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COFINITENESS AND NON-VANISHING OF
LOCAL COHOMOLOGY MODULES

IRAJ BAGHERIYEH, KAMAL BAHMANPOUR AND JAFAR A’ZAMI

ABSTRACT. Let R be a commutative Noetherian local
ring, I an ideal of R, and let M be a non-zero finitely
generated R-module. In this paper, we establish some new
properties of the local cohomology modules H}(M)7 i > 0.
In particular, we show that if (R,m) is a Noetherian local
integral domain of dimension d < 4 which is a homomor-
phic image of a Cohen-Macaulay ring and zi,...,xn is a
part of a system of parameters for R, then for all 7 > O,
the R-modules H:(R) are I-cofinite, where I = (z1,...,zn).
Also, we prove that if (R, m) is a Noetherian local ring of
dimension d and z1,...,2z¢ is a part of a system of param-

eters for R, then Hffft(H(txl xt)(R)) # 0. In particular,
pd=t(m, H ony(R)) # 0 and injdimp(H{, (R)) >

(1,-
d—t.

yee s @)

1. Introduction. Throughout this paper, all rings will be assumed
to be commutative Noetherian with non-zero identity, and all modules
will be assumed to be finitely generated. For each ideal I of a ring R
and for each R-module M, the ith local cohomology module of M with
respect to [ is defined as

Hj(M) = lim Exti(R/I", M).

—
n>

—

We refer the reader to [4, 6] for more details about local cohomology.

In [8], Huneke asked the following wild problem:
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Let W := {depth (My) + height (I +p/p) : I € p € Supp M}. Is it
true that, 0 <n & W if and only if H}(M) is finitely generated?

Concerning this wild problem, see the interesting paper [11]. In
this paper, we obtain a similar result to this problem whenever R is a
complete local ring and I is the maximal ideal of R.

In 1969, Grothendieck conjectured that, if I is an ideal of R and M is
a finitely generated R-module, then the R-modules Hompg(R/I, Hi(M))
are finitely generated for all ¢ > 0. Hartshorne has provided a coun-
terexample to this conjecture in [7]. Also, he defined a module T to be
I-cofinite if Supp T C V(I) and Ext%(R/I,T) is finitely generated for
each 7 > 0, and he asked the following question.

For which rings R and ideals I are the modules H (M) I-cofinite for
all i and all finitely generated modules M?

Hartshorne proved that, if I is an ideal of the complete regular local
ring R and M a finitely generated R-module, then H%(M) is I-cofinite
in the two following cases:

(i) I is a principal ideal, (see [7, Corollary 6.3]),
(ii) I is a prime ideal with dim R/I = 1, (see [7, Corollary 7.7]).

This subject was studied by several authors afterward, (see [1, 3, 5,
9, 13, 19]).

In this paper we also prove some new results concerning the cofinite
local cohomology modules and vanishing of certain local cohomology
modules.

Recall that, for each R-module M, all integers j > 0 and all prime
ideals p of R, the jth Bass number of M with respect to p is defined
as pd (p, M) = dimyy) Extﬁp (k(p), My), where k(p) := R, /pR,,. For an
Artinian R-module A we denote by AttgA the set of attached prime
ideals of A. Also, for any ideal a of R, we denote {p € SpecR:p D a}
by V(a). Also, we denote the injective dimension of M by injdim(M).
For any unexplained notation and terminology, we refer the reader to
4, 14].

2. Local cohomology modules over complete local rings. In
this section, we study the finiteness properties of local cohomology
modules over the complete Noetherian local rings.
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The following theorem is the first main result of this paper.

Theorem 2.1. Let (R,m) be a complete Noetherian local ring and I
an ideal of R. Let M be a non-zero finitely generated R-module such
that dim M /IM > 0. Then
inf{i € N : H. (M) is not I-cofinite}
= inf{ 1+ depth (M) : p € Supp M/IM and dim R/p =1}

< 00.

