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ON AN EXTENSION OF THE TROTTER-KATO THEOREM
FOR RESOLVENT FAMILIES OF OPERATORS

C. LIZAMA

ABSTRACT. We extend the well-known theorem on con-
vergence and approximation of Cp-semigroups due to Trotter
and Kato to the context of resolvent families of operators. In
particular, this result also extends those due to Goldstein [4]
for cosine families and it is applied to the case of a class of
Volterra equations which were considered by Priiss [11].

1. Introduction. Let X be a Banach space with norm || ||. Let
A be an unbounded closed linear operator in X, with dense domain
D(A),and k€ LL_(R ).

loc
A strongly continuous family {R(t),t > 0} of bounded linear oper-
ators in X is called a resolvent family (for equation (1.2) below) if it
commutes with A and satisfies the resolvent equation

(1.1) Rt)r =z + /t k(t — s)AR(s)zds, t >0,z € D(A).
0

We remark that a resolvent family is unique if it exists (cf. [3]).

The notion of resolvent family is the natural extension of the con-
cepts of a Cy-semigroup for k(t) = 1 and of a cosine family for the
case k(t) =t.

The existence of a resolvent family allows one to solve the Volterra
equation

t

(1.2) u(t) = f(t)+/0 k(t—s)Au(s)ds, t€[0,T]=:J, f € C(J,X).

Equation (1.2) has been considered recently by many authors, since
it has applications in different fields (see, for example, [3, 11, 12]).

The following generation theorem, due to Da Prato and Iannelli [2],
is the extension for resolvent families of the well-known generation
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theorems due to Hille-Yosida for Cy-Semigroups and Sova for the case
of cosine families.

THEOREM 1.1. [11] Suppose A is a closed linear densely defined
operator in the Banach space X and let k € L,loC (R 4+) satisfy

/ |k(t)|e""*dt < oco.
0

Then there exists a resolvent family R(t) such that
(1.3) [|R(t)|| € Me™, forallt>0

and some constant M > 1, if and only if

(1.4) k(u) #0 and 1/k(p) € p(A), for all p> w,
and Ml
e = k() )N < = for all > w,

n € Ngo := N U {0},

where k(u) denotes the Laplace transform of k(t) and [ | denotes
the n'" derivative.

The main purpose of this paper is to extend to resolvent families
the Trotter-Kato theorem on convergence and approximation of Cp-
Semigroups and its analog for the case of cosine families due to
Goldstein [4]. The proof of this theorem is based on ideas in [1;
Chapter 3, §3], [4, 5, 6; Chapter 8, §1 and Chapter 9, §2], [7] and [9].

As a consequence, we obtain results of the same type as those in
Priiss [11], but this time on convergence of two special classes of kernels
k and operators A (§3).

2. Approximation and convergence of resolvent families.
Let k € L. (R +) and suppose that k(u), the Laplace transform of

loc

k(t), exists and is defined for Re u > w.
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Let {A,m € N} be a sequence of closed linear operators on the
Banach space X, with dense domains D(A4,,). Let {R,,(t), t > 0} be
resolvent families with respect to each A,,.

THEOREM 2.1. Suppose that the following condition on the kernel
k(t) holds:

@1 Jim ()] =0,

and assume that the resolvent families R,,(t) exist and satisfy the
“condition of stability,”

(2.2) ||[Rm(t)|| < Me™t forall t>0, me€ Ny.

Then the following statements are equivalent:

(i) limm_oo(p — pk(p)Am) 'z = (1 — pk(p)Ao) 'z for all p >
w, ¢ € X.

(ii) imp,— 00 Rm(t)z = Ro(t)z for all z € X, t > 0. Moreover, the
convergence is uniform in t on every compact subset of R .

PROOF. (ii)=(i). This is an immediate consequence of (2.2) by using
the dominated convergence theorem (for the Bochner integral) and the
identity

(2.3) (u— pk(p)An) 'z = / e "R, (t)rdt, Rep>w, z€ X.
0
(Cf. Da Prato and lannelli [2; formula 27, p. 213].)

