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In this paper we shall study some interrelations lying among
the theory of ramifications of divisors, differential forms and the
differente in the covering theory of algebraic varieties of higher
dimensions. In the first two paragraphs the preparatory courses
will be given. In §1 we shall recall some notions and definitions
on the coverings of normal varietes and branch loci, and then in
§ 2 we shall prove snme elementary lemmas on uniformizing para-
meters which are necessary in the following investigations. After
these preliminaries we shall characterize the subvarieties of codi-
mension 1 which are ramified with respect to the covering in
terms of differential forms (8§ 3). In the case when the character-
istic of the universal domain is zero, the ramifications of divisors
can be completely described in terms of the ramification theory of
discrete valuation rings and it is not necessary to use the language
of differential forms. But in the modular case the matter is quite
different and complicated in the case of non-tame coverings. This
is one of the motivation of the present paper. In §4 we shall
study some properties of differential forms finite at a normal point.
Among other things we can prove the following result. “A dif-
ferential form (of highest degree) finite at a normal singular point
have a zero variety containing the reference point”. From this
we can see why the branch loci are of purely codimension 1 at a
simple point in a clearly understandable forms (§5). The chara-
cterization of the ramified divisors in terms of differential forms
have another application. We shall define an integer e(D*), called
differential index, for a subvariety D* of codimension 1 of V*,
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It has the property that D* is ramified for the convering if, and

only if, e(D*)”>0, and this integer represent, to some extent, the

order of ramifications. Since the branch loci form a bunch of

varietes, the formal sum b= E*e(D*)D* represent a divisor. The
D

famous formula of Hurwitz on canonical divisor and differente on
algebraic curves can be generalized in a natural way in terms of
the divisor . Thus the divisor d will properly be called the dif-
ferente of the covering. At the end we shall discuss on the Jacobian
set of the linear systems from the point of view of the covering
theories.

§1. Coverings of varieties.

Let V and V* be normal varieties defined over an algebraic-
ally closed field k, and let = be a rational map from V* onto V
defined over k. We shall say that V* is a covering of the variety
V with the covering map = if they satisfy the following con-
ditions :

(a) The rational map = is defined everywhere on V*,

(b) For all points » on V, the point set = *(v) consists of a
finite number of points.

(c) The variety V* is complete over any point of V.

(d) = is a separable map, i.e. if P* and P are the corre-
sponding generic points of V* and V over the field k respectively,
then k(P*) is separably algebraic over k(P).

Let K*=Fk(V*) and K=k(V) be respectively the field of rational
functions on V* and V defined over k. Then as is well known
the variety V* is nothing other than the normalization of V in the
field K*. Conversly if the separable extension K* of K=£k(V) is
given, then the normalization V* of V in K* gives rise to the
covering V* of V and it is determined uniquely up to a biregular
transformation over k. Thus there exists a 1-1 correspondence
between a covering of a normal variety and a separable exten-
sion of the function field of V.

Let V* and V be as before and let » be a point on V, and
W the locus of v over k. Let 0=Q,(W/V) be the quotient ring
of Win V/k and let m be the maximal ideal of v. We shall ex-

1) We borrowed this definition of covering from [6].
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press this fact by saying ‘“(o, m) is the quotient rving of W”. Let
v* be a point on V* corresponding to », ie. w(v*)=v. Then the
locus W* of v* over k is a subvariety of V* corresponding to W.
Let (o*, m*) be the quotient ring of W* in V*/k Then (0%, m¥)
is a local ring in K*=k(V*) lying above® (o, n1). We shall say
that the point o* (or the subvariety W*) is unramified over the
point » (or the subvariety W) if the following conditions are
satisfied ;

(1) m* = mo¥*
(2) o*/m* is separably algebraic over o/m.

