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THE CLIQUE IDEAL PROPERTY
THOMAS G. LUCAS

ABSTRACT. For a commutative ring R, one can form
a graph I'(R)* whose vertices are the zero divisors of R
(including 0) and whose edges are the pairs {a,b} where
ab = 0 with a # b. For this graph, a clique is a nonempty
subset X such that ab =0 for all @ # b in X. If R is a finite
ring, there is always a maximum clique of I'(R)*~a clique X
such that |X| > |Y| for all cliques Y. We say that a finite
ring R has the clique ideal property if each maximum clique
of I'(R)* is an ideal of R. If R = S & T where both S and
T are finite rings with the clique ideal property and neither
S nor T is a field, then R has the clique ideal property. The
converse does not hold. For each positive integer n > 1, the
ring R = Z,[x]/(x?) is a finite ring with the clique ideal
property. In contrast, Z, has the clique ideal property if
and only if n is either a prime or a perfect square.

Throughout this article, each ring is assumed to be finite and
commutative with a nonzero identity. In the event a ring R is (equal
or) isomorphic to a sum @) _;S; for some family of rings {S;}1;
where n > 1, then each S; is presumed to have a nonzero identity
(equivalently, no S; is {0}).

For a ring R, we may form a graph I'(R)* whose vertices are the
zero divisors of R (including 0) where a pair of distinct vertices a and
b form an edge if ab = 0. This is in contrast to the graph I'(R) where
the vertices are restricted to the set of nonzero zero divisors of R (as
in [3, 8]). Recall that a nonempty subset X of a graph is a clique if
it forms a complete subgraph. In the case X C TI'(R)*, X is a clique
if and only if zy = 0 for all x # y in X. A mazimum clique of T'(R)*
is a clique X such that |X| > |Z| for all cliques Z of I'(R)*. The
size of a maximum clique is the clique number of I'(R)*. Note that a
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mazimal clique is simply a clique that is not a proper subset of some
other clique; it need not be a maximum clique. For example, both
Y ={0,2,16} and X = {0,4,8, 16,24} are maximal cliques of I'(Z32)*
(in fact, X is a maximum clique of this graph, see [4, Proposition
2.3]). Our concern is with the cliques of I'(R)*. In particular, we are
interested in characterizing the finite rings for which each maximum
clique is an ideal (thus, the inclusion of 0 as a vertex).

Consider the ring R = Zp2» where p is a prime. Then
Z(R) = {s | p|s, 0 < s < p*"}

and the ideal I = p™R is the unique maximum clique of T'(R)*
(Theorem 3.1). For an alternate example, suppose R = Z4 @ Zg.Then
I =274 @ 3Zg is both a maximum clique of T'(R)* and an ideal of R.
On the other hand, {0,2,4} is a maximum clique of T'(Zg)* but it is
not an ideal. Also, both

{(0,0),(0,1),(1,0)}

and

{(0,0),(0,2),(1,0)}

are maximum cliques of T'(Zs ®Z3)*, but neither is an ideal of Zs & Zs3.
We say that a finite ring R has the clique ideal property (or more
simply, has CIP) if each maximum clique of I'(R)* is an ideal of R.
A consequence of Lemma 1.1 is that, if R is a finite reduced ring that
is not a field, then it does not have the clique ideal property. An
alternate proof of this can be derived from the fact that, if R is a
reduced ring with finitely many minimal primes P, Ps,..., P, such
that n > 1, then a maximum clique of I'(R)* is a set of the form

{0,a1,a2,...,an}

where
a; € m Pj \ P,
JFi
for each i (see [4, Theorem 3.3]). As we have restricted the vertices to

only the zero divisors (including 0), each finite field trivially satisfies
the clique ideal property.
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For an ideal I of R, we say that I is a clique ideal of R if I? = (0).
In addition, I is a mazimal clique ideal if I is a clique ideal that is
not properly contained in some other clique ideal, and I is a mazimum
clique ideal if I is a (maximal) clique ideal such that |I| > |J| for all
clique ideals J. Note that a clique ideal is also a clique of I'(R)*; the
converse holds for ideals when R is local (Lemma 1.1).

On the other hand, the nonzero idempotent ideal J = {(0,0), (1,0)}
is a clique of I'(Zy ® Zs)* but neither a clique ideal nor a maximal
clique. If R is a (finite) local ring of odd characteristic, then Theo-
rem 1.3 shows that R has CIP if and only if it contains at least one
ideal that is a maximum clique of I'(R)*. In contrast, the ring in Ex-
ample 3.11 is local of characteristic 2 with a maximum clique that is
an ideal and a maximum clique that is not an ideal. It turns out that
it is “almost true” that a finite local ring has CIP if and only if it
contains at least one ideal that is a maximum clique. In Theorem 1.6,
we show that, if R is a finite local ring that contains a set X that is
a maximum clique but is not an ideal and there is an ideal I that is
a maximum clique, then |R| = 16 and |X| = 4 = |I]. In addition to
the ring in Example 3.11, examples exist of such rings with charac-
teristic 4 (Examples 3.9 and 3.10) and with characteristic 8 (Example
3.8). Up to isomorphism, these are the only four finite rings with both
a maximum clique that is an ideal and a maximum clique that is not
an ideal.

Primarily, Section 1 is devoted to the local case. It begins with a few
general results dealing with cliques, maximal and maximum cliques,
and then looks at CIP in the local case. As mentioned above, a finite
local ring R of odd characteristic has CIP if and only if it has at least
one ideal that is a maximum clique of I'(R)*. More or less a restricted
“contrapositive” statement holds for the even characteristic case. If
R is finite and local with even characteristic and there is a maximum
clique X of T'(R)* such that |X| > 5 and X is not an ideal, then no
ideal of R is a maximum clique of I'(R)* (Theorem 1.3).

In Section 2, we look at the finite nonlocal case. Throughout the
section, we make use of the fact that, if R is not local, then it is

(naturally) isomorphic to n
D Rar..
i=1
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where {M;y, Ms,...,M,} is the set of maximal ideals of R. As
mentioned above, if R is a reduced ring that is not local, then it does
not have CIP. If R is not local, then it also fails to have CIP if it is
“partially reduced” in the sense that it is isomorphic to a sum S @ T
where S is reduced (Lemma 2.1). Note that such a sum exists if and
only if Ryy, is a field for some maximal ideal M; of R.

As a first positive result of Section 2, we show that, if S and T
are finite rings such that neither is a field and each has an ideal that
is a maximum clique of the respective zero divisor graphs I'(S)* and
I(T)*, then S @ T has CIP, and each maximum clique of T*(S & T')
has the form

Is ® IT)

where Is is maximum clique of I'(S)* and Iy is a maximum clique of
I'(T)*, Theorem 2.3. Corollaries 2.4 and 2.5 extend the result to sums
of finite families {S;}7_, of finite rings for n > 1. Thus, the ring R in
Example 3.11 is such that W = R @ R has the clique ideal property
even though R does not. The ring W has two maximal ideals:

M®R and R® M,

where M is the maximal ideal of R. Localizing W at either of these
maximal ideals yields a ring that is naturally isomorphic to R. Thus,
a finite direct sum of (finite) rings can have the clique ideal property
even if one or more of the summands does not, and a ring may have
the clique ideal property even though some localization at a maximal
ideal does not.

In contrast, if V' is a local ring that has CIP and F is a finite field
(so a ring that trivially has CIP), then V @ F does not have CIP.
The maximal ideals of V & F are V @ (0) and N & F where N is the
maximal ideal of V. Localizing at V @ (0) produces a ring isomorphic
to F', and localizing at N & F produces a ring that is isomorphic to V,
so both localizations have CIP. Hence, CIP may seem rather far from
being a local property. However, if R has odd characteristic and is not
a field, then it has CIP if and only if, for each maximal ideal M, Ry,
has CIP and is not a field, Corollary 2.10. In Theorem 2.7, we show
that, if R is a finite ring that is not local and Rj; has CIP for each
maximal ideal M, then R has CIP if and only if there is no maximal
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ideal N € Max(R) such that Ry is a field. A characterization of when
a finite ring R that is not local has CIP is provided in Theorem 2.9.
Specifically, the following are equivalent:

(1) R has CIP;
(2) some ideal of R is a maximum clique of I'(R)*;

(3) for each maximal ideal M of R, Ry is not a field, and some
ideal of Ry is a maximum clique of I'(Rs)*;

(4) if
R = EB S;
1=1

for some family of rings {S;}? ; with n > 1, then no S; is a field, and
each S; has an ideal that is a maximum clique of T'(.S;)*.

Section 3 is devoted to examples and a few special cases. Several
of the results in this section deal with the idealization of a module.
For a ring R and R-module B, the idealization of B (over R) is
formed from R x B by defining addition and multiplication as follows:
(s,a) + (t,b) = (s + t,a +b) and (s,a)(t,b) = (st,sb + ta). A
standard notation for this ring is R(+)B (see for example, [6, Section
25]). In Theorem 3.4, we give a complete characterization of when
R = Zp»(+)B has CIP when p is a prime, n is a positive integer
and B is a finite Zy»-module. A consequence is that Zyn(+)Z,» has
CIP for each prime p and positive integer n, Corollary 3.6. Unlike
Zyon, Lpn (+)Zpn has multiple maximum cliques, provided n > 2. In

P
the case n = 2k for some positive k, each ideal of the form

P Zpn ()" T L

is a maximum clique for ¥ < m < n, Corollary 3.6. If, instead,
n = 2k + 1, then p™Zpn (4+)p" " Zy~ is a maximum clique for each
k+1<m<n.

The ring R in Example 3.14 is local and contains a pair of maximum
cliques X and Y such that neither is an ideal and Ann(Y") 2 Ann(X).
By Theorem 1.2 (and the fact that R is local), ¢> = 0 for all ¢ € XUY’,
Ann(Y)={2€Y |22 =0} and Ann(X) = {t € X | t* =0}
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1. Finite local rings.

Lemma 1.1. Let R be a finite ring that is not a field.

(i) If X is a cligue of T(R)*, then X is a mazimal clique if and
only if X O Ann(X).

(ii) If X is a maximal cliqgue of T'(R)*, then X is an ideal if and
only if x? = 0 for each x € X.

(iii) If I is an ideal of R, then it is a mazimal clique of T'(R)* if
and only if I = Ann(T).

(iv) If I is an ideal of R and R is local, then I is a clique of T'(R)*
if and only I? = (0).

Proof. For a clique Y, if b € Ann(Y) \ 'Y, then Y U {b} is a
strictly larger clique of I'(R)*. Hence, each maximal clique contains its
annihilator. Conversely, if Y O Ann(Y), then certainly no element can
be added to Y; thus, Y is a maximal clique if and only if Y O Ann(Y").

For (ii), let X be a maximal clique. If 2> = 0 for each z € X,
then for all a,b,c € X (not necessarily distinct), we have c(a + b) =
ca + cb = 0. Since X is a maximal clique, a + b € X. Also, for r € R,
(re¢)a = r(ca) = 0 so that we also have rc € X. It follows that X is an
ideal of R.

