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PROPERTIES OF FACTORIZATIONS
WITH SUCCESSIVE LENGTHS
IN ONE-DIMENSIONAL LOCAL DOMAINS

WOLFGANG HASSLER

ABSTRACT. Let D be an atomic domain. Then every
non-unit a € D\{0} decomposes (in general in a highly non-
unique way) into a product

(1) a=Ul ... Un

of irreducible elements (atoms) u; of D. The integer n is
called the length of (1) and L(a) = {n € N | a decomposes
into n irreducible elements of D} is called the set of lengths
of a. Two integers k < [ are called successive lengths of a if

L@ n{meN|k<m<Ii}={k1}

Suppose that D is a one-dimensional local domain with
finite normalization. Then it is well known that A(D) =
{l—k|0+# ae€ D\D*,k <l are successive lengths of a
} is finite. Let 0 # a € D be a non-unit and denote by Z,(a)
the set of factorizations of a with length n. In the present
paper we investigate the structure of Z, (a) and the relations
between Zy(a) and Z;(a) if k and [ are successive lengths of a.
We prove that Zi(a) and Z;(a) are “similar” in a very strong
sense except if k and [ are close to the “boundaries” of L(a).
We show by examples that in the latter case Zy(a) and Z;(a)
may have a completely different structure. Finally, we apply
our results to local quadratic orders of algebraic number fields.

1. Introduction. Let D be an integral domain. A nonzero non-
unit w € D is called irreducible (or an atom) if © does not decompose
into a product of two non-units of D. D is called atomic if every nonzero
non-unit a € D has a factorization

(2) aAa=Ui-... Up
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into irreducible elements u; of D. Important examples for atomic
domains are Noetherian domains and Krull domains. The integer n
is called the length of the factorization (2). In general, elements of
atomic domains decompose into atoms in a highly non-unique way.
Let D be an atomic domain. For 0 # a € D\D* (where D* denotes
the group of units of D) we call

L(a) = Lp(a)
= {n € N | a has a factorization into n irreducible elements of D}

the set of lengths of a. Sets of lengths play an important role in the
theory of non-unique factorizations. The reader is referred to [6] and
[17] for survey articles on this topic. Two integers k,l € N with k < {
are called successive lengths of a € D if {m € L(a) | kK < m <} =
{k,1}. The invariant

A(D)={l-k|0+# ae D\D*, k <l are successive lengths of a} C N

is called the set of differences of D. It provides a measure for the size
of the gaps occurring in sets of lengths of elements of D.

If D is a one-dimensional local domain, then it is known that the sets
of lengths of D have a special structure: they are, up to a bounded
initial and final segment, arithmetical progressions with some period
d which only depends on D. For more details see Definition 2.4 and
Theorem 2.5. In particular, A(D) is a finite set. Furthermore, D has
finite catenary degree, i.e. there exists a bound B € N (which only
depends on D) such that for every element 0 # a € D\D* and for all
factorizations z and 2’ of a there exists a finite sequence of factorizations

(3) Z=20y...,2s =2

of a such that z;_1 and z; differ by at most B irreducible elements for
all 1 <14 < s. In the case when D is analytically unramified (i.e. if the
integral closure of D is a finitely generated D-module) this was proved
in [13], Proposition 7.3. For the analytically ramified case see [19].

Let D be a one-dimensional local domain whose normalization is a
finitely generated D-module and let 0 # a € D\D*. For m € L(a) we
denote by Z,,(a) the set of factorizations of a with length m. In the
present paper we are interested in the structure of the sets Z,,(a). We
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study the question whether Zy(a) and Z;(a) are “similar” with respect
to the natural metric (see (4) in section 2) if k and [ are successive
lengths of a. Furthermore, we study whether for arbitrary n € L(a) and
factorizations z,z’ € Z,(a) there exists a chain z = zg, 21,...,2s = 2’
of elements 2; € Z,(a) such that z;_; and z; have bounded distance
for all 1 < i < s (where the bound should only depend on D). Note
that in the above mentioned case of the (ordinary) catenary degree no
conditions on the lengths of the z; in (3) are imposed. One motivation
to study these questions is to investigate the structure of chains of
factorizations. For example, is it always possible to choose the chain in
(3) in such a way that the lengths of the z; form a monotone sequence
of integers?

It turns out that in general the answer to our questions is negative
(except if D is a Cohen-Kaplansky domain, i.e. if D\{0} is a finitely
generated monoid, see [3] and [8]). Already simple examples show
that factorizations with given successive lengths may have a completely
different structure (see Examples 6.3 and 6.5). However, we prove that
we get a positive answer to our questions if k, [ and n are not contained
in a bounded neighborhood of minL(a) and maxL(a). To be more
precise, there exist some constant C' € N and some bound B € N
(which both only depend on D) such that for all ¢ € D and for all
n € L(a) with minL(a) + C < n < maxL(a) — C the strong successive
distance d,,(a) at length n (cf. Definition 3.4) and the catenary degree
cn(a) at length n (cf. Definition 3.3) are bounded by B. Thus the
observed “irregular” behavior of factorizations with successive lengths
is due to boundary phenomena.

The methods we use to prove this result (see Theorem 4.1) are
combinatorial in nature. We couch our considerations in the language
of monoids which turned out to be very convenient in the theory of non-
unique factorizations. The theorem is obtained by studying a suitable
multiplicative model for the domain D (cf. Definition 4.2). It should be
mentioned that our proof strongly makes use of Geroldinger’s Structure
Theorem for sets of lengths of D (cf. Theorem 2.5).

As a corollary of our result (Corollary 4.16) we give a new proof
of Theorem 4.8 3) in [8]. Our investigations moreover show that this
Theorem also holds if D has infinite residue class field. As a second
application of our result we prove that every localization of an order
of some quadratic number field at a singular place has finite monotone
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catenary degree, i.e. in the case of these rings we indeed can choose the
chain in (3) in such a way that the lengths of the z; form a monotone
sequence (see Theorem 5.3). However, we must leave it open whether
the global version of this theorem is also true.

The organization of the paper is as follows: in section 2 we fix our
notation and recall some facts from factorization theory which are
needed in the sequel. In section 3 we define the invariants which lie
in the center of our interest. Section 4 is devoted to the proof of the
Main Theorem (Theorem 4.1). In section 5 we show the finiteness of
the monotone catenary degree for local quadratic orders. In section 6
we construct examples for rings whose strong successive distance and
monotone catenary degree are infinite.

2. Preliminaries and results from factorization theory. We
denote by N (resp. Np) the set of positive (resp. non-negative) integers.
For sets A and B we write A C B if A is a subset of B and equality
may hold. We write A C Bif A C B and A # B. For a,b € Z
we set [a,b] = {x € Z | min{a,b} < z < max{a,b}}. If (M,<) is a
partially ordered set and z € M, we put M<, ={y € M |y < z} and
M>z ={yeM|y=>z}.

We call a commutative ring R local (resp. semi-local) if it has only
one (resp. finitely many) maximal ideals and if it is Noetherian.

By a monoid we always mean a (usually multiplicatively written)
commutative semigroup H with identity element for which the cancel-
lation law holds, i.e. ab = ac implies b = ¢ for all a,b,c € H. The
main examples for monoids we have in mind are the multiplicative
semigroups of nonzero divisors of commutative rings. For monoids the
notions “irreducible element” and “prime element” are defined com-
pletely analogously as in case of domains. Let H be a monoid. Then
H* denotes the group of invertible elements of H, A(H) denotes the
set of irreducible elements (atoms) of H and P(H) denotes the set
of prime elements of H. If E C H is a subset, then [E] denotes the
submonoid of H which is generated by E. H is called atomic (resp. fac-
torial) if H* U A(H) (resp. H* UP(H)) generates H. We define the
reduced monoid of H by Heq = H/H* and H itself is called reduced
if H* = {1}. Since H satisfies the cancellation law, we can form the
quotient group of H. We denote it by Q(H).
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Let P be a set. We write F(P) for the free monoid generated by
P. Then every x € F(P) can be uniquely written as a product
T = ]_[peppnf’7 where n, € Ny and n, = 0 for almost all p € P.
We call |z| = |z[£(p) = >_,cpnp the length of 2. We have a canonical
metric d = dx(py : F(P) x F(P) — Ny given by

(4) d(z,y) :max{‘gcd(z,y)" ‘ng(yxay)‘},

cf. for instance [11], section 2.

