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GRADED VERSION OF LOCAL COHOMOLOGY
WITH RESPECT TO A PAIR OF IDEALS

P.H. LIMA AND V.H. JORGE PEREZ

ABSTRACT. In this paper, we prove some well-known
results on local cohomology with respect to a pair of
ideals in graded version, such as the Independence theo-
rem, Lichtenbaum-Harshorne vanishing theorem, Basic finite-
ness and vanishing theorem, among others. In addition, we
present a generalized version of the Melkersson theorem re-
garding the Artinianness of modules, and a result concerning
Artinianness of local cohomology modules.

1. Introduction. Local cohomology with respect to a pair of ideals
was first defined in [11], where the authors generalized the usual notion
of local cohomology module and studied its various properties such as
the relation between the usual local cohomology module H%(M) and
that defined to a pair of ideals, Hf ;(M), vanishing and nonvanish-
ing theorems, the generalized version of the Lichtenbaum-Hartshorne
theorem, among others.

Using the above results as motivation, the aim of this paper is
to present in graded version some basic theorems on cohomology
with respect to a pair of ideals, such as the Independence theorem,
Lichtenbaum-Harshorne vanishing theorem, basic finiteness and vanish-
ing theorems, and assertions concerning Artinianness and depth with
respect to a pair of ideals.

We shall let R be a graded ring, I C R a graded ideal, J an
arbitrary ideal and M a graded R-module. We will also let R, denote
the irrelevant ideal of R, that is, the ideal generalized by elements of
positive degree.
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The organization of this paper is as follows. In Section 2, we view
the local cohomology *H}’ ;(M) as a graded module and express it in
terms of usual local cohomology modules. In order to be more precise,
we denote by *W (I, .J) the set of homogeneous ideals ¢ of R such that
I™ C ¢+ J for some integer n, and then, show that

*Hé,J(M) = @ce*W(IJ)*HZ(M)'

We also present the graded version of the Independence and Lichtenbaum-
Harshorne vanishing theorems for a pair of ideals.

In Section 3, we suppose that R is a positively graded Noetherian
ring which is standard, that is, R = Rg[R1], where Ry is local ring. In
[5], the number

cd(I,J, M) == sup{i | H} ;(M) # 0}
is defined. We prove that
dim M/(moR + J)M = sup{i | Hy, w,pys(M) # 0},

and thus, it is obtained that cd(R4,mgR, M) = cd(Ry, M). Also, in
[10, Theorem 2.1], the authors show that, if n = sup{i | Hy, (M) # 0},
then the R-module Hp (M)/moHJ (M) is Artinian. We prove a
similar result for the case of local cohomology with respect to a pair
of homogeneous ideals. If ¢ := c¢d(R4,mgR, M), then the R-module
H§+7mOR(M)/m0H§+7mOR(M) is Artinian.

Furthermore, a new version, with respect to a pair of ideals, is also
presented for Melkersson’s theorem regarding Artinianness.

In Section 4, the module M and the ring R are assumed to be a
Cohen-Macaulay, and then, an expression to the number

inf{i € No | Hp, ;(M) # 0}

is obtained.

In Section 5, it is proved that H§+7J(M)n is a finite Ryp-module for
all n € Z and all i > 0 if and only if Hy, ;(M), = 0 for n > 0 and

all ¢ > 0. Finally, we prove a result regarding asymptotical stability
(Theorem 5.6).
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2. Graded versions for a pair of ideals. In this section, we
introduce a grading to Hj ;(M), making this a graded module. The
results [11, Theorem 3.2], the Independence theorem for a pair of ideals
and the generalized version of the Lichtenbaum-Hartshorne theorem are
again presented from the point of view of graded modules.

(A) Let R be a graded ring, let I C R be a graded ideal and let J
be an arbitrary ideal. If M is a graded R-module, then I'; ;(M) is a
graded submodule of M. In fact, set m = (my) € I'r s(M), such that
I" C (0:m)+ J. It is easy to see that I"™ C (0 : my) + J, for each
k. Then define I'y ;(M); = {m € M; : mI™ C mJ for some positive
integer n > 1}.

