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On a two-dimensional projectively connected space
in the wide sense with torsion
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§1. Consider a two-dimensiona! space R, whose moving point
is designed by parameters # and ». Suppose that a curve C drawn
on R, is developed on a curve I” of a three-dimensional projective
space 8, by means of the projective connexion I} (a, 3=0,1, 2, 3;
r=1, 2), the moving frame of reference [4 4,4,4.] along to I'

being defined by
(1-1) dA.,=1'jdu A, ,
A=A; u=u, w=v
«@, ,1?.:0, ]., 2, 3 ; 7"—'—-‘1, 27
We shall denote hereafter by «, 3, --- the suffixes which take
the values 0,1,2,3; by a, b,---i, j,---7, 5,--- those which take the
values 1, 2, except for §2.
We use the following notations :

(1-2) H,.sz—;~(1',§+112),
(1-3) H=det|H,,|,
(1-4) H,.= % (4, H,+4,H, +4,H,),
where 4,H,= oH. _, wH,—-I'sH,,,
ou’
(1-5) H,.=%— H.H*

where H* is the normalized cofactor of the element H, in H,
(1'6) Krslzlllz-st_H:~H31—H5H;l-_ILHrs-

Let RJ. be the curvature tensor relative to the connexion I,
that js
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3 R
1-7) Ry, =00 Ol  props pops,
o ou’ our -
If we suppose that H3£0, ‘we can make without loss of
generality

(1-8) I't=0% I'g=0, I'i=0,
(1.9 H=1, H,=0,
(1-10) K..=H,,.
Moreover, if we take the asymptotic parameters # and », we
get
1-11) H,=H,=0, H.,=H,=+%+1.

§2. Suppose now that the curves on the n-dimensional space
R, with the dominant projective connexion are developed into
a curve on a projective space 8y. We have the following theorem
concerning the existence of a surface 1, which lies in 8y and has
a contact of v-th order with the development of R,.*

THEOREM. The necessary and sufficient conditions for the ex-
istence of a surface V, having a contact of v-th order are expressed by

2-1) D, D, -D,R#,=0 for 0<i<v-3,

i1, m=1,2,-,n;
(,b=n+1, ------ , N /.

If these conditions are satisfied, and the equation of V, is denoted by

(2’2) z”:é_ng‘z’_*..‘._:'THl’ Zil...ziv+.,,’

the coefficients Hl’l"“")\ (i=2, .-, v) are determined by

A-3 .
(2:3) Hp., =4, Hr , +3 (-1 H?  H e

s=2 7 - Js41 a1 9ix

da-a s da=ria

+R(G-3H ., I
J .

~SYSTHT  HY e

oG T hvds T e damn eia?
(g:n+1->N, a:l-n)
and such H;:miA (4=2, -+, v—1) are symmetric relative to i,---i,, and
moreover we have ' ‘

*) I, kanitani: “Sur les surfaces osculatrices 2 un espace 2a connexion pro-
jective majorante,” Mem, Col. of Sci., Univ. Kyoto, Ser. A. XXVI, No. 3, 1951,
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(2‘4) D,‘.A"”DilRU]llmz(_l)A—l {HP RU{llm+; ijlu‘jl.«,aR;Alm'

1y-ipe
A—1 A
7 » a
+§zj"Hjl"'th,=+r“jAa b
—G—1)H?., R4,—H. , R

— (-3 Hy R}

Jrcda-1T  dalm

Jids T dagridn

A=2
s=2 J
o for 2<a<lv-2.

§3. Always, there is a surface F, having a contact of second
order at the image point 4 of a point P(uv) on K, with the de-
velopment of any curve passing through the point P(uv).

The condition for a contact of third order is

(3-1) R, =0,
that is,
(3-2) ri=r;=H,.

Then, such surface is expressed by

z"=é~ H,sz"z‘+—(1?H,s,z’z“z'+ e
Next, owing to (1-8), the conditions for a contact of 4-th order
are
(3-3) 0=D,R;=H,.R; —R},.
In (3-3), if we put t=1, »=1, s=2,
0=H,Ry.—R=2H, I,
and if we put t=2, r=1, s=2,
0=2H,1"y.
Consequently,
(3-4) I=1,'=0,
Therefore,
JK,”=—2H,2[’,,2,
Kio=Kp =Ko =Ku=Ky,=K,5=0,
‘lKg‘_..zz—ZH,f_,I“gg’.

For a contact of 5-th order, we have

(3-5)
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- (3-6) 0=D,;D.Ry,=— {Hi.R:s+ H.u Rj1,+ Hia R,
—Hij(R924+Rf;is)}'

Multiply the right hand side by H¥, and sum up those expressions,
then we get

0= R:ra_ (Rn?-s + R;‘.Pr'a) .
But, in general, we have
0=R¢:3=R52, + Ra’r"s -+ R';f.s .