Let H be an atomic monoid. The monoid Z(H) = F(A(Hyed))
is called the factorization monoid of H. For z,y € Z(H) we call
d(z,y) = du(z,y) = dzy)(z,y) the distance of z and y and we
call |z| = [z|g = |z|z(y) the length of z. We denote by 7 = 7p :
Z(H) — Hycq the canonical homomorphism. For a € H we denote by
Z(a) = Zy(a) = 7~ Y(aH*) the set of factorizations of a. If k € Ny,
then Zi(a) = {z € Z(a) | |z] = k} denotes the set of factorizations of a
with length k. We call

L(a) = Lu(a) = {l2| | z € Z(a)}

the set of lengths of a. H is called a BF-monoid if L(a) is a finite set for
all « € H. Important examples for BF-monoids are the multiplicative
monoids of Noetherian domains, see [2], Proposition 2.2.

Let H be an atomic monoid. The quantity

sup L(a)

p(H):sup{ ‘aeH\HX}éRzlu{oo}

min L(a)

is called the elasticity of H. The reader is referred to [4] or [1] for
survey articles on this important invariant. An atomic monoid H is
called half-factorial if its elasticity is equal to one.

Definition 2.1.

(1) Let T'C Z. Two elements k,l € T are called successive elements
of Tif k# l and T N [k, 1] = {k,1}.

(2) We call

A(T) ={lk —1| | k and [ are successive elements of T} C N
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the set of differences of T. (Observe that A(T) = @ if and only if
T < 1)

(3) Let H be an atomic monoid. We call

the set of differences of H.

The set of differences measures the size of “gaps” which occur in the
sets of lengths of an atomic monoid.

Next we recall the notion of a finitely primary monoid. Finitely pri-
mary monoids were introduced by F. Halter-Koch in [16] as multiplica-
tive models for one-dimensional local domains with finite normalization
(cf. Proposition 6.1, where we prove a slightly more general result).
Since that time they proved many times to be a very useful tool for
the investigation of multiplicative properties of these rings. However,
we need to refine this notion later (Definition 4.2).

Definition 2.2. A monoid H is called finitely primary of rank
s € N and exponent « € N if it is a submonoid of a factorial monoid F
with s pairwise non-associated prime elements p1, ..., ps,

HCF=F*x[p,...,ps

such that the following conditions are satisfied:
(1) (pr-...-ps)*F C H.

(2) Ifepy'-....p% € H,wheree € F*, theneithera; = - =a, =0
ande€e H*ora; >1,...,as > 1.

If H is a finitely primary monoid, then the factorial monoid F' in
Definition 2.2 is isomorphic to the complete integral closure H of H,
see [10].

Definition 2.3. Let H be a finitely primary monoid with rank s
and complete integral closure H = H* X [p1,...,ps]. We denote by V; :
Q(H) — Z the p;-valuation and we define the group homomorphism
V: Q(H) — Z* by setting V(a) = (Vi(a),...,Vs(a)) for all a € Q(H).
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Note that a finitely primary monoid H is strongly primary, i.e. for
every a € H there exists some N € N such that a |y b for every b € H
with maxL(b) > N. We denote the smallest such N by M(a).

Definition 2.4. A non-empty finite set L C Z is called an
almost arithmetical progression with bound M € N and period d € N
if there exists a decomposition L = L; U L* U Ls such that L* #
g, Ly C [-M,-1] + minL*, Ly C maxL* + [1,M] and L* =
[min L*, max L*] N (min L* + dZ).

Theorem 2.5.  (Structure Theorem for sets of lengths) Let H be
a finitely primary monoid. Then there exists some M € N such that
L(a) is an almost arithmetical progression with bound M and period
d = min A(H) for every a € H. In particular, H has a finite set of
differences A(H).

Proof. See Theorem 5.1 and Corollary 5.2 of [12].

Remark 2.6. The Structure Theorem for sets of lengths indeed holds
for any one-dimensional local domain D. If D is analytically unramified
(i.e. if D has finite normalization), then D\{0} is finitely primary and
the assertion follows from Theorem 2.5. For the analytically ramified
case see [19], Theorem 3.5. Furthermore, the Structure Theorem for
sets of lengths holds (in a slightly more general form) for domains and
monoids which play important roles in Algebraic Number Theory and
Algebraic Geometry, see [14, 15, 20].

Next we recall the notion of local tameness of factorizations. This
notion plays a crucial role in recent papers, cf. [14, 15].

Definition 2.7. Let H be an atomic monoid and a € H.

(1) The tame degree t(H,a) of a is the minimum of all N € NoU{oco}
with the following property: if b € H with a |g b, z € Z(b) and
z € Z(a), then there exists a factorization 2’ € Z(b) with x |7y 2" and
d(z,z") < N.

(2) H is called locally tame if t(H,a) < oo for every a € H.
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By [13] Lemma 5.3, every finitely primary monoid is locally tame.

3. The monotone catenary degree and the strong successive
distance. In this section we define the invariants which lie in the
center of our interest.

Definition 3.1. Let (X,d) be a metric space and f : X — R a
map. Let A C X, r € R>o U {oo} and z,2” € A. An f-monotone

r-chain from z to z’ in A is a finite sequence zg,x1,...,x; in A such
that = g, o' = zk, d(z;—1,x;) < r for all i € [1,k] and such that
f(zo),..., f(z) forms a monotone sequence of real numbers. We call

cf(A) = inf{r € R>o U {oo} | for all z, 2" € A there exists an

f-monotone r-chain from z to 2’ in A}

the f-monotone catenary degree of A. (Observe that cy(@) = 0.) The
f-monotone catenary of A with f = 0 is called the catenary degree of
A. Tt is denoted by c(A).

Definition 3.2. Let (X,d) be a metric space and let A, B C X be
nonempty subsets.

(1) We set d(A, B) = inf{d(a,b) | a € A,b € B}.

(2) Dist(A, B) = sup{d({a}, B),d(A,{b}) | a € A,b € B} is called
the strong distance of A and B.

Let H be an atomic monoid. In the following we always regard the
factorization monoid Z(H) of H as a metric space via the natural
distance function (4). If not otherwise stated, a monotone chain in
Z(H) is always an f-monotone chain, where f is the length function.
Let a € H. Two integers k,l € N are called successive lengths of a if
k,l are successive elements of L(a) (cf. Definition 2.1).

Definition 3.3. Let H be an atomic monoid and let a € H. Let
f=1.1g:Z(H) — Ny be the length function.

(1) The catenary degree c(Z(a)) of Z(a) is called the (ordinary) cate-
nary degree of a and is denoted by c(a). We call ¢(H) = sup{c(a) | a €
H} the (ordinary) catenary degree of H.
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(2) c¢(Z(a)) is called the monotone catenary degree of a. We denote
it by cmon(a). The quantity cymon(H) = sup{cmon(a) | @ € H} is called
the monotone catenary degree of H.

(3) Let k € Nyg. The quantity c(Zx(a)) = cs(Zk(a)) is called the
catenary degree of a at length k. We denote it by ci(a).

Definition 3.4. Let H be an atomic monoid and let a € H, k € Np.
If there exists some [ > k such that k, [ are successive lengths of a (i.e. if
k € L(a) and k # supL(a)), then we set

0 (a) = Dist(Zx(a),Z;(a)) € N.

Otherwise we set dx(a) = 0. We call 6 (a) the strong successive distance
of a at length k.

