ is a single-valued
nonlinear function. We shall establish the existence of a constant-sign
solution u € (Lg)™ of (1.1) where Ly is an Orlicz space. Throughout
this section, let 6; € {1,—1}, 1 <i < n be fixed.
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Let + = (21,22, --,2n)7 and ¥y = (y1,%2, - ,y~n)? be in RV,
Throughout, by > y we shall mean z; > y; for each 1 < i < N.
Similarly, if z,5 € R¥*N (real N x N matrices), then z > y also
means inequality in the componentwise sense.

Let B be a Banach space. Let the operator S : B — (RY)" be defined
by

(4.1) Su(t) = (Syu(t), Sau(t), -, Spu(t)), a.e. t€[0,T]

where

(4.2) Spu(t) = /0 gi(t, s) fi(s,u(s))ds, a.e. t€[0,T], 1<i<n.

Clearly, a fixed point of the operator S is a solution of the system (1.1).
We observe that the operator S; can be written as

(4.3) Sz = AiFi

where F; : B — R is defined by

(4.4) Fu(t) = fi(t,u(t)), a.e. te€][0,T]

and A4; : RN — RY is given by

(4.5) A;x(t) :/0 gi(t,s)x(s)ds, a.e. t€[0,T].

Our first result is a general existence principle in B. The main tool
used is the Leray-Schauder alternative (Theorem 2.1).

Theorem 4.1. Let X = (X, |- |x) be a Banach space and let
X" =XxXx---xX (n times) be equipped with the norm | - || where

_ ) n
lu|l = 1r£fm<xn|uz|x, ue X

Let Y be a Banach space. For each 1 < i < n, suppose

(4.6) F,: X" —>Y and A Y —- X



VOLTERRA INTEGRAL EQUATIONS IN ORLICZ SPACES 361

and

(4.7 A;F; : X™ — X is continuous and completely continuous.

Moreover, assume there is a positive constant My, independent of A,
with

(4.8)) l[ull # Mo

for any solution u € X™ of the system

(49))\ U; = )\Azem a.e.

where 1 <i <mnand 0 < A < 1. Then, the system (1.1) has a solution
u* € X" with |Ju*|| < Mp.

Proof. Clearly, a solution of (4.9) is a fixed point of the equation
u = ASu where S is defined in (4.1), (4.2). Now (4.7) guarantees that
S is continuous and completely continuous. In the context of Theorem
2.1, let

U={ueX"||lul < M}

Since |lu|| # Mo, where u is any solution of (4.9), we cannot have
conclusion (b) of Theorem 2.1, hence conclusion (a) of Theorem 2.1
must hold, i.e., the system (1.1) has a solution u* € U with ||u*|] < M.
O

We shall now tackle the existence of a solution u of (1.1) with
u; € X, 1 < i < n where X is an Orlicz space. To introduce Orlicz
spaces, we require the following definition.

Definition 4.1. A function P is called an N-function if it admits a
representation

Jul
Pu) = /0 p(t)dt
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where the function p is right continuous for ¢ > 0, positive for ¢t > 0
and nondecreasing and satisfies the conditions

p(0) =0, lim p(t) = oc.
t—o0

The functions Pj(u) = [ o > 1 and Py(u) = el*l — |u| — 1 are

a 7

examples of N-functions.

Let p be as above. Let g(s) = sup,;)<,t. The functions

|ul [v]
PM=A p(t)dt, mwzéq@w

B

are called complementary N -functions. Note Ni(v) = %, é + % =
1, is the N-function complementary to the N-function P; whereas
No(v) = (1 + |v])In(1 + |v|) — |v| is the N-function complementary

to the N-function Ps.
Now, let P and @ be complementary N-functions. The Orlicz class,

denoted by Op, consists of measurable functions y : [0,d] — RY for
which

d
piP) = | Ply)is < .
0
We shall denote by Lp([0,d],RY) the Orlicz space of all measurable
functions y : [0,d] — RY for which

/Ody(x) -v(x)de

lylpa = sup < 00.

ply;Q) <1

v e OQ
It is known that (Lp([0,d],RY), | -|pa) is a Banach space [14]. Let
Ep([0,d],RY) be the closure in Lp([0,d], RY) of the set of all bounded

functions. Note that Ep C Lp C Op. We have Ep = Lp = Op if P
satisfies the (As) condition, which is

(A2) there exist w, yo > 0 such that for y > yo, we have P(2y) <
wP(y).