In the contrary case v*(W*) is said to be ramified over v(W). Let
v, W and (v, m) be as before and let o¥ (=1, 2, ---, 2) be the local
rings of K* lying above o. Then there exist % subvarieties
W¥ (i=1, 2, ---, k) defined over k such that o¥’s are exactly the
quotient rings of W#¥*'s on V*/k. Let v¥ be a generic point of WF¥
corresponding to ». Then we shall say that the point v is a branch
point (or the subvariety W is a branch subvariety) of the covering
K*/V, if there exist at least one index 7 such that the point v¥
(or the subvariety W¥) is ramified over v (or over W). According
to Krull ([5]) the point v is not a branch point if we have

]

Z [E(WE) : kW), = S0 [(0F/m¥) : (0/m)], = [K*: K]

i=1

In our case the converse is also true ([2]). Let us denote by
A(K*/V) the set of the branch points on V with respect to the
covering K*/V. Then it is known that there exist a finite number
of branch subvarieties {B,} defined over k such that any branch
subvariety (point) is contained in at least one of B;s ([1]). We
shall call A(K*/V) the branch loci of the covering K*/V.

§2. Uniformizing parameters.

Let V" be a variety and let P be a simple point on V. We
shall recall here the definitions of uniformizing parameters at P
on V. Let f,, -, f, be functions on V, then we shall say that
fi, o+, f, are a set of uniformizing parameters at a simple point
P if they satisfy the following conditions :

2) A local ring 0* is said to lie above 0, if 0* is the quotient ring of the integral
closure of 0 in K* with respect to its maxima ideal,
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(1) The functions f;'s are defined and finite at P.

(2) The zero divisors of the functions (f;—f;(P)) intersect
properly, locally at P, with the multiplicity 1.

The condition (2) is equivalent to the following®

(2’) Let k be common field of definition for V over which P
is rational, and let (o, m) be the quotient ring of P in V/k. Then
u;=f;—f(P) (i=1, 2, ---,r) are a regular system of parameters of
the local ring o.

DeriniTION 1. A differential form © of degree » on V” is said
to be finite at a point P on V, if o can be written in the form
o=adt N Ndt,, where a and ¢;/s are the functions regular at
P. We shall say that o is zero at P, if in the above expression
we can take « in such a way that a(P)=0.

ProrosITION 1. Let P be a simple point of V and let t,, -, ¢,
be the functions on V regular at P and take the value O at P. Then
ty,, =, t, are a set of uniformizing parameters at P on V if, and

only if, the differential o=dt, A --- Ndt, is not zero at P.

Proor. Necessity is obvious. Let 2 be a field of definition
of V such that P is rational over k& and that the functions ¢,’s
are all defined over k. Let (o, m) be the quotient ring of P in
V/k, then o is a regular local ring since P is a simple point on
V. We shall show that /s are linearly independent modulo m?
if dt, A---Adt, is not zero at P. Assume the contrary, then there

exist constants ¢;s in k such that 20; t;=0 (mod m?. Let
i=1
u,, - ,u, be a regular system of parameters of 0. Then we have

2 c;t;= Z a;;u;u; with @;’s in 0. Now assume that ¢,==0. Then

- J
i=1 iyj=1

multiplying both side of the equality by the differential df, A --- A dt,,
we get

o dt, N ANdt, = ( f‘_, (a;;u;du;+a;;u;du;+u;u;da;;))dt, A - Ndt,.
iy j=1
Expressing the differentials da;; and df; in terms of du;’s we see
at once that the right hand side of the above equation vanishes
at P, which is a contradiction.

3) Cf. e.g. [8] and [12].
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It is known that if o is zero at a simple point P, then P is
contained in the zero divisor of the differential o ([4]). From
this we can easily get the

CorOLLARY 1. Let t,, ---,t, be functions on a variety V™ such
that dt,A---Ndt,==0. Let Q be the complementary set of the
Sfollowing bunch of subvarieties on V. 1) Multiple subvarieties of
V, 2) polar varieties of the functions t;s, 3) the zero divisor of
the differential form dt, A---Ndt,. Then the v functions t;s are a
set of umiformizing parameters at any point in 2.

Let W be a simple subvariety of V, then the functions
t,, ---, t, are said to be a set of uniformizing parameters along W
on V if they are a set of uniformizing parameters at some point
P on W (P is necessarily a simple point of V). The following
Corollary is easy and the proof will be omitted.