(B) For a homomorphism f : M — N, we have f(I'y ;(M)) C
I';,7(N) such that there is a mapping Ty j(f) : Ty ;(M) — T'1 5 (N),
which is the restriction of f to I'y ;(M). Thus, I'; ; is an additive
functor on the category of all graded R-modules.

(C) Since the category of the graded modules has enough injectives,
we can form the ith right derived functor of I'; ; (on the category of
the graded modules), which will be denoted by *H}'J, 1 > 0. For a
graded R-module M, we shall refer to *H} ;(M) as the ith graded
local cohomology module of M with respect to the pair of ideals (I, J).

(D) Through the use of functor properties, given an exact sequence
0+ M — N — P — 0 of graded R-modules, a long exact sequence
can be derived

0 — *H?,J(M) — *H?,J(N) — *H?,J(P) —
— *HIl](M) — *HII,J(N) — *HII,J(P) —
of graded modules with respect to a pair of ideals.

Definition 2.1. We denote by *W(L J) the set of homogeneous ideals
¢ of R such that I™ C ¢+ J for some integer n. We also define a partial
order for this set:

c<0ife¢D0, forede€ *W(I,J).

If a < b, then we obtain the inclusion map I'q (M) < T's(M). The order
relation on *W (I, J) and the inclusion maps turn {I'q(M)}
into a direct system of graded R-modules.

ae*W(I,J)
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Proposition 2.2. Let R be a graded ring, I a graded ideal, J an
arbitrary ideal of R and M a graded R-module. Then, there is a natural
graded isomorphism

*H;,J(M) = mce*W(I7j)*HZ(M)'

Proof. Firstly, observe that I'r,;(M) = U,cey (1,5 [e(M). In fact,
if v € Ucevir(r,) Ie(M), we have z¢™ = 0 and I™ C ¢ + J for positive

integers n, m and some ¢ €* W(I7 J). Since I"™™ C (¢4 J)" C " + J,
we have I"™"x C Jz, that is, x € 'y ;(M).

Now, let z € Ty ;(M). Write z = z1 + --- + z,, where z; is
homogeneous. Then, for each i, we have that there exists an n; such
that I C ann(x;) + J. Set a; = ann(x;). This yields za; ---a, = 0.
In addition, note that

[ttt — e C(ay 4+ J) (g + J) Cagcea +

This means that a; ---a, € W(I, J). Therefore, x € T'((M), where
c=ay- -G

The rest of the proof follows by using [2, Theorem 12.3.1]. O

Remark 2.3. Consider the above setup. Since
Lpy(M) = U Le(M),
ce*W(I,J)

it may be concluded similarly to the above proof that

H}](M) = @ce*W(I,J)Hg(M)'

The next result is obtained from the previous proposition since
*H!(E) = 0 for any graded ideal ¢ and an *injective graded R-module
F and i > 0.

Proposition 2.4. Let R be a graded ring, I a graded ideal and J
an arbitrary ideal. Let E be an “injective graded R-module. Then,
Hj ;(E) =0.

By Proposition 2.4, we have the following
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Proposition 2.5. Let R be a graded ring, I a graded ideal and J
an arbitrary ideal. Let M be an R-graded module. There is an
isomorphism

“Hp ;(M) = Hj ;(M),

for all i as underlying R-modules.

The next result is a graded version for the independence theorem
with respect to a pair of ideals, see [11, Theorem 2.7].

Theorem 2.6. Assume that R = @, ., Ry, is a graded ring, I C R a
graded ideal and J C R an arbitrary ideal. Let R = @, ., R, be an-
other Noetherian graded ring and f : R — R’ a graded homomorphism
of rings such that f(J) = JR' and M’ an R'-module.