For the converse, suppose that X is an ideal (and a maximal clique).
Since R is not a field, each maximal clique contains at least one nonzero
element. We have two cases to consider. If a # b are both nonzero
elements of X, then a +b € X \ {a,b} and ab = 0 = a(a +b). It
follows that a? = 0. The other possibility is that X = {0,c}. Since
X D Ann(X) (and ¢ # 0 is a zero divisor), we have ¢? = 0.

For the statements in (iii) and (iv), let I be an ideal of R. If
I? = (0), then, clearly, I is a clique of T'(R)* (even if R is not local).
In particular, if I = Ann([J), then I is a clique. Moreover, in this
case, no element of R\ I can annihilate each element of I; thus, I is a
maximal clique of T'(R)*.

For the reverse implication in (iii), if I is a maximal clique, then
22 =0 for each z € I and I O Ann(I) by (i) and (ii). Since zw = 0
for all z # w in I, we have I = Ann([).
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To complete the proof of (iv), suppose that R is local and I is a
clique of T'(R)*. As above, if a # b are both nonzero elements of I,
then we have a? = 0 = b?. The remaining case is when I = {0,c} for
some nonzero c. Since R is local and ¢? € I, it must be that ¢? = 0 as
the only idempotents of a local ring are 1 and 0. Thus, no matter the
size of I, I? = (0) whenever it is a clique. O

From Lemma 1.1, a necessary condition for an ideal to be a maximal
clique is for it to be nilpotent. Thus, if R has the clique ideal property,
each maximum clique is contained in every maximal ideal.

Theorem 1.2. Let R be a finite local ring that is not a field, and let
S=1{be R|b =0}

a) If Z is a mazimum clique of T(R)*, then 2> = 0 for each z € Z.
(a) q ;
(b) If X is a mazimum clique that is not an ideal, then
(i) there is an element x € X such that x® #0 and z° = 0,
i) Ann(X) = {y € X | y> = 0} is the largest ideal contained
(i)
in X, and
(iii) XS C Ann(X).

Proof. Since R is a finite local ring, each zero divisor is nilpotent.
For a nilpotent b € R, let

p(b) = min{i € N | b* = 0}.

Suppose that W is a clique with an element w € W such that
p(w) =k >4. Let i = |k/2] and j =i+ 1. Since ¢ > (k —1)/2 > 1,
i+4 > k. Hence, w'w’ = 0 with w® # w’. Also, w-w’ # 0, so neither
w® nor w’ is in W. Tt follows that the set {w’,w?} U W \ {w} is a
strictly larger clique of T'(R)*.

Next, suppose that Y is a clique with an element y € Y such that
p(y) = 4. Clearly, y, y* and y? + y* are distinct elements of R and
y-y? =3 = y(y? +y>). Thus, neither y? nor y*> + y3 is in Y. On
the other hand, y?(y? +4?%) =0, so {y?,¥> + >} UY \ {y} is a strictly
larger clique of I'(R)*. Therefore, z3 = 0 for each z € Z when Z is a
maximum clique of T'(R)*.
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Assume that X is a maximum clique of I'(R)* which is not an ideal
of R. Since R is a finite local ring that is not a field, |R| = p™ for some
prime p and positive integer m > 1. In this case, the maximal ideal is
both nonzero and nilpotent. Hence, it has a nonzero annihilator. In
addition, if I is an ideal of R, then |I| = p* for some integer k > 0.
Thus, |Ann(X)| = p® for some positive integer a. By Lemma 1.1,
X D Ann(X), and there is an element z € X such that 22 # 0. From
(a), we have 23 = 0.

Let w € X \ {#}. Then, 2w = 0 = x - 22 It follows that
2? € Ann(X). Hence, |X| > 3. Since Ann(X) C X, each r € Ann(X)
is such that 2 = 0. Thus,

Ann(X) C {y e X |y*=0}.

For the reverse containment, simply note that, if v € {y € X | y* = 0},
then v? = 0 = vw for each w € X \ {v}. Hence, v € Ann(X), and we
have that Ann(X) = {y € X | y* = 0}. Since 2% # 0, Ann(X) € X.
Also note that, since z is nilpotent and 22 # 0, 1 4 z is a unit of R
and = # x(1 + ). Hence, x(z(1+ z)) = 22 + 23 = 22 # 0, and thus,
2(1+ z) is not in X. It follows that Ann(X) contains each ideal of R
that is contained in X.

For (iii), note that, if s € S and z € X, then (z5)? = 0. Therefore,
from above, we have xs € Ann(X) if and only if s € X. Thus,
to see that XS C Ann(X), suppose, by way of contradiction, that
there are elements ¢ € S and ¢ € X such that g¢ ¢ X. Since
Amn(X) = {y € X | > = 0} is an ideal of R, ¢ € X \ Ann(X).
Hence, we can replace ¢ by gt to obtain a new maximum clique

V= {qt} UX\{q}.

Since (qt)? = 0, gt € Ann(V). As only q was replaced and ¢ ¢ Ann(X),
Ann(V) = Ann(X) U {qt}, and we have

|Ann(V)| = | Ann(X)| + 1 =p* + 1,
a contradiction of Ann(V') being an ideal. Hence, XS C X, and we
have XS C Ann(X). O

The next three results show how rare it is for a finite local ring R
to have an ideal that is a maximum clique of I'(R)* and a subset X
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that is a maximum clique of I'(R)* but is not an ideal of R.

Theorem 1.3. Let R be a finite local ring.

(i) If R has odd characteristic, then it has CIP if and only if at
least one ideal is a mazimum clique of T'(R)*.

(ii) If R has even characteristic and there is a mazimum clique X
of T(R)* such that X is not an ideal and |X| > 5, then no
ideal of R is a maxzimum clique of T'(R)*.

Proof. Since R is local, there is a prime p and positive integer r
such that |R| = p”. In addition, for each nonzero ideal H, |H| = p"
for some positive integer h. In addition, if b € R\ H, then

bR+ H| > p"™ =p-|H|.

A consequence is that, if B is a nonzero ideal containing p™ elements,
then a minimal generating set for B requires at most n elements.

There is nothing to prove in the case R is a field, the only clique
is (0). Also, I'(R)* always has at least one maximum clique. Thus,
if R has CIP, it has at least one ideal that is maximum clique, and
each maximum clique is an ideal (no matter what the characteristic).
For the reverse implication with regard to (i), we will prove the
contrapositive. Thus, for both odd and even characteristic, we may
assume there is a maximum clique X of I'(R)* that is not an ideal.
Then, X 2 Ann(X) by Lemma 1.1. In the even characteristic case,
we further assume that | X| > 5.

For both cases, we may assume that I is a clique ideal. Then,
I? = (0) (Lemma 1.1) and so,

ICS={feR|f*=0}

Since |X| > | Ann(X)| and our goal is to show |X| > |I|, we may
further assume |X| > |I| = p' > |Amn(X)| = p°. Let T =
{z1,29,...,2:} = X\ Ann(X), and let J be the ideal generated by X.
Then, Ann(X) = Ann(J). Also, t > p* — p© since | X| = t + p¢ > p'.
By Theorem 1.2, XT € Ann(X) and x7 # 0 for each 1 < j <.
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Let J; = 21 R+Ann(X) and, for 1 < k < ¢, recursively define ideals
Jr = 2R+ Ji—1 (so Jy = J). Since x1 ¢ Ann(X), we have

|J1] = p- [ Ann(X)].
Also, since xp2,, = 0 for all n # m, x;J, = (0) for k < j <t. On the
other hand, 33? # 0, and thus, x; ¢ Ji. It follows that
[ Jel > p-|Je—1] = p* - | Ann(X)|
for all k£ > 1. In particular, we have
[Tl = 7| > p" - [Ann(X)| = p" - p°.
In addition |(J + I)/I| = |J/J N I| > ptte=i,
As noted above, XTI C Ann(X). Hence, we have
XI=JICInAm(X)

since I is an ideal. Also, XI # (0) as |I| > |Ann(X)|. Thus,
|7 M Ann(X)| > p, and we have

[I/(INAnn(X))| = p" <p'™*

for some positive integer h with i—c < h <i—1. Since [INAnn(X)| =
p'~" and |I| = p’, a minimal generating set for I N Ann(X) requires at
most i — h elements, and one for I requires at most h more elements.
Hence, we may select a set E = {ej,ea,...,e;_p} that generates
INAnn(X) (not necessarily a minimal set) and an additional set

D= {dl,dg,...7dh} Q I\AI’IH(X)
such that D U E generates I.

For each ¢ € J, we may define an R-module homomorphism
g : I — INAnn(X)

by ¢4(b) = gb. Note that ¢,(d) = 0 for each d € I N Ann(X). Thus,
@pq(e;) = 0 for all e; € E. It follows that each ¢, is determined by
the values of the ¢,(dy)s. For each dy, there are at most p'~" =
|I N Ann(X)| potential values. Hence, |[N| < p™=") where N is the
set of distinct R-module homomorphisms of the form ¢, (for ¢ € J).
In addition, ¢, is the zero map for each ¢ € J N I since I? = (0).
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If p!T¢=% > | N|, then there are at least two elements ¢,q’ € J such
that ¢, = ¢, with ¢ — ¢’ € J\ I. It follows that ¢ — ¢’ is a nonzero
annihilator of I that is not in I, and thus, I is not a maximum clique,
nor even a maximal clique.

We will use induction to show that ptTc=¢ > ph(i=h)  When p is
odd, this inequality holds for all positive integers ¢, ¢ and ¢ such that
t+p° > p' > p°. On the other hand, if p = 2, then the inequality fails
for the case t =2 =14 > ¢ =1 as, in that case, h =1 =14 — h, and we
have t + ¢ — i = 1 = 12. However, the inequality

thrcfi > ph(ifh)
does hold for all ¢, ¢ and ¢ when p = 2 and |X| =t +2° > 5. Also,
note that, in the special case t >3 >¢ =2 > c =1 and p = 2, we

again have h = 1 = ¢ — h but now also have
gtte—i _ot=1 5 92 < 9 _ 9l
Thus, for the case p = 2, we may restrict to the case ¢ > 3.

Since t+p° > p* > p°, it suffices to show that p' —p°+c—i > h(i—h)
for all positive integers i > ¢ (with the above restriction to 7 > 3 when
p=2).

Consider the function g(z) = z(i — z). The maximum value of this
function is i?/4 and occurs when z = i/2. Note that, in some cases,
/2 will not be an integer and it may be outside the range of h (which
is restricted to ¢ — ¢ < h <i—1). Also note that

pi _pc — pc(pifc _ 1) Z 20(27;70 _ 1) — 2i _ 20

for all primes p. Thus, except for the special case that ¢ = 1 and i = 2,
it suffices to show 2! — 2¢ > 2/4 — ¢ +i. From the argument above, if
c¢=1 and ¢ = 2, then we only need to consider the case p is odd.