(i)=(ii). Let

K = {‘T = (zn)go - X/ lim z, = 1:0}‘
n—00
It is easy to see that K is a Banach space under the norm |z| :=

Supy,||zx|l-
Define the operator A on K by

D(A)={z € K /z, € D(A,) for all n € N}
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and

Az =y=(y) €K & z€D(A) and Apx, =y, for all n € Ny.

It is clear that A is a closed linear operator in K. Now, let
z = (zn)3° € K and g > w be fixed. Then

(ke — pk(p)Am) ™ @m — (b — pk(p)Ao) ™ 2ol
(2.4) <[ = pk(p)Am) 7] [l2m — 2ol|
+ (1 — pk(u)Am) " 2o — (1 — pk(p) Ao) ™ zol|.

On the other hand, from (2.2) and Theorem 1.1,

Mn!
p—m for all n,m € Ny.

i —11(n) —_
(2.5) (ke — pk(n)Am)™"] “.5(”_,1,)

Therefore, we show by using (ii) and (2.5) in (2.4) that the operator
w — pk(u)A has an inverse in K defined by

(2.6) (1 — pk(p)A) 'z = (1 — pk(p)Am) " '2m)§,
forall p >w, ze K.

Now, in order to apply Theorem 1.1 to the operator A defined in
K, we require to prove that D (.A) is dense in K. This can be done by
the argument given in Goldstein [4] (we omit details) and using the
fact that (2.1) implies
(2.7)

(I- k(u)Ao)‘lxo — xp converges to 0 as u — oo, for all g € X.
In fact, from the identity
(I — k(u)Ao) 1z — z = k(u)(I — k(u)Ao) Aoz, for all z € D(Ap),

and, by using (2.5), we obtain

(2.8) [I(I - h()Ao) 'z — 2|l < "%{%“umu, for all z € D(Ay).
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Now, (2.1) shows that on the left side (2.8) converges to 0 as u — 00
for all z € D(Ag). Finally, by using the fact that Ag is densely defined,
we obtain (2.7).

Therefore, there exists a resolvent family, R (¢), defined in K and
such that (1.3) holds.

Now it follows, from (2.3) and the uniqueness theorem for Laplace
transforms, that

(2.9) R (t)z = (Rm(t)zm)® forallt >0, z € K.

Let r € X be fixed and choose z,, — z. Then
(2.10)

|Rm(t)z = Ro(t)x|| < [[Rm())|] ||z = Tl + || R (8) T — Ro(t)x]].

Applying (2.2) and (2.9) in (2.10), obtains (ii).

Finally, in order to see that the convergence is uniform in ¢ on every
compact subset of R ., it is sufficient to observe that, for all o € X
and 0 < s,t < r, with r fixed,
|| Rm (s)zo — Ro(s)ol|

< ||Rm(s)o = R (t)zol| + || Rm (t)zo — Ro(t)xol|
+ || Ro(t)zo — Ro(s)zol|
S 2[R (s)x — R (t)z| + || Rm (t)zo — Ro(t)ol,

(2.11)

where z = (2,)§° € K is defined as z, = z¢ for all n € N .

Now, using (ii) and the fact that R (t) is strongly continuous in
K (see also Goldstein [5]) we obtain from (2.11) the assertion of the
theorem. O

REMARK 2.2. The equivalences (i) and (ii) for resolvent families
can be obtained by making use of a general result on convergence (cf.
Lizama [9, Theorem 1.2]). However, it is more suitable to use a direct
proof in order to obtain the condition (2.1).

REMARK 2.3. A variant of Theorem 2.1 is valid for operators acting
on different spaces as follows: Let X, be a Banach space, and let
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{Xn}5%, be a sequence of Banach spaces that approximate X in the
sense that, for each n, there exists a bounded linear operator P, that
maps Xp into X, and lim,_ ||Pnz||x, = ||z||x, for all z € Xj.
These conditions imply that sup, ||Py.|| < +00.