Proof. Set
n :=inf{i € Ng : H. (M) is not I-cofinite},
and
t :=inf{l + depth (M,) : p € Supp M/IM and dimR/p=1}.

First we show that n < co. To do this, suppose that the contrary is true.
Then the R-modules H{ (M) are I-cofinite, for all i > 0. From the hy-
pothesis, dim M/IM > 0, it follows that there exists p € Supp (M/IM)
such that dim (R/p) = 1. So, using [5, Corollary 1] or [17, Corol-
lary 2.5], we deduce that the R-modules H: (M) are p-cofinite, for all
¢t > 0. But, since p € Supp (M/IM) C Supp (M), it follows from
the definition that M, # 0. Therefore, it follows from [4, Theorem

7.3.2] that HSImR"(M")(M)p = HS};?R"(M")(MP) # 0. Consequently,
in view of [2, Lemma 2.1], the R-module H;fdlmR"(Mp)(M) is not

p-cofinite, which is a contradiction. Therefore, we have n < co. Now,
it follows from the assumption that HZ (M) is not I-cofinite. Conse-
quently, according to Melkersson’s theorem [16, Theorem 1.6], there
exists p; € Att H7 (M) such that dim R/(p; +I) > 1, and therefore
there is an element p € V(p; + I) such that dimR/p = 1. Since
0:g M CO0:g HX(M) C p1 C p, it follows that dim M/pM = 1.
Thus, by [16, Theorem 1.6] and by assumption dimR/p = 1, we
deduce that H” (M) is not p-cofinite. Hence, by [2, Lemma 2.1],
p € Supp Hy (M), and so depth (M,) < n — 1 that implies ¢ < n.
On the other hand, for each p € Supp M/IM with dim R/p = 1, it fol-
lows from the definition of n and [17, Corollary 2.5] that the R-modules
H{ (M) are p-cofinite, for i = 0,...,n — 1. Therefore, using [2, Lemma
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2.1] and [4, Theorem 6.2.7], it follows that depth (M,) > n—1. Hence,
we have t > n. This completes the proof. O

Theorem 2.2. Let (R, m) be a complete Noetherian local ring and M
a non-zero finitely generated R-module. Let

W:={i+1:p€SuppH;(M) and dimR/p=1},

and let n be a non-negative integer. Then H[(M) is finitely generated
if and only if n ¢ W.

Proof. Assume that HJ (M) is not finitely generated. Then it
follows from [4, Corollary 7.2.12] that Att H(M) ¢ {m}. Thus,
there exists an element p; € Att HZ (M) such that dimR/py > 1,
and so there is an element p € V(py) such that dim R/p = 1. Since
0:g M CO0:g HX(M) C p1 C p, it follows that dim M/pM = 1.
Now, by [16, Theorem 1.6], and by the assumption dimR/p = 1,
we deduce that HZ (M) is not p-cofinite. Hence, by [2, Lemma 2.1],
p e SuppHg_l(M) and so, by definition, n € W. Now let n € W.
Then, by definition, there exists p € Spec (R) such that dim R/p = 1
and p € SuppHg‘fl(M). Thus, in view of [2, Lemma 2.1], the R-
module H (M) is not p-cofinite and hence is not finitely generated.
This completes the proof. O

The following result is a generalization of [2, Lemma 2.1].

Proposition 2.3. Let (R,m) be a complete Noetherian local ring, I an
ideal of R and M a finitely generated R-module such that dim M /IM >
0. Then, for each positive integer n, the following statements are
equivalent:

(i) HR(M) is I-cofinite.
(ii) For each p € Supp M/IM with dimR/p =1, H;E:(Mp) =0.
(ili) For each p € Supp M/IM with dimR/p = 1, Hy ' (M) is
Artinian.