For the initial steps, we split the proof into odd and even charac-
teristics. For p odd, we start with ¢ = 1 and ¢ = 2, and for p = 2, we
establish the inequality 2 —2¢ > i?/4 — c+i for i = 3 and c € {1, 2}.

If c=1,i=2 and pis odd, then /2 = 1 and

pr—p'=p"—p=pp—1)>2p>2
—2—1+1=i—c+i?/d=(4(i—c)+i%)/4
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If p=2 and i = 3, then i/2 = 3/2. For the case ¢ = 1, we have
20 —2°=8-2=6>17/4=3—-1+9/4=i—c+i*/4
and, when ¢ = 2, we have
20— 2°=8-4=4>13/4=3-2+9/4=i—c+i*/2.
Thus, in all three cases, p' — p¢ > i — ¢ +i2/4. In addition, we have
pP—pt=p —p>22-2>i—c+i’/4
for all odd primes p when ¢ =1 and ¢ = 3; and
p—pt=p—p?>22 22 >i—c+i%/4
when p is odd, ¢ =2 and ¢ = 3.

Next, we use induction on c to establish the inequality in the special
case i = ¢+ 1. Assume that the inequality p* — p¢ > i — ¢ +i?/4 holds
forc=k >2and i =k+1, and consider the case c=k+1,i=k+2.
We have

9l _9c _ gk+2 _ gk+1

= 2028 —2F) > 2(4 4 (K +1)%) /4
A+ (k+1D)+ @A+ (k+1)%)/4
+(k+1)*+2k+3)/4
+ (k+2)%) /4 = (4(i — ¢) + i) /4,

(
> (
= (

as desired. It follows that p’ — p¢ > i — ¢ +i2/4 for all primes p when
t=c+1 (and ¢ > 2 when p = 2).

4
4

Finally, we do induction on i for fixed c. Assume that the inequality
20 —92¢ > i—c+i2/4 holds for the case i = k > ¢+ 1 (with k > 3 when
¢ = 1), and consider the case i = k + 1. We have
(4(k+1—c) + (k+1)*)/4 = ((4(k — c) + k*)/4)
+((4+2k+1)/4) <28 —2°
+ ((2k +5)/4) < 2F —2¢ - 2k
= okt _9c —9i _ 9c,
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Therefore, by induction, p* — p¢ > 2t —2¢ > i — ¢+ h(i — h) for all
primes p and all integers ¢ > ¢ > 1 (with ¢ > 3 when ¢ = 1 and p = 2).

From the arguments above, we may now conclude that
|J‘ Zpt+cfi > ph(ifh) > |]\/v‘7

and therefore, there is a pair of distinct elements ¢,¢" € J such that
g = @qg with ¢ — ¢’ € J\ I. It follows that ¢ — ¢’ € Ann(J) \ I, and
thus, I is not a maximal clique. Therefore, no ideal of R is a maximum
clique when R has a maximum clique X that is not an ideal and either
|X| > 5 or R has odd characteristic. O

The following corollary provides a positive interpretation of state-
ment (ii) from Theorem 1.3. It is independent of characteristic.

Corollary 1.4. Let R be a finite local ring. If there is a clique Y of
T'(R)* such that |Y| > 5, then R has CIP if and only if there is at least
one ideal that is mazimum clique of T'(R)*.

By way of the proof of Theorem 1.3, we can say a little more about
the local case where there is a maximum clique that is not an ideal.
The next result provides an upper bound for the size of an ideal of a
local ring R that is a maximal clique I'(R)* when no maximum clique
of I'(R)* is an ideal.

Corollary 1.5. Let R be a finite local ring such that there is a
maximum cliqgue X of T(R)* that is not an ideal of R.

(i) Ifno ideal of R is a mazimum clique of T'(R)*, then | Ann(X)| >
|I| for each ideal I that is a mazimal clique of R.

(ii) If|X| > 5 and I is an ideal of R that is a cliqgue of T(R)* such
that |I| > | Ann(X)|, then I C Ann(I), and thus, I is not a
maximal clique.

Proof. From Lemma 1.1, X 2 Ann(X). Since R is finite and local,
Ann(X) # (0) and |R| = p" for some prime p and positive integer r.
Hence, |H]| is a positive power of p for each nonzero ideal H of R. In
particular, | Ann(X)| = p© for some positive integer c.
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Let J be the ideal generated by X, and let I be an ideal that is
a maximal clique of I'(R)*. Then, I = Ann(/) by Lemma 1.1. For
both statements, it suffices to prove that | Aun(X)| > |I]. By way of
contradiction, we assume that |I| = p* > | Ann(X)| > p. Then, we
have |X| > |I| > p?> > 4. If no ideal of R is a maximum clique of
I'(R)*, then | X| > 5. Thus, from this point, we can establish both (i)
and (ii). From the proof of Theorem 1.3, there is an element r € J\ I
such that I = (0), contradicting that I is a maximal clique. Hence,
| Ann(X)| > |I] for each ideal I that is a maximal clique of I'(R)*. O

Our final result of this section characterizes those finite local rings
that have both a maximum clique that is not an ideal and a maximum
clique that is an ideal. In Section 3, we provide four distinct exam-
ples of such rings, one of characteristic 8, two of characteristic 4 and
another of characteristic 2 (Examples 3.8, 3.9, 3.10 and 3.11, respec-
tively).

Theorem 1.6. Let R be a finite local ring with mazximal ideal M. If
there is a set X that is a mazximum clique and not an ideal and an
ideal I that is a mazximum clique, then:

(i) |R[ = 16;

(i) |X[=4=[I];

(iii) Ann(X) = Ann(M) = {0,z} for some nonzero element z €
M;

(iv) X ={0,z,2,y} for some x,y € M with 2> = y* = z;

(v) I=(x4+y)R={0,z,x+y,x+y+ z} is the only ideal that is
a maximum clique; and

(vi) there are exactly three other mazimum cliques that are not
ideals: {0,z,z,y+ z}, {0,z,2 + 2z,y} and {0,z,2 + z,y + z}.

Proof. Let M be the maximal ideal of R. Since R is local and
finite, Ann(M) # (0). Assume that X is a maximum clique that
is not an ideal and I is a maximum clique that is an ideal. By
Theorem 1.3, |R| = 2" for some positive integer r and |I| = | X| < 4.
Also, Ann(M) C Ann(X) € X and I = Ann(J) by Lemma 1.1. Tt
follows that Ann(M) = Ann(X) = {0, 2z} for some nonzero element
z€ M, I ={0,z,w,w+ z} for some w € M\ {0, z} such that w? =0,
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and X = {0,z,2,y} necessarily with 22 = 2 = y?, the latter by
Theorem 1.2. Since w? = 0 = (w + 2)?, [ U X| = 6. It follows that R
contains at least 12 elements. Thus, |R| = 2" for some integer r > 4.

Since Ann(X) is an ideal, z + 2z = 0, and therefore, (x + y)? = 0.
In addition, x(x +y) = 22 = z = y?> = y(x + y). Since 2z = 0 = yz,
x4y # z. Thus, the set J = {0,z,2 + y,z + y + 2} is a clique such
that the square of each member is 0. As no clique has more than four
elements, J must be an ideal of R (Lemma 1.1).

Another application of Theorem 1.2 yields that
(0) # XI C Ann(X),

and thus X7 = Ann(X). As noted above, neither x nor y can be
in I since I? = (0) and 22 = 2z = y%. Also, 2z = 0 = yz, so it must
be that xw = z = yw. Therefore, I = wR. Since z + z = 0, we
have (z + y)w = 0. It follows that  +y € Ann(I) = I. Recall from
above that z(z +y) = 22 = 2z (and 2z = 0), so either z +y = w
or x +y = w + z. If the latter, then x + y + z = w. Since
2(y+2) =0 = 2(y+ 2), {0,z,2,y + 2z} is also a clique. Hence,
we may assume = + y = w. Therefore, I = J is the unique maximum
clique that is an ideal.

Each of the sets {0, z,z,y+z}, {0, 2z, 2+ z,y} and {0, z,x + 2,y + z}
is a maximum clique of I'(R)* that is not an ideal. Once we show
|R| = 16, it will be sufficient to conclude that these are the only other
maximum cliques that are not ideals.

Let r € R, and consider the possible values of rw:

(i) rw = 0 implies r € {0, z,w,w + z};
(ii) rw = w impliesr—1 € Ann(w) sor € {1,142z, 14w, l+w+z};
(iii) rw = z implies r — z € Ann(w) since zw = z, and hence,
ref{r,c+z,x+wx+w+z}
(iv) rw = w + z implies (r — L)w = z; thus, r € {1+ z,1 4+ 2z +
zl+rz+w,l+z+w+ 2z}

Therefore, R has 16 elements,

M ={0,z,y,z,x +y, v +z,y+zr+y+ 2}
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T +y rT+y+=z
FIGURE 1. The graphs I'(R) and I'(R)* for R satisfying Theorem 1.6.

(with (z+2)+ (y+2)=w=xz+y) and
R\M = {1, 14z, 1+y, 142, 14+z+y, 1+2+2, 1+y+z, 1+a+y+2z}. O

Remark 1.7. By Theorem 1.6, if R is a finite local ring such that
there is a maximum clique of I'(R)* that is an ideal I of R and another
maximum clique X that is not an ideal, then |R| = 16 and I'(R)* has
eight vertices. Obviously, deleting 0 yields a graph I'(R) with seven
vertices. Based on the more explicit description of what I and X look
like in this case, it can easily be deduced that I'(R) is the graph labeled
as “Figure 6” in [8] (also see [9] for a few unrelated corrections). We

reproduce this graph in Figure 1 and include the corresponding graph
T(R)*.

Up to isomorphism, four finite local rings have these graphs (see [8,
page 1160]), and each of these satisfies Theorem 1.6. One such ring is
Z4[W]/(w? 4+ 2w) (see Example 3.9 below). The other three are given
below as Examples 3.8, 3.10 and 3.11. Note that 2N # (0) for the
maximal ideal N of the ring Z4[w]/(w? 4+ 2w). In contrast, 2M = (0)
for the maximal ideal M of the ring in Example 3.10. It follows that
these two rings are not isomorphic. For the ring Z4[w]/(w? + 2w), if
we wish to match the z, y, z notation in Theorem 1.6, we must set
z = w? for x and y; a simple choice is © = w and y = 3w + 2, in which
case, * + y = 2. An explicit description of values for x, y and z that
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is consistent with the notation in Theorem 1.6 is included in each of
Examples 3.8, 3.10 and 3.11.

2. Finite rings that are not local. As noted earlier, a reduced
finite ring has CIP if and only if it is a field. More generally, if
R = S @ T where S is a finite reduced ring and T is a finite ring,
then not only does R not have CIP, but no maximal clique of T'(R)*
is an ideal of R.

Lemma 2.1. If S and T are finite rings and S is reduced, then
R = S&T is a finite ring which does not have the clique ideal property,
and no mazimal cliqgue of T'(R)* is an ideal of R.