Our first existence result in Orlicz space employs Theorem 4.1.

Theorem 4.2. Let P and @ be complementary N-functions.
Assume
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(H1) ¢ is an N-function, and @ satisfies the (A2) condition;

(H2) for each 1 <i < n, g;(t,-) € Ep([0,T],RV*N) for a.e. t € [0,T],
and the function ¢ — |g;(¢, )| p,r belongs to Eg([0, T, R);

(H3) for each 1 <4 <n, f; : [0,T] x (RN)" — R¥ is a Carathéodory
function, i.e.,

(i) the map t +— f;(¢,u) is measurable for all u € (R™V)",
(ii) the map u — f;(t,u) is continuous for almost all ¢ € [0, T7;

(H4) for each r > 0 and 1 < 4 < n, there exists n,; € Lg([0,T],R)
and K, ; > 0 such that

Ifi(t,u)| < mpi () + K, Q71 (d) (@)) ,a.e.t €[0,T], all u € (RV)™.

Moreover, assume there is a positive constant My, independent of A,
with

(4.10) lullo.r = max fuilsr # Mo
for any solution u of (4.9)x. Then, the system (1.1) has a solution

u* e (E¢([0,T],RN))n with ||U*H¢,T < M().

Proof. Tt follows immediately from Lemma 16.3 and Theorem 16.3
of [14] (take My = Q, Ms = ¢ and Ny = P) that A; : Eg([0,T],RY) —
E4([0,T],RYN) is continuous and completely continuous. Let

(411) U= {ue (By(0.T,RY))"

o, T < MO} .

Applying Theorem 17.6 in [14] (with My = Q and M; = ¢), we deduce
that F; : U — Eq([0,T],RY) is continuous and F; maps bounded
sets into bounded sets. Thus A;F; : U — E,([0,T],RY) is continuous
(A; is continuous and Fj; is also continuous) and completely continuous
(A; is completely continuous and F; maps bounded sets into bounded
sets). With X = E4([0,7],RY) and Y = Eqg([0,T],RY), the result
now follows from Theorem 4.1. o

[[ul

Remark 4.1. By placing other conditions on ¢; and f; (see [14,
Sections 15, 16, 17]) we may deduce other existence results in an Orlicz
space.
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Our next two results apply Theorem 4.2.

Theorem 4.3. Let P and @) be complementary N-functions. Let
(H1)-(H4) hold. Assume

(H5) for each 1 <14 <n, §;(t) = |g:(t,-)|p+ is bounded for ¢ € [0,T];
(H6) for each r > 0 and 1 <i < n,

5 [ o< [ [reo (2R )}d

where

R R t
Gi= swp g0 and bl = 2D (1 o+ Ko

te[0,T]

(H7) for each 1 <i <mn,

r
sup
<020l { il K i+ K 1) (3 (14 (bra(e))]dt ) }
>1
where

: 29iKr,i -
W) =latler and Lo = [ [1ee(2550)| s
0
Then, the system (1.1) has a solution u € (E4([0, T],RN))n

Proof. In view of (H7), for any 1 < ¢ < n there exists a positive
constant My such that
My
(@ilor { ol s K asy s Tk (35 1146 oo (®)] ) §
> 1.

(4.12)

For each 1 < i < n, define A; : Eg([0,T],RY) — E4([0,T],RY) by
(4.5), and F; : (E([0,T],RN))" — Eq([0,T],RY) by (4.4). Let u be
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a solution of (4.9) for some A € (0,1) with ||u|/¢,7 = Mo. Then, there
exists some j € {1,2,---,n} such that |uj|¢r = M.

By Lemma 16.3(a) of [14] (with My = ¢, Ny = P, My = @), we have

(4.13) |[Aivlpr < lgilor - [vlQr, 1<i<mn.

Moreover, using [14, Theorem 10.5 with k = 1] gives

(4.14) ‘Q_l <¢ (%)) ‘Q,t <1+ /thb (%) ds, 1<i<n.