Proof. (i)—(ii). Let p € SuppM/IM and dimR/p = 1. Then,
since H? (M) is I-cofinite, it follows from [17, Corollary 2.5] that the
R-modules H]}(M) are p-cofinite. So, the assertion follows from [2,
Lemma 2.1].
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In order to prove (ii) — (i), assume that the contrary is true. Then
H(M) is not I-cofinite and so, by [16, Theorem 1.6], there exists
p1 € Att H;(M) such that dim R/(py +1I) > 1, and therefore, there
is p € V(p1+1I) such that dimR/p = 1. Since 0 :g M C 0 :p
H2 (M) Cpy Cp, it follows that dim M/pM = 1 and p € Supp M/IM.
Now, by [16, Theorem 1.6], and by the assumption dim R/p = 1,
we deduce that H (M) is not p-cofinite. Hence, by [2, Lemma 2.1],
p € Supp Hy "' (M), which is a contradiction. The proof of (i) < (iii)
follows from [2, Lemma 2.1]. O

3. Local cohomology modules over Noetherian local rings.
In this section, we derive some new results about local cohomology
modules over Noetherian local rings.

Theorem 3.1. Let R be a Noetherian ring and M an R-module. Let
I C J be proper ideals of R, and let t be a non-negative integer. Then
the following conditions are equivalent:

(i) Foralli<t, Hi(M)= H"(M).

(ii) For alli <t, AsspHi(M) = AssgHY(M).
(iii) For all i <t, Supp H:(M) = Supp HY(M).
(iv) For alli <t, Supp H:(M) C V(J).

Proof. (i) — (ii). This statement is clear.

(ii) — (iii). The assertion follows immediately from the fact that,
for every R-module T, we have SuppT = |J V(p).
peASSET

The conclusion (iii) — (iv) is obvious.

(iv) — (i). Since R is Noetherian and I C J, it follows that there
exist elements x1,...,x, € R such that J =1+ Rx; + --- + Rz, and
n > 0. We argue by induction on n. When n = 0, we have I = J
and so there is nothing to prove. Now suppose, inductively, that n > 1
and the result has been proved for n — 1. Then since, for all i < ¢,
Supp Hi(M) = Supp H;(M) C V(J) C V(I + Rx1 + -+ + Rzp_1), it
follows from inductive hypothesis that Hj (M) = Hj, g, ... go. (M)
for ¢ < t. On the other hand, by assumption, for all i < ¢, we
have Supp H¢(M) C V(J), and therefore, Hi(M) is Rz,-torsion. So,



310 I. BAGHERIYEH, K. BAHMANPOUR AND J. A’ZAMI

H}+Rx1+---+Rmn_1(M) is Rx,-torsion for i < ¢t. Therefore,

Hll%:cn (H}:j%m—i-w—i-}%xn_l (M)) =0

and

Hlo%xn (Hlé—i-Rxl—&-m—&-Rxn,l (M)) = HIZ.'+R321+~~+Rxn,1 (M) = H}(M)’
for all ¢ < ¢t. Consequently, from the exact sequence

0— Hzl?,mn (H;:r}zm1+-~~+Rzn,1(M))
— His Ryt Ry (M)
— Hpy (Hpy Ryt Ry (M)
— 0,
(see [18, Corollary 3.5]), it follows that, for all i < ¢,

H;(M) - H}+Rzl+-<-+Rzn(M) = H?%xn (H}+Rzl+---+Rzn_1(M))
~ Hi(M).

This completes the inductive step. O

Proposition 3.2. Let (R,m) be a Cohen-Macaulay Noetherian local
ring of dimension d > 1 and p a prime ideal of R. Then the following
statements are equivalent:

(i) HL(R/p) is not finitely generated,
(ii) dimR/p = 1.

Proof. (ii) —(i) is clear.