COROLLARY 2. Let t,, ---,t, be a set of uniformizing parameters
along a simple subvariety W on V. Then there exists a point P on
W, not lying in the preassigned bunch of W, such that t;/s are a
set of uniformizing parameters at P on V.

PROPOSITION 2. Let W be a subvariety of V, P a point on W
which is simple both on V and on W, and let t,,---,t, be a set of

uniformizing parameters at P on V. Let t,, - ,t, be the trace of
the functions t,, -+ ,t, on W, then we can select a set of uniform-

izing parameters at P on W from among the functions t,, ---,t,.

For the proof we shall refer to the paper [8] (Cor. 1 of Th. 1).

§3. Branch loci and differential forms.

ProPOSITION 3. Let V* be a covering of a normal variety V
with the covering map =, and let k be an algebraically closed field
of definition for V*, V and =. Let W* be a subvariety of V*
defined over k and let W be the corresponding subvariety of V.
Assume that W is a simple subvariety of V and W* is unramified
over W, then any set of umiformizing parameters along W on V
are still so along W* on V*,

Proor. Let ¢,,:--,%, be a set of uniformizing parameters
along W on V. Since W is not a branch variety, the set of points
of W which are branch point for the covering form a proper
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bunch on W. The Cor. 2 of Prop. 1 asserts the existence of a
point P on W rational over k such that; 1) P is a simple point
of V, 2) P is not a branch point, 3) #, -+, #, are a set of
uniformizing parameters at P. Let P* be a point in = Y(P) con-
tained in W¥*, and let o* and o be the quotient rings of P* and
P in V*/k and V/k respectively. Then since dim o*=dim o, the
first condition of the unramifiedness implies that o* is a regular
local ring and (¢,—¢,(P))’s are a regular system of parameters of
o*. Since P* is k-rational, it is a simple point of V* and /s are
a set of uniformizing parameters at P*, and hence along W*, on
V*,

Let V be a normal variety and let V* be a covering of V
with the covering map = defined over an algebraically closed field
k. Let P be a simple point of V rational over k. and ¢, ---, ¢, a
set of uniformizing parameters at P on V. We shall put
o=dt,A---Ndt,. Let =* be the adjoint map of = which maps the
space of differential forms on V into the space of differential forms
on V* Since = is a separable map =* is injective and =*w is a
differential on V* different from zero. Using these notations and
assumptions we have the

PrROPOSITION 4. The component of (m*w) passing through one
of the points in = '(P) is independent of the choice of uniformizing
parameters t;’s at P.

Proor. Let #{, ---, ¢, be another set of uniformizing parameters
at P and let o’ =d#; A--- Adt;. Then we have the relation o’ = Ao,
where A must be a unit at P since ¢;/s and (#;)’s are uniformizing
parameters at P. Hence A is, a fortiori, a unit at any one of
the point in # (P). Thus the divisor (7*w) and the divisor
(m*e’) differ only in the components free from the points in = '(P).

THEOREM 1. Let V* be a covering of a normal variety V with
the covering map = defined over an algebraically closed field k. Let
P be a simple point on V rational over k and let t,, ---,t, be a set
of uniformizing parvameters at P defined over k. Let o=dt, A --- NdE,
and assume that a subvariety D* of V* of codimension 1, containing
at least one of the points in = '(P), is a zero of the differential =*o.
Then D* is ramified for the covering V*|V. Conversely let D* be
a subvariety of condimension 1 which is ramified over a subvariety
Dof V. Let t, - -,t, be asetof uniformizing parameters along D
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on Vand let w=dt, N---Ndt,. Then D* is a component of the zero
of the differential n*w.

Proor. First we assume that D* is unramified over =(D*)=D.”
Since D* contains a point in 7= *(P), D contains the point P. The
functions ¢, --+, ¢, are a set of uniformizing parameters at P on
V, hence also a set of uniformizing parameters along D. By
Prop. 3 they are still so along D* on V*, hence D* cannot be a
component of the zero of the differential z*w.