Proof. Each nonzero ideal of R has the form I @& J where [ is an
ideal of S and J is an ideal of T. If I = (0), then

(1,0) e Ann(I p J)\ I & J.

Thus, in this special case, I @ J is not a maximal clique of T'(R)*.
Next, consider the case I # (0). Since S is a reduced ring, T + Ann(])
has no nonzero annihilators. Thus, the only way to have I O Ann(])
is to have Ann(I) = (0). It follows that

I®J# Ann(Ia®J).

That no ideal of R is a maximal clique now follows from Lemma 1.1.
Therefore, R does not have CIP. O

Lemma 2.2. Let R=S® T, where S and T are finite rings. If no
ideal of S is a mazximal clique of T'(S)*, then no ideal of R is a maximal
clique of T'(R)*, and R does not have the clique ideal property.

Proof. Assume that no ideal of S is a maximal clique of T'(S)*, and
let H be an ideal of R that is a clique of T'(R)*. Then, H? = (0)
by Lemma 1.1. Also, H = I & J, where [ is an ideal of S and J is
an ideal of T. By assumption, [ is not a maximal clique of I'(S)*,
but we do have I? = (0), so at least I is a clique of I'(S)*. From
Lemma 1.1, there is an element » € Ann(I) \ I. Clearly, the element
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(r,0) € R\ H is in the annihilator of H. Hence, H is not a maximal
clique of T'(R)*. O

Theorem 2.3. IfS and T are finite rings that are not fields and each
has an ideal that is a maximum clique of the respective zero divisor
graphs T'(S)* and T(T)*, then R = S®T has the clique ideal property
and each mazimum cliqgue of T'(R)* has the form Is @ Iy, where Ig is
an ideal of S that is a mazimum clique of I'(S)*, and Ir is an ideal
of T that is a mazimum clique of T'(T)*.

Proof. Assume that both S and T are finite rings with nonzero
ideals Jg of S and Jr of T such that Jg is a maximum clique of
I'(S)* and Jr is a maximum clique of I'(T)*. Then, it is clear that
J =Jg @ Jr is an ideal of R =S @& T that is a clique of I'(R)*. Also,

|Js [S2) JT| = ‘Js| . ‘JT| > 4.

Let Y be a clique of T'(R)* such that |Y| > 4, and let
Ys={se€S|(st) €Y for someteT}

and
Yr={teT]|(st)€Y for some s € S}.

Then,
Y[ <|Ys @ Yr|=|Ys|-[Yr|.

If there is an element (b, c) € Y such that b is not a zero divisor of S,
then all the other elements of Y have the form (0, e), and there must be
two such elements that are not (0,0). Thus, in this case, each element
of Yr is a zero divisor of T', and we have that Y7 is a clique of T'(T)*.
It follows that |Y] < 1+ |Yy| <1+ |Jr| < |J|, and thus, Y is not a
maximum clique.

Let X be a maximum clique of I'(R)*. From the argument in the
previous paragraph,

Xs={s€S|(st)€ X for someteT}C Z(S5)

and
Xr={teT]|(s,t) € X for some s € S} C Z(T).



THE CLIQUE IDEAL PROPERTY 517

It follows that Xg is a clique of T'(S)* and Xt is a clique of I'(T)*.
Also,
[ X| < | Xs @ Xp| = | Xs| - [Xr|

with [ Xg| < |Jg] and | X7| < |Jr|. Hence, | X| = |Xg|-|Xr| = |J| and
J = Jg @ Jr is a maximum clique. In addition, X = Xg & X with
|Xs| = |J5'| > 2 and |XT‘ = |JT| > 2.

Let b € Xg and ¢ € X7 be nonzero. Then, it must be that all three
of (b,c), (b,0) and (c,0) are in X with

(b%,0) = (b,0)(b,c) = (0,0) = (0,¢)(b,c) = (0, c?).

Thus, X2 = (0) and X% = (0). Hence, Xg is an ideal of S and Xrp
is an ideal of T'. Therefore, R has the clique ideal property, and each
maximum clique of I'(R)* is the direct sum of maximum cliques that
are ideals. O

If neither S nor T is a field and both have the clique ideal property,
then R = S®T has the clique ideal property. Using recursion, we can
extend this conclusion to arbitrary finite sums of finite rings that are
not fields.

Corollary 2.4. If S1,S55,...,S5, are finite rings that are not fields
and each S; has an ideal that is a mazimum clique of T'(S;)*, then
R = @?:1 S; has the clique ideal property. Moreover, an ideal J of R
is a mazimum clique of T(R)* if and only if

-
i=1
where
Ji={s; € Si | (s1,82,...,8,) € J for some s; € S;, j#i}

is an ideal of S; that is a maximum clique of T'(S;)* for each i.

Corollary 2.5. If 51,55,...,5, are finite rings that are not fields
and each S; has CIP, then R = @?:1 S; has the clique ideal property.
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Remark 2.6. The converse of Corollary 2.5 does not hold. Let .S be
one of the rings in Examples 3.8, 3.9, 3.10 or 3.11. Then, both

R=S5S®S5 and T=Z,95

have the clique ideal property even though S does not. Moreover, R
has two maximal ideals

N1:M®S and NQZS@M,

where M is the maximal ideal of S. While R has the CIP, the
localizations
Ry, 25 = Ry,

do not. The two maximal ideals of T" are
P =272, 85
and

Po=Zs8 M.

The localization Tp, = Z4 has CIP while Tp, = S does not. On the
other hand, if
n
W=DV,
i=1

where W is a finite ring with odd characteristic and no V; is a field,
then W has CIP if and only if each V; has CIP (see Corollary 2.11
below).

In addition, consider the ring R = Z12. It has two maximal ideals,
M = 3R and N = 2R. Since

R = Zs ® Za,

it does not have the clique ideal property (Lemma 2.1). For an
alternate proof, we note that, since 12 is not a perfect square, R does
not have the clique ideal property by Theorem 3.2 below. On the other
hand, both

RM = Zg and RN = Z4
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have the clique ideal property (the “trivial” type for Ry, as it is a field).
The problem turns out to be that at least one of the localizations of R
is a field.

If R is a finite ring that is not local, then there is a smallest positive
integer m such that

where Max(R) = {My,Ms,...,M,}. Moreover, the natural map
from R to

n

D /M

i=1

is an isomorphism and localizing yields Ry, = R/M™ for each i (see,
for example, [7, 6.2 Theorem]).

Theorem 2.7. Let R be a finite ring that is not local. If Ry has the
clique ideal property for each maximal ideal M, then R has the clique

ideal property if and only if there is no mazimal ideal N such that Ry
is a field.

Proof. Assume that Rjp; has the clique ideal property for each
maximal ideal M, and let

Max(R) = {Ml, MQ, ey Mn}

Then, there is a natural isomorphism from R to

&,
=1

defined by ¢ = (t/1,t/1,...,t/1). If there is no j such that Ry, is a
field, then R has the clique ideal property by Corollary 2.4. For the
reverse implication, apply Lemma 2.1. O

Lemma 2.8. Let R = S @® T be a finite ing such that T is not a
field. If I is a clique ideal of S and J is a clique ideal of T but not a
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mazimal clique, then I & J is an ideal of R that is a clique of T(R)*,
but it is not a mazimal clique of T'(R)*.

Proof. Let I be a clique ideal of S, and let J be a clique ideal
of T that is not a maximal clique of I'(T")*. Then, I? = (0) and
J? = (0). Hence, (I & J)? = (0). By Lemma 1.1, there is an element
t € Ann(J) \ J. It is clear that (0,¢) is an annihilator of I @ J that is
not contained in I @ J. Hence, I & J is a clique of I'(R)*, but it is not
a maximal clique. O

The next result provides both a refinement of Theorem 2.7 and a
converse for both Theorem 2.3 and Corollary 2.4.

Theorem 2.9. The following are equivalent for a finite ring R that
is not local.

(i) R has CIP.
(ii) At least one ideal of R is a mazimum clique of T'(R)*.

(iii) For each mazimal ideal M of R, Ry is not a field, and at least
one ideal of Ry is a mazimum clique of T'(Rpr)*.

(iv) If {S;}, is a family of rings such that

s
=1

then no S; is a field, and each S; has an ideal that is a maximum
cliqgue of T'(S;)*.

(v) There is a family of rings {S;}7—, with n > 1 such that

s
=1

no S; is a field, and each S; has an ideal that is a maximum clique of

T(S;)*.
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Proof. Let Max(R) = {My, Ma, ..., My} (with m > 2). Then,

m
P Rus..-
=1

R

I

It follows that (iv) implies (iii).

It is clear that (i) implies (ii), and (iii) implies (v). Also each of
(iii), (iv) and (v) implies (i) by Corollary 2.4. All that remains is to
show (ii) implies (iv).

Assume that

where {S;}7; is a family of rings. There is nothing to prove if n =1
as R is not local. Thus, we may assume n > 1. For each S, let
Max(Si) = {Mi,la Mi’g, ey Mi,ri}~ Then,

Ti

S = @(Si)M,i,j

Jj=1

for each 7 and

n T

R = @ @(Si)Mi,f

i=1 j=1
To simplify notation, we let S; ; = Sy, ; for each (i, j).

Let J be an ideal of R that is a maximum clique of I'(R)*. Then,
J = Ann(J) by Lemma 1.1, and J # (0) since R is not local. Also,
J = @;_, Ji, where each J; is an ideal of the corresponding ring S;.

In addition,
Ti
Ji =P Jij,
j=1

where J; ; is an ideal of S, ; for each (7,7). Thus,

n Ti

J=PEp ;.

i=1 j=1
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By Lemma 2.1, n0 S; ; is a field. Since J? = (0), we also have J?; = (0)
for each (4, j). Hence, by Lemma 2.8, each J; ; is a maximal clique of
the corresponding graph I'(S; ;)* (and none are the zero ideal).

For a fixed 14, if each S;; has an ideal that is a maximum clique of
I'(S; ;)*, then either S; is local (in which case, S; has an ideal that is
a maximum clique of T'(S;)*) or S; has CIP, the latter by way of (iv)
implies (i). Thus, by way of contradiction, we may assume some 5; ;
has no ideal that is a maximum clique of I'(S; ;)*. Without loss of
generality, we may assume that no ideal of S;; is a maximum clique
of T'(S1,1)*. Let X711 be a maximum clique of I'(Sq1,1)*. Then, by
Corollary 1.5,

| Ann(Xy1)| > [Hya|

for each ideal H; ; that is a maximal clique of I'(S7 1)*. In particular,

|AIH1(X1)1)| Z ‘J171|.