(i) —(ii). Since HL(R/p) is not finitely generated, it follows that
dim R/p > 1. If dim R/p > 2, then p contains an R-regular sequence
Z1,..., 2T, of length n = height (p). We have

depth (R/(x1,...,zy)) = dim R—n = dim R—height (p) = dim R/p > 2

and so HL(R/(z1,...,7,)) = 0. Since height ((z1,...,2,)) = n =
height (p) and (z1,...,2,) C p, it follows that p is a minimal prime
ideal of (x1,...,2,), and hence, p € Assg(R/(x1,...,x,)). Therefore,
there exists an exact sequence

0— R/p — R/(x1,...,2n) — T —0
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for some finitely generated R-module T. This exact sequence implies
that HL(R/p) = H2(T). Since T is finitely generated, it follows that
HL(R/p) is finitely generated, which is a contradiction. O

Let (R, m) be a Noetherian local ring, I a proper ideal of R and M
a finitely generated R-module such that Supp M/IM ¢ V(m). Let r
be a non-negative integer such that H:(M) is Artinian for all i < r
and H7 (M) is not Artinian. It is shown in [15, Theorem 3.1] and [10,
Theorem 3.10] that r is equal to filter depth, f-depth (I, M), of M in
I, i.e., the length of a maximal filter regular sequence of M in I. Recall
that we say that a sequence z1, ..., z, of elements in the ideal I of the
local Noetherian ring (R, m) is a filter regular sequence for a finitely
generated R-module M, if

x; ¢ pforall pe Assg(M/(z1,...,2i—1)M)\ {m},

foralli=1,...,r.

Theorem 3.3. Let (R,m) be a Noetherian local ring, M a non-zero
finitely generated R-module of dimension d > 1 and 0 <t <d—1 an
integer. Then the following conditions are equivalent:

(i) Hi,(M) =0,
(i) m ¢ Assp(HE(M)), for all ideals I of R with dim M/IM < 1.

Proof. (i) — (ii). Let I be an ideal of R with dim M/IM < 1. If
dim M/IM = 0, then Hi{(M) = H. (M) and so there is nothing to
prove. Next, let dim M/IM = 1. Then there is an element x in m such
that dim M /(I + Rx)M = 0 and so in view of [18, Corollary 3.5] there
is an exact sequence:

0 — Hp,(H; (M) — Hiy g, (M) — Hp,(H[(M)) — 0.

But as dim M/(I+Rx)M = 0, it follows that the ideal J := Anng(M)+
I + Rz is an m-primary ideal. Therefore, using [4, Theorem 4.2.1], it
follows that

H;-i—Rw(M) = HEI-{-RI-Q—AnnR(M))/AnnR(M)(M) = H;/AHDR(M)(M)
~ Hl (M) =0.

So, from the above exact sequence we can conclude that H% (H4(M)) =
0, and hence H2 (H!(M)) = 0, which implies that m ¢ Assr(HE(M)).
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(ii) — (i). The case t = 0 is clear. So, without loss of generality,
we may assume 1 < ¢t < d — 1. Then we have d > 2. Since
dim (M) = d > 2, using the prime avoidance theorem, we can find

elements z1,...,x4-1 € m such that zq,...,2z4_1 be a filter regular
sequence for M. Then x1,...,x4_1 is a part of a system of parameters
for M (and hence dim M/(x1,...,24-1)M = 1). Then the R-modules
0 1 d—2
H(mh---,mdfﬂ(M)’ H(mlw--,mda)(M)’ T ’H(rl,.»-,sz)(M)

are Artinian. But, there is an element x4 € m, such that z1,...,z4
is a system of parameters for M. On the other hand, in view of [18,
Corollary 3.5], there is an exact sequence:

0— Hll?wd(H(tx—ll,...,xd,l)(M)) - H(twhmwd)(M)
— H%Id(H(txl ..... md,l)(M)) — 0.
Now, as H(t;ll gy (M) is Artinian, it follows from Grothendieck’s

vanishing theorem that
Hpo (. .o (M) = 0.
Also, since the ideal (z1,...,24) is m-primary, it follows that
Hiy, (M) 2= Hy (M).