A few remarks are in order. The ordinary catenary degree was
introduced in [9]. It is known that every finitely primary monoid has
finite catenary degree, see [13], Proposition 7.3. Indeed, every one-
dimensional local domain has finite catenary degree, see [19]. The
notions of the monotone catenary degree and the strong successive
distance first appeared in [8]. A. Foroutan proved in [8], Theorem
3.9 that for every monoid H for which H,eq is a finitely generated
monoid, the quantities cymon(H) and sup{dx(a) | « € H, k € L(a)} are
finite. Let H be an atomic monoid. Note that cx(a) < cpon(H) for all
a € H, k € Ng. On the other hand, if sup{di(a) | a € H,k € L(a)}
and sup{ci(a) | @ € H, k € L(a)} are both finite, then cmon(H) is finite,
too.

Our main interest in this paper is focused on the quantities cy(a)
and g (a) if H is the multiplicative monoid of a one-dimensional local
domain.

4. Proof of the Main Theorem. In this section we prove our
main result (Theorem 4.1). To reach this end, we first introduce a
suitable multiplicative model for a one-dimensional local domain with
finite normalization (cf. Definition 4.2 and Theorem 4.3). Then we
prove the analogous theorem for this model (see Theorem 4.14). At the
end of the section we examine the structure of chains of factorizations
by means of our results (see Corollary 4.16).
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We first state the Main Theorem. Its proof is an immediate conse-
quence of Theorem 4.3 and Theorem 4.14.

Theorem 4.1. (Main Theorem). Let D be a one-dimensional
local domain whose integral closure is a finitely generated D-module.
Put H = D\{0}. Then there exists some constant C € Ng with the
following properties:

(1) sup{ck(a)|a € H,k € N, minL(a)+C < k < maxL(a)—C} < co.
(2) sup{dx(a)|a € H k € N, minL(a)+C < k <maxL(a)—C} < 0.

It was shown in [8], Theorem 3.9 that the Theorem holds for C' = 0 if
D is either a discrete valuation ring or a Cohen-Kaplansky domain
(i.e. D has finite residue class field and is analytically irreducible,
cf. [3]). In general, this is not true, see Examples 6.3 and 6.5.

Next we give the definition of our multiplicative models.

Definition 4.2. Let H be a finitely primary monoid with complete
integral closure H and rank s € N.

(1) We call H a ring-like finitely primary monoid if the following
conditions are fulfilled:

(a) There exist some exponent a@ € N of H and some system
{p1,...,ps} of representatives of prime elements of H with the following
property: for all ¢ € [1,s] and for all a € H with V,(a) > « we have
pia € H if and only if a € H.

(b) Either H*/H* is finite or V(H\H*) C N*® possesses a
smallest element with respect to the partial order.

(2) We call H strongly ring-like if it is ring-like and both conditions
in (b) are satisfied.

Theorem 4.3. Let (D, m) be a one-dimensional, local domain such
that the integral closure D of D is a finitely generated D-module. Then
D\{0} is a ring-like finitely primary monoid.
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Supplement: Let s denote the number of mazimal ideals of D. If
s < |D/m|, then the set of values of D\(D* U {0}) has a smallest
element. In particular, if s < |D/m| < oo, then D\{0} is strongly
ring-like.

Proof. In [18], Theorem 2.7 it was shown that the finitely primary
monoid D\{0} satisfies condition (1)(a) of Definition 4.2. In order to
verify (1)(b) assume without loss of generality that D is not a discrete
valuation ring. Then D/m is finite if and only if D" /D> is finite, see for
instance [21], Theorem 2.1. Hence it is enough to prove the supplement.
By [7], Proposition 1.1 or by Proposition 6.1 (3), the semigroup of
values of the completion D of D coincides with the semigroup of values
of D. Since the number of maximal ideals of D equals the number of
minimal primes of D, the supplement follows from [7], Proposition 1.2.
O

Our next goal is to prove Theorem 4.14. This requires a large amount
of preparatory work. Throughout the rest of the section we keep the
following notation.

General Notation. If H is a finitely primary monoid, then s € N
denotes its rank and o € N is an exponent of H. We denote by
H = H* X [p1,...,ps] the complete integral closure of H. If H is
ring-like, we assume that o and the prime elements p1,...,ps ofﬁ are
chosen in such a way that condition (1)(a) of Definition 4.2 is satisfied.

We set A(H) = {q € A(H) | Vi(q) < 2« for all i € [1,5]}. Note that
if H*/H* is finite, then A(H) is a finite set.

Let L C Z be a finite set and M € No. We set L(M) = {z €
L|minL+ M <z<maxL — M}.

If X = [l;c; Xi is a product of non-empty sets and ® € X, then we
denote by x; € X; the i-th component of x.

The following Proposition plays a key role in our investigations:
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Proposition 4.4. Let H be a ring-like finitely primary monoid.
Let w € H and i € [1,s]. If Vi(u) > 2a, then u is irreducible if and
only if p;u is irreducible.

Proof. Letw € H and i € [1,s] with V;(u) > 2a. Clearly, p,u € H
since H is ring-like. If u = bc is a decomposition into non-units, then
we can assume without restriction that V;(b) > «. But then p;b € H,
whence we have a decomposition p;u = (p;b)e. The “only” part is
proved similarly. o

The (Py) property we now define is the pivotal point in our proof of
Theorem 4.14.

Definition 4.5. Let H be a finitely primary monoid and v € Ng.
We say that H has property (P,) if for all M € Ny there exists some
constant C' € N with the following property: if a € H and z € Z(a)
with |z| € L(a){M + ), then there exists some x € Z(H) such that
T |z % |z] < C and |z| € L(m(z))(M). The smallest C' with this
property is denoted by C(vy, M).

The following two lemmas are invoked in the proof of Proposition 4.8.

Lemma 4.6. Lets € N, N =(Ny,...,N5) e N§ and z1,...,z, €
N§ with >;" j@; > N. Set N = Y7 | N; € Ng. Then there exists
some subset J C [1,n] such that |J| <N and 3 ;. ;x; > N.

Proof. 'We prove the Lemma by induction on N. The case N = 0
is clear. Let N and @1,...,x, be as in the assumptions and suppose
that N > 0. Then there exists some ¢ € [1,s] such that N; > 0.
Without restriction let ¢ = 1. Set N' = (N; —1, Na, ..., Ns). Then the
induction hypothesis implies that there exists some subset J' C [1,n]
such that |J/| < N—1and S’ > N’, where S’ = Zje]' xz;. If "> N,
then we set J = J’ and we have nothing else to show. Hence assume
S’ # N. Then the first component of S’ is equal to N1 — 1. But from
Yo @i > N we infer that there exists some j € [1,n]\J’ such that
the first component of x; is non-vanishing. Hence the assertion follows
if we set J = J U{j}. o
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Lemma 4.7 Let H be a finitely primary monoid with rank one. Set
Hmax = maX{V(Q) | qc A(H)} eN.

(1) For every b € H we have the estimate

V)

Hmax

min L(b) < + 3a.

(2) Let M € No, a € H and z € Z(a) such that |z| > minlL(a) +
M + 3a. Then there exists some " € Z(H) with 2" |z 2 and
min L(m(z")) + M < |2"| < pimax(3a + M).

Proof. (1) Since pimax is the valuation of an atom gmax of H,
we have fimax < 2a. Assume without restriction that V(b) > « and
let t € Ng and r € [0, max — 1] with V(b) — @ = pimaxt + 7. Then

V(bgrt) = a+ r, whence bg,t, € H. Let & € Z(bg,,l,) be arbitrary
and set © = £¢ . € Z(b). Then |x| = t+|¢| < t+a+r < V(b)u,L +3a.