Now applying (H4)|,—ns,, (4.13) and (4.14), we find

t
wmmsk/mm@ﬁ@w@ws
&,T

2| me (o (3)
(G
o [o(E)e])

On the other hand, using (H4), Hélder’s inequality and (4.14), it follows
from (4.9)x that for a.e. t € [0,T],

b,

<Igjlg,r {IﬂMo,le,T + Ky

<Igjlg,r {IﬂMo,le,T + Ky

|wan<yﬂlﬂa@ﬁ@m@»@

(4.16) < g;(?) {IﬂMo,le,t + Ko,

o (o ()], )

t u4ils
<3 ()('nMoalet+KM0J)+gJKM0,J/ ¢<| ]j\/([”)d&
0 0
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Noting that ¢(z +

y) < 1[o(2z) + ¢(2y)] for z,y > 0, from (4.16) we
obtain for a.e. t € [0,

7],
(g 2))
w(t) = /Ot ¢ <|uﬁz)|) ds.

20/() = 6 (w0 + 6 (22325 ()

< 1400y 01 140 (25202 i) |

N =

(4170 ("4500) <5 6 (o 0+

Let

Then, (4.17) gives

My

or

w0 [140 (22000 )] < 2104 0050

which, upon integrating from 0 to T, provides

w(T) o . -1
/ [1+¢ (% x)} de = Tuy ;(w(T))
0 0

< % /T [1+ & (bagy ()] dt < Tngyi(00) (by (HG)).
0

Since Ing, ; is strictly increasing, it follows immediately from above that

T (s T
(4.18) w(T):/O ¢ <%> ds < I} (%/0 [1+ ¢ (bary,; ()] dt) .

Now, we substitute (4.18) into (4.15) to get

Mo = |ujlo,r < g5l {Inn,51Q.7 + Kno,5[1 +w(T)]}
<lgjlo. 7 {|Inr1.5lQ.7

1 1 4
+ Kto,j + K 5 IMO J (5/0 [1+ ¢ (barg,;(t))] dt) }

< My (by (4.12))
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which is a contradiction. Hence, any solution u of (4.9), must satisfy
lullg. 7 # Mo. The condition (4.10) is satisfied and the conclusion is
now immediate from Theorem 4.2. ]

Theorem 4.4. Let P and Q be complementary N -functions. Let
(H1)-(H4) hold. Assume (H8) for each 1 < i <mn,
r

sup
re(0,00) 1%ilo, (IrilQr + 2K54)

>1

where ¢;(t) = |g:(t,-)|p,r. Then, the system (1.1) has a solution u €
(Eo((0, 7], RY))".

Proof. In view of (H8), for any 1 < ¢ < n there exists a positive
constant My such that

My

(4.19)
|gilo,r (InMo,ilQ,r + 2K 0y ,1)

> 1.

As in the proof of Theorem 4.3, let u be a solution of (4.9), for some
A € (0,1) with |lul|g,r = Mo. Also, let j € {1,2,---,n} be such that
lulle, 7 = ujlo,r = Mo.

Using a similar argument as before, we obtain (4.15). Now, we employ
Lemma 9.2 in [14] to get

T
Iuj(S)l) lujlg.r _ Mo
4.20 D) gs < 2T — 220 g
(420) /0 ¢< M, =M, M,

Substituting (4.20) into (4.15) immediately leads to

Mo = |ujlor < lgjle,r (In00,51Q.7 + 2K ny,5) < Mo (by (4.19)),
a contradiction.

Hence, any solution u of (4.9), must satisfy ||ul|¢r # Mo, i.e., we
have the condition (4.10). The conclusion is now immediate from
Theorem 4.2. O

Remark 4.2. Let p (> 1) and ¢ be integers such that zla + % = 1.
Consider the case n = 1. In Theorem 3.2, the existence of a solution in
LP[0,T)] is established using the conditions (see (C2) and (C6))
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(4.21) 1f(tw)| < ne(t) + M, |ul7, ae te0,T], allueR

and

(4.22) sup <;> >1

r€(0,00) \ag +ai rq

where ag and a; are some fixed constants. We remark that our
Theorems 4.3 and 4.4, which give the existence of a solution in an
Orlicz space, are ‘analogous’ to Theorem 3.2 in the sense that if we let
o(x) = %, then Q(z) = %, and so Q7 1(x) = (qa:)i for x > 0. Then,

(H4) with
1
K, =M, -r5 <73>q
q

reduces to (4.21), since with this K, we have

K, Q! (¢ (@)) = M, |u|4.