Conversly let D be a branch subvariety and D* is ramified
over D. Then, at first D*, hence also D is defined over k. Let
(R, M) and (R*, M*) be the quotient rings of D and D* in V/k
and V*/k respectively. Since D and D* are simple on V and V*, R
is a discrete valuation ring in K=£k(V) and R* is its extension in
K*=k(V*). By our assumption we have either

(@) The ramification index e¢ of R* over R is greater than
1, ie. MR*=M*° ¢ >1.

(b) e=1, and [R(D*): k(D)];=[(R*/M*): (R/M)],>>1.
The proof will be divided into two cases.

The case (a). Let t and #* be prime elements of R and R* re-
spectively. It is possible to find the functions #,, ---, ¢, on V such
that ¢, ¢,, -+, ¢, are a set of uniformizing parameters along D.
From Prop. 4 it is without restriction to assume that o=
dt ndt,N ---ndt,. On the other hand we have ¢f=a«at*° with « in
R*, a¢ M*, Hence we get

7*e = e * T A AdE, A - NdE, R dandE, N - AdE, .

Since e¢_>1 the expression on the right hand side show that z*w
contains D* as a zero variety.

The case (b). In this case a prime element ¢ of R is still a
prime element of R*. Let ¢=¢, ¢, ---, ¢, be a set of uniformiz-
ing parameters along D on V and set w=d¢, Adt,A--- Adt,. Since
t is a prime element of R* it is possible to find a set of uni-

formizing parameters along D* containing ¢. Let ¢, u,, ---, %, be
such a set. Let us denote by ~ the trace of the functions on
D* (or equivalently M* residues). Then by Proposition 3, #,, -+, @,

4) Here w(D*) simply means the set theoretic image of D* under w.
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form a separating transcendence basis of k(D*) over k. From this
fact we can find (»—1) polynomials G,(X,, -, X,;Y,,-,Y,)
(v=1,--,7r—1) in k[ X; Y] satisfying the conditions ;

(1) Gty -ty 58y, ) =0 (v =1, -, 7 1)

(2) det|9G,/o¢t;|==0 (v=1, -, 7r—1;i=2, - ,7)

In this case we must have

(3) det|9G,/%a;| =0

since k(i) is not separably algebraic over k(f) by our assumption
(b). From (1) and (3) we can put

(4) Gyt -, 8ty -+, u,)=ta, (v=1,--,7r—1)

(5) (—=1)Y'det|9G,/%;| =tB

where @ and B are the functions contained in R*. Taking the
differentials of the both side of (4) we get

31(3G,/3t,)dt;+ 3] (3G, /u;)du; = a,dt+tde,

i=2

From this we get

AL @G, /3t )dt] = AL S (—3G,/Pu;) du;+a,dt+td e,

v=1 i=2 =1 j=2
i.e.

det|9G,/%¢,;|dt, A -+ N dt,

(—1)""'det|9G,/%u;|du, A -+ Ndu,+to,+dt Ao,

where o, is a differential form of degree »—1 finite along D*
and o, is a differential of degree »r—2. Multiplying both sides by
dt=dt, and substituting (5) we get the equation

det|9G,/¢;|dt, A --- N dE,

= HB+B*)dt, Ndu, N -+ Ndu,

where B* is a regular function along D*. Since det|9G,/9¢,| is
regular but not zero along D* we can see that the differential

form #*w contains the variety D* as a zero variety. Thus the
proof is complete.

§4. Differential forms finite at a point.

Let V" be a variety defined over a field £ and let P be a
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point on V. Let us denote by ‘F: the set of »-fold differential
forms defined over k finite at the point P, and by o% the local
rings of functions defined over k regular at P. Let & be the
module generated over op by ‘®%, then as we can see easily b
is a finite of module. Moreover if P is a simple point of V
rational over k and if ¢,, ---, ¢, are a set of uniformizing parameters
at P, then $% is easily seen to be of rank 1 and di, A ---Adt, is a
base of §* over o%t. The object of this paragraph is to settle the
converse problem.

PrOPOSITION 5. Let §: be a free obh-module and let o=
dt, A Ndt, be a base of F'. Then the r-derivations® 9/ot; (i=1, 2,
e, 7) are regular at P, i.e. 9/0t; maps ok into oh.. Conversely let
t,, -, t, be elements of o% such that dt,n--- ANdt,==0 and r-deri-
vations O[Ot are regular at P, then ¥t is a free o}-module and
dt, N+~ ANdt, is its base.