(2) Let M, a and z be as in the assumptions. Suppose that z =
z1 ...z with z; € A(H) and consider the estimate pimax|z| — V(a) >
Umax(3a + M + minL(a)) — V(a) = ptimax(3a + M) 4 fimax minL(a) —
V(a) > pimax(3ac+ M). Then

k
Z (3a + M) pmax;

where h; = pimax — V(2;) € N for all ¢ € [1, k]. Hence there exists some
I C [1,k] such that |I] < (304+M)umax and )i hi > (3a+ M )pmax-
Set " = [[;c; zi- Then V(m(2")) = — >, hi + [T ppmax < (1] — 3a —
M) fhmax- Therefore minL(7(z")) < (I| =3a— M) +3a = |z"| — M by

(1). o

Proposition 4.8. Let H be a ring-like finitely primary monoid.
Then H has property (Py) for some v € N.

Proof. Without loss of generality we assume that H is reduced. The
proof is divided into two different parts. We first assume that H* is
finite. Then we treat the case when the semigroup of values of H has a
smallest element. Note that if H has rank one, then V(H\{1}) always
has a smallest element.
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Let H* be finite and assume that the rank of H is bigger than one.
Set v = o and A = A(H). To begin with, we define maps © : H — H
and R: H — N} as follows: let a € H and i € [1,s]. If V;(a) > 2, we
set k; = Vi(a) — 2a. If V;(a) < 2a, then we set k; = 0. We define

O(a) =a[[p;™ and R(a)= (ki,...,ky).
i=1

Then we indeed have O(H) C H. Furthermore, ©(A(H)) C A by
Proposition 4.4.

The maps © and R induce homomorphisms on the factorization monoid
of H:

O:

and
= O(z1)...-O(zn)

Z(H) — Ng
{21 zZn  +—  R(z1)+ -+ R(zn).

{ Z(H) —  F(A) =~ NA

R:

Next we define the homomorphism ¥ : Z(H) — N§ x N by setting

U(z) = (O(z), R(z)). Finally, we set

. NGA xN§ — I/‘j
| mn) = Tlend™ T 0™
Let M € Ng. Set

M = {(m,n,m,n) € (N x Nj)? | II(m,n) =II(m,n) and

Y, —mg) > a+ M}

By Dickson’s Theorem (see [25], Satz 12), the set Min(M) of minimal
points of M is finite (note that A is finite!). Furthermore, for every
u € M there exists some v € Min(M) with v < u. Let Min(M) =
{(m1,n1,m1,01),...,( My, ng, My, ny)}. Since we assumed that the
rank of H is greater than one, L = sup{minL(d) | b € H} is finite, see
[17], Proposition 4.1. Set

C = max{|m;|+ |n;| | i € [1,t]} + M + L,
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where |m/| denotes Y., m; for some vector m = (mq,...,m,) € Nj.

Let a € H and z € Z(a) with |z] € L(a){a + M). We write z = z1-...- 2
with z; € A(H) for all ¢ € [1,k] and we can assume without loss
of generality that k = |z] > C (otherwise we set * = z and we
are done). Let w € Z(a) be a factorization with |w| = maxL(a).
Then (U(z),¥(w)) € M. Let p = (m,n,m,n) € Min(M) be an
element with p < (U(2),¥(w)). Set m = |m|, n = |n|, m = |m|
and n = |n|. By reordering the z; (if necessary) we can assume that
O(2z1 ... 2y,) = m. Since R(z) > n, there exists some 3’ € Z(H) such
that y' |z(g) Zm+41 - 2k Y| < noand R(z1 ... zmy') > n. Then
2| = |z1 ... zmy'| > C—m—n > M+ L. Let y’ be an arbitrary
divisor of 2(21 + ... zy') ! with |y”| = M + L and set y = y'y". Set

x=2z1 ... z2my € Z(H).

Then = |z(gy z and M+L = |y"| < |z| = m+|y| = m+|y'|[+M+L < C.
Since min L(w(z)) < L, we get minL(7(z)) + M < |z|.

Our next aim is to show that h = 7(x)lI(m,n) 17(0(y))*
is already contained in H. We have U(z) = (O(x), R(z )
(6(y),n), wheren = R(z)—n > 0. Thus 7(x) = II(m, n)II (@( ) n)
II(m, n)I1(6(y),n), whence we immediately see that h c€H.

To simplify notation we rewrite ©(y) quA ¢ as a product uq - .. .-
u, with u; € A and p = m + |y|. Since m —m > a + M, we have
©w>m>a+ M >« Thus we can form the element

S ~
f:ul-...-uathi"'
i=1

and it is contained in H. Let & - ... & € Z(£) be an arbitrary
factorization of £ into atoms & € A(H) and set v =E§1+...-§rugqr .- .-
u, € Z(H). Then we see easily that n(v) = w(z) € H. Furthermore,
we get the estimate

lv| = [z| = (M + |y| —a+7) — (m+|y])
=m-m—a+r>(a+M)—a+r=M+r> M.

This proves the Proposition if H* is finite.
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Now we come to the second part of the proof. We assume that H has
arbitrary rank and that the set of values {(V1(a),...,Vs(a)) € N* | a €
H\{1}} possesses a smallest element g = (p1, ..., is)-

Let M € Ng, v € Ng, a € H and z € Z(a) with |z| € L(a){M + 7).
We see easily that V;(a) > p; max L(a) holds for all i € [1, s]. Hence we
have Vs (@) —pul2] > i max L(a)— i 2| = pi (maxL(a)—|21) > us(r-+M)
for all i € [1,s].

Write z = 21 - ... z; with z; € A(H) and set g; = V(z;) — p € N§.
Then
k k
> g =D V(z) —kp=V(a) - |zln > (v + M)p.
j=1 j=1

Hence we see by Lemma 4.6 that there exists some subset J C [1, k]
with [J] < (y+ M) >77_, pi and 37, ;g5 > (v + M)p. Define

r = sz € Z(H).
jeJ
Then ' |7y 2 and [2'| = |J| < (v + M) 377, pi- Set ¢/ = n(a') € H
and consider the estimate

(5) V() = (M +|Thu=> g —Mp>yp.

jeJ
Let gmin € A(H) be an atom with V(gmin) = p. If we assume that
v > a, we get c’qr;i(yﬂ‘”) € H from (5) (recall that « is an exponent
of H). Therefore, maxL(c') > M +|J| = M + |2/|.

In order to finish the proof we distinguish two cases:

Case 1. H has rank one. Set v = 3« and let pimin = p1 (resp. fimax)
denote the minimum (resp. maximum) of the finite set {V(q) | q €
A(H)} ¢ N. By Lemma 4.7(2) there exists some z/ € Z(H) with
2" |z 2 and minl(m(z”)) + M < [2"] < pimax(3a + M). Set
z = ged(z'z”,2) and C' = (pmin + fimax) (3 + M). Then z |74 2,
|| < C and minL(n(z)) + M < |z| < maxL(n(z)) — M. The last
inequality follows from the respective properties of 2’ and z”.

Case 2: H has rank greater than one. Set v = « and define C' =
(a+M)>7 i+ M+ L, where L = max{minL(a) | a € H}. Without
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restriction we may assume that |z| = k > C. Then |z2'~'| > M + L.
Let 2" € Z(H) with 2" |74, 2o/t and |2”'| = M + L. Set & = 2/2".
Then |z| = |2'| + |2"] < C, z |z(g) z and minL(7(z)) + M < L+ M <
|z] < maxL(n(z)) — M. o

Lemma 4.9. Let H be an atomic BF-monoid and a,b € H.
Set | = minl(a) + minL(b) and L = maxL(a) + maxL(b). Then
l—t(H,a) <minL(ab) <1 and L < maxL(ab) < L+t(H,a).

Proof. The inequalities minL(ab) < [ and L < maxL(ab) are
obvious. We first show [ — t(H,a) < minl(ab). Let z € Z(a) and
z € Z(ab) whose lengths are minimal. Then there exists some 2’ € Z(ab)
such that z |7 2" and d(z,2") < t(H, a). Thus [2'| —|z| < t(H,a) and
|2’| > 1. Hence |z| = minL(ab) = |z| — |Z/| +|7/| > —t(H,a) + || >
—t(H,a) + I. Likewise, one proves the remaining inequality. o

Lemma 4.10 Let H be a finitely primary monoid.