Let T be the direct sum of all S; ; except for S ;. In the special

case r; = 1,
n
T= @Si;
i=2

otherwise, T is the direct sum of

ésld and éSl
j=2 =2

No matter which case holds, R = Sy 1 & T. Similarly, let J' be
the direct sum of all J; ; except for Jy;. Then, J = J;; & J. In
addition, the ideal H = Ann(X; 1)@ J’ is a clique of Sq,1 T such that
|H| > |Ji1,19J’|. We have R isomorphic to S1 1 &7 with J isomorphic
to J1,1 @ J'. Since J is a maximum clique of I'(R)*, J11 @ J' is a
maximum clique of I'(S1,; ®T)*. It follows that H is also a maximum
clique of I'(S11 @ T)*. However, for each x € X711 \ Ann(Xy 1), the
element (z,0) annihilates H but is not contained in H, providing a
contradiction. Thus, each S;; and each S; has an ideal that is a
maximum clique of the respective graphs I'(.S; ;)* and I'(S;)*. O

Since a finite local ring of odd characteristic has CIP if and only if it
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has at least one ideal that is a maximum clique, there are two variations
on Theorem 2.9 when R is a finite ring with odd characteristic that is
not a field.

Corollary 2.10. Let R be a finite ring that is not a field. If R has
odd characteristic, then the following are equivalent.

(i) R has CIP.
(ii) At least one ideal of R is a maximum clique of T'(R)*.
(iii) For each mazimal ideal M € Max(R), Rys has CIP and is not
a field.
(iv) For each mazimal ideal M € Max(R), Ry is not a field and
at least one ideal of Ry is a mazimum clique of T'(Rp)*.

Corollary 2.11. Let

be a ring with odd characteristic that is not a field. Then, T has CIP
if and only if each S; has CIP and no S; is a field.

3. A few specific rings. The first two results of this section are
related to [2, Theorem 3.2] and [4, Proposition 2.3]. Essentially, both
follow from the proof Beck gives for [4, Proposition 2.3].

Theorem 3.1. Let R = Zy» for some prime p and positive integer n.
Then, R has CIP if and only if n is even. Moreover, if n = 2k, then
the only mazimum clique is the ideal p*R.

Proof. Let k = [n/2]. Then, 2k > n. Each nonzero ideal of R is
principal and generated by p™ for some positive integer m < n. Thus,
throughout the proof, we let I,,, = p" R for 1 < m < n. Note that the
ideals

L2212 - 21

=

for m > k, I2, = (0), and for m < k, I2, # (0). In addition, regardless
how m compares with k, |I,,| = p"~ " and Ann(l,,,) = In—p.
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If nis odd, then n = 2k — 1, and p*~! € R \ I) is a nonzero
annihilator of I;. Thus, no maximum clique of I'(R)* is an ideal of R
when n is odd. On the other hand, if n = 2k, then I}, is an ideal whose
square is the zero ideal, and no element outside of I annihilates Iy.
It is clear that Ij is the unique largest subset of I'(R)* that forms a
clique. Hence, in this case, R has CIP, and I} is the unique maximum
clique of T'(R)*. O

Theorem 3.2. Let R = Z,,, where n > 1 is a positive integer that is
not prime. Then, R has the clique ideal property if and only if n is
a perfect square. Moreover, if n = m? for some m, then mR is the
unique mazximum clique of T(R)*.

Proof. If n is square-free, then R is reduced, and thus, T'(R)* does
not have the clique ideal property. Hence, we may assume n = km?
for some positive integers k and m > 1 with k£ square-free.

Each nonzero ideal of R is principal and generated by a positive
integer j that divides n. For such an ideal jR, Ann(jR) = (n/j)R. In
addition, |jR| = n/j, and j2R = (0) if and only if mk divides j. Thus,
no matter whether k = 1 or is strictly greater than 1, the ideal mkR
is the unique largest ideal of R whose square is (0). Moreover, mkR
contains each ideal T whose square is zero. If k > 1, then m € R\ mkR
annihilates mkR. Hence, mkR is not a maximal clique in this case. It
follows that no maximum clique of I'(R)* is an ideal when k& > 1.

If kK = 1, then n = m? and mR = Ann(mR). Hence, mR is a
maximal clique of I'(R)*. There are primes p; < ps < --+ < ps and
corresponding positive integers r1,79,...,7s such that

n = Hp2n
We also have

S
R=PZ ..
i=1

From Theorem 3.1, each Z 2r; has CIP with unique maximum clique

;Zp;w Since none of these rings are fields, R has CIP with unique
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maximum clique mR by Corollary 2.4. O

For each positive integer m, there is a finite ring with the clique ideal
property where the clique number of I'(R)* is m. A similar statement
holds for the clique number of I'(R).

Corollary 3.3. For each positive integer n, there is a finite ring R
with the clique ideal property such that the clique number of T(R)* (of
T'(R)) is n.

Proof. For n = 1, each finite field has the clique ideal property since
0 is the only zero divisor. The clique number for I'(R)* is 1 in this
case. Also, the ring R = Z4 has a single nonzero zero divisor; the set
{0,2} is both an ideal of R and the complete set of zero divisors of R
with 2-2 = 0. Thus, R has the clique ideal property, the clique number
of I'(R)* is 2 and the clique number of I'(R) is 1.

Let n > 2, and factor it into a product of powers of distinct primes:
n = p;'py?---pim. By Theorem 3.1, R; = Z v has the clique ideal

property with a unique clique ideal p;'R;, an ideal of cardinality p;’.
By Corollary 2.4,
R=Ri®Ry®--- DR,

has the clique ideal property with (unique) clique ideal
I'=p'"Ri & py R @ @ pyi R
such that |I| = n.

In order to obtain a finite ring with the clique ideal property such
that the clique number of I'(R) is n, simply use the above scheme to
get a finite ring R with the clique ideal property such that the clique
number of I'(R)* is n + 1. O

For an R-module B, we may form a ring R(+)B (via the “idealiza-
tion of B”) from R x B by setting

(rya) 4+ (s,b) = (r+s,a+b) and (r,a)(s,b) = (rs,rb+ sa).

Theorem 3.4. Let T = R(+)B, where R = Zyn for some prime p
and positive integer n, and B is a finite nonzero R-module. Also, let
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k = [n/2], and let ¢ < n be such that Anng(B) = piR (= (0) 4f
qg=n).

i) The following are equivalent.

(
(a) T has CIP.

(b) T has an ideal that is a mazimum clique of T'(T)*.
(c) Fither n is even or q > k.

(ii) If n is odd and q < k, then p* R(+)B is a mazimum clique ideal
but not a maximal clique, {(g,b)}Up* R(+)B is a mazimum clique for
each g € I,_1 \ I, and each b € B, and each mazimum clique has this
form.

(iii) If n is even and q < k, then p* R(+)B is the unique maximum
clique of T'(T)*.

(iv) If ¢ > k, then piR(+)B is a mazimum clique of T'(T)*.
Moreover, there is an integer k < s < q such that p'R(+)B; is a
mazimum clique for each s <t < q, where B, = {b € B | p'b = 0},
and there are no other maximum cliques.

Proof. First note that, if C' is a nonzero finite R-module, then
|C| is a positive power of p. Moreover, Anng(C) = p'R for some
1 <i < n. In particular, Anng(B) = p?R for some 1 < ¢ < n. Since
(0,b)2 = (0,0) = (0,b)(0,c) for all b,c € B, the ideal (0)(+)B is a
clique of I'(T")*.

For each integer 0 < i <, let I; = p’R with I,, = (0) and Iy = R.
Also, let B; = {b € B | p'b = 0}. Then, B; = Anng(I;) and, for
1<r<s<qg<t<n, we have

B, CB,CB=B,=B,.

Each ideal of R is principal, and they are linearly ordered as
0)=<¢L,1<---CLH CIh=R.

In addition, |I;| = p"~%, and, for a € I; \ I;11, Anng(a) = I,,_; =
Anng(I;) with | Anng(a)| = | Anng(L;)] = p'.

We consider cases based on the comparison of ¢ and k.
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Relevant to all three cases is the fact that, if g € R\ Ip—1 is a
nonunit, then g2 # 0, and there is an integer 1 < j < k — 1 such that
g € I\ Iy_1 with | Anng(g)| = p’ < p*~1. Thus, each clique of I'(R)*
which contains ¢ has cardinality at most 14p’ which is strictly smaller
than p*~1. For f € Iy_1 \ I, f? # 0 and Anng(f) = I,,_+1 with
| Anng(f)| = p¥~!. It follows that each clique of I'(R)* that contains
f has cardinality at most 1 + p*~!. In addition, the set

Anng(f)U{f}

is a maximal clique of T'(R)*. If n is odd, then Anng(f) U {f} is
a maximum clique of T'(R)*. On the other hand, if n is even, then
n = 2k and I is a maximum clique of cardinality p*.

Case 1. ¢ < k and n is odd. In this case, I, # (0), and thus,
I.(4+)B is a clique of T'(T)*. However,

(P*71,0) € T\ Iy(+)B

annihilates I (+)B. Thus, Iy(+)B is not a maximal clique of I'(T)*.
Since no element outside of I;(+)B annihilates (p*~!,0), the set

In(H)BU{(p"",0)}

is a maximal clique of I'(T)*. As above, if ¢ € R\ Iy_1, then
Anng(g) € I. It follows that each clique of I'(T")* which contains
(g,b) for some b € B has cardinality strictly smaller than |I;|-|B|. On
the other hand, if g € I_1 \ I, then Anng(g) = Ix. In this case,

{(9:0)} U Ik(+)B

is a maximal clique. Therefore, each maximum clique of I'(T")* has
this form, and we have that T" does not have CIP when g < k and n
is odd.

Case 2. ¢ < k and n is even. We again have Ig # (0), and thus,
I,(+)B is not a clique of I'(T")*. Since ¢ < k, I, properly contains Ij,
and I;B = (0). In addition, Anng(l;) = Ij since n is even. Thus,
I.(+)B is a maximal clique of T'(T)*. In this case, Ann(g) = I,,, for
some m > k when g € R\ Iy. Thus, no other clique is as large as
I,(+)B. Therefore, It(+)B is the unique maximum clique of I'(T")*
when ¢ < k and n is even. Also, T has CIP in this case.
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Case 3. ¢ > k. In this case, the ideal I,(4+)B is a maximal clique
of T'(T)*. We will show that there are no larger cliques and all others
of the same size are also ideals of T'. For this, we need to know more
about the structure of B. Since B is an Abelian group and |B| = p™
for some m > 1, B is isomorphic (as a group) to a direct sum

CLoCy® - o Cy,

where each C; = Z,s; for some s; (as a group). Since B is also a Zyn-
module, each s; < n, and we may further assume that C; = p"iZpn,
where r; =n —s; with 0 <7y <7 <--- <7y <mnandrm =n—gq.
We have

since n —r; = q.

