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In  the foregoing paper" we have obtained a  boundedness
theorem from which we have deduced an existence theorem of a
periodic solution of the non-linear differential equation. Since there
we have made use of the property of the ultimate boundedness,
such existence theorem for a periodic solution is no more applica-
ble to the case where the solutions are not ultimately bounded.
Therefore in  this paper we will search an existence theorem
applicable to this new case. T h e  principle is to establish that
each solution starting from is  b o u n d e d  for 0_<.t< co. Then
since each solution is continuable and moreover there exists a
bounded solution, we can obtain an existence theorem by aid of
Massera's theorem."

At first, as a sufficient condition for the boundedness of solu-
tions, generalizing the problem for the general system of differen-
tial equations, we will prove the following theorem.

Theorem 1. Consider a  system of  differential equations,

(1) —f,(t, x„ x,,• • • , x„) 2,- • •, n),
dt

where f,(t, x 1 , xn) are continuous functions of (t, x„ -•, xn) in
the domain

D,: OSt < c o ,  — 00 <  + c c  ( i= 1 ,2 , . . ,  .

Now let Ro b e  a positive constant which may be sufficiently great and
D o  be the dom ain such as

1) These Memoirs, Series A , Mathematics, Vol. 28, pp. 133-141.
2) Wendel ; Ann. Math. Stud. no. 20 (Princeton, 1950), p. 266 or Massera ;

" 'f he existence of periodic solutions of systems o f  differential
equations", Duke Math. Journal. Vol. 17 (1950), pp. 457-475.
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< cc, x , 2 + x2
2 + • • + x.2 >R0 2 .

Suppose that there exists a continuous function 0 (t, x„ x2,- • • , x.)
of  (t, x„ x 2,••• , x,,) satisfying the following conditions in this domain D 2;
namely

10 0 ( t ,  x ,  x2,• • x „ )  tends to z ero uniform ly  as x1
2 + x22  + • • •

2 °  f o r any positive num ber R(> R,), there ex ists a positive
constant G (R ) such that 0 (t, x„ x 2,• • , x„) .G (R )> 0 when

+ x 2 2 + x ” .2 = R2 ,

(t, x„ x 2,--- , x„) satisf ies locally  the L ipschitz  condition
w ith regard to  (x 1, • , x „) an d  in  th e  interior o f  this
dom ain D2 we have

lim  1  10(t+ h, xi + hf,, x2+ hf2,--, xu+ hf„)h.() h
—  (t, x, x,•••, x„)} >0 .

Then for any solution of (1) x ,= x ,(t), x 2 = x 2 (t),• • ,xn= x(1), being
given any  positive num ber (1, if  w e have at an  arbitrary  t= to ( 0)

(3) x, ( 0 2 + x?(to) 2 + • • • +xn(t) ) 2 (22
9

then w e can f ind  another positive number ig  ( > 0  such that for
t>.to

(4) x,(t)2+x2(t)2+•••+x„(t)2<tr.

Proof. Let us assume that a> R,„ for this case alone is worth
to consider. By the conditions 1 °  and 2 ° , we can choose p, inde-
pendent of t, so large that

(5) G(//)> sup (t, x„ • • • , xn) .
... + x7,2 = 02

Now it is easy to prove that this j9 is the required number.
I f  0  is bounded for t  and the right hand side of the inequality

( 2 )  is replaced by > s (>  0 )  when x, are bounded, the solutions are
ultim ately  bounded. Moreover if (t, x„ x 2, •  ,  x „)  be totally diffe-
rentiable, ( 2 )  becomes

a9 7

 + Eat k

ao fk>_oax,

30

(2)

Here we may add a notice that as a special case of this theo-
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rem, a simple criterion due to  A . Wintner:" m a y  b e  g iv e n . Let
r=  A/x:2 + ••• + x ,  and suppose that fi (t, x„x„,•-•, xn )  satisfy

I x„ • • , x.)1 2 (t) r(r),

when A(u) and sr(u) are positive when 0.:<_u <cc, continuous when
0 <te < co , and are subjected to

l' À(t)d/ <00

and

rdr/ic(r)=--- cc.

Then we m ay put

—"721 + n  1 ).(t)d t
t . 0  7 (r ) fl

(t, X i, X 2 ,  •  •  ,x„)----e

But there exist lim  x ( t )  in  this case.
ei o s

Now with a system of differential equations of two unknowns
dx 

{

dt = f ( t ' x ' Y )

—
d y  

-- --- g(t, x, Y)
dt

we can proceed in the following w ay. Namely let us assume that
f(t, x, y )  and g(t, x, y )  are continuous in the domain

4 :  0 < t  < c o ,  — co <x < + co, — 00 <y < + co.,
and we shall prove the following theorem.