(1) There exists some constant L € Ng such that for all a € H and
m € L(a)(L) we have m+min A(H) € L(a) and m —min A(H) € L(a).

(2) There exists some constant L € Ng with the following property: if
qe A(H), be H and m € L(b)(L), then q |g b and m — 1 € L(bg™1).

Proof. (1) is an immediate consequence of Theorem 2.5. In order
to show (2)., let T denote the maximum of the set {t(H,q) | ¢ €
A(H)} (this set is indeed finite, see [13], Lemma 5.3) and set M =
max{M(q) | ¢ € A(H)} € N (for the definition of M(q) see the
paragraph after Definition 2.3). The Structure Theorem for sets of
lengths of H implies that there exists some M € Ny such that every set
of lengths of H is an almost arithmetical progression bounded by M.
Set L = max{M +T,M +1}. Let be H, m € L(b)(L) and ¢ € A(H).
Then maxL(b) > M + 1, whence ¢ = bg~! € H\H*. From Theorem
2.5 we know that there is a decomposition L(c) = L; U L* U Ly such
that L* # @, Ly C [-M,—1]+ minL*, Ly C maxL* + [1, M] and
L* = [min L*, max L*] N (min L* + dZ), where d = min A(H). Since
L(c)+1 C L(b) we in particular have L* +1 C L(b). But A(L*) C {d},
where d is the minimal possible difference of consecutive elements in
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sets of lengths of H. Therefore the inequality
(6) minLl*+1<m<maxL*+1

already implies that m € L* + 1. We first show the left inequality in
(6). From the decomposition L(¢) = L1 U L* U Ly we get minL(c) >
min L* — M and Lemma 4.9 yields minL(c) +1 -7 < min L(b). These
two inequalities imply min L* + 1 < minL(b) + L < m. The second
inequality in (6) is proved the same way. o

The following Proposition is the key ingredient for the proof of
Theorem 4.14(1). Its proof is now easy.

Proposition 4.11. Let H be a ring-like finitely primary monoid.
Then there exists some constant K € Ny with the following property:
for all g € A(H) and for all a € H, z € Z(a) with |z| € L(a){K) there
exists some z' € Z(a) such that q |z 2', [2] = || and d(2,2") < K.

Proof. Let v € Ny such that H has (P,) and let L € Ny such that
condition (2) of Lemma 4.10 is satisfied. Put K = max{L+~,C(vy,L)}
and let a, z and ¢ be as in the assumptions. Then there exists some
x € Z(H) such that |z 2, |z] < K and |z] € L(w(z))(L). Let
y € Z(m(z)g~!) with |y| = |z| — 1. Then 2’ = gyz 'z has the required
properties. ]

Lemma 4.12. Let H be a ring-like finitely primary monoid. Let
a € H and z € Z(a) with |z| > 2°. Then there exists some z' € Z(a)
such that |z| = |2/|, d(z,2") < 2 and such that there exists some
q € A(H) with q |74 2.

Proof.  Define ¢ : H — {0,1}® by setting ¢(h); = 1 if and only
if V;(h) > 2« for h € H, i € [1,s]. Suppose without restriction
that ¢ ¢ A(H) for all atoms ¢ dividing z. Since |z| > 2° there exist
v,w € A(H) such that vw |74y z and ¢(v) = ¢(w). By Proposition
4.4 we then can rearrange the prime elements dividing v and w to get
atoms v’ and w’ with 7y (v'w’) = 7y (vw) and {v/,w'} NA(H) # 2.
O
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Lemma 4.13. Let H be a non half-factorial finitely primary
monoid. Then there exist k € Qo and A € Q>¢ such that the inequality

max L(a) — minL(a) > kmaxL(a) — A

holds for all a € H\H*.

Proof. If the rank of H is greater than one, then the set
{minL(a) | @ € H} is bounded, see [17], Proposition 4.1. Hence assume
that H has rank one.

Let fimin (resp. fmax) denote the minimum (resp. maximum) of the
set {V(q) | ¢ € A(H)}. Since p(H) > 1, we have fimax > fmin. We claim
that £ = (1 — fminfgiy) and A = 4o + 1 satisfy the inequality of the
Lemma. Let a € H\H*. If V(a) < «, then the assertion is certainly
true. Hence assume V(a) > « and let t € Ny and r € [0, ptmin — 1] with
V(a) — @ = tpmin + 7. If ¢min € A(H) is an atom with V(¢min) = fmin,
then V(aq, ! ) > a. Hence we see that maxL(a) > t, i.e. we have the
inequality maxL(a) > p ! (V(a) —a—7r) > pt (V(a) — a) — 1. This
yields

(7) V(a) < pimin(maxL(a) + 1) + a.

Using (1) of Lemma 4.7 we obtain maxL(a) — minL(a) > maxL(a)—
V(a)pugt, — 3a. An easy calculation using (7) now yields the result.
O

We are now ready to prove Theorem 4.14.

Theorem 4.14 Let H be a ring-like finitely primary monoid. Then
there exists some constant C € Ny with the following properties:

(1) sup{cx(a)|a € H,k € NyminL(a)+C < k <maxL(a)—C} < 0.
(2) sup{di(a)|a € H,k € NyminL(a)+C < k <maxL(a)—C} < c0.

Proof. (1) Without restriction we can assume that H is reduced and
not half-factorial. Let K € N>9s be a natural number for which the
assertion of Proposition 4.11 holds. Let a € H, k € L(a)(K) and 2,z €
Zi(a). Let T denote the maximum of the set {t(H,q) | ¢ € A(H)} C Ny
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(for the finiteness of this set see [13], Lemma 5.3) and let x > 0 and
A > 0 be constants for which the assertion of Lemma 4.13 holds. Set
C = max{(2K + 2T + \)x~1, K + T + 2°}. We prove by induction on
k that there exists some C-chain in Zy(a) which concatenates z and Zz.

Case 1: L(a)(K +T) = @. Then maxL(a) —minL(a) < 2(K + T).
Hence max L(a) < C by Lemma 4.13 and there is nothing more to show.

Case 2: L(a)(K + T) # @. Then either
(8) minl(a) + K+T <k or k<maxl(a)—(K+T).

Suppose first that the first inequality is satisfied. Then the assumption
k € L(a)(K) yields

9) minl(a) + K +T <k <maxL(a) — K.

Let w € Z(a) be a factorization with |w| = maxL(a). Then |w| >
K > 2° and by Lemma 4.12 we can assume without restriction that
there exists some g € A(H) with ¢ |Z(H) w. If we apply Proposition
4.11 to z and Z respectively, we obtain factorizations z’ and z’ of a
such that [2'| =k, |Z'| =k, q |z 7' a4 |z(m) 7' d(2,2") < K and
d(z,2) < K. Set b=aq !, x = 2/q7! and ¥ = Z’¢q~!. Since q | w we
have max L(b) = maxL(a) — 1. We also have |z| = |z] = k — 1. From
Lemma 4.9 we get minL(b) + 1 —T < minL(a). Therefore we see from
(9) that min L(b) + K < (k—1). Thus the induction hypothesis applies
to b, x and T and there exists a C-chain x = xg,x1,...,2; = T with
x; € Zi—1(b). But then z,qxg,qx1,...,qx;, 2 is a C-chain in Z(a).

Suppose now that the first inequality in (8) is not satisfied. If
minlL(a) < 2%, then k < K + T + 25 < C and there is nothing more
to show. Hence we can assume that the second inequality in (8) holds
and that minl(a) > 2°. Then we pick some factorization v € Z(a)
with [v] = minL(a) and may assume that q [z, v for some g € A(H)
(again by Lemma 4.12). Now we can argue completely the same way
as before.