Hence,
37 R:=0, R,+R.;,=0.
Consequéntly, (3:6) becomes
(3-8) 0=H,..Ri+H, R+ H; R, .
The coefficients H,;, are as follows:
H,, =K 3k,
ou
Hyo=98m 302K,
ov
(3.9) H,o=2H,(I'x I'*+1"'—H,['})

=2H12(['22] [V'Ixs‘i" FQIO_H12['311))

Hyy = —algggg +3I' K222’
on

Hopo, = LLES — 3w’ Ko,
\ ov

and H., are symmetric relative to i, j, A, k.
For order 6, by (3-7), we have

(3-10) 0=D,D;D.R/,
=H, R,
+ (Hiju R+ Huo Ryt + Hipa R,
+ (HyHw+ HuHy+ Hy Hy) R
—HRy.— (H; R+ HuRp,+ Hy Ryy,),
And if we put 4=5 in (2-3),
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(Hlllll = ‘QTKL':T—’?[‘n, ‘a—Ki —41>'"2_6_KHL
(ou) ou Y%

—K.,,{B%l‘;——sr.,o—lz(/ Y120 A

Hiypo = 2 K g0 9K,

1|+4]7 aKHJ
Budw ov

ou
1
—Km {3 ‘%;1— ——8111"’0—" 121 '"' [1~.’22+4H,21'n‘.‘ﬂ} ’

Hm A I(m +51' 2 aI(m I' 1 aKH
(9v)* ov ou

+ K, {3 a;“

O 30 T+ 6( 1 2—4H,21'3.;},

(3-11) ¢
How = %Ko 5y 1 9Koe _ 1 3 0K
(ou)? ou v
’)['11 0 Ve
+K_,99{ R0 B 1 (L) A H s }
u

Hopy = O Bon 3y aKm apr Kes
A oV Y

Ko, {3 0o gy o120 I+ 4H,, I ‘}
ou

3K v o 0K om
Hoppoo= 20022 7,2 022 4,
22009 T (a ) 29 av

K., {3 a_évo__

1aKm
ou

817 12(11,.;)#121*,,11:_,?1+4H,L,.1'*3.3*}.
Finally, for order 7, we have
(3'12) OEH;J‘/M-RUI:-S
+ (H tjhar RA-'."e +H kija R e I'I/,m R ;'s + I{jhka Ri’is)
+ (HyHyu.+ HuHj.+H, Hy.+ H,, H, o+ Hy Hy,

+H,Hy.+H; Hi+H,;H,.+ Hy Hy + Hy H) R
—2H, 15hk R s

-2 (HithI::s + Hy Ry + PlhkiRj‘ls + H;'IJ‘-RE:.\-)
"Z(HUHM-‘*' H,, Hjlr + HikHjh) R:;is .
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§4. Conveniently, we use the following notations :
&=H,=H,=+1,
K.=K,,, K.=K.,,
a,=H,,,, b=H., c¢=H,.,
a,=Hpwm, by=Haus,
Li=H,,,, M=H,,, N=H;um,
Ly=Hymw, M, =Hys, N,=H,y,,.

At this time, (3-1), (3-3), (3-7), (3-8), (3-10) and (3-12)
are expressed as follows:

0=R;,,

0=¢éRy,—R).,

0=¢&R,.—R.,,

0=Ry.+R;.,

0=R,,+Ry,,

0=K,Ru,+2ER,,

0=K.R5+ 26 R, ,

0=a,Ry+b,R;,+3K,R,.\—K,R... ,

0=b,Ro.+cR;,+ K R, +2R.;,—26R,;, ,

(4-2) { 0=CRu+b.Ry;,+ KR\ + 2R, — 26 R,

0=b,R,)+a.R,;+3K,R;—K,R.),,

0=L,R)+ M R;+4a, R +4b, R’ + 46K, Rz,
—2a,R,),—8K,R.),,

0=M,R.+N,R2+a,R.).+2b R, +3cR’+4EK,R.,
—2b,Ry,—2K, Ry, ,

0=N, R+ N.R2,+2b,R,),+2b,R 2 —2c R — 4R\, ,

0=N.R);+M,R;,+a,R;,+2b, R, + 3cR.\,+ 4E K. R,
—2b,R . —2K,R.),,

0= M-".’RU:‘S—*- L2R0£1+4bgRyls+ 4ar_)Rg:,':3+ 48K<_1R¢;1,
—2a,R\,—8K,R., .

