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Introduction. By an integral domain we mean a commutative
ring R which satisfies the following condition :  N  satisfies the
ascending chain condition and possesses no zero-divisor ÷ 0 .  A
local ring is a commutative ring 91 with an unit element in which :

(1) The set Po o f all non-units is an ideal in R ;
(2) Every ideal in 91 has a finite basis.

A local ring N is called a local domain if the ring N  possesses
no zero-divisor.

Let 91 be an integral domain and K  be the field of quotients
o f N. It is conjectured by K rull [2, p. 108] that the integral
closure 91 of R  in K  is an " Endliche diskrete Hauptordnung ".
1f :  +(0), is a Noetherian ring and also Krull's conjecture is
valid [2, p. 105]. Therefore it only remains that his conjecture
should be proved in the case where R: ( 0 ) .  When 91 is a
1-dimensional local domain, it was already proved by Krull [1].
Hence it is clear that Krull's conjecture is valid provided that an
integral domain 91 is " einartig " [2,  P .  1 0 9 ] . The purpose of this
paper is to prove that Krull's conjecture is valid in the case where

:  Yi= (0 ) and 91 is not " einartig ".
In the first part of this paper we shall prove that Krull's

conjecture is valid if the completion N * of a local domain 91
possesses no nilpotent element. The second part is devoted to
the proof o f Krull's conjecture in the case in which N* has nil-
potent elements, and we shall prove that Krull's conjecture is
generally valid in an integral domain. In the third part we discuss
the sufficient condition that R: I   (0 ) holds for a local domain.

In this paper we denote the completion of a local ring N by
91* and the integral closure of an integral domain in the field
of quotients of by Z.

Numbers in brackets refer to the Bibliography at the end of the paper.
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Part I

Let 91* be the completion of a local domain 91, then we have
the following two possibilities :

(1) 91* has no nilpotent element ;
(2) 91* has nilpotent elements.

First we shall prove, in the case ( 1 ) ,  that K ru ll's  conjecture is
valid. If 91* has no nilpotent element,

(0)91*--= T1,* n 9J12* n n n  n 931h *  [5 , p. 254].
where WI, is the prime ideal which is not imbedded in any other
prime ideal of the zero ideal in 91*. Let n *  be the ring of quo-
tients of 91*, then we have the following Lemmas.

Lemma 1. 9N ,* St* is a prime ideal in St* and 9J1,*St* n 91*— spit*
(1=1, 2, 3, ..., h).

Lemma 2. n 9) * =  ( 0 )  a*i=1
Lemma 3. 9)1,*,R* is a maximal ideal in St* (1=1, 2, ..., h).
Lemma 4. n *  =  a,* + St,* +  +  St,* +  +  a h *  (direct sum)

where Sti*-'n*/9J1i*.q* (1=1, 2, ... , h )  [6 , p. 43].
If we denote . the unit element of ,R,* by e,*, it is well known

that si* si t =  *  1  and El
*  + €2 * ± • • • ± eh* = 1 [6, p. 43].

Lemma 5! 91*— Ei *-7.L--91*/9)2,* (i= 1, 2 , ..., h).
Proof. Let a *  any element o f  91*. Then, by Lemma 4,
E a,* where d i

*
 (  n i * and a,*= u*E i*. Hence the correspondence

12
* a* e i *  gives the ring homomorphism of 91* onto 91* eg* . But

since a*si*--'-ft*/9)1,S1* by Lemma 4 , a *  0 (mod. )3 * )  by Lemma
1  provided that a

*
Ei

* — O. Hence by the well-known theorem, we
have 91* Ci*L".--'- 91*/9.1Z1*. This completes the proof.

Lemma 6. If we denote the integral closure of 91* in the ring
of quotients ft*  of 91* by N*,

91*— 91,*+ 912* +  + + Ti,, (direct sum)

where We,* ( i = l,  2, ..., h).
Proposition 1. If we put 917931,*=2,* and denote the integral

closure of Pi* in the field of quotients of II,* by Pi *, then
(i = 1, 2, ..., h ).