(2) Let v € Ny such that H has (P,) and let L € Ny be as in
Lemma 4.10(1). Let b € H, m € L(b){L +~) and z € Z,,(b). Then
the (P,) property of H yields some x € Z(H) such that z |74
|z| <C(v,L) and |x| € L(c){L), where ¢ = m(x). Since L satisfies (1) of
Lemma 4.10 we infer that |z| + min A(H) € L(c). Let y*,y~ € Z(c) be
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factorizations with |y*| = || + min A(H) and |y~ | = |z| — min A(H).
Set z* = yTza~! € Z(b). Then |27 |,|z| (vesp. |z, |zT|) are successive
lengths of b. Furthermore, we have the estimate

d(z%,2) < |z| + min A(H) < C(v, L) + min A(H).

Now set C = L+~ + min A(H) and let a € H and k € L(a)(C). Set
Il =k+ min A(H). Then the above consideration applies to b = a and
m = k or m = [. Therefore we have

0r(a) = Dist(Zg(a), Z;(a)) < C(y,L) + min A(H). O

The following technical Lemma is needed for the proof of Corollary
4.16.

Lemma 4.15. Let H be a finitely primary monoid which is not
half-factorial. Let C € N. Then there exists some L = L(C) € N
such that for all b € H with maxL(b) > L and for all z € Z(b) with
|z| € {k € L(b) | kK < minL(b) + C or k > maxL(b) — C} there exists
some y € Z(b) such that minL(b) + C < |y| < maxL(b) — C and
d(z,y) < L.

Proof. Since H is not half-factorial there exists some a € H
possessing factorizations wo, w1, we with |w;| — |w;—1| > C for i € [1,2].
Set L = max{M(a),t(H,a)+maxL(a)} (for the definition of M(a) see
the paragraph after Definition 2.3) and let b € H with maxL(b) > L.
Then a is a divisor of b. Let z € Z(b). Assume first that |z| <
minL(b) + C. By the definition of the tame degree there exists some
z € Z(b) such that wo|z g2 and d(z,2) < t(H,a). Set y = Zwy twy €
Z(b). Then d(z,y) < d(z,2) +d(z,y) < t(H,a) + maxL(a) < L and
ly| = |Z2] + |w1| = |wo| = |Z2] + C > minL(b) + C. On the other hand
we see that maxL(b) — |y| > |yw; ws| — |y| > C. The case when
|z| > maxL(b) — C is treated in a similar way. O

Corollary 4.16 [cf. [8], Theorem 4.8] Let H be a ring-like finitely
primary monoid. Then there exists some constant K € Ny having the
following properties:
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(1) For every a € H and each two factorizations z1,ze € Z(a) there
exist factorizations y1,y2 € Z(a) such that d(z;,y;) < K for i € [1,2]
and such that there exists a monotone K-chain from y1 to ys in Z(a).

(2) For every a € H and each two factorizations z1,z2 € Z(a)
with, ||z1] — |22|‘ > K there exists a monotone K-chain in Z(a) which
concatenates z1 and zs.

Proof.  Assume first that H is half-factorial. Then (2) is trivially
satisfied for K’ > 1. Since H is half-factorial, cx(a) coincides with the
ordinary catenary degree of a if k is the length of some (and hence
every) factorization of a. But H has finite ordinary catenary degree.
Thus we are done if we set y; = z; and K = ¢(H).

Suppose now that H is not half-factorial and let C' be as in Theorem
4.14. Let L = L(C') be a constant which fulfills the assertion of Lemma
4.15. Set K = max{2L,C, B}, where B = max{dy(a),cx(a) | a €
H,k € N,minl(a) + C < k < maxlL(a) — C}. Let a € H,
21,29 € Z(a). If maxL(a) < K there is nothing to show. Hence
assume maxL(a) > K. Now we define factorizations y; as follows:
if |z;] € {k € L(a) | ¥ < minL(a) + C or k > maxL(a) — C} we let
y; € Z(a) with minlL(a) + C < |y;| < maxL(a) — C and d(y;,2;) < L
by Lemma 4.15. Otherwise we set y; = 2;. Then Theorem 4.14
immediately implies that y; and y» can be concatenated by a monotone
B-chain. To show (2) assume that |z3| — 21| > K. This implies that we
cannot have |z1]| > maxL(a) — C or |z2| < minL(a) + C. Therefore we
get |y1]| > |#1] and |y2| < |z2| by the construction of the y;. We moreover
have [ys| — ly| = |25] — |11+ (12l — [2]) + (21] — [y ]) > K — 2L > 0.
Now Theorem 4.14 implies (2). O

5. The monotone catenary degree of local quadratic orders.
In this section we show the finiteness of the monotone catenary degree
for one-dimensional local domains (R, m) having the following proper-
ties:

e The integral closure R of R is a finitely generated R-module.
e R has two maximal ideals.
e The residue class field R/m is finite.

Clearly, the multiplicative monoid of a ring R with the above proper-
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ties is strongly ring-like by Theorem 4.3. Hence the assertion is a direct
consequence of Theorem 5.3. Note that (in view of Example 6.3) the
analogous assertion if R has more than two maximal ideals is not true.

Rings of the above type appear naturally as localizations of orders O
of quadratic number fields at singular places. Together with Theorem
3.9 in [8] this shows that every such order O has locally finite mono-
tone catenary degree. However, we do not know whether this result
globalizes, i.e. whether O itself has finite monotone catenary degree.

Assume that the following notation holds throughout the rest of
the section: H is a reduced strongly ring-like finitely primary monoid
with rank two and complete integral closure H = H* X [p1,p2]. The
prime elements p1,p2 and an exponent « of H are chosen in such a
way that they satisfy condition (1)(a) of Definition 4.2. We denote
by p = (p1,p2) € N2 the smallest element of V(H\{1}) and we set
A(H)={qeA(H) | Vi(q) <2aforiecll,?2]}.

In order to show the theorem we need two preliminary lemmas.

Lemma 5.1. The inequality min{V;(a) — p; maxL(a) | i € [1,2]} <
« holds for every a € H.

Proof.  Let a € H and suppose that V;(a) — p;maxL(a) > «
for all i € [1,2]. Let gmin € H with V(¢min) = p. Then we have
agt € H\{1}, where L = maxL(a). Clearly, guin is irreducible.
Thus a possesses a factorization which is strictly longer than L, a
contradiction. O

Lemma 5.2.  There exist constants N, E € N with the following
property: if qi,...,qy € A(H), u € A(H) with V1(q1) = -+ =
Vi(gn) = Vi(u) and g € A(H) with Va(q) > E, then there exists some
w € Z(m(qqr - .- qn)) such that [w| =N +1 and u |z w.

_Proof. Let D € N be the Davenport constant (cf. for example [5]) of
H*. Then for every sequence €1,...,ep € H* there exists some non-
empty subset J C [1,D] such that J[,c;e; = 1. Set £ = 2a(D + 1)
and N =D. Put v; = ggu™! = Eipg”, where ¢; € ﬁx, & > —2a and
let @ # J C [1, N] such that [];.;e; = 1. Then [];.;v; = p5, where



260 W. HASSLER

t= Zjngj' Since t > —2aD, we see that Va(y) > 2«, where y = gp}.
Hence y € H and y is irreducible by Proposition 4.4. Now we set

w=u"y g
J

where j varies over [1, N]\J and we are done. o

Theorem 5.3 Let H be a strongly ring-like finitely primary monoid
with rank two. Then the monotone catenary degree cmon(H) of H is
finite. In particular, sup{cx(a) | a € H,k € L(a)} is finite.

Proof.  For M € N set B(M) = sup{dx(a),cx(a) | a € H, k €
N, k < maxL(a) — M} € NoU {oco}. Note that by [17], Proposition
4.1 the set {minL(a) | a € H} is bounded. Therefore Theorem 4.14
immediately implies that there exists some M € N such that B(M)
is finite. Pick M € N with this property and let K € N such
that the assertions (1) and (2) of Corollary 4.16 are satisfied. Set
C =2max{M,K}. Let N, E € N be suitable constants in Lemma 5.2.
Put L = max{E, 1 (C 4+ 1)+ a} and let B = {qg € A(H) | Vi(q) <
L, Va(q) < L}. Clearly, B is a finite (and possibly empty) set. Denote
by H(B) the submonoid of H which is generated by B. (Note that if
B = @ then H(B) = {1} and Case 1 below does not occur.) Then
H(B) is finitely generated and A(H(B)) = B. By Theorem 3.9 in [8],
the monotone catenary degree cyon(H (B)) of H(B) is finite. Define the

constant A € N by A = max{B(M), (1+ 111)C + N + o, comon(H (B))}.