(4-1
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Now, we shall compute the determinant of the matrix 4 con-
sisting of the coefficients of R’s in above equations. For the sake,
if we put R,,=0, then we have R},=0 and R*%=0 by (3-3) and
(3-8). In this situation, the above matrix is essentially equivalent
to the following matrix:

0
0
K,
0
0
K,
2a,
2b,
2b,
2a,

Al

I

0
K,
b,

L,

S h ©O O O

K,
0

(=

0

oM oo mo oo o

4K,

cocooXNRoR o

a,
3c

4b,

1 0 0\
0 0 0

0 0 0

0 0 1

0 1 0
3K. 0 0

0 0 28K,
0 26K, 0
2b, 0 2¢K,
4a, 26K, 0 /.

Then, we shall denote by 4, the square matrix omitted the i-th
Let us compute the determinant |4| by the aid

column from 4J’.
of those matrices.

Case I. K,K.=0.

If K,=0, we have

therefore

For K,=0, we have

therefore, similarly,

and <o,

Case II. K,==0 and K,==0.

al=b1=L|=M=Oy

a,=b,=L.,=M.,=0

|J,.[=O
Hence it follows that

|4 =0.

|di|=0

|d]=0.

for every i.

for every, i,

We shall omit the points where K,=0 or K,=0. Then, by the

elementary computation, we get
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(140] =6 K B () Mo 6 () KM ~8 (Ko b,
—K,K.a,a,— 4K, K,b,b,—5(K.,)*a,b,
276 (KK e+ 9 (KK,

K
dy|=2=114,,
] K. ||
. K,
dy|=2=2d,),
N K1| l

|d:| =48 K:{3(K\)* K. L.+ 6K, (K.,)°N,— 8(K.)* (b)*
—5K,K,a.b,—5(K,)*(a,)"—24¢ (K, K,)*b,

. - 38 KI (K‘.’)nal} ’
(4:3) ¢ ,
ldli|= 8](1be+Kea1 ld"|—' SK‘(ZL-_FA'K;'QKIJ(’
3(K): 3K, K, ol

|d,|=6E K,|4d,,|,
|4 =66 K, 4],
|d3l = 8_‘K_£‘ j_l{&‘ ]‘le - ’SKEaLJCA’Ig b'L |4 |

Tl

3(K)? 3K, K,
|4y =3K, S KK g Kea+2K00, )y
. ‘ K, :

4| = Kbt Koay ) Kia.+4KD, [l

K, K,

Consequently,
pld|=—2€a,|dy| +28b, |4,| + (K, K.,—2¢¢) | 4|
+28b, |4, + (4K, b,— 28 L) | ;]
+ (26 M,— 3K, 0) | 4| + (K, a,— 26 N,) |d,| +2€ My | d,,),

where p is a certain constant.
Then if we substitute the above expressions for |J,|,

old) =1l 16K (KD M+ 3(K,) K, M-8 (K2 a,b,

K, KK.
_KIK‘_‘al(Z‘."—'ZlKI K2b1 b:’_ 5(K,)2a‘_,b2_-275(](, Ke)gc'*'g(KlI(‘:)a}
_AAL 1 6K KN+ 3K, (K L —8(K,)* (by)*

K. KK,
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—5K, K.a,b,—5(K,) (a;)*— 246 (K, K,)* b, — 36 (K,)* K, a.},
therefore,
0K K| 4= {3K,(K.)* M,+6(K,)’K.M,—8(K,) a.b.— K,K,a,a,
—4K,K,b,b,—5(K,)*a,b,—27¢ (K, K,)*c+ 9 (K, K.)*}
x {3(K))*K,M,+6K,(K.,)*M,—8(K.)’a,b,— K, K.a,a,
— 4K, K,b,b,—5(K,) asb.— 276 (K, K.)*c+ 9 (K, K,)"}
— {3(K)* K. L.+ 6K, (K.)*N,— 3 (K.)*(b,)*—5(K,)*(a.)*
—5K,K.a,b,— 246 (K, K,)*b,— 3¢ K,(K,)*a;}
x 13K, (K.)* L, +6(K,)* K. No—8(K,)*(b:)*— 5(K:)* (a,)*
—5K, K,a,b,— 246 (K, K,)*b,— 36 (K,)* K,a.},
where ¢ is a certain constant. Using (3-10) and the relation
1 K _ 2logK  dlogK dlogk

K uwou  owou ou” o’
we have

Ist term = (K, K,)* {3 9" log Ki(K,)* _ 9 log K\(K.)® 5log (K"K,

oudv ou oV
v 1 N2
49900 4 " 9 log (K, ),,K;'} )
ov ou

ond term= (K, K,)*{3 7 108 (K)'K. _ dlog(K) K. 3 log K, (K.)*
o1 3V v ou
4994 w 30y 2 log K’ (&)i} )
u ou