As dim M/(x1,...,24-1)M = 1, by the assumption we have m ¢

AssR(H(tlcl wa (M), and s0

H%zd (H(tzl,...,zd,l)(M)) = Ht?i(Hfasl,.,,,xd,l)(M)) =0.
Therefore, by the above exact sequence, we have H. (M) = 0, as
required. (Il

Theorem 3.4. Let (R,m) be a Noetherian local ring and M a non-
zero finitely generated R-module of dimensiond > 1. Let 0 <t <d—1
be an integer such that the R-module HY (M) is non-zero and finitely
generated. Then, for all ideals I of R with dimM/IM < 1, we have
m € Assg(HE(M)). In particular, H: (M) # 0.

Proof. Let I be an ideal of R with dim M/IM < 1. If dim M/IM =
0, then HY{(M) = HL (M), and so there is nothing to prove. Now,
let dimM/IM = 1. Then there is an element x in m such that
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dim M /(I + Rx)M = 0 and so ([18, Corollary 3.5]) there is an exact
sequence:

0 — Hp (HTH(M)) — HE, g, (M)
— HY (HY(M)) — 0. (%)

According to the argument given in the proof of Theorem 3.3, we have
Hj}, o, (M) = H.(M). Hence, from the above exact sequence, we can
conclude that the R-module H},, (H!™(M)) is finitely generated. But,
in view of [4, Theorem 2.2.4], there is an exact sequence

Do (Hy ™' (M) — Hp, (H;7H(M)) =0, (+%)

and, in view of [4, Remark 2.2.17], we have Dg,(H. '(M)) =
(HI=Y(M)), which implies that Dg,(H: '(M)) = xDg,(H:H(M)).
Therefore, it follows from the exact sequence (x*) that Hp, (H: ' (M)) =
xH} (H ' (M)). Now it follows from Nakayama’s lemma that

Hpy (Hy~ (M) = 0.
Consequently, it follows from the exact sequence (),
Hy (H}(M)) = Hp, (Hj(M)) # 0,
which implies that m € Assg(H%(M)), as required. O

Now we present a new and short proof of Grothendieck’s non-
vanishing theorem. In the proof of this theorem we do not need to
reduce to the complete regular local ring case.

Theorem 3.5. Let (R,m) be a Noetherian local ring, and let M be a
non-zero finitely generated R-module of dimension n. Then H (M) #
0.

Proof. We argue by induction on dimM = n. When n = 0, we
have H) (M) = M # 0. Now suppose that n > 0 and the case
n — 1 is settled. Then there is an element p € Supp M such that
dimp,M, = n — 1 and dimM/pM = 1. Next, by the inductive
hypothesis, we have H;lgpl (M,) # 0, and so by [2, Lemma 2.1], Hj (M)
is not p-cofinite; therefore, H (M) is not finitely generated R-module.
Hence, HZ (M) # 0. The inductive step is now complete. |
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Before bringing the next results, note that, in [13, Theorem 3.4], it
is shown that if (R, m) is a Noetherian local ring, I is an ideal of R with
dimR/I = 2 and M is a finitely generated R-module of dimension d,
then the Bass numbers p/ (p, Hi(M)) are finite for all 4,j and all but
finitely many primes p. The following result shows that, in some special
cases, all Bass numbers of the local cohomology module Hfl_l(M ) are
finite.

Theorem 3.6. Let (R, m) be a Noetherian local ring, I an ideal of R
with dim R/I = 2, and M a finitely generated R-module of dimension
d > 2 such that Supp HE2(M) C {m}. Then, for any ideal J of R with
ICJCmanddimR/J <1, the R-modules Ext%(R/J, HE (M) are
finitely generated for all j > 0.

Proof. From dim R/J < 1, it follows that there exists an element
x € J such that
dimR/(I + Rz) = 1.