(i) For each i € Ny, both the cohomology modules Hjp, ;p/(M') and
H} ;(M') are graded R-modules;
(ii) For each i € Ny, there exists a graded isomorphism

Hip yr(M') = Hip (M)

of graded R-modules.

Proof. The first item follows since f is homogeneous.
The assumption f(J) = JR' gives I'rp jp(M') = T'; ;(M'). By
[11, Theorem 2.7], for each graded R-module M’, an isomorphism
Hip yr(M') = Hip (M)
is obtained. By using the grading on H}"J(M’) obtained from the first
item, we can turn this isomorphism into a graded isomorphism.
On the other hand, given an R-graded homomorphism f : M’ — N’,
we have a natural commutative diagram
HIi,J(M/) — H},J(N,)
o ol
H}R/,JR/(M/) — H}R/,JR/(N/)~

Hence, as Hjp: jp (E) equals zero (by Proposition 2.4), these (new)
gradings coincide with those from item (i). Thus, item (ii) holds. O
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Next, we provide a type of generalization for the graded version of
the Lichtenbaum-Hartshorne theorem, see [2, 13.1.16].

Theorem 2.7. Let R = ®,>0R,, be a positively graded ring of dimen-
ston d which is an integral domain. Assume that Ry is a complete local
ring. Let I be a graded ideals of R such that dim R/I > 0 and J an
arbitrary ideal of R. Then, H}{J(R)/JH?)J(R) =0.

Proof. By using the exact sequence
0—J—R—R/J—0
and the Grothendieck vanishing theorem, we obtain a surjective map
HY(R) — HX(R/J).

From the ordinary graded Lichtenbaum-Hartshorne vanishing theorem,
we have H¢(R) = 0, thus H¢(R/J) = 0.

Now we use [11, Corollary 2.5 and Lemma 4.8] to obtain

0= Hj(R/J)= H{ ,(R/J) = H{ ,(R) ®r R/J = H{ ;(R)/JH] ,(R).
O

3. Top local cohomology. In this section, we give a version for
Melkersson’s theorem concerning Artinianness of a module with respect
to a pair of ideals (Proposition 3.1). Also, a result is obtained regarding
Artinianness of local cohomology with respect to a pair of ideals
(Theorem 3.8). To conclude the section, we find the top of the local
cohomology with respect to a pair of ideals (Theorem 3.5).

Proposition 3.1 ([9, Theorem 1.3]). Let M be an (I,J)-torsion R-
module for which (JM :p; I) is an Artinian module. Then M is an
Artinian module.

Proof. If M is an (I,.J)-torsion R-module, then M/JM is an I-
torsion module by [11, Corollary 1.9]. Since by assumption (JM :p;
I) = (0 :pry5n I) is an Artinian module we can use a result due to
Melkersson (see [9, Theorem 1.3]) to obtain that M/JM is an Artinian
module. Moreover, JM C (JM :p; I) is also an Artinian module. By
an exact sequence, we can conclude that M is an Artinian module. [
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We now enunciate two results from [11] in the graded case. The
proofs are essentially the same.

Lemma 3.2 ([11, Corollary 4.2]). Let M be a finite module over a
graded local ring R. Let I and J be graded ideals of R. Then the
following are equivalent:

(i) M is (I,J)-torsion R-module.
(i) H} ;(M) =0 for all integers i > 0.

Theorem 3.3 ([11, Theorem 4.3]). Let M be a finite module over
a graded local ring R. Let I and J be graded ideals of R. Then
H} ;(M) =0 for any i > dim M/JM.

Throughout the remainder of this section let
R = ®4>0Rq

denote a positively graded commutative Noetherian ring, which is
standard, that is, R = Rg[R1]. Assume that Ry is a local ring of
maximal ideal my. Set Ry = @®;soR;, the irrelevant ideal of R. Let
M = ®4ez My be a finitely graded R-module. Let MJa] denote the
graded module a-shift of M, defined by Ma]; = M;1q.

Remark 3.4. From Proposition 2.2, H}AyJ(M[a]) = H}ﬁ(M)[a] can be
derived as homogeneous modules.