We will say that lim, .z, = z,z, € X,z € X if and only if
lim, o0 || Pz —Zn||x, = O (see also Kurtz [8]). Then, if A, is a closed
linear operator densely defined on X,,, R,(t) is a resolvent family (for
A,) acting on X,,, and, moreover, (s — pk(p)A,) 'z, converges to
(n— ul}(u)Ao)‘le as T, — Tg, then R, (t)z, converges to Ro(t)zo as
Tn — xg. The proof is very similar to that of Theorem 2.1. We take

K ={z = (2,)§°/zn € X, and nlirr;own =xZo}

and define |z| := Sup,,||z.||x,,-

Following Davies [1] and Kato [6], we can obtain our main result on
convergence of resolvent families:

THEOREM 2.4. Assume that the conditions (2.1) and (2.2) in Theo-
rem 2.1 hold. Suppose, moreover, that

(2.12) lim (p — pk(p)An) 'z =: L(p)z
exists for all p > w, z € X, and that the condition
(2.13) lim pL(p)z ==z

p—o0

holds for all x € X. Then there exists a closed linear and densely
defined operator A in X and a resolvent family R(t) such that

(i) 1/k(x) € p(A) and L(u)z = (u— pk(p)A) "'z for allp > w, z €

(ii) impm— 0o Rm(t)x = R(t)x for allt > 0, z € X. Moreover, the
convergence is uniform in t on every compact subset of R ;.

PROOF. Let u, A > w be fixed. We have the identity
(1/k(w) = Am) ™" = (1/k(}) = A7)~

(2.14) ] . . .
= (1/k(N) = 1/k(u))(1/k(X) — Am) " (1/k(1) — Am) ™"
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Therefore, making m — oo in (2.14) and using (2.12) obtains

(215)  pk()L(n) ~ Ne(VL() = (k(n) — BN AL L(1).

This shows that L(y) commutes with L(\) and, moreover, that
Ker L(n) = Ker L(A) and Rang L(x) = Rang L()\), for all p, A > w.

Define D := Rang L(p) and N := Ker L(u). Then, it follows from
(2.13) that, for all z € X,

z = lim y,, where y, =nL(n)z € RangL(n)=D
n—0o0
and, if L(u)z = 0 for all u > w, that

z= lim puL(u)z =0.

p—00

This shows that D is dense in X and N = {0}.
Define

(2.16) Az = (1/pk(p)) (e — L(p) Yz forallz € D, p> w.

Then it follows that A is a closed linear and densely defined operator
in X. Moreover, from (2.16), it is clear that (i) holds.

Now define
(2.17) Hm(p) = (u— pk(p)Am) ™", a(u) = 1/k(n), b(u) = a(u)/p.

It follows by induction that
(2.18)

m ()™M = ZZ( ) b(1) ™R () (uk (1)) Hon (),

k=0 j=1

where
(k) =(a(w)?)® ~ ja(u) @) ® /11 + -
+ (1) Yja(u)y " (a(w)®.
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Observe that lim,, oo Hpn(p)*z = L(u)*z for all k € N, z € X.
Therefore, we obtain from (2.16) and (2.18) that

(2.19) hm Hp(p)™z = L(p)™z for all p >w, z € X, n € Ny.

Hence, by making use of (2.5), from (2.19),

. Mn!
— uk()A) NP <« ——
(= k(4| € ey
Therefore, we can apply Theorem 1.1 and obtain a resolvent family
R(t), such that (1.3) holds. Finally, applying Theorem 2.1 yields that
(ii) holds, and the proof is complete. O

n € Ny, p> w.

REMARK 2.5. The condition (2.12) holds, for example, when
lim,, oo (I — k(1) Am)~" = I uniformly in m (see Kato [5; Chapter

)A
9, Theorem 2.17]) or when the range of L(u) is dense in X (see Davies
[1 Theorem 2.6]).

3. Applications to the study of hyperbolic Volterra equa-
tions. In [11] J. Priiss studies aspects on existence, positivity, reg-
ularity and compactness, as well as integrability of the resolvent for
(1.2) for two special classes of kernels k and operators A. These classes
are:

(I) A is the generator of a Cp-semigroup 7T'(t) in X; k(t) > 0 is
nonincreasing and log k(t) is convex;

(IT) A is the generator of a cosine family C(t) in X;k(t) = ko+koot+
fot k1(s)ds, where ko,ko > 0, k1(t) > 0 is nonincreasing, log k;(t)
convex, and lim;_, o k1 (t) = 0.

