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§  1 .  Consider a two-dimensional space whose moving point
is designed by parameters u  and v. Suppose that a curve C  drawn
o n  B ,  is developed on  a  curve l '  of a  three-dimensional projective
space ,S„- by means of the projective connexion l'„;t- (a, 19=0, 1, 2, 3 ;
r= 1 , 2 ) , th e  moving frame o f reference [A A ,A ,A ,] along to I '
being defined by

(1.1) dA ct= ,
A ; 7t1 = t t ,  t t '= 7 ) \

ka, 19=0, 1, 2, 3 ;r = 1 ,  21 •

We shall denote hereafter by a, the suffixes which take
the values 0, 1, 2, 3 ; by a, b,• • •i, j,• -7., s , . w hich take the
values 1, 2 , except fo r  § 2.

We use the following notations :

(1-2) 1H>s= —
2
-(/',:;-F P82),

(1 . 3) H=det111„1 ,

(1. 4) 1
11,61=-

3  
(4 ,1-18,+ 4 814,-+ J,H, ),

where --11 Hi .. = — Has — rs'; Lira,

(1. 5) 1
4

where H" is the normalized cofactor of the element H „ in  H,
(1.6) K„,,-1/„st —H„118,— HS Het H r S  •

Let R L , be the curvature tensor relative to the connexion r
that is
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1 '2  (1-7) R L = — '9 +  r .aus au'
I f  w e  suppose that w e  c a n  m a k e  w ith o u t lo ss  of

generality
(1.8), ,
(1.9) H = 1 ,  H, =0 ,
(140)

Moreover, i f  we take the asymptotic parameters u  and y, we
get

(1.11) H„= Ho,= 0 , H „ =  H 2 , .± 1  .

§  2 .  Suppose now that the curves on the n-dimensional space
R „ w ith  the dom inant projective connexion are developed into
a  curve on a projective space 4 .  We have the following theorem
concerning the existence of a surface J'„ which lies in S N  and has
a contact of v-th order with the development of R 7,

 T h e  necessary and sufficient conditions for the ex-
istence of a surface U„ having a contact of v-th order are expressed by

(2.1) D FA D •-  •D i RS,„-.--=-- 0 for 0 <

i, 1, m=1, 2, ••-, n
kp---n+1 „  N

I f  these conditions are satisfied, and the equation o f  V„ is denoted by

(2.2) 1 1 e = .
2

the coefficients H P ( 2 = 2 ,  • • • ,  V ) are determined by
A —3

(2.3) H P  =  HP E
L A - ,

( s - 1 ) E  H P  11/
jA -1i l  •  i a s= 2

+11,1 (2-3)11,P l',"
A-2

- E  1--P • HP raJi JA-v,s = 2  I

(q : n +1--+N, a :1— n)
and such (2=2, •••, v-1) are symmetric relative to and
moreover we have

*) J. Kanitani: " S u r  les surfaces osculatrices A un espace 'à connexion pro-
jective majorante," Mem, Col. of Sc., lire . K yoto , Ser. A. XXVI, No. 3, 1951,
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(2 •4) 131
1 À ..-D i i R S „,= (-1)A - 1  {1-1:: R o7„, + 11 . R '

9,et it  • • • 2A-la ix/7n

A -1

+ E  H ?  . FP' .  R a
3r--3A .7 A +V ' WMs = 2  j

— R Pqlm

— (2 - 2) Hi'
• J A - 1  

R

A -2

— (s —1) >7_, I/7 R,1„,1

for 2< ii<2.)-2 .

§  3 .  Always, there is a  surface I; having a  contact of second
order at the image point A of a  point P (u v )  on i t  the  de-
velopment of any curve passing through the point P (u v ) .