For s < g,
J
Bs = @Di,w
i=1

where D; ; = p9iC;, with g; =0 when s+r; >nand g; =n— (r; +9)
when s +r; < n. We have |D; 5] = p" " when s +r;, > n and
|D; s| = p"~(rit9) = 9% when s + r; < n. In particular, |Dy 5| = p°.
Thus,

! f
|IS(+)BS| = |Is| : H |Di,s| =p"® Hp”—(rr‘rgi)
=1 i=1

!
=y [Ip 0 < 1, Bl
=2

since g; > 0 for each ¢ > 2. Moreover, for k < s <t < q,
‘Is| . ‘Dl,s‘ :Pn = |It| . |D1,t|a
D;s CD;+ CCy

and
|Di,s| < |D¢,t| for all 4.
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Hence,
|1k (+)Be| < |Ls(+)Bs| < [1e(+)By| < [I,(+)B|.

Further note that, if there is an ¢ such that ¢ +r; < n, then |D, | <
|D; +| < |Csl; thus, in this case, |I(+)Bs| < |L(+)B:| < |I4(+)B|.

For a nonunit a € R\ I, Anng(a) = p°R for some s > k. Thus,
for each ¢ € B, any clique that contains (a,c) is properly contained
in I;(+)B; for some t > s. Each such graph is strictly smaller than
|I,(+)B]|. Hence, I,(+)B is a maximum clique of I'(T)*. Moreover,
there is an integer s such that k < s < ¢, where I;(+)B; is a maximum
clique of T'(T)* for each s <t < ¢ and there are no other maximum
cliques. O

Note that Z,(+)B has CIP for each finite nonzero Z,-vector
space B, and (0)(+)B is the unique maximum clique. For the case
R = Zpn with n > 2, the values of “¢” and “s” in statement (iii) of
Theorem 3.4 can range anywhere from k = [n/2] up to n.

Example 3.5. Let R = Z,» for some prime p and positive integer
n > 2. Also, let k = [n/2]. For integers k < s < ¢ < n, let
B = p"" % & p" L.
Then, the maximum cliques of I'(T")*, where T' = R(+)B are the ideals
P R(+)(p" " Zpn @ p T Zpn ) for s < t < q.
Proof. For each integer t such that s <t < ¢, the ideal
Jt S pthn (+)(pn_thn &) pn_San)

has cardinality p™ - p*. In addition, J? = {(0,0)}. From Theorem 3.4,
each J; is a maximum clique (since J; is a maximum clique) and, from
the proof of Case 3, there are no other cliques. O

The next result follows easily from Theorem 3.4. It can also
be derived from [1, Theorems 1 and 2] by viewing Z,-[x]/(x?) via
idealization as Zyn (+)Zpn.
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Corollary 3.6. Let T = Zyn(+)Zyn for some prime p and positive
integern. Then, T has CIP, the ideal p*Zyn (+)p™ *Zyn is a mazimum
cligue of T(T)* for each integer [n/2] < s < n and there are no other
maximum cliques.

Let n = p{'ps?---pSr be a positive integer with distinct prime
factors
p1 <p2<---<pp.

Then, the ring R = Z,,(+)Z,, is naturally isomorphic to the sum

éRh
i=1

where
R, = Zp:i (“F)pri .

Combining Corollaries 2.4 and 3.6, we see that R has the clique ideal
property.

Corollary 3.7. For each positive integer n > 1, the ring R, =
Zn(+)Zy, has the clique ideal property. If n = km? where k is square-
free, then, for each positive integer s that divides m, the ideal

Is = (kms)Z,(+)(m/s)Zy,

is a maximum clique, and there are no other mazrimum cliques. In
particular, (0)(+)Z, is the only maximum clique in the case where n
is square-free.

Proof. As noted above, R, has CIP by Corollaries 2.4 and 3.6.
Suppose that n = km? with k square-free. Each ideal of Z, has the
form J, = rZ,, for some positive integer r < n that divides n (with
J1 = Zy, and J, = (0)). The annihilator of J. (in Z,) is the ideal
Jn/r- Since k is square-free, the following are equivalent:

(i) J; = (0);

(11) ‘] - Jn/r7
(iii) n/r divides r; and
(iv) km divides r.
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Let s be a positive integer that divides m. Then, the ideal I, =
Jims(+)Jmys is such that I2 = (0). Moreover, since Jgms =
Ann(J,,/5) and Jy,/s = Ann(Jyms), Is = Anng(l;). Thus, I is a
maximal clique of I'(R)*. Also, note that

|Is| = (m/s)(kms) = n.

Factor n as
_ . c1,Co c
n=pypy P,

where p; < ps < --- < p, are distinct primes and each ¢; > 1. Then,

m=le/2).

and a given p; divides k if and only if ¢; is odd. For s as above,

™

Si

kms = Hpi ,
i=1

where [¢;/2] < s; < ¢;. Under the natural isomorphism

R= @(chi (JF)Zp“i >,
i=1
we have

= 6_9 Dy Zes (4)P5 5 ).

That each Iy is a maximum clique now follows from Corollaries 2.4
and 3.6. (]

Each of the finite local rings in the next four examples has an
ideal that is a maximum clique and a maximum clique that is not
an ideal. The first is a ring of characteristic 8, the second and third
have characteristic 4 and the fourth has characteristic 2. By way of
Theorems 1.3, 1.6 and 2.9 and the tables in [8, 9] (also see [5]), these
are the only four finite rings (up to isomorphism) with this property.
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Example 3.8. Let R = Zg[w]/(w?,2w + 4), and let w denote the
image of w in R. Then,

R=1{0,1,2,3,4,5,6,7,w,w+1,w+2,w+3,w+4,w+5,w+6,w+T7}.

The set X = {0,2,4,w + 2} is a maximum clique that is not an ideal
and I = wR = {0,4,w,w + 4} is a maximum clique that is an ideal.
To match with the notation “z,y,2” in Theorem 1.6, we have z = 4
and can use z =2 and y = w + 6 (so that z + y = w).

Proof. Since 2w = 4 and w? = 0, R = {0,1,2,3,4,5,6,7,w,w +
Lw+2w+3w+4,w+5w+6,w+ 7} and

M =1{0,2,4,6,w,w+ 2, w+4,w+ 6}

is the maximal ideal. We have 4w = 0; thus, Ann(M) D {0,4}. For w,
Ann(w) = {0,4, w,w+4} since 2w = 4 # 0. Hence, Ann(M) = {0,4}.
Since 22 = 4 # 0 but

2:4=0=2w+4=2(w+2),

Ann(2) = {0,4,w + 2,w + 6} = Ann(6). Also, Ann(w + 2) =
{0,2,4,6} = Ann(w + 6). It follows that I = wR is a maximum
clique of R that is an ideal and X = {0,2,4,w + 6} is a maximum
clique that is not an ideal. O

Example 3.9. Let R = Z4[w]/(w?+2w), and let w denote the image
of w in R. Then,
R={0,1,2,3, w,w+ 1,w + 2,w + 3,
2w, 2w + 1,2w + 2, 2w + 3, 3w, 3w + 1, 3w + 2, 3w + 3}.

The set X = {0, 2w, w,3w + 2} is a maximum clique that is not an
ideal, and I = 2R = {0, 2w, 2,2w + 2} is a maximum clique that is
an ideal. To match the notation “z,y,z” in Theorem 1.6, we have
z = 2w(=w?) and can use r = w and y = 3w + 2 so that z + y = 2.

Proof. In R, w? = 2w # 0. Also,
M ={0,2,w,w+ 2, 2w, 2w + 2, 3w, 3w + 2}
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is the maximal ideal of R with 0 = 2w - 2 = 2w - w. In addition,

w-3w=w? =2w=(w+2)? = (w+2)(3w + 2),
2(w+2) = 2w = 2(3w + 2),
wBw +2) =0=w(w+ 2),

and

22 =0 = (2w +2)%
Thus, Ann(w) = {0, 2w, w+2,3w+2} = Ann(3w) and Ann(3w+2) =
{0,2w,w,3w} = Ann(w + 2). Thus, X = {0,2w,w,3w + 2} is a
maximum clique of T'(R)* that is not an ideal. On the other hand,
I =2R ={0,2w,2,2w + 2} is a maximum clique of I'(R)* that is an
ideal of R. (]
Example 3.10. Let

R = Zy[x,Y]/(x* +2,v? + 2, XV, 2, 2Y),
and let = and y denote the respective images of X and v in R. Then,
R=1{0,1,2,3,z,1+z,24+z,3+z,y,1 +y,
2+y,3+y,r+y,l+r+y2+r+y3+a+yl

The set X = {0,2,z,y} is a maximum clique that is not an ideal, and
I=(x+y)R={0,2,2+y,2+x+y} is a maximum clique that is an
ideal. To match the notation “x, ¥, z” in Theorem 1.6, we have z = 2,
and x and y can stay as they are.

Proof. The maximal ideal of R is
M={0,2,2,24+x,9,2+y,r+y,2+x+y}
with 0 =2 -2 = 2z = 2y. In addition,
slety)=a?=2=y"=y(x+y)
and

(z+y)?=0=2+z+1y)>%
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Thus, Ann(M) = {0,2}. For = and y, we have Ann(x) = {0,2,y,2 +
y} = Ann(2 + z) and Ann(y) = {0,2,2,2 + z} = Ann(2 + y). Hence,
X ={0,2,z,y} is a maximum clique that is not an ideal. In contrast,
the ideal

I'=(@x+yR={0,2,2+y,2+z+y}

is a maximum clique that is an ideal. O

As noted in Remark 1.7, a simple way to see that the rings of Exam-
ples 3.9 and 3.10 are not isomorphic is to note that 2 annihilates the
maximal ideal in Example 3.10 but does not annihilate the maximal
ideal in Example 3.9.

The ring in the next example can also be constructed as a factor
ring of Zs[X, Y]. We have begun with Zy[X, Y, z] to more closely match
the notation in Theorem 1.6. In particular, z, y and z of Theorem 1.6
can exactly be matched with the respective images of X, Y and z in
the factor ring of this example.

Example 3.11. Let
R = Zy[x,Y, 2]/ (XY, X2, YZ,X? + 2,Y? + 7).
Let x, y and z denote the respective images of x, v and z. Note that
z=22=y?#0and 22 =23 =93 = 0.
(a) The ring R has 16 elements:

{07x7y7z7x+y7x+Z’y+z,x+y+z71’1+$71+y71+z7
l+z+yl+az+z,1+y+z,1+ax+y+z}

(b) M = 2R + yR is the maximal ideal of R and Ann(M) = zR =
{0, z}.

(¢) Both X = {0, z,y, 2} and I = {0, z+vy, z, x+y+2z} are maximum
cliques of I'(R)* with XTI = {0, z} = Ann(X).

(d) Since I is an ideal and X is not, R does not have the clique

ideal property, but T' = R & R has the clique ideal property, as does
R™ for each n > 3.
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(e) The maximal ideals of T(= R® R) are M; = M & R and
Ms = R® M. While T has the clique ideal property, the localizations
T, = Ry = Ty, do not.

Proof. Since z = 2?2 =y? and zy = 0 = 22 = yz,

R={0,z,y,z,a+ty,x+zy+zr+y+zl1l+a,
14y l+z,1+z4+yl+z+z2,14+y+z14+x+y+2}

and
M=zR+yR={0,z,y,z,x +y,x+ z,y+z,2+y+z}.