Proor. Assume that df,A--Adt, is a ok-base of T, and
some of the derivations 9/9¢,, say 9/9¢, is not regular at P.
Then there exists an element ¢ in o: such that 9a/9¢, is not in
os. From this we see that daAdi,A.-- Adt, (which is in F% by
definition)=(%a/9¢,)d¢t, A --- Adt, is not contained in ofw. Contra-
diction! The converse is immediate.

PrROPOSITION 6. Let F: be a free o module with the base
o=dt, N+ Ndt,. Let V, be an affine representative of V containing

the point P and let x,, --+ , x be the coordinate functions on V,. Then
there exist indices &, -, &, such that dx, N -+ Ndx,, is also a base
of Bb.

Proor. Expressing the ;s as the quotient of polynomials in
x’s, we have ¢,=f,(x)/g/(x), with g,(P)==0. Taking the total
differentials of both sides we have
N
dt; = ,El {[(afi/axj)gi(x)—fj(x)(agi(x)/axj)]/gi(x)z} dx;
and hence we get
dt1 JANREE: /\dt, = Z Agl...Brdel/\A../\ dxgr

where the sum is extended over all the indices 8,<B,< - <8,
taken from 1,2, --,N, and Ag.,’s are all in o}. Since

5) By ¢/0t we mean the derivation D; such that D;t;=8;; ({,7=1,2,--- 7).
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dxe A -+ Ndxg, are in $i, we have dxg A ANdxg, =By, ..p,dt,
A -+ Adt, with Bg..g’s in 0p. Substituting these relations in the
preceding one we get the equality

1= >V Ag.pBs
.en ...B
B, < <8, 1By =By By

which proves the existence of indices B, :--, 8, such that Bg, ..,
is a unit in o;. Hence for this set of indices, dxg A+ Adxg, is
a base of F: over ok.

THEOREM 2. Let V7 be a variety defined over a field k and let
P be a point rational over k. Assume that F: is a free o: module
with the base w=dt A--- Ndt,, then Pis a simple point of V if one
of the following conditions holds ;

(1) The characteristic of our universal domain is zero.
(2) The characteristic p is >0, and k is a perfect field, and P is
normal over k.

Moreover in this case t,, -+, t, are a set of uniformizing parameters
at Pon V.

Proor. On account of Prop. 5, we see that the case (1) is due
to Nagata (Theorem of [3]). The case (2) is due to Zariski (Cf.
the proof of Prop. 2 in [13]).

As an application of Theorem 2 we can prove the following
interesting behaviour of a differential form -in the neighbourhood
of a normal singular point.

THEOREM 3. Let V™ be a variety defined over a field k and let
P be a normal point rational over k. Let o be a differential form
of degree v defined over k and finite at P. Then if P is a singular
point and k is a perfedt field, then there exists at least one com-
ponent in the zero divisor of o such that it contains the point P,

Proor. By our assumption P is a singular point, hence by
Th. 2 the module F% of differential forms finite at P is not of
rank 1 over op. Let o be an arbitrary differential finite at P,
then by definition we can write « in the form o=adf, A .- Adt,
with the functions «, ¢,, -+, ¢, in 0%. Since the rank of $: is
greater than 1 some of the derivations 9/9¢; is not regular at P
by Prop. 5, i.e. there exist an element b in o) and an index 7 such
that 9b/9¢; is not in o%b. We assume that b,=9b/9¢, is not in ob.
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Then (b,).. contains a component passing through P, because other-
wise b, will be an element of o} since P is a normal point. Hence
o=adt,\ - Ndt,=abi*dbNdt,N---Ndt, and the divisor of o is
equal to (@)+(by')+(dbAdt,A--- Adt,). Let D be a component of
(b,).. which contains the point P. Then D appears in (b7!) with a
positive coefficient and in (@) and in (dbAdt, A --- Adt,) with non-
negative coefficients. Thus D appears in (o) with a positive coef-
ficient, i.e. D is a zero variety of o containing P.