Let I and J be ideals of R. The number
cd(I,J, M) = sup{i | H} ;(M) # 0}
is defined in [5]. If J = 0, we just denote it by cd(I, M).

Theorem 3.5. Let J be a graded ideal of R. Then,
dim M/(moR + J)M = sup{i | Hp, w,r4s(M) # O}.

Proof. Set d := dim M/(mgR + J)M. Consider the exact sequence
0— (mgR+J)M — M — M/(mgR+ J)M — 0,
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which yields the exact sequence

i 3 M
Hp, morts (M) — Hp morvs ((mORJrJ)M>
— H;‘g{mORH((mOR + J)M).

Now note that

dia (0B~ )M - g M
(MR + J)moR + /)M — " (moR + J)2M
M
_ di =d
MmeR+ M@

thus, due to Theorem 3.3, we obtain H12§+,m0R+J((mOR+ J)M) = 0 for
1> d.
On the other hand, by using [6, Corollary 35.20] and [11, Corollary
2.5], it is easily seen that
H morss(M/(moR+ J)M) = Hf, (M/(moR + J)M)

This last cohomology module is nonzero [6, Corollary 36.19]. By
observing the above long exact sequence we obtain the desired result.
O

Corollary 3.6. cd(R4,moR, M) =cd(Ry, M).
Proof. The proof follows from [3, Lemma 3.4]. O

Remark 3.7. Observe that, if cd(Ry,mgR, M) > 0, then, by Theo-
rem 3.5, we can choose a homogeneous element x € R avoiding all the
minimal primes of (mgM :g M), so that

cd(Ry,mgR,M/axM) = cd(R4, moR, M) — 1.

In addition, if grade(R4, M) > 0, the element x may be chosen to be
M-regular.

The next theorem is similar to [10, Theorem 2.1].
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Theorem 3.8. Set ¢:=cd(R4,mgR, M). The R-module

H%+7mOR(M)/m0H%+7mOR(M)

is Artinian.

Proof. We proceed by induction on ¢ = cd(R4, mgR, M). If ¢ = 0,
then M =T'r, mor(M). As M is a finite R-module, we have

RYTR, mor(M) Cmol'r, mor(M)
for some integer n. Hence, I'r, m,r(M)/moI'r, m,r(M) is annihilated
by a power of mg + Ry ; thus, it is Artinian.
Now assume by induction that ¢ > 0. We have shown the result for
any finite graded R-module N such that cd(Ry, mpR, N) < c.

Since ¢ > 0, due to [11, Corollary 1.13], we have cd(Ry,moR, M) =
cd(Ry,moR, M/T' R, m,(M)). Thus, we can assume that M is an
(R4, J)-torsion free R-module. Therefore, M is also an R -torsion
free R-module, as I'r, (M) C ', s(M). By using Remark 3.7, there
exists a homogeneous element x € R which is M-regular and such that
cd(Ry,mgR, M/xM) = ¢ — 1, say, deg(xz) = a. The exact sequence

0 — M -5 M[—a] — (M/xM)[—a] — 0
induces an exact sequence
S HIC%:,}I’TI()R(M/‘TM)

= Hp wer(M) = Hp o g(M)[—a] = Hp o p(M/zM)[-a] = --- .
Observe that Hf, . p(M/xM) = 0. Let L denote the kernel of
multiplication by x on Hf .. r(M). By inductive hypothesis, we
obtain that the R-module H}C?:mOR(M/xM)/moni:moR(M/xM) is
Artinian and so is L/mgL, as a homomorphic image of this module.