Proof. If we put Tti*R* n "N* = it follows that M i *  is the



O n  th e  integral closure of a n  integral domain 251

prime ideal of -91*. Similarly to the proof o f Lemma 5, we have
-9-1*€,*:::: Tr/a*. Hence -9-1,* f1*/1V/i*.

We shall now prove that 91* / First we prove that
Yr/M1* c_.(ji *. For, let W =a/g  be an element of R* where a  and

E % * and g  is a non-zero-divisor, then
TV"' + c, Wa- 1 +  +  c iW +  +  W +  c „ = 0 ,  where c, e 91*.

Let I7V- , be the residue classes of W, ci modulo M*, then
,

W'' + c, VP ' +  + +  +  W +  =  0 ,  w h e re  E

On the other hand, g W =a in -9-1*. Hence -7-1- T7V-  =  ,  where '7-i , a-  E Qi *.
Therefore W E Q .  T h is  implies that .9-1*/M1 ÇJJ,*.

We now prove that , MY' f a c t ,  l e t  -6/a-  b e  an
element of where a-  , E P i * , then -n(b /a- )  ̀ ( e =  1, 2, 3,...)
where n is a certain element + 0  of Q .  T h e  above argument
implies that nr- ( a - ) e r - , , ,  where -r  E f21*. Let ni, a 1 ,  b;  and r1, be
elements of Ji* whose residue classes modulo 'Ini* are n- ,  a- ,  -b  and
r,  respectively, then nib i e =-- a,' (mod. 9.)1,*). Let ) 1 *0  (T1 i) and

0  (0 1* n n  n  9.)M, fl 9X 1 n n  sInh*) (i=1, 2, h ) .  Put-
h h h

ting n= E 2i n i ,  a= E  ai, b=1])1bi and r = ri„ then nbe— de
4 1 f=1

= 0 .  For  n it— r, =--- ii i n j (Àj bj )"— (Ài  ai)" Âi r  ( T * ) ,  hence nit —ae
;;+1 ( n i b; — a  r f ,)  (9V )  ( j=1 ,  2, ..., h). This implies that n i !

—ae y, O  (T V )  (j—= 1, 2, ..., h) . Hence nb" — ae 0. But since a
is a non-zero-divisor in R*, we have n (b (l) e r e . Hence b/a
If we put b/a— W , we have W a =b . Hence Wet-  =4, where Tk is
the residue class modulo M;*. T h is  implies that .Q.*, _T1*//V/i *.
Thus the proof is completed.

Colollary. * _-- S2
1
*

+  -Q 2
*

 +  • • • +  9 ,* + . . • +:( 1 1,*.
Proposition 2. 91 * is an " Endliche diskrete Hauptordnung ".
Proof. Since S2,* is a  complete local domain, if xi, x2, • • • , x„,

be the system o f parameters for Pi* [3] and R  be the coefficient
ring in S2,*, then 9 0 =R ix 1, x 2 , ...,x „,}  is a p-adic ring and 12,* is a
finite .(4-module [4, Lemma 15, 16]. Hence A* is an " Endliche
diskrete Hauptordnung " 2, p. 133]. This completes the proof.

Proposition 3 . Let R be a local domain and 91. be the integral
closure of R in the field of quotients of R .  If no  nilpotent ele-
ment exists in the completion 91* of 91, then 91 is an " Endliche
diskrete Hauptordnung ".
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Proof. L et u. A, then, since Ft*Ei *_':-_- f2,* by prop. 1, o.N*e i *
is a n  intersection o f  symbolic powers of associated minimal prime

ideals in  A*Ei * by prop . 2. Now, let a-A*6,— n cf.P1 be a n  irredun-_ .1= 1

dant primary decomposition of (25-1*6,* in  WI* ei *. I f  we put

CA ---5-1,*+ 91.2*+ +NP_,--Fei +FiP+1+...+Nh*,

then CA is a  primary ideal in  -9-1* by th e  well-known theorem.
Hence a n (71;. I n  f a c t ,  n (A =  n ( n n (91,* + R2 * +