Next, let L := I + Rx. Then, in view of [18, Corollary 3.5], there are
the following exact sequences:

0 — Hp, (Hf *(M)) — Hi (M)
— Hp, (Hf7'(M)) — 0, (%)
and
0 — Hp,(Hf ™1 (M)) — H.(M) — Hp,(Hf (M)) — 0. (+x)
But, according to the hypothesis, we have Supp H}FZ(M) C {m}, and
hence the R-module H{~?(M) is Ra-torsion implying that
Hp, (H] (M) = 0.

Therefore, from the exact sequence (), we get the following isomor-
phism:
Hi~'(M) = Hp,(H{ (M)

Now, as dim R/L = 1, according to the main result of [5], or in view
of [3, Corollary 2.7], the R-module H{™'(M) is L-cofinite. So the
R-module

Hp, (H{ (M) = Hy(H] (M),
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is L-cofinite. On the other hand, by [4, Exercise 2.1.9], we have
Hp, (H{~'(M)) = Hy (H{~'(M)).

Moreover, by [17, Proposition 5.1], the R-module H¢ (M) is Artinian
and L-cofinite. So, using [17, Corollary 4.4], it follows from the exact
sequence (#x), that the R-module

Hp,(H{ ™' (M)) = Hy (Hj~' (M),

is L-cofinite. Thus, the R-modules H?(H{*(M) and H}(H{™*(M))
are L-cofinite. But, in view of [12, Corollary 2.5], the set Supp H}i_l(M)
is finite and dim H{ (M) < 1. So, it follows from Grothendieck’s van-

ishing theorem, that _
Hy (Hj~'(M)) =0,

for all j > 2. Consequently, by [17, Proposition 3.9] for all j > 0, the
R-modules Ext%(R/L,H}i_l(M)) are finitely generated. As L C J,
it follows from [5, Corollary 1] or [17, Corollary 2.5] that, for all
j > 0, the R-modules Extg%(R/J, HY™Y(M)) are finitely generated, as
required. O

Corollary 3.7. Let R, I and M be as in Theorem 3.6. Then the Bass
numbers of the R-module H™'(M) are finite.

Proof. Tn view of [12, Corollary 2.5], the set Supp H¢ ! (M) is finite
and dimH;l_l(M) < 1. Hence, for any p € SuppH}l_l(M), we have
I CpCmanddimR/p < 1. So, by Theorem 3.6, the R-modules
Extg%(R/p, H}iil(M)) are finitely generated for all j > 0. O

Theorem 3.8. Let (R,m) be a Noetherian local ring, I an ideal of
R with dimR/I = 2 and M a finitely generated R-module of di-
mension d > 2, such that dim H"2(M) < 1. Then the R-modules
Ext},(R/m, H}i_l(M)), are finitely generated for all 7 > 0. In particu-
lar, the Bass numbers of the R-module H{™*(M) are finite.

Proof. By Theorem 3.6, we may assume that dim H¢™?(M) =
1. Since dimR/I = 2, it follows from [3, Corollary 3.3], that
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AsspHE ?(M) is a finite set. Next, suppose that
ASSRH?_2(M) \ {m} = {pla e apS}v

and
Asshp(R/I) = {q1,...,9¢}-

Now, by the prime avoidance theorem, there exists an element = in m,
such that = ¢ |J7_, pi and = ¢ J!_, q;. Whence, dim R/(I + Rz) = 1
and Supp Hy, (H!™%(M)) C {m}. Let L := I + Rx. Then, in view of
[18, Corollary 3.5], there are exact sequences:

0 — Hp, (Hf*(M)) — H ' (M) — Hp, (H{ 7 (M) — 0, (%)
and
0 — Hp, (Hf (M) — H(M) — Hp, (Hf (M) — 0. (+%)
Applying the method used in the proof of Theorem 3.6, we have

Hp, (H{ ' (M)) = H).(H] (M),

Hp,(H ™' (M)) = Hy (Hf ' (M),

and '
H(H{7Y(M)) =0, forallj>2.