Theorem  2 . L et <1,2 be the dom ain such as
0._<_t <cc , ( x ,  y )  E complement of J2 ,

where 4, is

Ix! ly1
(positive constants K , and K .  m ay  be  arb itrarily  great). Suppose
that there exists a  continuous and always positive function (1)(t,.x,y)
in the dom ain J. w hich satisf ies the following conditions; namely

(6)

3) W in tner ; " An Abelian lemma concerning asymptotic equilibria" American
Journal of Mathematics, Vol, 68 (1946), pp. 451-454,
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10 0 (t, x , y ) tends to zero uniformly f o r (t ,x ) as 31.-+
2 °  f o r every p air of positive constants N , an d  N , (N ,> K ,

N 2 > K 2 ) ,  there ex ists a positive num ber G (N „ N ,) such
as

0 (t, x, y) > G(N„ N,)> 0

f o r 0_<_t <co,
30 0 ( 4  x, y )  satisfies locally the L ipschitz  condition with re-

gard to  (x, y) and  we have f o r all points in  the interior
of  this domain

(7) lim  1  {0 (t+h,x+hf(t,x,y),y+hg(t,x,y))h
— (t, x, y)} >O.

N ow  for every  M > 0 (M  m ay be suf f iciently  great), le t 4 (M )
an d  4 (M ) be the dom ains such as

0<t K.09, x>i,

and

0<t<00, L,
respectively, where the constant L> 0  m ay be arbitrarily  great and
may depend on M .

Moreover suppose that there ex ist tw o continuous functions of
(t, x, y ) , 'F,(t, x, y ) and  P'2 (1, x, y ), defined in J 4 (M ) a n d  4 (M )  re-
spectively such that they satisfy the following conditions; namely

40  t h e y  are always positive and for every L ' (  L )  there exists
a positive number H (L ') such as

,(1, x, y) >H (L ')>  0 (i=1, 2)

when x--=1.' and x =  L '  respectively,
5 °  they tend to zero uniformly for (t, y) whcn co respe-

ctively,
6 °  they satisfy locally the Lipschitz condition w ith regard to

(x, y) a n d  w e  h av e  in  the interior of  their respective
domains

lim 1 ( t +  h ,  x +  y  h g )  r ( t ,  x,y)}  ,>0 (i = 1,2).
h.÷0 h

(8)

Then f o r any  solution of  (6) starting from  t=0, there exist two
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positive constants A  and B  such that for 0<1 <œ

Ix(t)I< A ,  Iy(t) I <B ,

where of  course A  and B  vary  from  solutions to solutions.
Proof. Now let ( x (  y ( t) )  be any solution o f  (6) starting

from t= 0 . A t first we will show that there exists a positive
number M  such as ly < M .  Let us assume that

1.x(o)1 <.:4-  and ly(o)I

where A> K , and B> K . A n d  we choose a positive constant M
such that

(9) G(217, i3-) >  su p  0(t, x,±M  ).
o t<co
lx;<co

By the assumptions it is clear that we can choose such an M.
Now if we suppose that at some t  we have ly(t)1=M, there arises a
contradiction by consideration of the function 0(t, x(t), y (t)).
Therefore we have ly WI <M .

Then we consider F ,(t, x, y) for the above M  Thus for A 7

such as if ' >22i  and 2.4-'>L , choosing another positive constant M'
so that

H (A ! )>  sup T,(t, M ',
0<t<cio
!Y Al

we can see that x(t) <1'T  in the same way ; so also there exists
M " such as x(t) — M ". Hence it is shown that there exist A
and B  such that

4(0 I  <A , IY(t)I <B.

Remark 1 . We may reason, interchanging x  and y.
Remark 2. 1f 0  and II  do not include t, there is no need

to show the existence of G  and H  and their existence is a natural
consequence.

Therefore according to this theorem, each solution is continua-
ble and bounded. Hence we obtain the following theorem by aid
of Massera's theorem.

Theorem 3 .  Suppose th at the sam e assum ptions a s  those in
Theorem 2  and the condition for the uniqueness of  solutions in  the
Cauchy-problem hold good, Moreover suppose that
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f (t+w ,x ,y ) =f(i. x,Y )
and

g (t+  w,  x, y) =g(t, x, y).
T hen (6 ) has at least a periodic solution of  period W .

R em ark. The conditions in Theorem 2 may be for < co
( t0 may be great).

Exam ple. Mizohata a n d  Yamaguti have remarkably proved
th e  following existence theorem o f  a  periodic so lu tion  in  these
Memoirs, Series A ,  Vol. 27.

The differential equation,

(10) *i+a(x)i+50(x)---p(t),
possesses at least a  periodic solution of period w, when th e  follo-
wing conditions are  fulfilled :

a) A (x) a(x)d.x ,  ± œ, fo r  x--*± co respectively,,

b) sgn x•40(x)>O, for lx1'>q,
where a(x), 40(x), io'(x) and p(t) are continuous functions and p(t)
is periodic of period w a n d  p(t)dt=o and q is a positive number.

For our part, we consider the equations

=y —  A (x) + P(t)

1j) = — Sa (x)

where P(t) p (t) dt. A n d  choosing positive numbers a  a n d  b

suitably great, we may define th e  function 0 in  Theorem 2 as
follows ; namely

 

e•—(r,y)

e— + 2 a

\ e — Ii(r,y )— r +et

(x_>_a, i)'i <co)
y b )
y>b)
13, 1 _1))
y — b )

y_<-17),

0(t, x,

 

where u (x, Y) = jfi(x) +  Y2 a n d  (ii(x) = ' io(x)dx.
2
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As Ti(t, x, y), choosing c> 0 suitably, we may put

o—e'

for x>._c and x —c respectively. Then by Theorem 2, we can see
that the differential equation (1 0 ) possesses at least a  periodic
solution of period w.