§ 5. The purity of branch loci.

We shall apply the foregoing results to the proof of the purity
of branch loci at a simple point in the case of geometric covering.

THEOREM 4. Let V* be a covering of a normal variety V defined
over an algebraically closed field k and let W be a branch subvariety
of V defined over k. Let W* be a subvariety of V* corresponding
to W such that W* is ramified over W. Assume that W is a simple
subvariety of V, then there exists a subvariety D* of codimension 1
containing W* such that D* is ramified over the corresponding
subvariety D of V.

Proor. We shall first remark that it is sufficient to prove the
case when W is O-dimensional. In fact assume that the theorem
is proved for the O-dimensional case, and assume that there exists
no ramified subvariety of codimension 1 containing W*. Then
there exists a k-open set Q in W* such that any point in Q is
not contained in any ramified subvariety of codimension 1. Thus
we shall arrive at a contradiction. Let P be a simple point rational
over k and let P* be a point in = (P) such that P* is ramified

over P. Let ¢, --,¢, be a set of uniformizing parameters at P
on V and let o=dt, A ---Adt,. We shall divide into the two cases.
(1) The case when P* is a simple point. Let %, .-, %, be a

set of uniformizing parameters at P* on V* and let n*ew=
adu, A+~ ANdu,. Then the function « (regular at P) cannot be a
unit at P*, otherwise d#, A ---dt, become a base of Fi* over oi* and
by Theorem 2, #/s are a set of uniformizing parameters at P* on
V*. Since P and P* are rational over k this implies that P* is
unramified over P, against our assumption. Let D* be a zero
divisor of (@) containing P*, then D* is the zero variety of 7*o.
By Theorem 1, D* is ramified for the covering V*/V.
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(2) The case when P* is a singular point. In this case we
use Theorem 3. Since n*w is finite at P* there exists a zero
variety D* of the differential z*w containing P*. D¥* is ramified
for the covering on account of Theorem 1.

§ 6. Differente d(V*/ V).

Let V* be a covering of a complete normal variety V with
the covering map = defined over an algebraically closed field k.
Let D* be a subvariety of codimension 1 on V* and let D be the
corresponding subvariety of V. Let ¢, -+, ¢, be a set of uniform-
izing parameters along D and let o =d¢, A--- Adt,. By Prop. 4 the
multiplicity of D* in the zero divisor of the differential =*w is a
well defined integer independent of the choice of uniformizing
parameters #;s. We shall denote this integer by e(D*) and call
it the differential index of D*. Now we can restate the Theorem 1
in a simplified form

THEOREM 1. Let D* be a subvariety of codimension 1 on V*,
then D* is ramified for the covering V*|V if, and only if, the differ-
ential index e(D*) is positive.

With the help of the differential index we define the formal

sum
b = Dle(D*)D*

where the sum is extended over all subvarieties of codimension 1
of V* Since A(V*/V) is a bunch on V, e(D*)=0 except a finite
number of subvarieties of V*. Hence b represents actually a
V*.divisor. We shall call d the differente of the covering V*/V
and sometimes we shall denote it by d(V*/V). The nomenclature
will be justified in the following

THEOREM 5 (Generalization of Hurwitz's formula). Let V*
and V be as before and let &% and & be the canonical divisors on
V* and V respectively. Then we have

K*~z Y (&)+Dd
where d is the differente of the covering V*|V. Movre precisely let
o be a differential from of degree r on V, then we have the
following equality
(*w) = 77 ((0))+d .2

6) We mean by mw~1(X), the algebro-geometric inverse inage of X.
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For the proof the following proposition is necessary.

PROPOSITION 7. Let V be a complete normal variety and let V*
be a covering of V with the covering map =. Let f be a function
on V, then fow is a function on V* and we have (for)=m=""((f)).