On the other hand, according to the [3, Corollary 2.7], the R-module
H{Y(M) is L-cofinite. Therefore, it follows from the exact sequence
(%), that the R-module Homp(R/L, Hp,(H{~2(M))) is finitely gener-
ated. But, we have
Supp H,(H{ *(M)) C {m},
and hence the R-module
Homp(R/L, Hp, (Hf (M),
has support in V' (m). Whence, we can deduce that the R-module
Homp(R/L, Hp,(Hf *(M))),

is of finite length. Consequently, it follows from [17, Proposition 4.1]
that the R-module Hp,(H{ ?(M)) is Artinian and L-cofinite. Thus,
the R-module HY(H?~'(M)) is also L-cofinite. On the other hand,
applying the method used in the proof of Theorem 3.6, we can see
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that the R-module H}(H? '(M)) is L-cofinite, too. Now, by [17,
Proposition 3.9] for all j > 0, the R-modules Ext’,(R/L, HS ™ (M)) are
finitely generated. Therefore, as in the proof of Theorem 3.6, since L C
m, it follows that, for all j > 0, the R-modules EXt%(R/m, HEY(M))
are finitely generated. On the other hand, if m # p € Supp (H¢™*(M)),
then as dim ((M/IM),) < 1, it follows from [3, Corollary 2.10] that
the Bass numbers of the R-module H}i_l(M) with respect to p are
finite. This completes the proof. O

4. Cofiniteness of local cohomology modules for ideals gen-
erated by a part of a system of parameters.

Theorem 4.1. Let R be a Noetherian ring, I an ideal of R and M a
finitely generated R-module. Let s be a non-negative integer such that,
for all i # s, the R-module Hi(R) is I-cofinite. Then H$(R) is also
I-cofinite.

Proof. See [13, Proposition 2.5]. O

Theorem 4.2. Let (R,m) be a Noetherian local ring of dimension
d>1 and I an ideal of R such that dimR/I = d. Let ay,...,aq € m
be system of parameters for R-module R/I. Then there are elements
b1,...,bg € I such that the elements ¢ := a1 + b1,...,cq := aq + by
compose a system of parameters for R.

Proof. Since dim (R/(I + Ray)) = d — 1, it follows that I + Ray ¢
UpeASShR(R)p' So, in view of [14, Exercise 16.8], there exists an
element b; € I such that by +a; ¢ UpEASShR(R) p. Now ¢; := a1 +by is
a part of a system of parameters for R. Let, by induction, the elements

c1 =ay+by,...,cx = ag + by be a part of a system of parameters for
R, where 1 <k <d—1and {by,...,b;} C I. Then we have

I+ Rai+ -+ Ray, =1+ Reyr + -+ Rey,
and
dim (R/(I + Ray + - -+ + Rag + Rag+1)) =d — (kK + 1).

Consequently, (I+ Rci+- -+ Reg+ Ragt1) € UpeAssha(r/(erronren)) P-
Since (¢1,...,¢x5) C npeASShR(R/(cl,...,ck)) p, it follows that I+Ray41 ¢
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UpEASShR(R/(cl ...exy) P Therefore, in view of [14, Exercise 16.8], there

exists by11 € I such that agy1 + bry1 € UpeASShR(R/(cl,...,Ck)) p. Set
Ck+1 = ak4+1+br+1. Then it is easy to see that ¢y, ..., ck41 is a part of
a system of parameters for R. This completes the inductive step. [

Theorem 4.3. Let (R,m) be a Noetherian local ring of dimension
d = 3 and x1,z2,23 a system of parameters for R. Set I = (x1),
Iy = (z1,22) and I3 = (x1,x2,x3). Then, for each 1 <n < 3 and each
i >0, the R-module H} (R) is I,-cofinite.