Moreover, condition (H8) is ‘parallel’ to (4.22).

Remark 4.3. Tt is also possible to prove Theorem 4.4 using Schauder’s
fixed point theorem.

Remark 4.4. In Theorems 4.3 and 4.4, one could replace (H4) with
the following condition:

(H4)" there exists € > 0 and for each 1 < i < n, there exists
NMo+e,i € Lo([0,T],R) and Ky 4c,; > 0 such that

My + €
a.e. t€0,T), all u € (RV)"

[ fi(tw)] < gy e (8) + Kntges @ <¢< = )) ,

where My is as in (4.12) (for Theorem 4.3) or as in (4.19) (for Theorem
4.4).
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Remark 4.5. The conditions (H7) and (HS8) are respectively equiva-
lent to

(H7)' there exists a > 0 such that for each 1 <i < n,

(1T
|gilg, 7 {lnoz,i|Q,T + Koi+ Kai 1] (5 /0 [1+ ¢ (bai(t))] dt) } <a

where ¢; and I, ; are defined in (H7);
(H8)' there exists a > 0 such that for each 1 <i < n,

|gils, 7 (1Na,ilQr + 2Ka,i) < .

Moreover, with (H7)" and (H8)' the conclusion of Theorems 4.3 and
4.4 becomes: the system (1.1) has a solution u € (E4([0,T],RY))"
such that ||ul|¢r < a.

Till now we have employed the Leray-Schauder alternative (Theorem
2.1) to obtain existence criteria in (E¢([O,T],RN))n. We shall next
apply Krasnosel’skii’s fixed point theorem (Theorem 2.2) to get further
existence results for constant-sign solutions in (E,([0,T],RY ))n .

Consider the Banach space ((E¢ ([O,T],)N) - ||¢,T) . Define a
cone in (E¢([0,T],RN))n as

(4.23) C, = {u € (E¢([O,T],RN))n for each 1 < i < n,

Oiui(t) > y(t)||ullg,r for a.e. t € [O,T]}.
Here we assume

~v(t) > 0, a.e. t € [0,T], v € E4([0,T],RY) and [v]g.r < 1.

More conditions on () will be presented later. It is clear that a fixed
point of the operator S in C, is a constant-sign solution of (1.1) in
(Ey((0,T),RY))".
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Let 0 < B < a. Define
Q0= {ue (B,(0,71.RY)" | Jullor < o}
and

0 = {u e (Bo((0,7,RY))"

lullor < 8} -

Our next lemma shows that S maps C., N (2,\p) into C.,.

Lemma 4.1. Let P and Q be complementary N -functions. Let (H1)-
(H4) hold. Assume

(H9) for each 1 <i < n, gi(t,s) :[0,T] x [0,t] — [0,00)N*N is such
that the map (t,s) — gi(t,s) is measurable, and g;(t,s) > 0, a.e. t €
[0,T], a.e. s €[0,t];

(H10) for each 1 <i <mn,
0:fi(t,u) >0, a.e tel]0,T], allue K

where

K= {u € (E¢([O,T],RN))n ‘ for each 1<1i<n,
Oiu;(t) >0 for a.e. te [O,T]};

moreover, 8; f; is ‘nondecreasing’ in the sense that if v < 0;u; <y for
some j € {1,2,--- ,n}, then for a.e. t € [0,T],

eifi(taula"' 79jx7"' 7un) < g’if’i(tvulv"' yUjy 7un)
< gifi(tvulv'" aejyv"' aun);
(H11) there ezists a function v € Ey([0,T],RN) with v(t) > 0 for

a.e. t € [0,T] and |v|pr < 1 such that the following holds for each
1<i<nand any R > 0,

t
/ gi(t, 8)0; fi(s,01RY(s),02Ry(s), -+ ,0,Ry(s))ds
0

> (t) - max 9jle,r (INr,jl6,7 +2KR;), ae. t€]0,T]
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Then, the operator S maps C-, N (Qa\Qg) into C,.

Proof. Letu € CyN(Qa\Qg). We already have Su € (Ey([0,T], RN))n
(Theorem 4.2). Moreover, in view of (H9) and (H10), it follows that

(@24) 0.(S)(6) = [ gi(t. 5105, u(s))ds > 0

a.e. t€[0,T], 1 <i<n.