For equivalent conditions, see also Priiss [11, p. 326327 and p. 336-
337].

Let X be a Banach space and {A,}3° a sequence of linear closed
operators in X with dense domains D(A,,).

We consider the equations

B1)  un(t) = fult) / k(t — ) Antin(s)ds, n € No, ¢ >0,
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where f, € W2 ([0,T), X).

THEOREM 3.1. Suppose that one of the following conditions holds:

(i) Each A, generates a Cy-semigroup T,(t) in X, k(t) satisfies
condition (I) and ||T,(t)|| < Mye™*t for allt >0, n € N.

(ii) Each A, generates a strongly continuous cosine family Cp(t)
in X,k(t) satisfies condition (II), and ||Cn(t)|]] < Mae™2* for all
t> O, neN 0-

Assume, moreover, that (3.2) limy, oo (it — Am) "z = (u — Ag) "'z
for every x € X and all p sufficiently large. Then

(a) The equations (3.1) admit resolvent families Ry(t) in Ry, for
all n € N, and moreover,

(3.3) ||[Rn(t)]| < M3e™s for allt >0, n € Ny.

(b) lim, .o Ry (t)xz = Ro(t)x for allt > 0, z € X. Moreover, the
convergence is uniform in t on every compact subset of R ;.

PROOF. Under our hypothesis, the first assertion in (a) follows
directly from Priiss [11], Theorem 5 and Theorem 6 respectively, and
a review of the proofs in these theorems shows that (3.3) holds.

On the other hand, from (I) (or (II)), it is shown that the condition
(2.1) in Theorem 2.1 holds. In particular, it follows from this condition
and (3.2) that

lim (u— pk(n)Am) "2 = (1/pk(p)) lim (1/k(p) = Am) "'z

m—0o0
= (1 — pk(p)Ao) 'z
for all z € X and p sufficiently large. Consequently, by using Theorem
2.1, we obtain that the assertion in (b) holds. 0

EXAMPLE 3.2. Suppose that the kernel k(t) satisfies condition (II)
and let B be a linear bounded operator defined in X.

We define the operators
(3.4) A=A+ (1/m)B, meN,
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where A generates a strongly continuous cosine function C(t) in X
which satisfies

(3.5) lC@)l| < Me™*, t>0.

It follows from Nagy [10] that, for every m € N, the operators in
(3.4) generate strongly continuous cosine functions Cy, (%) in X which,
in turn, satisfy

(3.6) ICom (B)]] < M +/mNBINE < pre(HIBINE ¢ > g,

On the other hand, by using (3.6), the identity
(b= Am) ™" = (u—A)" = (1/m)B(p— A) " (n — Am) ™,

for u sufficiently large, and the generation theorem for cosine families
(i.e., Theorem 1.1 with k(t) = t), we show that

(p— Ap) 'z converges to (u— A)"lz as m — oo

for all z € X and p sufficiently large.

Therefore, Theorem 3.1 shows that, for every n € N, the perturbed
equations

(3.7)
un(t) = fu(t) + / k(t — s)Aun(s)ds + (l/n)/ k(t — s)Buy(s) ds,
0 0

where f, € W51 ([0, T], X), admit resolvent families Ry, () in R 4 such
that ||Rn(t)|] < Me®* and

(3.8) lim R,(t)z = R(t)z, t>0, z € X,

where the convergence is uniform in ¢ on every compact subset of R 1
and R(t) is a resolvent family for

(3.9) u(t) = f(t) + /Ot k(t — s)Au(s)ds, t>0,fe Wr([0,T], X).

loc
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In particular, it is well-known that the solutions of (3.7) are repre-
sented by the variation of parameters formula

(310) () = Ra05a(0)+ [ Rult- 9fi(s)ds, t20,

(3.11) u(t) = R(t)f(0) + /Ot R(t—s)f'(s)ds, t>0,

respectively.

Therefore if, for example, (f,)32, is a sequence of continuously
differentiable functions in R ; such that the sequence (f,(0)) in X
converges and, moreover, the derivatives f; converge uniformly to a
function g, then

lim w,(t) =u(t), t>0,

n—oo

with uniform convergence in t on every compact subset of R ;. 0O
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