j J j i

+NP_, + + Nh*)=0. -N,*+ 91,* + ..• + uNi* + + ,Nh*
= , - -91*. But we see that CA is a  symbolic po w er o f p rim e  ideal
of N*• F o r since it is clear that W .1 is  a  primary ideal in  .A *, if
th e  associated prim e ideal o f  CA is denoted by t h e n  PA' is a
set o f nilpotent elements of WI* with respect to Hence

+ + • • • +pl'i + • • • where Ifik, is  a  p r im e  ideal o f  Ni *
belonging to th e  primary ideal qt. Since 41;---1.- - -);';'' ) by Prop. 2,

I f  we p u t  -0Z n then q,j  is  a  primary ideal of—
R  and the  prim e ideal i-Nj  belonging to qi j  is a minimal prime ideal
in N, and a î = n For, putting cIA.=d, where A  E  N* and d E  91,
then A E  K  (field of quotients of 9i). But since N* n K - 5 -1, A  E

Hence (.41* n N N and  also a =  n q.,j . It is clear that Flij  is  a
primary ideal belonging to the  prim e ideal Piy n Hence p„
is a  p rim e ideal belonging to (-( Ï. I f  we assume that a 5-1 --= n q- i j  is
an irredundant intersection of ideals qii , we have (p„) - 1 D N. Hence
pu  is a m inim al prim e ideal in  A .  F o r , if  we assume that p ,  is
not a  m inim al prim e ideal o f  N, then (p„) - 1 (f,„) =p„. Hence, if
X  E (p „ )  - 1 and x  9 1 , we obtain x j 5 O ( )  and also 0 ( )
(N =1, 2,...). Hence there is an element -(;(e A) such that 0

h

(91) (N =1, 2, 3,...). B ut since x E a* , it follows that and
_ h '1=1

p —  p , by Lemma 4 and Lemma 6, where z E pi E Hence
h h

(E
_ 

(E xr)--= 0 (5 1 * ) . Therefore p xT-- =.--0(Y1,*) (N=1, 2, 3, ...).
B ut since 91,* is a n  " Endliche diskrete Hauptordnung " by Prop. 1,
we h a v e  x, E Ç.N.* (i =1, 2, ..., h). Therefore x E  N* a n d  whence
x E  R .  T his  is a  c o n tra d ic tio n . Therefor p ,  is  a m inim al prim e
ideal of 91. B ut since i s  a primary component belonging to 13,j,
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is a symbolic power of Hence Ti is an " Endliche diskrete
Hauptordnung " [2,  P .  1 0 4 ] .  This completes the proof.

Part II
We shall prove the validity of Krull's conjecture in the case

where at* has nilpotent elements. If the radical of at* is denoted
by t*, it is clear that V` n *  is the radical of •R* and the radical of
Fi* too. For, let 1* be the radical of Ft*, then MR* a*, since any
element of PR* is integrally dependent on al*. But being t*R*
c l ' , it follows that i * *  = l * .  N ow , le t  T be any nilpotent
of -91* and let be a  non-zero-divisor o f f l* , 7 / a  is a  nilpotent
element of Ti*. Hence 7E a R * .  Therefore, if an ideal 'A* o f fi*
has a non-zero-divisor, we have W*g_/*. Therefore there is a 1-1
correspondence such that ff*/1* % *  between the ideal ; *  of Ti*/*
and the ideal Ft* DÏ  of fi* . Putting Ft */1* the ring of quo-
tients of -o* is f t * / / 1 * .  For, -at's /1*-§i s ,-±- (at*/1*) s/7., where S is the
set of all non-zero-divisors in ft* [2, p. 2 0 ] .  If we set 91*//*---o*,
since at*/1*D 91* //* ,  we have that 3 *  o * .  But since (91*//*),

als *//*91,,*---a*//*R*, where S  is the set of all non-zero-divisors
in al* [2, p. 20], o*c '-o*c St*//*H. Now, let o* be the integral
closure of o* in the ring of quotients of o*, then any element j i
of o* is expressible as -1-77r-  where f, 7r-  are elements of o* and -7r is
a non-zero-divisor of o * .  Hence

( -1-/ -7)" -1- c1 (i/ 7r-  )'" - 1  + (T/7r-) = 0  where -4  E 0
*

.