Leta€e H z=21-... -z, € Z(a) and 2’ = 21 - ...- 2/, € Z(a). We
show by induction on maxL(a) that there exists a monotone A-chain
in Z(a) which concatenates z and z’.

If maxL(a) < A, then the trivial chain z, 2z’ is a monotone A-chain.
Hence assume for the rest of the proof that maxL(a) > A. Assume first
that min{|z|, ||} < maxL(a) —C. If Izl = |']] < ¢, then we have
max{|z], [2/|} < min{|z|, |#/[}+§ < & +maxL(a)— C < maxL(a)— M.
Hence there exists some monotone B(M)-chain from z to 2. If, on the
other hand, ||z| — |z’|‘ > £ then there exists some monotone K-chain

concatenating z and 2’ by Corollary 4.16. Hence we can assume in the
following that min{|z|, |2/|} > maxL(a) — C.
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By Lemma 5.1 we have V;(a) — p; maxL(a) < « for some i € [1,2].
Without loss of generality we can assume that i = 1. We proceed
with the following consideration. Let w = wy - ... - w; € Z(a) be an
arbitrary factorization with { > maxL(a) — C. Then Vi(a) — pul =
Vi (a) — gy max L(a) + p1 (max L(a) —1) < a+ 1 C. This estimate shows
that |[{j € [1,1] | Vi(w;) # m}| < a+ p1C since Vi (d) > p for every
element d € H\{1}. Moreover, we see that V1(¢) < a+p1(C+1) for all
q € A(H) such that ¢ | w. In particular, these considerations apply to
z and 2'. Since min{|z|, ||} > maxL(a) —C > A—C > N +a+ u,C,
we see that [{j € [1,n] | Vi(z;) = 1 }| > N and |{j € [1,7] | Vi(2}) =
,LL1}| > N.

Set U = max ({Va(z;) | j € [1,n]} U{Va(2}) | j € [1,n']}). Now we
distinguish two cases.

Case 1. We have U < E. Then z, 2z’ € F(B). Hence there exists some
monotone cyon(H (B))-chain from z to 2’ in Zyg)(a) C Zg(a).

Case 2. We have U > E. We assume (without restriction) that
U = Va(z1). Since |{j € [1,n/] | Vi(z)) = m}| > N+1 > 2,
an adjustment (if necessary) of the second valuation of two of the
2% by Proposition 4.4 yields some factorization 2’ € Z(a) such that
d(2’,2") < 2 and such that u |z, 2’ for some u € A with Vi(u) = 1.
Assume (by reordering the atoms z; if necessary) that Vi(z;) =
holds for all j € [2, N+1]. Set b=7(21-...-2n+1) € H. Then Lemma
5.2 (with ¢ = z;) implies that there exists some w € Z(b) such that
lw| = N +1and u |z w. Set 2= wzni2- ... zn. Then [z] = [Z]
and d(2,2) < N+1< A Setwv=72u"t, v =Zu""! and c = au™".
Then by the induction hypothesis there exists some monotone A-chain

v = vg,V1,...,0, = v in Z(c). But then z,vou,viu,...,vEu, 2’ is a
monotone A-chain in Z(a). O
6. Examples. For a commutative ring R we denote by 3(R)

the set of zero divisors of R and we set R® = R\3(R). Furthermore,
Q(R) = (R*)"!'R denotes the total quotient ring of R and R denotes
the integral closure of R in Q(R). Let R be a semi-local ring. We

denote by R the completion of R with respect to the Jacobson radical-
adic topology. Note that we have R®* C R® by flatness. Hence Q(R)
naturally embeds into Q(R).
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Let R be a one-dimensional local reduced ring with minimal prime
ideals p1,...,pn. Then Q(R) = [[1~, Q(R/p;) and R = ], (R/p:),
where each (R/p;) is a semilocal principal ideal domain (cf. for
example [7]). Assume that m;1,...,m;,, are the maximal ideals of

(R/pi). Then (R/pi),,. , Is a discrete valuation ring and we denote by

Vij: Q(R/p;) = ZU {oo} the corresponding discrete valuation. If we
put them together in the obvious way we obtain a map

V:Q(R) — Z,,

where s = Y | r; and Zo, = Z U {oo}. We call V the valuation map
of R. The submonoid V(R*) C N§ is called the semigroup of values of
R. Note that we have V(R®) C N° U {0}. To see this, let € R* with
Vi j(x +p;) = 0 for some ¢ € [1,n], j € [1,r;]. Then = + p; is a unit
of (R/pi)y, ,» whence it is a unit of R/p;. Hence x is a unit of R and

therefore V(z) = 0.

Proposition 6.1. Let R be a one-dimensional local ring.

(1) If R is reduced, then R® is finitely primary with complete integral
closure R".

(2) The natural map j : R*/R* — E'/ﬁx is an isomorphism of
monoids.

(3) Suppose that R is reduced. With the natural injection . : Q(R) —
Q(R) we have a commutative diagram

O(R) L O(R)

A

ZS

o0

where V and V denote the valuation maps of R and ﬁ, respectively.
Furthermore, V(R®*) = V(R®).

Proof. (1) We clearly have R®* € R® and R® is factorial. Since
R is reduced, R is a finitely generated R-module by [23], Theorem
10.2. Hence there exists some f € R® with f}_%. C R*® and condition
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(1) of Definition 2.2 is satisfied. But condition (2) of Definition 2.2 is
equivalent to V(R®) C N°* U {0} which we have already proved.

(2) Since R® C R®, the map j is well defined. By [24], 18.4 j is
injective. In order to show that j is surjective let 7 € R*. Let Tn € R
be a sequence which converges to z. Since 7 is a nonzero divisor of R
and since R is one-dimensional, we have mk C ZR for some k € N, Where
m denotes the maxunal 1dea1 of R Let ! € N such that 7 — x € mk
Then & — z; = {x where 5 € R. Iff € m, then T = (1 —f)x w1th
the unit 1 —§ and we are done. But the assumption f € R* yields the
contradiction R = (7 — z;)R C @*

(3) Since R is reduced, we can form the valuation maps V of R and Vof
R. From Q(R) C O(R) we sce that B C R. By [7],
know that R is actually the corgpletion of R,i.e. R= R. In particular,

we have Q(R) = Q(R) = Q(R) and Q(R) = Q(R). Therefore it is
enough to show commutativity of the diagram if R = R, i.e. if R is a
finite product of semi-local principal ideal domains. But in this case
the assertion follows immediately from the fact that it is true for a
single semi-local principal ideal domain. Now V(R®) = V(R?®) follows
directly from (2). O

Proposmon 1.1 we

Proposition 6.2. (C. Lech) Let (R,m) be a complete local ring.
Then R is the completion of some local domain if and only if the
following conditions are fulfilled:

(1) The prime ring Prim(R) of R is a domain and R is a torsion free
Prim(R)-module.

(2) Either m = (0) or m is not an associated prime of R.
Proof. See [22].

In the following examples we show the existence of one-dimensional
local domains D having certain arithmetical properties. By Proposition
6.1 and Proposition 6.2 it is enough to show these properties for the
multiplicative monoid R® of a complete, reduced one-dimensional local
ring R (containing some field).
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Example 6.3. There exists a one-dimensional local domain (D, m)
having the following properties:

e D/m is finite.
e D is a finitely generated D-module and has three maximal ideals.

o sup{ci(a)la € D*,keL(a)} is infinite. In particular, cypon(D*®)=00.