The condition for a contact of third order is
(3.1)

that is,

(3.2)

Then, such surface is expressed by

2 3 =  
1 H„.z ' z + 2 ' z i  + " •  .
2 6

Next, owing to (1.8), the conditions for a contact of 4-th order
are

(3-3) 0 ----- D ,R =

In  (3 .3 ) , if  w e put 1= 1 , r= 1 , s= 2 ,

0— H 2 I 21121

and if w e put t= 2 ,  r= 1 , s= 2 ,
0 =2H,2/

Consequently,

(3.4) /  ' 122 =  ' ,211 -=  0 .

Therefore,
( Km= —21-1121,, 2 ,

(3-5) Ki12= K121= K2ii= K221= K2,2= Km.=0 ,

1'2 2
1.

For a contact of 5-th order, we have
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(3-6) 0  D i ARZ-7- —

— H ii(R A +R ;,)} .

Multiply the right hand side by ff ij , and sum up those expressions,
then we get

0= (R 4 +

But, in general, we have

0 --=/?„%=Rd.,+ .

Hence,

(3.7) Raa„=0, Rd s + .

Consequently, (3 -6 )  becomes

(3.8) 0=H,j„RX.,+H„,R;rs+11,„Ri7.,.

The coefficients 111 i , ,  are as follows :

' 1 1 11 11
Q f y

1 1 1 1 1  — 1 1 1 1 1au
111112= aK ,„ + 3 r , 2 2 K i n

av

1 1 11 22 =-- 2 11 12( Go '  I -4
-  I- 11

2
 •  -  '12°I I 1 2 1 ' 22° )

= 2 1 1
i:1( 1 22

il ' 2 1 °  H i 2 1 •211)

&K..° , v110,2„=— "I- 0 1  111  1 ,-222au
11,222— — 3P222K ,,,

av

and are symmetric relative to i, j, h, k.
For order 6 , by (3 .7 ) ,  we have

(3.10) 0 =

= H,J k „R oar,

+ (11,; „R)3.,+Hki„R i ':.,+  ka R

+  (
111

j  k a +  likt H i o+H i klif.)RZo

(1-1,;.R +H k ik :.,+If i kR117;).

And if we put À=5 in  (2-3),

(3 .9)
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(1-1, 421("1 — 7 1" (31C1" — 4P 2 a - K n1in, 0 , 0 2 i t  ,3„,( i v

—K 11 {3  '3 1 ;1 1  8 r i i ° — 1 2  (r ii T  +  12P „ 2 P 2 + 4H,2r-.1 2} ,
au

_ 3  / a x „ ,  + 4 1 ,22,,
&u &v av

—K„, —8/',2A+12r„' r„2+4H,,
• av

+ 5 r 0o2 
(&v) 2O V -2 au

+K 11'F 2 2 7 + 2 r2 2 + 3 /1 I1 r2 .2 1 + 6 (P .,2 )2 .-4 H ,2 / ',.,1
dv

d2K ,2 2  + 5 i ,, i , r i  2  ax2T! 
(au>2 au ' a v

+K00213  1-2r„" +3r2,2 r„2 +6(1 . „1 ) 2 -411.21, 2 1,
au

a"K„, 3 / , 2 aK„ 2a K , ,
au av au av

— i .  {3 8/'„'+12/'n'/'022+4H,2V3,11,
du -

a2K- M o o . C.°H,„— 222 7 r.,2-
( iv y &v-

a P.,02
— 1G2 -13  --8V 2-12(/ '202)2+ 12P ,1E 221+ 41-112r321

av

Finally, for order 7 ,  w e have

(3 -1 2 )

+  (H„,,„&:.,+Hk, ; „R „7.,+ Hbk i„R H i h k a R

+(H„H,,,„+ H„.Hi,„+ Ha,.