3rd term=(I{, K.)* {3 ” lpg g(')!g - LLOg(K—*" VK. 2 lpg Ig'(i{f’)z
(ov)* o I/

+9 ] [".”-Tz _3['22‘-’ ? IOg K1(K3)2 }’

o 1)
4th term= (K, K__,)ﬂ{ _’3__10%_6%)(@)__ d log g;(,KQ: 3_}955_%5'_)2_&

v 1 R o1
+9 a’/ n_gyn 2 log (K) IS-:}_
ou u
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Put
/ Xi=log(K,\)’K.,
X,=log Ki(K.)*,

(4:4) { =310+ 2%
ou

Y.=304 2%
ov

then
|| =p (K, K. {(3%’3— oX, )(3 2’_‘1 v.)

(3 3Y, _aX )( Y, aX2 Yz)“

Case II-i. Y,Y.,=0.
At this time, ciearly,
4=

Case II-4i. Y,==0 and Y.=0.

3 dlogY, X, dlogy. dX,
|d|=p(K,K,) Y,K{(BL—§~>(3_L_6_)

ou ou ov
—(32loRY. _AXyyalogY. _oX)l
el o ou ou
If we put
U=3logY,—X,
(4-5) l U.=3logY,— X,

it follows that
U

di=p l‘.'“ Y, — ,
[l =p (K K)"Y, 3(u0)

where p is a certain constant.
So, we get the following theorem :

THEOREM. A two-dimensional space with a dominant projective
connexion which cannot be imbeded in a three-dimensional projective
space admits an osculating surface of 7-th ovder if and only if one
of the following three canditions is satisfied,
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(A) K,K,=0,
B) | Y,Y,=0,
© LICAOR)

o (uv)

K, K,=0 means that the three Darboux tangents are coincident.
We next consider a geometrical meaning of the equation Y,Y,
=(0. If we put

E=K.K™,
(4-6) E=29E

=
l0r= w K
those are expressed by
E=2¢K K,,

E,=2¢K K, 218 KK
ow
— 1, 0 IOgK_,
6,=26 K K301+ 78 ),

82_—_261{] KQ(S[‘Q}"‘ ’@_l%gJK—]).

Accordingly

Since the space £, admits the surface which has the contact of
four-th with it, the canonical pencil can be defined as the same
way in the ordinary projective differential geometry: the lines
joining the point

p(E.+6.)—6, PE~+6)—-86, ,
26E At 26E A+ 4,

( p: arbitrary constant)

with 4 are the canonical edges of the first kind. When we make
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vary p, these edges form a flat pencil having 4 as vertex. Let
2\, Z’, 2 be non-homogeneous coordinates of a point refered to the
frame [A 4,4,4,]. Now 4A,, AA, are asymptotic tangents at
4. The plane of said pencil is gived by

., E.0—Ef, ,
(B +6,)2 — (Est 62 = E_%E‘?_ 2

Therefore, Y, Y,=0 means that the plane of the canonical pencil
of the first kind intersects the tangent plane along an asymplotic
tangent.

§ 5. In the case where torsions are zero, that is,

(5-1) R:,=0,
(3-1), (3-3) and (3-8) become
(5-2) R;.=0, R;=0,
R.).=R;};=0.

Next, let ¢, j, £ in (3-10) take the values 1, 2, then, if K,K,#0,
we have

(5-3) Ry.=3R,,=3R.,,
R.=H, R;,.
Hence, by (3:7),
(5-4) R,;,=0, Rg=0,
(5-5) R;.=0.

Consequently, if two-dimensional space with a projective connexion
without torsion admils an osculating surface of 6-th order, this con-
nexion must be symmetric.

In virture of (5-1), (5-2), (5-3), (5:4) and (5-5), (3-12) is
turned to

0= (HyHyu+ HoyHya+ Hi Hyo+ Hy Hijo + Hyn Hipo + Hy Hipa
—HinHin— HuyHia— Hui Hu— Hin HO R,
—2(H;Hy+ Ha Hy+ H  H) R,
If we put i=j=k=1, 2,
0=—46K,R;,,
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0=-—4¢K,R5,,
so,
(5-6) R:=0, RJ=0.
Therefore
5-7) R..=0.

Thus, if a two-dimensional projectively connected space in the wide
sense without torsion cannot be imbeded in a three-dimensional pro-
jective space, this space admits an osculating surface of 7-th order if
and only if the three Darboux tangents do not coincide.

This result coincides with the general theory obtained by
Prof. J. Kanitani.®

At the end, I express my sincere gratitude to Prof. J. Kanitani
for his kind guidance during my researches.

*  J. Kanitani. (In the press)