Since u € C, N (Q24\Qp), there exists R € [3, a]
such that

(4.25) llullgr = R and O;u;(t) > ~y(t)R > 0,
ae. t€[0,T], 1 <i<n.

It follows from (H9) and (H10) that for a.e. t € [0,7] and 1 < i < n,

(4.26)  6:(Syu)(®)
Z/O 9i(t,5)0; fi(s,01Ry(s),02Ry(s),- - , 0, Ry(s))ds.

On the other hand, using (H4)|,—g, (4.13) and (4.14)|a1,—g, we find for
1<1<n,

o= [ ' gi(t,5) s, u(s))ds
¢, T
/Ot gi(t, s) {UR,i(S) + Kpr; Q71 (¢ <|Q§|>> } ds
()
L)

(4.27) <

<lgilg,r {|77R7i|Q7T + Kg,i

<lgilg,r {|77R7i|Q7T + Kg,i

Now, we employ Lemma 9.2 in [14] to get
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T
|ui(s)] uilp,T
(4.28) /0 ¢< i )ds§ S sl

Hence, from (4.27) we get

|Siulg,r < |gile,r (INR,ilQr +2KR:), 1<i<n

which implies

(4.29) [Sullsr < max gjlo,r (Inr.jle.r +2Kr,;) -
<j<n

Now, using (4.29) in (4.26) yields

5> fot gi(t,8)0; fi (5,01 Ry(s), 02 Ry(s), -+ , 0, Ry(s))ds
- maxi<j<n |¢5le,r (INRjlQ.r + 2KR ;)
> y(@)||Sullg,r, ae tel0,T],1<i<n

|Sullg,r

where the last inequality follows from (H11). This completes the proof.
0

We are now ready to apply Theorem 2.2 to get the existence of a
constant-sign solution in (E¢([O7 7], ]RN))n i

Theorem 4.5. Let P and Q be complementary N -functions. Let
(H1)-(H4) and (H9)-(H11) hold. Assume

(H12) there exists § > 0 such that ¢ (%) >9 % for x,y > 0;

(H13) there exists a > 0 such that for each 1 < i <mn,

(il (IailQr +2Kay) < o3
(H14) there exists B > 0 such that for each 1 <1i <mn,

ot <<5 /0 s ( /0 " G55, )6 £:(r, O By (7). B () 9m<r>>dr) ds)
> 8
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(of course we also assume the above integral exists).

Then, the system (1.1) has at least one constant-sign solution u €
(E¢([O,T],RN))n such that

(a) a < |lullg,r < B and O;u;(t) > y(t)a, ae. t €[0,T], 1 <i<nif
a< B

(a) B < |lullgr < a and O;u;(t) > v(t)8, a.e. t € [0,T], 1 <i<n if
0 < a.

Proof. Without any loss of generality, let 8 < o. Since S : Cy N
(Qa\Q25) — C, is continuous and completely continuous (Theorem 4.2
and Lemmas 4.1), it suffices to show that (i) |Sulle,r < ||u|er for
u € Cy N 0N, and (ii) ||Sulle.r > ||ull¢,r for w € Cy N ONp.

To prove (i), let u € C, N 0Qy. Then,

lullgr = and Ou;(t) >~y(t)a >0, ae t€[0,T],1<i<n.

As in the proof of Lemma 4.1, we obtain (4.29)|g—, which, together
with (H13) yields

[Sullsr < max gjlo.r ([alQr +2Ka;) < a = fullgr.
<jsn
Next, we shall verify (ii). Let u € Cy N 9€3. Then,

lullgpr =6  and  Giu(t) >~v({#)B >0, ae. t €[0,T], 1 <i<n.

Fix 1 < ¢ <n. As in the proof of Lemma 4.1, we get (4.26)|r=g. Since
¢(x) is an increasing function of = for > 0, it follows that

(4.30)  &(|S;u(t)])
> ¢ </0 9i(t, )0i fi(s,0187(s), 0287(s), - - - ,enﬁ'y(s))ds> , a.e.t €10,T].