Let c„  1 , 7  be respectively representatives in  al* of the residue
classes c- - „  -4  7r- ,  then /"̀ +c, / - 1 7z" c2 / 7”- 2 7r2 + +  c7 r .`
(1*). Hence (//7) -  +c, (Ur) + .•• +c„,-,(//r) +c„, -----0(/*St*). But
PR* being the radical of Ft*, it follows that / / r  is integrally
dependent on at*. If we put

1
//7-r= A, we have /- n -A .  Hence weœ _ _

obtain =7TA in a t* / t* . Therefore o* Ç . Since b*_C_ o*, it follows
that -o * - * .

If t:t is an element R, a  is a  non-zero-divisor in  Fi*. Hence
(j t *  can be expressed as an intersection of finite primary ideals
containing the radical /*  of .9- -1* by Prop. 3. I f  a * =  nQ i ;  is  an

irredundant intersection of primary ideals -0;';, we put Cel n at= qij.
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Then 4 -1= n q ,. If we assume that a =  n --q,j  i s  an irredundant
representation, the prime ideal - -pi , belonging to the primary ideal

is a minimal prime ideal in 'Tt. F o r ,  i f  we assume that -1,1,j  is
not minimal in R, sim ilarly to the proof o f Prop. 3, (p i j ) - 1 D
and (Pii) - 1 ( -1-)i,) - -Pip Hence if x 91- , and X E (p- „,) - i ,  then xp i , =-_0(p„)
and also xYp,..1 ===0(pi i ) 2 , 3 ,...) . Therefore there is an element
p(in Ti) such that »x 0 ( )  (N=1, 2, 3,...). As x E 9:*, if ;,
are the residue classes of x, -so mod. 1*  ,  1 7) x- N=-0(T1*/ -1-* ) :  Hence
by Prop. 3, ; E N */ i*. Therefore x E TP. This implies that x E
This is a contradiction. Hence pij  is  a minimal prime ideal. Simi-
larly to the proof o f Prop. 3, w e have that 91 i s  an " Endliche
diskrete Hauptordnung ". Therefore we have the following theorem
from the above argument and Prop. 3.

Theorem 1. Let be the integral closure of a local domain
9i in the field of quotients of 91, then 91 is  an " Endliche diskrete
Hauptordnung ".

Let e be an integral domain, then n 0 =  (where p, runs over
Po

all maximal ideals of 0 ). But since S p , is a local domain, (- 1,0 ) =
n  (S )  (where p  runs over any minimal prime ideal of 1,o)  by

PEP°
theorem 1, provided that (S p ) is  the integral closure of e p o and (S p )
is the integral closure of S,

p . Hence, since -g =  n ( 1,0) ,  we have
n (S p)  (where p runs over any minimal prime ideal). This

implies that e is  an " Endliche diskrete Hauptordnung " [2, p. 109].
Thus we have the following

Theorem 2 . Let S be an integral domain and -g  be the integral
closure of e in the field of quotients of then i s  an " Endliche
diskrete Hauptordnung ".