Proof. Set K = 7Z/27 and let x,y,u, v, w be indeterminates. Define
three ring homomorphisms o1 : K[[x,y]] — K[[u?,v?]], ¢2 : K[[z,y]] —
Kl[o]] and @5 : Klfz,y)] — K[[w?u?] by setting ¢1(z) = 2,
p1(y) = 43, p2(x) = v, 2(y) = v, p3(z) = w® and 3(y) = w’.
Then the kernels of these homomorphisms are generated by x> — /2,
x—y and 22 — y3, respectively. Set J = ker(p1) Nker(p2) Nker(yps) and
let R = K[[z,y]]/3. Then R is a one-dimensional, complete, reduced
local ring with minimal prime ideals p; = (Z° — 7?), p2 = (T — 7)
and p3 = (T*> — 7°), where bars denote residue classes modulo J. If
we identify 7 = (u?,v,w?) and § = (u3,v,w?), then R = K[[7,7]] C
K|[[u]] x K[[v]] x K[[w]], where the last product coincides with the
integral closure of R. Let V : Q(R) — (Zoo)? denote the valuation
map. Our first aim is to establish some properties of the semigroup of
values of R.

Claim 1: {V(§) e N3 | £ € R*, V(&) =1} = {(2,1,3),(3,1,2)}.

Let € € R® with V5(§) = 1. Then £ = §p,0+&1,0 +£0,1Y+ 5, where S
is a sum of terms fi,jfiyj with ¢+ j > 2. Since £ is not a unit, we have
0,0 =0. If &0 = &,1 = 1, then V(&) > 2, which is a contradiction.
Hence (£1,0,&0,1) € {(0,1),(1,0)}. But since Vo(S) > 2 and V;(5) > 4
for i € {1, 3}, the assertion follows.

Claim 2: {V(¢) € N* | € € R®, V() = 2}
={(2,2,2),(5,2,5),(4,2,4)} U{(4,2,m), (m,2,4) | m € N>¢}.

Let £ € R*® with V3(§) = 2. As above we write £ = &1,0T + £0,17 + S,
where S is a sum of terms of degree at least two. If & 0 # o1, then
V2(§) = 1 which is a contradiction.

Case 1: &0 = &1 = 1. Since V,;(S) > 4 for ¢ € {1,3}, we get
V(E) = (2,2,2).

Case 2: &0 = &1 = 0. Then & = &17Y + £2,07° + &027° + 5,
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where S’ is a sum of terms fi,jfiﬂj with 4 + 7 > 3. We must have
&1 +&0+ &2 =11n order to get Va(§) = 2.

Case 2a: &1 =1 and &9 = &, = 0. Since V(Ty) = (5,2,5) and
since V;(S’") > 6 for i € {1,3} we see that V(§) = (5,2,5) is the only
possibility.

Case 2b: &1 = f 2,0 = &,2 = 1. For the same reason as in Case 2a
we get V(€) = (4,2,4).

Case 2¢: &0 =1 and &1 = &2 = 0. Then € = (u?,v?,wb) + 5.
Hence V() has the form (4,2, m) with some m € N>g. Set M {m €
N>¢ | (4,2,m) € V(R')} We want to show that M = N>¢. Clearly,
6 € M. Let £ = (ut, 02, w8 + 7% + 5" = (u* + v, v? +03,0) + 9",
where S” is a sum

(10) S"=> &1
i!j

such that the indices i and j satisfy the conditions i+ j > 3 and (i, j) #
(0,3). Since {3i+2j | (i,7) € N3,i+j > 3,(i,7) # (0,3)} = N7, we
can choose suitable &; ; in (10) for every given m € N>7 to obtain an
element with valuation (4,2, m).

The remaining case §p2 = 1 and &;,1 = &2,0 = 0 is symmetric to Case
2c. This completes the proof of Claim 2.

Since R is a finitely generated R-module, there exists some f € N
such that (uf,vf,w/) is contained in the conductor (R : R). Hence
(0,0,w') € R for all I > f+ 1. Let k > f be an integer. Then
Ge = T2 +TP+ (0,0, wh +wh+9) = (ut +u?, v? + 03, W w9 € R.
By symmetry, we also have p, = (uF*4 + uf2 v2 + 03wt +w?) € R.
Set ap = T 'pp_1 = 7" 'qp_1 € R. Claim 1 shows that 7,7 and
pr and g are irreducible elements of R® if k is big enough. Hence
2, = T pr_1 and 2y, = 7" lqu_1 are both factorizations of a; with
length k.

Let V : Z(R®*) — F(V(R®)) be the extension of V which sends each
gR* € A(R*/R*) to V(q). We show that if k is large enough and z is
any factorization of aj with length k, then V(z) € {V(zx),V(z})}. In
particular we have d(z,2") = k if 2,2’ € Zy(ay) with V(z) = V(z;) and
V(2') = V(z},). This implies ci(ay) = k for the catenary degree of aj, at
length k.
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Let z =1-...-x € Z(ay). Since Va(ay) = k+1, we can assume that
Va(z;) =1 for i € [1,k — 1] and Va(x) = 2. For sufficiently large k we
cannot have V(zy) € {(2,2,2),(5,2,5),(4,2,4)} because the distance
between V(ay) = (3k+1, k+1,3k+1) and the plane (2, 1,3)Q+(3,1,2)Q
is unbounded. Hence V(xy) € {(4,2,m),(m,2,4) | m € N>¢} by the
second claim. Suppose that V(zp) = (4,2,m) for some m. Then
there exist a, 3,7 € Ny such that «(2,1,3) + 3(3,1,2) + (4,2,7) =
(3k 4+ 1,k + 1,3k + 1). This is a linear equation (in a, 8 and ) with
regular matrix. Hence there exists only the solution a =0, 8 =k —1
and v = k+3. Thus V(z) = V(z},). The same argument applies if V(zy,)
is of the form (m,2,4) for some m. O

Lemma 6.4. Let H be a finitely primary monoid with rank
two. Let V : Q(H) — Z? be the valuation map of H. Set v; =
min{V;(h) | h € H\H*} and M; = {V(h) | h € H\H*,V;(h) = v;}
fori € [1,2] and assume that 1 < |M;| < oo for some i € [1,2]. Then
sup{ox(a) | a € H,k € L(a)} is infinite.

Proof.  Suppose without restriction that 1 < |M;]| < oo. Choose
p,q € H such that their valuation is contained in M; and such that
V(¢) = maxM; and V(p) < V(q) (note that M; is totally ordered).
Clearly, p and ¢ are irreducible elements of H. Let a« € N be an
exponent of H and set a, = ¢"t® € H for n > 1. Suppose that
Z=21"...  Znta is an arbitrary factorization of a,, with length n + a.
Then V(z;) = V(q) holds for every i € [1, n+a] because of the properties
of ¢q. Clearly, &, = a,p™" is contained in H. Let w, be an arbitrary
factorization of &,. Then |w,| < a. Indeed, |w,| < «a for large n,
since Vo(&,) is unbounded and M is finite. Set v, = wpp™ € Z(an,)-
Then n < |v,| < n+ « and Dist({v,}, Zp+a(an)) > n. This proves the
lemma. ]

Example 6.5. There exists a one-dimensional local domain (D, m)
having the following properties:

(1) D/m is finite.
(2) D is a finitely generated D-module and has two maximal ideals.
(3) sup{dx(a) | a € D*,k € L(a)} is infinite.
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Proof. Let k be a field and set R = k[[(t?,u?), (t3,u?)]] C k[[t]] x
E[[u]]. Then M = {(2,2),(2,3),(3,2)} C V(R*) and V(R*)\M C N2 ,.
Hence the assertion follows from Lemma 6.4. B

Remark 6.6. We have not been able to clarify whether there
exists a one-dimensional analytically irreducible local domain D (i.e.
D is a discrete valuation ring and finitely generated as a D-module) for
which sup{di(a) | a € D*,k € L(a)} or sup{ci(a) | a € D*,k € L(a)}
is infinite. Note that by [8], Theorem 3.9 such a ring D (if it exists)
necessarily has infinite residue class field.
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