The element z can be obtained as a product of two elements of M in
several ways. Each of the following products equals z:

:1;’2, y27 (:L'+Z)2’

(y+2)? z@+y), yl+y),
z(z+2), yly+z2), z(z+y+2),
yet+y+z), (@+2)(@+y), Y+2)(z+y),
(z+2)(z+y+2z), (Y+2)(et+y+2).

It may easily be verified that the following hold:
M? ={0,z} = Ann(M),
zR={0,z,z,z+ 2} = (z+ 2)R

and

yR={0,y,2,y+ 2} = (y + 2)R.
The ideal
I={0,z+y,z,x+y+z}=(r+yR=(r+y+2)R

is such that I? = (0), and no element of M \ I annihilates I. Hence,
I is a maximum clique ideal of R that is also a maximal clique. In
addition, I is the only ideal with four elements whose square is the
zero ideal. Thus, it is the unique maximum clique ideal.
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The principal ideals R, yR and (x 4+ y)R are the only ideals with
four elements, and zR is the unique ideal with only two elements. We
also have yR = Ann(zR) and R = Ann(yR).

From the list of factorizations for z given above, it is clear that a
maximum clique contains at most one of x and = + z and at most one
of y and y + z. Since

(y+2)R=yR=Anmn(zR) and (z+ 2)R=2xR = Ann(yR),

the following sets of four elements are all maximal cliques of I'(R)*:
X = {0,z,y,2}, W = {0,z,y + 2,2}, V = {0,z + 2,y,2} and
U={0,z+ z,y+ 2 2}. These sets, along with I, are the maximum
cliques of T'(R)*. Hence, R does not have the clique ideal property,
even though it has an ideal that is a maximum clique. By Theorem
2.3, T = R ® R does have the clique ideal property, and so does R™
for each n > 3. O

The ring in Example 3.11 has characteristic 2. Thus, in R, we have
z = 22 = y*> = —2. If, instead, the base ring is Z, for some odd
prime p, then there are essentially two variations we may examine:
both z? and y? equal to z, or 22 = z = —y?. For both, we still have
2y =0=1xz =yz and 23 = y> = 22 = 0. It remains the case that the
annihilator of the maximal ideal is the principal ideal generated by z,
but, now, this ideal contains p elements which we may view as zZ,,.
The set

X, =22, U{z,y}

is a maximal clique; however, it need not be a maximum clique in the
case 22 = z = y?. Moreover, it is not a maximum clique in the case
2% = z = —y? since the principal ideal generated by = 4 y contains p?

elements and is its own annihilator.
Example 3.12. Let
R =7,[X,v,2]/(XY,X2,Y2,72 — X*,Z + y?)

with p an odd prime. Let z, y and 2z denote the respective images of
X, Y and z. Note that 22 = 2z = —y? # 0 and 22 = 2% =93 = 0.
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(a) For positive integers by, bs, b3, c1,¢2,¢3 € {1,2,...,p},
(b1 + boy + bg2) (1 + oy + c32) = bicra® + bacay® = (brer — baca)z.

The product is 0 if and only if bjc; = bacy (mod p).

(b) The ring R = {ag + a1z + a2y + asz | a; € Z,} has cardinality
p?, and the maximal ideal M = zR + yR has cardinality p3. Also
M? = zR and Ann(M) = zR = {0,2,2z,...,(p — 1)z}.

(c) There are p + 1 ideals of cardinality p?. Specifically, yR, =R,
(x+y)R, (x+2y)R, ..., (x+ (p — 1)y)R. Of these,

(x+y)R=Amn((z+y)R) and (z—y)R = Anmn((x —y)R),
while zR = Ann(yR), yR = Ann(zR) and, when p > 3 and 2 < b <
p—2, (x+ ay)R = Ann((x + by)R) for a such that ab =1 (mod p).

(d) The ideals I = (z+y)R and J = (z —y) R are maximum cliques
of T'(R)*. The other maximal cliques are the sets of the form

Xf:g = zRU{me}a

where fge M\ (IUJ)

with fg = 0 (and necessarily with fR N gR = zR). Each of the sets
Xy,q has cardinality p + 2. Hence, R has the clique ideal property.
Proof. Since 22 = z = —y? and xy = vz = yz = 0, each element
of R has the (unique) form a = ap + a1 + azy + asz for some
ap,a1,a2,a3 € Zp. Obviously, a is a unit if and only if ay # 0.
Thus, M = zR + yR, |R| = p* and |[M| = p3. For integers
b1,bs,b3,c1,C0,C3 € {O, 1,....,p— 1},

(b1x 4+ bay + b3z)(c1x + coy +c32) = brera? + bacoy? = (bic1 — baca)z.

Thus, M? = zR and Ann(M) = zR.

Let f = fix + foy + fsz and g = g1 + g2y + g3z be elements of
M\ zR with f;,g; € {0,1,2,...,p— 1} for each i. Then, the product
fg = (fi91 — f292)z is the same as the products

(fiz + f20) (17 + g2y), (fiz + f2y) (917 + g2y + g32)
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and
(fix + fay + f32)(g1f + 92v)-

Note that the product is 0 if and only if f1g1 = fog2 (mod p). Also,
zf = fiz and yf = —foz. It follows that zR is contained in each
nonzero principal ideal of R. Since f is not in zR, at least one of f;
and fy is not 0, and we have fR = (fiz + foy)R. In the case f1 # 0,
we also have fR = (z + hy)R, where h is the product of ffl and fo
in Z,. If f{ =0, then f3 # 0 and fR = yR.

Each of the following ideals has cardinality
p?:yR, zR, (z +y)R, (x+2y)R,..., (x—y)R.

These are the only ideals of cardinality p?. In addition, I = (z + y)R
and J = (z — y)R are their own annihilators. For the others, the
annihilator is a different ideal in the list. Specifically, xR = Ann(yR)
and yR = Ann(zR). In the case p = 3, these four are the only ideals
of cardinality 9.

For a € {2,3,...,p— 2}, when p > 3,
Ann(z 4+ ay)R) = (x + by)R,

where b € {2,3,...,p — 2} is such that ab =1 (mod p). In this case,
(x + ay)R # (x + by)R, and thus, neither of these is a clique ideal.
It follows that, for each odd prime p, (z + y)R and (z — y)R are the
only maximum clique ideals. Moreover, for the ideals xR, yR and
(x + ay)R, when a € {2,3,...,p — 2} and p > 3, the product of any
pair of elements in the ideal is 0 if and only if at least one of them is
in zR. Otherwise, the product is a nonzero element of zR.

Let f,g € M\ (I UJ) be such that fg = 0. As above, write
= fiz+ foy+f32 and g = g12+g2y+gsz. Then, we have f1g1 = fago
(mod p). Since neither f nor g is in I U J, f2 # 0 # g°>. Moreover,
g ¢ fRand f ¢ gR; thus, fRNgR = zR. The set

Xf,g = ZRU{fvg}
is a clique of I'(R)*. Since gR = Ann(f) and fR = Ann(g), Xs4is a
maximal clique.

The ideals I and J are the only maximum cliques of I'(R)*. Thus,
R has the clique ideal property. O
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The case 22 = z = y? is more complicated (for an odd prime p).

For each odd prime p, the corresponding zero divisor graph of
R, = 7,[X,Y,2]/(XY, X2, Y2, 72 — X*,Z — Y?)
has maximal cliques of the form

Xf7£] :ZRPU{fag}

for certain choices of f,g € M \ zR. In some cases, this set is a
maximum clique, while in others it is not. For p = 5, the corresponding
ring

Rs = Zs[x,v,2]/(XY,X2,Y2Z,72 — X%, 7 — y?)

has the clique ideal property. Specifically, the ideals I = (x+2y)R and
J = (z + 3y)R are maximum cliques and, as in the previous example,
the other maximal cliques have cardinality 7 = 5 + 2. On the other
hand, if p = 3, then R3 does not have the clique ideal property, and
the various Xy 4 sets are the maximum cliques, each with 5 = 3 + 2
elements. It turns out that R, has the clique ideal property if and
only if Z, contains a square root of —1. Alternately, R, has CIP if
and only p = 4k 4 1 for some integer k. Thus, for example, R5, Ri3
and Ry7 have CIP, while R3, R7 and Ry; do not.

Example 3.13. Let R = Z,[x,Y,7]/(XY,X2,Y%,%z — X2,z — y?) with
p an odd prime. Let z, y and z denote the respective images of X, v
and z. Note that 22 =z =gy2 #0and 22 =23 =3 = 0.

(a) The ring
R=A{ap+a1x+ay+azz|a; €Z,}
has cardinality p?, and the maximal ideal M = 2R + yR has cardinal-
ity p®. Also, Ann(M) = 2R = {0,2,22,...,(p — 1)z}.

(b) For elements f = fix + foy + f3z and g = g1x + ga2y + g3z, the
product fg = fig12? + fago2y = (fig1 + f292)z. Moreover, fg = 0 if
and only if p divides f1g1 + fogo. In particular, f2 = 0 if and only if p
divides fZ + f3.

(c) There are p + 1 ideals of cardinality p?. Specifically, yR, xR,
(x+y)R, (x+2y)R, ..., (x + (p— 1)y)R. Of these, zR = Ann(yR)
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and yR = Ann(zR). For 1 < a < p — 1, the annihilator of (x 4+ ay)R
is the ideal (x + by) R, where b is such that ab = —1 (mod p).

(d) Let f = fix + foy + f3z and g = g1 + g2y + g3z be elements
of M \ zR such that fig1 = —fog2 (mod p). The set

Xf,g = ZRU {f?g}
is a maximal clique of I'(R)* if and only if fR # gR.

(e) If Z,, does not contain a square root of —1, then each set Xy 4
is a maximum clique of I'(R)* and R does not have the clique ideal
property.

(f) If h € Z, is a square root of —1, then the ideals I = (z + hy)R
and J = (z — hy)R are maximum cliques of I'(R)*. Moreover, these
two ideals are the only maximum cliques of I'(R)* and R has the clique
ideal property.

(g) R has CIP if and only if p = 4k + 1 for some integer k.

Proof. The proof is similar to that given for Example 3.12. First,
note that Ann(zR) = yR and Ann(yR) = zR. Thus, {z,y} UzR is a
maximal clique of I'(R)*.

If p is such that Z, contains an element h that is a square root of
—1, then
(x+hy)?’=2—2=0=2—2=(z — hy)?

(since zy = 0 and 22 = 2z = —y?). Thus, I = (z + hy)R and
J = (z — hy)R are such that I = Ann(7) and J = Ann(J). There
are no larger cliques in this case, so R, has CIP when Z, contains a
square root of —1.

If Z,, does not contain a square root of —1, then there is no nonzero
b € Z, such that (z + by)? = 0. Thus, in this case, the only maximal
clique ideal is Ann(M) = 2R, an ideal of cardinality p. Hence, R has
CIP if and only p = 4k + 1 for some integer k.