Part III

In a local domain 91, we shall discuss the sufficient condition
that R : + (0). If a  loca l dom ain is 1-dimensional, namely
" einartig ", :  Ti+(0) if and only if the completion 91* of 91 has
no nilpotent element [1]. But, if 91 is not " einartig ", that is, n—

I f  n is a prime ideal in  e, we denote the quotient ring of e  with respect to r
by e,,.
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dimensional (n >2), we do not know whether the above argument
be valid. Therefore, when R is n-dimensional (n > 2) and the com-
pletion gt* o f 91 has no nilpotent element, we discuss whether

: 971+ (0 ) be valid.
h

If R* has no nilpotent element, (0)91*— n Tli*, where 9J2,* is
the prime ideal which is not imbedded in any other prime ideal
of the zero ideal in R * . The -91* *  +  + +.(1,*+...+D h * by
Corollary of Prop. 1, where 9,* is the integral closure of R*/Tl i *

Now we shall prove that R:  "9-1 + (0 )  if a local domain 91
satisfies one of the following conditions :

(1) R and its residue field have different character-
istics,

(2) R and its residue field 91/p0 =1' have same characteristic
p  (including p:= 0) and [P :  l " ] is finite,

(3) g t  and its residue field 91/1)0 = P  have same characteristic
p>  0  and W.,* (integral closure o f W1 *) is a finite module over W,*
where the complete local domain W,* is a ring finite extension of
P i * by P-th roots of finite elements of r  (i=1, 2, 3, ..., h).

Since P i * is a finite module extension over S2,* in the above
cases (1 ), (2 ), (3 ) respectively, we have P i * : ij i *+(0) (i=1, 2,
. . . , h ) .  Now if 7* / 7 *  E 91*, where 7*, 7r* E R, and 7 *  is a non-zero-
divisor in 91*, E  P i * by Prop. 1, where 7-z7i *, are residue
classes of 7 *  and e modulo 931,*. Therefore .4 * .  r- i */7-1-- ,* E Di *
(i=1, 2, ..., h) where E P i *: 14*. Now let representatives in 91* of
f*, ),* be f i *, 2,*, and z- i * 0 (T * ) but r i * 1--= 0 ( K* n 9112* n ••• n
n 9V÷ , n n 9)1,*) (i= 1, 2, ..., h). I f  w e set F*  — ± ] f i*  and

h i= 1

then F*r*--7r*ii*---= '0 . For, F* r* —7* ri*
7r1* r i *  ( f i

* r i *  r r i *  ) i* ) 0  (mod 9J1,*) ( i= 1, 2, ..., h ) .  Thus
F* r* — 7r* 2* Namely F* (r* /7r*)=--  2* e 91* as 7r* is a  non-zero-
divisor in 91*. Since 7*/7r* is any element o f 9-1* and F *  is a
fixed element in R*, we have F*51*-- , :o(R*). But F *  being a
non-zero-divisor in R*, we can conclude that R * :  51* +(0).

Now assume that R: 5-t= (0), namely R  c =  R c
[A dc...c91i=91,_ ,[A i]c  ...cal, then A,It 91*. In fact, if we assume
that Ai = b la i  (where a„ b  E R) E 91*, then a i r* =b,, where 7* E R*.
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Hence a,r =b, and r E R. T h is  is a contradiction. Namely 91* c 91*
[A d .  Next, assume that il2=b 2 /a0 (where a2 , E R) € 91* [Ad, thenG. G,
b,/a 2 = E  * (bda,)', namely b2a,"=a2(E ci* b11 0 1 - 1) ,  where ci *  E  91*
(i=1, 2, ... , G1 ). Hence b2a;" = a2(1] ci bii) where ci E R. T h isG.,
implies that A 2 =b1a 2 =  c i ( b i / a 0 i .  This contradicts the assump-
tion 912 D 911 . Therefore A, Et 9 1 * [ 4 ] .  Continuing in  this way,
91* c 91* [A,] c 9i* [A „ A 2]c c91*[241, A 2, c 91* [4, A 2,
A 1 _,, A:1c ..., which contradicts the above proposition R * :  * + (0 ) .
Namely R: N + ( 0 ) .  Thus we have the following

Proposition 4. If a  local domain. 9 1  satisfies one of above
conditions (1 ) , (2 ) , (3 )  and the completion 91* o f 91 has no nil-
potent element, then R: ff*(0).
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