In addition, we have the exact sequence

HIC%+,m0R(M) T H1%+,moR(M)

L/mgL — . — -
moH (M) MoHR nor(M)

[—a] — 0.
+,m0R
Note then that the kernel of the multiplication by = on Hf . g(M)/
MoHf, wmor(M)] is an Artinian R-module.  Since Hp, . p(M)/
MoHf, wor(M)] is an ((z), moR)-torsion R-module, Proposition 3.1



554 P.H. LIMA AND V.H. JORGE PEREZ

can be used in order to obtain Hp, . p(M)/[moH%, . r(M)] is Ar-
tinian. g

Theorem 3.9. Let J be a graded ideal of R. Set d := dim M/(mgR +
J)M. Suppose that H}§+,J(M) is a finite R-module for alli > d. Then,
Hp, (M) =0

for alli>d.

Proof. We argue by induction. Let n = dimgr M. Suppose that
n = 0; thus, H§+,‘n0R(M> =0 for ¢ > 0 by Theorem 3.3, for example.

Assume then that n > 0 and that the result is established for
R-modules of dimension smaller than n. By [11, Corollary 2.5],
Hy, ;(T;(M)) = Hp, (T;(M)) for all i > 0. By using the fact that

Ly(M)
\/ann <W) = v/mgR + ann(T' ;(M))

and

M/JM B
\/ann <m0(Z\4/J]\4)) = /moR + J + ann(M),

it can be concluded that
L'y (M) . M/IM
< dim
mOFJ(M) - mo(M/JM)

dim =d.

Next, we use [3, Lemma 3.4] to obtain H;l%+7J(FJ(M)) =0foralli > d.
Moreover, the exact sequence
0 —T;M)— M — M/T;(M)—0
yields the long exact sequence
o Hy, (U (M)) — H, (M) — Hly(M/Ty(M)) — -
We then derive
Hli{+,,](M) = Héﬁ,J(M/FJ(M)),
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for all ¢ > d. This yields

M/ (M) = dim M <d
(m0R+J)M/FJ(M) (m0R+J)M+FJ(M)_ ’

dim

In this way, we can assume that M is a J torsion-free module. Thus,
there exists a homogeneous element a € J which is a nonzero divisor
on M. The exact sequence

0— M- M-— M/aM —0
yields the long exact sequence
e — HA,J(M) N HA,J(M) — Hf%Jr,J(M/aM) — e

Since
M/aM iy
(moR+J)M/aM

dimgp M/aM =n—1 and dimpg

we can use the inductive hypothesis to conclude that H %Jﬁ s(M/aM) =
0 for all ¢ > d. Then, the above long exact sequence yields
aHp (M) = Hp, ;(M). By Nakayama’s lemma, we obtain the de-
sired result. |

4. Depth (I,J) on graded module. In this section, we work with
the concept of the depth of a pair homogeneous ideals of R and obtain
an expression for it as M and R are both Cohen-Macaulay.

For the typical case, [2, Theorem 6.2.7] stated
depth; (M) = inf{i € Ng | H:(M) # 0},

for an R-ideal I and a finite R-module M such that IM # M. The
case of a pair of (I,J) ideals was defined in [1, Definition 3.1]. Now
we recall this definition, as follows.

Throughout this section, let R = @®4>9Rq denote a positively
standard graded Noetherian ring such that Ry is a local ring of maximal
ideal my. Let M = @4z My be a finitely graded R-module.

Definition 4.1. Let I and J be two homogeneous ideals of the graded
ring R and M a graded R-module. We define depth of (I,J) on M by
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depth(1, .J, M) = inf{depth(a, M) | a € W(I,.J)}
if this infimum exists, and oo otherwise.
Remark 4.2. In the general case, by [11, Theorem 3.2, Theorem 4.1]
or [1, Proposition 3.3],
depth(I, J, M) = inf{i € No | Hf ;(M) # 0}.

Let I, J, K be three homogeneous ideals of R. We introduce
ht(1, J, K) := inf{ht(p) | p e W(I,J) NV (K)}.
Note that, when J = (0),
ht(Z,J, K) = ht(I + K).

Proposition 4.3. Assume that M is a Cohen-Macaulay R-module and
R is a Cohen-Macaulay ring. Set I = \/anng M. Then,

depth (R4, J, M) =ht(Ry, J, I) — ht(]).
In particular, ht(Ry, J,I) —ht(I) = inf{i € No | Hy, ;(M) # 0}.