+ Ii,, H„„ + II,,, il,,,, H i „ , . 1 1 „ , ) 1 ? : ,

2 H (ihk

— 2 (H„,,R4,+ + 11,41R

—2 hk+ 1,11. jk+ HikH ;14) 1
?::$ •

(3.11)
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4 .  Conveniently, we use the following notations:

±1

At this time, (3.1), (3.3), (3.7), (3.8), (3.10) and (3.12)
are expressed as follows:

/0= R;;.,

0=6 R2%,
0 + RJ.„

+ R ,

0 = K +  2 E  ,

0 = K 2 R 4  + 2E R,;.„

0= a, R,;., + +  3 K ,R,;.„— ,

0 = + cR o L+ K i n  ± 2R:4— 2E R,'„

cRo;.9+ b2 Rd.,+

0 =b2 Ro!.s+ a 2 liii,%+3K,R,.:;:, —  K2 Ro% ,

0= L,R0;.,+ M, R , + 4a14 b 1 R 1 , +  46 K i RL
— 2a,R4s— 8K, ,

0= M ,R L + N 3 R 4  a 1 R,',..+2b, k!8+ 3cR,L+ 46
— 2b1 — 2 K 1 R ,

= + A roR 4+2b,R +2b2R 1-2cR 18— ,
= 1■12 R,,, + M 2R ,;,+ a„R, 3 +2b0R 3 +3c120+ 4E K,R,,%

— 2b„R,,%— 2K 2R,'.8

0= M ,R ,;,+ + 4b2R, 1,8+ 4 a 2 R,;),:s  + 46 K2R3%
—2a2 R 4,-8K 2 n , •

(4.1)

K  ,

a1

K2 = K 2 .2

b1 =
H1112. C=1111229

a 2 H2,222 b2
1

' 2221

L1 1111111, M 1  = H11112 1V1 111112.2

L2= H22222 , M2= 11,222, , N2= 1122211 •

(4.2) (
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Now, we shall compute the determinant of the matrix d con-
sisting of the coefficients of R 's in  above equations. For the sake,
if  we put R , =0, then we have R 8 =0 and  R 8 =0 by (3 .3 )  and
( 3 .8 ) .  In this situation, the above matrix is essentially equivalent
to the following matrix :

/ 0 0 0 1 0 0 1 0 0 \
0 K, 0 0 0 26 0 0 0
K, b, 0 3K1 0 0 0 0 0
0 C & 0 0 K 1 0 0 1
0 b2 0 0 6 0 0 1 0

4'
K, a, 0 0 0 0 3Ko 0 0
2a, M, 4K1 4a 1 0 0 0 0 28K,
2b1 N, 0 2b1 K, a, 0 28K1 0
2b0 M„ K, 0 0 3e 2b, 0 26K2

\ 2a, L, () 0 4K„ 4b2 4a0 28K2 0 J .

Then, we shall denote by d, the square matrix omitted th e  i-th
column from . L et u s  compute the determinant 141 by the  aid
of those matrices.

Case I. K 1 K0-77, 0 .
If 0 , we have

therefore

Hence it follows that

For K2 0, we have

therefore, similarly,

and so,

a1 =---b1 = L1 = M1 =0 ,

lid = 0  for every j .

J=0 .

a,—  = L2 = Itf,=

= 0  for every, i,

141 1=0 .

Case II. K ,  0  and K,40 .
We shall om it the points where K1 = 0  o r  K2 = 0 .  Then, by the
elementary computation, we get
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141,01= KI{3K(K2) 2 Mt+ 6 (K,)' K,M, —8 (Ki r a,„b„,
- K,K,a,a,-4K,K2b,b 2 -5 (K i r
—27&(K1 K 2 ) 2 c+9(K 1 K,) 3 } ,

14,1= 2 - -

K 2Ijs1=2-K,

14171= 46  K,2{3 (K,) 2 K,L,+ 6K,(K2) =Ni —8 (K2Y2 01) 2

—5K,K,a 2 b, (K,) 2 (a2)"— 246 (K, K2 )̀ -' b,
—3& K,(K2)' ai}

14, _  8K1 b,+ K,a,  1 4 ,1 _5 K 3 a2 + 4K 2 
3(K 2 ) 13 K 1 K 2

14,1=--  6E K214,01,

fri4i= 6 EK114 71,
14 _

1j1013(K,) 2

ii21 _ 3 x 6c— K,K2 I j d
K 2 '