For the case that Z, does not contain a square root of —1, let
u,v € Z(R) \ zR be such that uv = 0. Then, there are integers a,
b, ¢, d, e and f between 0 and p — 1 such that v = ax + by + cz,
v=dr+ey+ fz, ad + be = 0, and at least one of a and b is positive
and at least one of e and f is positive. Since Z;, does not contain a
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square root of —1, we cannot have both a = d and b = e. It follows
that {u,v} U 2R is a maximum clique of T'(R)*. O

The local ring in the next example has maximum cliques X and Y
where neither is an ideal and Ann(X) C Ann(Y'). For another example
of such behavior, see [2, Theorem 2.1].

Example 3.14. Let
R = Zy[W, X, Y, 7]/ (WX, WY, WZ, XY, XZ,YZ, Z + W2, Z + X°,Z + Y?),

and let w, =, y and z denote the respective images of w,x,v,z in R.

We have z = w? =22 =y? and 22 = w? =22 =93 = 0.

(a) R = Zo + wZo + xZs + yZa + 2Z2 with maximal ideal M =
’UJZQ + QCZQ + yZQ + ZZQ.

(b) M? ={0,z} = Ann(M).

(¢) Both V ={0,w,z,y,z} and W = {0, w, z,x + y,x + y + z} are
maximum cliques of T'(R)*.

(d) Ann(V) ={0,z} € Ann(W) = (= +y)R.

Proof. 1t is clear that each element a of R has a unique representa-
tion as a sum

a=ap+ a1w + axx + azy + asz

with each a; in Zs with a € M if and only if ag = 0. Hence, |R| = 32
and |M| = 16. Since wz = 2z = yz = 22 = 0, 2 € Ann(M). Also, for
a pair of elements b and ¢ in M, the product

b-c= b101w2 + b202x2 + b363y2 = (b161 + boco + b363)2 S {0, Z}

since w? = 22 = y? = 2. For the case b = ¢, we have b? = (b +by+b3)z,
which is z if an even number of b;s (for ¢ = 1,2,3) are 0, and is 0
otherwise. Hence,

S={scR|s*=0}={0,z,wtz,wty, x+y, wtr+z, wty+z, c+y+z}
and

M\S ={t e R|t* =z} = {w,z,y, wtat+y, wtz, x+2, y+2, w+r+y+z}.
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Except for zR, each of the nonzero principal ideals of R contains
four elements, and each has an annihilator that contains eight ele-
ments. There are seven such ideals. Specifically:

(i) wR = (w + z)R with Ann(wR) = {0,z,y,z,z + y,z + 2,y +
z,x+y+zt=xR+yR;
(ii) *R = (z + 2)R with Ann(zR) = {0, w,y,z,w + y,w + z,w +
y+z} =wR+yR;
(iii) yR = (y + 2)R with Ann(yR) = {0,w, z, z,w + z,w + z,x +
z,w+x+ 2z} =wR+ R
(iv) (w+2)R = (w+z+ z)R with Ann((w+ x)R) = {0,y,z,w +
z,wHzr+ywtrz+z,wtr+y+z=yR+ (w+x)R;
(v) (w+y)R = (w+y+ 2)R with Ann((w + y)R) = {0, z, z,w +
yywtzrt+ywt+y+tz,wt+tz+y+z =R+ (w+y)R;
(vi) (x+y)R=(z+y+ 2)R with Ann((x + y)R)) = {0,w, z, 2 +
yywtzr+yr+y+z,w+z+y—+z =wR+ (r+y)R; and
(vii) (w+2xz4+y)R=(w+x+y+ 2)R with Ann((w+z+y)R) =
{0, zwt+z,wt+y,z+y,wt+a+z,wt+y+z,o+y+z} =
(w+z)R+ (w+y)R.

Each of the principal ideals (w +z)R = (w+ 2z + 2)R, (w+y)R =
(w+y+2)R and (z +y)R = (z + y + z)R is such that its square
is (0). On the other hand, each of the principal ideals wR, R, yR
and (w4 z + y)R is such that the square of the ideal is zR. Since
zM = (0), each maximal clique contains {0, z} = zR.

Suppose that T is a maximal clique which contains w. We have
0,z € T, and the other elements come from the set {x,y,x + y,x +
z,y+z,x+y+z}. The following are the only possible pairs of distinct
elements from T\ {0, w, z} whose corresponding product is 0: {z,y},
{z,y+ 2z}, {y,x+ 2}, {z + 2,y + 2z} and {& + y,z + y + 2z}. Thus,
|T| = 5. The same analysis applies to the case w + z € T instead of
w. Similarly, |U| = 5 if U is a maximal clique that contains at least
one of x, x + z, y or y + z.

Next, suppose that ) is a maximal clique which contains w+ x +y
(or w+ x4y + z). In this case, the elements of @ \ {0, z,w + x + y}
come from the set

{fw+z,w+ty,z+ywtz+z,wt+y+z,x+y+ 2z}
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The following are the only pairs of distinct elements from this set whose
corresponding product is 0: {w + z,w 4+ z + z}, {w +y,w+y + z},
{z+y,2+y+z}. It follows that |Q| = 5.

Each of the principal ideals (w +z)R = (w+z + 2)R, (w+y)R =
(w+y+2z)R and (z +y)R = (x + y + z)R is properly contained in
its annihilator. Thus, none are maximal cliques. From the analysis
above, a maximal clique that contains one of these three ideals contains
exactly one more element. It follows that each of W = {w}U (z+y)R,
X={2}U(w+yR Y ={y}U(w+2z)Rand V = {0,w, z,y, 2z} is
a maximum clique of I'(R)*. We have Ann(V) = {0,2} C Ann(W) =
(z+y)R. O

The ring R in the next example has a maximum clique ideal I that is
a maximal clique of I'(R)* but not a maximum clique and a maximum
clique X of T'(R)* that is not an ideal. From the proof of Theorem
1.3, it must be that |I| = | Ann(X)|. In addition, |X| = | Ann(X)|+1.
Moreover, each maximum clique Y is such that Y| = | Ann(Y)| + 1
with Ann(Y’) = Ann(X).

Example 3.15. Let R = Z,[x,v,z]/(x3,v?% 22 xz,x?Y) with p a

prime, and let M be the maximal ideal of R. Also, let z, y and z
denote the respective images of X, Y and z in R, and let

S={feR|[*=0}.

(a) Each element of R can be expressed as a unique sum of the form
a=ag+ a1x + axy + azz + a4m2 + asxy + agyz,
where each 0 < a; < p — 1, with ¢ € M if and only if ag = 0. Thus,
|R| =p" and [M] = p°.
(b) Ann(M) = 2°Z, + 2yZy, + y2Zy.

(c) The ideals I = yR + Ann(M) and J = zR + Ann(M) are
maximum clique ideals of R. While I is a maximal clique, J is properly
contained in the maximum clique X = {z} U J. In addition, each
maximum clique Y is such that Y = {f} U J.
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(d) If p = 2, then
H=(y+z)R+ Ann(M)
is another maximum clique ideal of R that is a maximal clique.

(e) If p is odd, T is the only ideal of R that is both a maximum
clique ideal and a maximal clique.

(f) R does not have the clique ideal property.

Proof. The statements in (a) are clear. Consider the product a - ¢
where a,c € M. Then,

a=a1x + ay + azz + a4m2 + asxy + agyz
and

C=0C1T+ Ccoy + Cc32 + 04:102 + 52y + CcgYz.

Since 23, 2, 22, 2z and 22y are all 0, all three of z, y and z annihilate
the ideal
2R+ zyR + yzR = xQZp + 2yl + yY2Zy.

Thus,

a-c=ayc1x? + (a1cy + ascy)xy + (azes + azes)yz.

Suppose that a-c=0. If a; # 0, then ¢; = 0 = ¢5 and at least one
of ag and c3 is 0. Thus (for example) Ann(z+y) = 22Z,+xyZ,+yzZ,.
It follows that

Ann(M) = 2*Z, + xyZ, + y2Z,
with | Ann(M)| = p3.
Let f = fiz + foy + fsz+ h ¢ Ann(M), where h € Ann(M) and
0< fi <p—1fori=1,2,3. We consider several cases.

Case 1. f1 # 0 and fo # 0. In this case, Ann(f) = Ann(M) no
matter the values of f3 and h.

Case 2. f1 #0 and fo = 0. In this case, zf = 0 and f2 # 0. From
the analysis in the first paragraph, we have Ann(f) = 2Z, + Ann(M),
again no matter the values of fs3 and h.
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For the next four cases we let g = g1+ goy+g32z with 0 < g; < p—1
for i = 1,2, 3, and consider the product f - g.

Case 3. fo #0 and f; =0 = f3. We have

9= fagizy + fagoy® + fogayz.

Such a product is 0 if and only if gy = 0 = g3. Hence, Ann(f) =
yZ, + Ann(M). It follows that the ideal

1 =yZ, + LL‘ZZP + 2yl + Y22

contains p* elements and not only is I? = (0), but I = Ann(I). Hence,
I is a maximal clique.

Case 4. f3 # 0 and f; =0 = fo. We have

f9= 92139z
Thus,
Ann(f) = 2Z, + zZ, + Ann(M).

We have | Ann(f)| = p®, but 22 # 0, so Ann(f) is not a clique ideal.
However, the subideal J = 2Z, + Ann(M) is such that |J| = p* and
J? = (0). Thus, J is a clique. It is not a maximal clique as z.J = (0).
By Case 2, {x}UJ is a maximal clique of I'(R)*. In addition, {h} U J
is a maximal clique for each h € Ann(f) \ J.

Case 5. fo #0, f3 # 0 and f; = 0 with p odd. In this case,

f9= fagizy + (f295 + f392)yz.
For this product to be 0, we must have g = 0 and fog3+ f392 a multiple
of p. Since both f> and f3 are units in Z,, given any 0 < k; < p —1,
there is a unique integer k3 between 0 and p — 1 such that p divides
foks + fsko. In addition, either both k; and ks are 0 or neither is. Let
m be such that p divides fom + f3. Then,

Ann(f) = (y + mz)Z, + Ann(M).

Note that f? = 2faf3 # 0 since p is odd. Thus, fZ, + Ann(M) is
not a clique ideal when p is odd.

Case 6. fo # 0, f3 # 0 and f; = 0 with p = 2. As in Case 5,
Ann(f) = (y+mz)Z, + Ann(M) for some positive integer m, but the
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only choice for each of f5, f3 and m is 1. Thus, in this special case,
H = fZ, + Ann(M)

is a clique ideal. As with the ideal I (when p = 2), |H| = 2*. Tt follows
that H is a maximum clique ideal that is also a maximal clique.

Based on the ideals that are annihilators, the set

X={z}UJ
is a maximum clique of I'(R)*, and I is a maximum clique ideal that
is a maximal clique but not a maximum clique. |
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