Proof. By [11, Theorem 4.1] (or [1, Proposition 3.3]),
depth (R4, J, M) = inf{depth M, | p € W(Ry,J)}.
Note that
depth (R4, J, M) = inf{depth M, | p € W(R4,J)NV(I)},

since M, = 0 as p ¢ V(I), that is, depth M, = oo and since M is
Cohen-Macaulay, in particular,

depth M, = dim M,

for each p € W(R4,J). However, R is also Cohen-Macaulay, by
hypothesis, so

dim M, = dim R, /I, = dim R, — ht I,,.

By [8, Lemma 1.2.2], all minimal primes of I have the same height,
so that ht I, = ht I for each p. Combining the above arguments, we
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obtain
depth (R4, J, M) = inf{dim R, —htI |p € W(Ry,J)NV(I)}.
This equals ht(R4, J, I)—ht I, by definition. The proof is complete. [

Proposition 4.4. Let J be a graded ideal of R. Then, any integer i
for which Hﬁ+7m0R+J(M) # 0 satisfies

depth (R4, moR + J, M) <i < dimM/(moR + J)M.
Proof. The proof follows by Remark 4.2 and Theorem 3.5. |

Corollary 4.5. There is exactly one integer i for which H}E+,moR+J(M)
# 0 if and only if

depth (R, moR + J, M) = dim M/(moR + J)M.

5. Basic finiteness, vanishing theorem and asymptotical sta-
bility. In this section, we generate two classical results regarding the
graded components of local cohomology for the case of local coho-
mology with respect to a pair of ideals (Proposition 5.2 and Theo-
rem 5.4). This leads to a result on asymptotical stability of the se-
quence {Assg,(Hp  ;(M))n}nez. Throughout this section, we assume
R and M are as in Section 4.

It is well known that H}z+(M )n is a finitely generated Ry-module
for all n € Z and H};Ur (M), = 0, for n sufficiently large. The next

assertion gives a positive answer for the case of cohomology modules
with respect to a pair of ideals.

Remark 5.1. Let I, K, J be arbitrary ideals o_f R, and let M be a
K-torsion R-module. It is easy to verify that Hj, , ;(M) = H} ;(M)
for all 7 € Ny.

Proposition 5.2. Let J be an ideal generated by elements of zero
degree. Set a := ag + Ry, where ag denotes an ideal of Ry. Suppose
that H;J(M)n s a finite Ro-module for all integers n and i. Then,

Hé,J(M)n =0 for all i > 0 and n sufficiently large.
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Proof. We proceed by induction on dim M. If dimM = 0, then
by [11, Theorem 4.7(1)]. The result is clearly true for all ¢ > 0. In
addition, 'y y(M), = M,, = 0 for n > 0.

Suppose now that dim M > 0 and the result is established for finitely
generated modules of dimension less than dim M. By [11, Corollary
2.5], H} ;(T;(M)) = Hi(T ;(M)) for all i > 0. The exact sequence

0 —T;M)— M — M/T;(M)—0
then yields the long exact sequence
Hy (D5 (M) — Hy y(M)n — Hy ;(M/T 5(M))y — Hy" (L (M)
Using [7, Proposition 1.1], the above sequence yields that H ;(M),, is
isomorphic to H ;(M/T ;(M)), for all n sufficiently large. Hence, we
can assume that M is a J torsion-free R-module. As J is generated by
homogeneous elements of zero degree, by the prime avoidance lemma,

there exists an element x in J of zero degree which is a non zero divisor
on M.