4K1 b2 + K2 a,
K,

3K,

K 2 a, +2K, b.,
— 6 -  j

K 1 a2 + 4Kob, 
K,

Consequently,

Pi4 1= - 26 a1li31+2Eb,14141+(K,K2 - 2E01411
+2Eb2 14;1+ (4K 1 b1 - 2  L1)1,i
+ (2E M,-3K,c) I ‘1,1 + (K1a2-2EN2)14 ,1 +2E/14:21,41,

where t. is a certain constant.
Then if  we substitute the above expressions for 1..111,

t , — 1'1101 1{ 6 K 1 (K2) 2 /14', + K2M„--8 (K2) 2 a,b,
K , K ,

4K1 K 2 b1 b2 — 5 (K,) 2 a,b2 -27  (K  K 2) 2 c+ 9 (K ,K ) 3}

— 14 7 1  1  
K  K, K, 

{6 (K,) 2 K,N2 +3K,(K 2) 2 L, —8 (K,) 2 (b,) 2

2 

(4.3)
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—5K, K,ai b2 -5 (K2) 2 (0 2 - 24E(X.K2) 2 b1-3 8 (Kt) 3 K2a21 ,
therefore,

,0K1K21jj= {3K (K2) 2 M, +6 (K,) 2K ,M 2 -8 (K ,) 9 a,b 2 — K,K2 a,a 2

—4K K 2 b1 b2 -5 (K ,) 2 a,b, — 27E (K, K2) 2 c + 9 (K, K2) 3 1

x {3 (K,) 2 1(2 /14.
2 +6K ,(K 2 ) 2 /14; — 8 (K 2) 2 a,b,— K, K,a, a,

— 4K,K2 b,b 2 - 5 ( K 2)' a2 b2 -27E(K , K 2 ) 2 c+ 9 (K, K2) 3 1

— {3 (K,) 2 K 2 1:2 + 6K,(K2) 2N, — 3 (K2) 2 (b,) 2 — 5 (K,) 2 (a2 ) 2

— 5K, K,a2 b, — 24E (K, K2) 2 b,— 38 K,(K2) 3

X 13K1 (K ) 2 L, + 6 (K,) 2 K2 N 2 -8 (K i) 2 (b2) 2 - 5(K2) 2 (a1) 2

— 5K1 K„ai b2 — 246 (K,K2) 2 bi— 38 (Ki) 3  K2 a2}

where p  is a certain constant. Using (3 .10 ) and the relation
1 a" x a" log K  

+  

logK  3 logK
K  du' ate au-air au- aus

we have

1st term= (K, K 2 )2 {3 a' log K ,(K 2 )2 d  log K,(K,) 2 a log (K 1 ) 2 K.2  

3u iv 3u av

+9-g— 3 1 ,  a log (K, ) 2 K 2 }„
3v au

2 n d  t e r m =  ( K ,  K 2 )
2

 { 3  
32 log (K,) 2 K., a log(Ko`2K , a log K, (K 2 12  

du dv av ait
log K, (K2) 2 }

-)u &is

&2

3rd term= (K 1 K 1) 2 3 log (K,) 2_  log( l f , ) 2 K., '3 log K, (K2) 2  .{
(3v)2 3v iv

„  log K ,(K ,1 2  

+9 - — - -
av 3v

4th term= (K, K2)2 { 3  _32 logo iLC),(2K2) 2 _ 3 log K, (K ) ' lo g (K)2K,
du du

+9 ari1 1,   lo g (K ,) 2 K,
au
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Put
X ,= log (KO' K2 ,

log If1(K 2 ) 2 ,

ax,li=3P111 +  —au

Y.,= 3/ 22
2 + ,av

1A1=P(K 1K Y  {0  a  — Y )( 3 a Y2 ax2 
?)U A  av

(

3 a Y, ax,  y 1 ) ( 3a  Y2 ax2  y2) } .

Of) OV au au

Case II-i. Y, Y2 =----  0 .
At this time, clearly,

1M =0.