Proof. In the case n = 1, the ideal I,, is principal and so the result is
well known. The cases n = 2,3 follow from the main result of [5]. O

Theorem 4.4. Let (R,m) be a Noetherian local integral domain of
dimension d < 4 which is a homomorphic image of a Cohen-Macaulay
local ring. Let 1 < n < 4 and x1,...,x, be a part of a system of
parameters for R. Then, for each i > 0, the R-module H:(R) is a
I-cofinite, where I = (x1,...,2,).

Proof. Let (R, m) be a homomorphic image of the Cohen-Macaulay
ring (S,n) with dimS = d;. Then d; > d. We may assume that
R = S§/J for some ideal J of S. Then we have height (J) = dy — d,
and so there exists an R-sequence as yi,...,Yd,—d contained in J.
Now we can replace the ring S with the Cohen-Macaulay local ring
T:=5/(y1,.-,Yd,—d)- So, we may assume that n = 2. Since R is an
integral domain and dim R = dim S it follows that R = S/p for some
p € Asshg(S) and so there is an exact sequence

0—R—S—K, (%)

for some finitely generated S-module K. Since z1,z2 € m = n/p,
it follows that 1 = t; + p and zo = it + p, for some elements
t1,t2 € n. Now, by Lemma 4.1, there exist elements y1,y2 € p such
that z1 :=t1 +y1 and 29 := t5 + yo is a part of a system of parameters
for S. Therefore, as S is a Cohen-Macaulay ring, it follows that z1, 25
is an S-sequence and, hence, according to [4, Theorem 6.2.7] we have

0 N 1 _
H(Zl,Zz)(S) =0= H(zl,ZQ)(S) = 0.



LOCAL COHOMOLOGY MODULES 319

So, from the exact sequence (x), we get the following isomorphism:

H,, (1) = H, _(R).

(21,22 (21,22)

But, using [4, Theorem 4.2.1] we have

1 1 1 1
His ooy (B) = Hi, oyypp(B) = Hi, 1) 1pp(B) = Hip, 1) (R).

Since H(OZ1 .)(T) is a finitely generated S-module, it follows that
Hl

(x1,20)(12) 15 a finitely generated S-module, and so H! (R) is

(1,2

a finitely generated R-module. In particular, H} )(R) is (x1,x2)-

(1,22
cofinite. On the other hand, in view of [4, Theorem 3.3.1], for ¢ > 3,

we have H("_T1 2)(12) = 0. Now, by [13, Proposition 2.5], the R-module
2
(z1,72)

(R) is (21, x2)-cofinite. This completes the proof. O
Theorem 4.5. Let (R,m) be a Noetherian local ring of dimen-
sion d and x1,...,x, a part of a system of parameters for R. Then
H,‘fl_t(H(tz1 ..... e (R)) # 0. In particular, ,ud_t(m,H(tm1 _____ o (R) # 0

and injdimp(H{, ~ (R)) > d—t.

Proof. Let 1,...,x4,...,x4 be a system of parameters for R. Then,
using [18, Corollary 3.5] and [4, Theorem 3.3.1], we have the following:

1 ~ t+1
HR:EH_l (Hfml,,zf)(R)) = H(zl ,,,,, zt+1)(R)ﬂ
1 t+1 ~ 77t+2 ~ 772 t
HRTH?(H(M,MMH) (R)= H($1,~~~,$t+2) (R)= H(It+1@t+2)(H(I1 »»»»» xt) (R))

Hll%a:d(Hdil (R)) = H(da:l,...,zd)(R)

(1500 5Ta—1)

~ prd—t t
- H(mt+17rt+27~-»1d)(H($1,-~~7wt)(R))'

But, by Grothendieck’s non-vanishing theorem, we have H¢ B zd)(R)

(Il,‘

= HZ(R) # 0. Therefore, it follows from [4, Exercise 2.1.9] that
Hli_t(Hzfxl,m,xt)(R)) = H(Ulzjf’md)(H(txl,,mt)(R))

= Hdit (H(tml,,zt)(R)) # 0,

(Tt4+1,Tt42,50.,%a)

as required. O
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