The exact sequence
0— M- M— M/zM — 0
induces an exact sequence

By the above sequence, we have Hé y(M/xM), is finitely gener-
ated. Therefore, by the induction hypothesis, for every i > 0,
H ;(M/xM), = 0 for all n sufficiently large. The above exact se-
quence then yields an epimorphism

0, (M)y = Hy 5 (M)y,
for all n > 0 so that
Hé,J(M)n = chil,J(M)n-
Nakayama’s lemma completes the proof. ([l
Lemma 5.3. If J is generated by elements of degree 0 and H§+’J(M)n

=0 forn >0 and all i > 0, then Hfer’J(M)n is a finitely generated
Ry-module for all n integers and for all 1 > 0.
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Proof. We proceed by induction on ¢. Since M is a finite R-module,
Hy,, ;(M), is a finite Ro-module for all n.

Suppose now that ¢ > 0. The result is established for smaller values
of i. Due to the graded isomorphism Hy, (M) = Hy, ;(M/Tg, ;(M))
for ¢ > 0, we can assume that M is an (R, J)-torsion-free R-module
(and thus an R, torsion-free module). Then there exists an element
2 € Ry, which is a non-zero divisor on M, say deg(xz) = a. The exact
sequence

0 — M - M[a] — (M/xM)[a] — 0

induces an exact sequence
- - , )
H;%+,J(M)n+a - le:ch,J(M/xM)nJra - H}z%+,J(M)n = leﬁ,J(M)nJra'

From the above exact sequence it can be deduced that H}‘%Jﬁ (M /xM),
= 0 for n sufficiently large. By the inductive hypothesis, it then follows
that H}il (M /xM), is finitely generated for all ¢ € Z. There exists

s € Z such that H}ilJ(M/a:M)n = 0 by hypothesis for all n > s and
Hf%%J(M)n =0foralln>s—a.
Fix n € Z, and let k£ > 0 be an integer such that n + ka > s — a.

Thus, H}3+7J(M)n+ka = 0. Foreach j =0,...,k—1, we have the exact
sequence

Hi 'y (M/xM)yyy1ya — Hp, j(M)nyjo = Hp, 5(M)ni(jt1)a-

In conclusion, we obtain that H};UN 7(M)p4jq is finitely generated for
j=k—1,k—2,...,1,0 such that H}'%+7!,(M)n is finitely generated for
all n € Z. (|

Theorem 5.4. If J is generated by elements of zero degree, then the
following are equivalent.

(1) H%+7J(M)n is a finite Ro-module for alln € Z and all i > 0.

(ii) H}'%+7J(M)n =0 forn>0 and all i > 0.

Proof. The proof follows from Lemma 5.3 and Proposition 5.2. [

Consider the following definition. We say Assg, (H§+)J(M)n) is
asymptotically increasing for n — —oo if there exists an ng € Z such
that
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Assp,(Hp, ;(M),) C Assg,(Hg, ;(M)ni1)

for all n < ng.

Lemma 5.5. Let M be a finite graded R-module and J an arbitrary
ideal. Let i € Ny be such that H§+)J(M)n 1s a finite Ro-module for all
j<tandn <K 0. Then Assg, (H}'%JF)J(M),}) is asymptotically increasing
forn — —o0.

Proof. The proof essentially follows as in [7, Theorem 3.4] by using
the natural graded isomorphism HII%JMJ(M) = H§+7J(M/FR+7J(M))
for all k > 1, and observing that, if M is an (R, J)-torsion-free R-
module, it is also an R -torsion-free since I'r, (M) C T'g, s(M). O

Theorem 5.6. Let M be a finitely graded R-module, J an ideal of
R generated by elements of zero degree, and let i € N be such that
H£+7J(M)n s a finite Ro-module for all j < i and n < 0. If one of
the conditions in Theorem 5.4 occurs, then there exists a finite subset
X of Spec(Ry) such that Assg,(Hp, ;(M),) =X forn <0.

Proof. This is a consequence of Lemma 5.5 and Theorem 5.4, since
Asspg, (H§+7J(M)n) is finite for all n integers. O

If the sequence {ASSRO(H§+7!](M))7L}”€Z satisfies the assertion in
Theorem 5.6, we say it is asymptotically stable for n — —oo.

Acknowledgments. The first author thanks Sathya Sai Baba for
guidance.
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