Proor. When V is a non-singular variety it is proved else-
where under weaker assumptions ([9]). Let 2 be a common
field of definitions for the entities appeared above, and let P* and
P be the corresponding generic points of V* and V over k. Let
A, 'y and I'f., be the graphs of the rational map =, the numerical
functions f and fow respectively and let T be the locus of
P*x Pxf(P) over k. Then by an easy calculus we get

(V¥x1')-(AxD) = T+ XX D"

where X is a V*x V-divisor. Now if we denote by ® the cycle
(0)—(e0) on the projective straight line D, then

7 (f)) = prys[ {(AXD)-(V¥X L} «(V¥xVx8)]

We shall apply Th. 16 of Chap. VII in [11] to the varieties
V*x D, V and the cycles (AxXD)«(V*x1l') and V*x®. Though
in the cited theorem it is assumed that V is non-singular, the
careful inspection of the proof allows us to use that theorem to
our case. Thus we have

7 N(f)) = Prys[Dpryep{(AX D)« (V¥X I} «(V¥xO)].
= prv*[ {I'fea+ (pry=X) X D} « (V¥ ®)]
= (fom)

Thus the proof is complete.

Proor of THEOREN 5. Let D* be a subvariety of V* of codi-
mension 1 and let =(D*)=D. Let ¢, --,¢, be a set of uniform-
izing parameters along D and w=wdf, A-- ANdt,. Then vp(z*w)
=vplwom)+ vp(m*(dt, A --- Adt,)), and vp{(wo7) is equal to the mul-
tiplicity of D* in = '((w)) by Prop. 7. On the other hand the
divisor of the function w and the differential « differ only in the
subvarieties not lying under D*. Hence the coefficients of D* in
7~ '((w)) and that of D* in = !((»)) are the same. On the other
hand vy«(7*(dt, A --- Adt,))=v,«(d) by the definition of the differente.

7) See the proof of Lemma 1 in [9].
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Thus we get the relation
vpr(r* ) = vp(m T ((0))) +vpx(D) .

Since this equality holds for any subvariety D* of condimension
1, we get the required results.

THEOREM 6 (Chain theorem). Let V*, V' and V be normal
varieties defined over an algebraically closed field k and assume that
V* is the covering of V' with the covering map N, and V' is a
covering of V with the covering map m. Then V* is the covering
of V and we have

DV*/V) = (VX V)+AH(D(V[V)).

PrOOF. Let us put m=puo), and let o be an arbitrary differ-
ential form on V. From Theorem 5 we have

(1) (m*0) = 77} (@) +d(V*/V)

On the other hand, since #*=(poA)*=2nN*oy* w¥w=»A¥(p*o).
Applying Th. 5 again to this relation we get

(m*w) = N ((p* @)+ d(V*/V7)
and
(p*w) = (p (@) +d(V'/V).

Substituting the latter one in the former we get
(2) (7* ) = A (p @)+ ARV V) +d(VF/ V)

Combining (1) and (2) and the fact A '(p '((0)))=7""((0)) we get
the required result.

In the following we shall indicate the relation between the
differential index and the ramification index of valuations under
some additional conditions.

Let V* be, as before, a covering of a normal variety defined
over an algebraically closed field of definition k. Let D* be a
subvariety of codimension 1 on V* and let D be a subvariety of
V corresponding to D*. Let R* and R be the quotient rings of
D* and D respectively. Then R* and R are rings of discrete
valuations of k(V*) and k(V) respectively over k such that
R=R*nk(V).

PrOPOSITION 8. Let e be the ramification index of R* over R,
and assume that
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(1) e==0 (mod p)
(2) R(D*) is separably algebraic over k(D).

Then the differential index e(D*) is equal to e—1.

Proor. Let ¢,---,%, be a set of uniformizing parameters
along D on V such that # is a prime element of R. Let #* be a
prime element of R*, we shall show that #*, ¢,, .-+, ¢, are a set of

uniformizing parameters along D* on V*. We shall denote by
the trace of functions on D* (or on D). Then by Prop. 2
dt,A - Adt,#=0 on D. Since k(D*) is separably algebraic over
k(D), dt,A+- Adt,#0 on D*. By Cor. 1 of Prop. 1 there exists a
point P* on D* which is simple on V* and D* such that £, -, £,
are a set of uniformizing parameters at P* on D*. This implies
immediately that the » functions ¢*, ¢,, -+, ¢, are a set of uniform-
izing parameters at P* on V* proving the assertion. The pro-
position follows from this at once.