Case II-ii. Y,  1  0 and Y - 0 .

a log Y,  _ ax,v 3 a log 17 , ax., I Ai =-1, (Kilf2) 3Y .2 i(3
au au I\ av dv

3  d  log Y,  _ ax,v 3  a log Y2 ax  
av& v /\a u au' 1)•

If w e put

(4.5)

it follows that

U, r33 log Y,— X,
1U2=3 log Y.,— X ,

j  = K.) 3 y-1a(uiti,) 
a(uv)

where Jo is a certain constant.
So, w e get the following theorem :

THEOREM. A  two-dimensional space with a dominant projective
connexion which cannot be imbeded in  a  three-dimensional projective
space adm its an  osculating surface of  7-th order if  and  only if  one
of the following three canditions is satisfied,

(4.4)

then
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(A) K1K O,

(B) Y1Y2 O,

(C) a (U, U2) 0

a ( u v )  —

means that the three Darboux tangents are coincident.
We next consider a geometrical meaning of the equation Y, Y,

---------O. I f  w e put

(4.6)

those are expressed by

E = 26 Ki

K  K. a log K , 
- au'

4+  lo g K,0,= 2EK, K.2 (3 /  au

62-2& K 1K 2(3122 a log K,
dv

Accordingly

Since the space 8 2 adm its  the surface w hich has the contact of
four-th w ith  it, the canonical pencil can be defined as the same
w a y  in the ordinary projective differential geometry :  the lines
joining the point

P  +  —   A i +  P +  HI) — + A,

E 2& E
( p : arbitrary constant)

with A are the canonical edges of the first kind. W hen we m ake
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vary p, these edges form a  f i l t  pencil having A  as vertex. Let
z', z', z3 be non-homogeneous coordinates o f a  p o in t refered to  the
frame [A A ,A ,A d .  Now A A „ A A ,  a re  asymptotic tangents at
A .  The plane of said pencil is gived by

-  N . .(E ,+ —  (E, (L )z 2+(L)z 2 — E 1  '  E ' -  e.
26E

Therefore, Y, Y, 0 means that the plane of the canonical pencil
o f  the  f irst k ind intersects the tangent plane along an  asymptotic
tangent.

§  5 .  In  the  case where torsions are zero, tha t is,

(5-1) 1?,,r;s=0 ,

(3 .1 ), (3 -3 ) a n d  (3 .8 )  become

(5.2) R js=0, 1?3:, =0,

Next, le t  i ,  j ,  k  i n  (3 -10) take the values 1, 2, then, if
w e have

(5 . 3) R01,),=31?.3=3,R,3 ,

R,:rs =1-40,  3,
Hence, by (3 .7),

(5.4) R 0 ,= 0, R ; , = 0

(5.5) Re: 8 = 0.

Consequently, i f  two-dimensional space with a Projective connexion
without torsion admits an  osculating surface of  6-th order, this con-
nexion must be symmetric.

In  virture o f  (5 .1 ) , (5 .2 ) , (5 .3 ) , (5 .4 )  a n d  (5 .5 ) , (3 .1 2 ) is
turned to

o= (11,i 11,,„+1111,H i k .+H,H,ha+ HhkH„„+H,,,,H„,„+Hi hHska

H ijh H  H  k i i  H  ha -  Hhki H ja - 11jhk Hi,,)R;S%

H „k ilih)R %  •

If  w e put i— j=k =1, 2,

0= —46 KR„';'.„
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0=  —Li& K2R3-8,
so,

(5 - 6) R; 8 = 0 ,  R = 0.

Therefore

(5.7) 1?,; (;.,= O.

Thus, i f  a  two-dimensional projectively connected space in  the wide
sense without torsion cannot be imbeded in  a  three-dimensional pro-
jective space, this space admits an  osculating surface of 7-1h order if
and only if  the  three Darboux tangents do not coincide.

This result coincides w ith the general theory obtained by
Prof. J. Kanitani.* )

At the end, I  express my sincere gratitude to Prof. J. Kanitani
for his kind guidance during my researches.

*) J .  Kanitani. (In the press)