Now, applying Lemma 9.2 in [14] gives
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T
|Siu(5)| ) |5iu|¢AT
4.31 /¢( ds < L.
(4.31) AN 1Sullor

Also, using (H12) we find

[

Coupling (4.31) and (4.32) leads to

|Su

|Su

which, together with (4.30), prov1des

o(1Sullgr) > 6 / o(1Ssu(s))ds

> 5 / o ([ o100t 00001, 0 e ) s

0

In view of (H14), it follows that

|Sullg,r

>4t <<5 /0 s ( /0 " gi(s, 76 £i(r, B By (7). Ba () - enwr))dr) ds)

Having established (i) and (ii), we conclude from Theorem 2.2 that S
has a fixed point u € C, N (2, \23). Therefore, conclusion (b) follows
immediately. O

Remark 4.6. In (H13) if we have strict inequality instead, i.e
condition (H8)’, then from the proof of Theorem 4.5 we see that a
fixed point u of S must satisfy |ul|¢r # a. Likewise, if the inequality
n (H14) is strict, i.e.,
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¢—1<5 / s ( / 45, PO (615 (r), B () emm)dr) ds> >0,

then a fixed point w of S must fulfill ||ullgr # (. Hence, with
strict inequalities in (H13) and (H14), the conclusion of Theorem 4.5
becomes: the system (1.1) has at least one constant-sign solution
u€ (E¢([O,T],RN))n such that

(a) a < |lullgr < B and G;u;(t) > y(t)a, ae. t€[0,T], 1<i<n
if a <

(b) B < |lullgr < v and O;u;(t) > v(t)8, ae. t€[0,T], 1<i<n
if 8 < a.

Our next two result gives the existence of multiple constant-sign
solutions of (1.1) in (E¢([O,T],RN))n.

Theorem 4.6. Let P and Q be complementary N -functions. Assume
(H1)-(H6) and (H9)—(H12) hold. Let (HT) be satisfied for a = ap,
(H13) be satisfied for o = oy, € = 1,2,--- ,k, and (H14) be satisfied
forﬂ:ﬂlv (= 1a27"' , M.

@ Ifm =k+1and 0 < 1 < o < -+ < B < a <
Bri1, then (1.1) has (at least) 2k constant-sign solutions u',--- ,u?* €
(E¢([O,T],RN))n such that

B < lutllgr < ar < [[ullpr < B2 < -+ < an < [upr < Brya-

b)) Ifm=Fkand0< (1 <oy < -+ < P < ag, then (1.1) has (at
least) 2k — 1 constant-sign solutions u',--- ,u?*= € (E4([0,T], RN))n
such that

Bi < |lutllpr < a1 < [[ud]lpr < Ba <o < B < W o1 < .

) Ifm=k+1and0 < oy < 1 < a1 <+ < am-1 < B,

then (1.1) has (at least) 2m constant-sign solutions u®,--- ,u?m™~1 €

(B4([0,T],RN)"™ such that
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0 < [ulllgr < a0 < [[utllgr < Br < U1
<o << amer < W g < B

(d) If m = kand 0 < ag < B1 < a1 < -+ < B < o,
then (1.1) has (at least) 2m + 1 constant-sign solutions u®,--- ,u?™ €
(E¢([0,T],RN))n such that

0 < Julllgr < oo < [[utllgr < Br < U1
<ay << B < P lor < Qm.

Proof. In (a) and (b), we just apply Theorem 4.5 repeatedly. In (c)
and (d), Theorem 4.3 (and Remark 4.5) is used to obtain the existence
of u® € (E¢([O,T],RN))n with 0 < ||[u%|sr < o, the results then
follow by repeated use of Theorem 4.5. o

Theorem 4.7. Let P and Q) be complementary N -functions. Assume
(H1)-(H4) and (H9)—-(H12) hold. Let (H8) be satisfied for a = ap,
(H13) be satisfied for o = oy, € = 1,2,--- ,k, and (H14) be satisfied
for B= B¢, £=1,2,--- ,m. Then, the conclusions (a)—(d) of Theorem
4.6 hold.

Proof. The proof is similar to that of Theorem 4.6, with an applica-
tion of Theorem 4.4 instead of Theorem 4.3. ]

Remark 4.7. Suppose in Theorems 4.6 and 4.7 we have some strict
inequalities in (H13) and (H14), say, involving «; and (; for some
i € {1,2,---,k} and some j € {1,2,---,m}. Then, noting Remark
4.6, those inequalities in the conclusion involving a; and 3; will also be
strict.
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