§7. Linear systems and its Jacobians.

Let V be a normal variety and let N be a linear system of
divisors on V with the defining module £. Let f,, f,, -, f. be a
base of € and let £ be a common field of definition for the entities
appeared above. Let P be a generic point of V over %, then the
point Q= (f(P), fi(P), .-, f((P)) in a projective s-space L° has a
locus V'’ over k. Then as is well known the variable part of the
linear system N can be represented in a unique way by the inter-
section product

pry[A-(VxH)]

where A is the graph of the rational map « such that a(P)=@Q,
and H is a hyperplane in L. The rational map « defined above
will be called the rational map associated with the linear system N.
Let K'=k(V’) and let U® be the normalization of V'’ (in K’).
Then there exists a rational map 7= from V onto U which is
induced in a natural way by «. We shall call this map a wnormal
map associated with the linear system N. First we shall seek under
what conditions the normal map = associated with the linear
system N gives rise to the covering map from V onto U.

8) Since V’ is a projective variety, U, as a normalization of V’, is also a projective
variety (Cf. [3]).
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PrOPOSITION 9. Assume that the linear system N satisfies the
following conditions ;

(B) N has no base point,

(F) For any point P on V and a subvariety W of V containing
P, there exists a member D of the linear system N such that D
contains P but does not contain W.

Then the rational map o« associated with N has the following
properties :

(1) « is regular everywhere on V.

(2) @ maps V onto a variety V' of the same dimension.

(3) V does not contain any fundamental subvariety with respect
to «, i.e. for any point v on V', a (') consists of a finite number
of points of V.

Proor. (1) is immediate. To prove (2), assume that « sends
V onto a variety V’ of lower dimension than V. Let P and P’
be the corresponding generic points of V and V'’ over k respec-
tively. Then a component W of «~*(P’) containing P is of dimen-
sion=1. It is easy to see that the subvariety W and the point P
do not satisfy the condition (F). The proof of (3) is quite similar
to the proof of (2) and will be omitted.

ProposITION 10. The rational map o is separably algebraic if,
and only if, the linear system satisfies the condition,

(S) There exists a simple point P different from the base points,
and the divisors D,, ---, D, in the linear system N such that

(1) P is a simple point of D;s.”

(2) D;s are transversal to each other at P. In other word the
intersection product (D, --- D,) is defined locally at P and contains
P with the multiplicity 1.

Proor. Since P is not a base point of the linear system,
there exists a divisor D, in N such that D, does not contain P.
Let ¢, be the function on V such that (¢;)=D,—D,. Then the
condition (2) implies that ¢, .-+, f, are a set of uniformizing
parameters at P on V. In particular k(V) is separably algebraic

9) P is said to be a simple point of a divisor X if, X contains only one com-
ponent D containing F with multiplicity 1, and P is a simple point of D.
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over k(t). Since as the defining module of N we can take the
one which contains 1, £, -*+, #, the rational map @ must be separa-
ble. The converse can be proved in a similar way as above using
Prop. 1.

Combining the above propositions we get the

THEOREM 7. Let V be a normal variety and N a linear system
on V. Let m be a normal map associated with the linear system N
which maps V onto a projective variety U Then V is a covering
of U with the covering map = if, and only if, the linear system N
satisfies the conditions (B), (F) and (S).

Let N be a linear system of dimension » on a normal variety
V7 and assume that N satisfies the conditions (B), (F) and (S).
Then the rational map = associated with N is, automatically, a
normal map from V onto a projective »-space. Thus we have a
representation of ¥V as a covering variety of a projective space
with the covering map =. We shall call such a linear system
an 7-system in the following.

DEFINITION 2. Let N be an r-system on a normal variety V™ and
let @ be the covering map associated with N onto a projective r-space
L. The differente for the above covering V|L is called the Jacobian
set of the linear system N and it will be denoted by N;.

The following Proposition shows the characteristic properties
of the Jacobian set.

ProrosiTioN 11.. Let V" be a normal variety and let N be an
r-system on V without fixed component. Then the Jacobian set N,
is composed of the points of the following character :

(1) Multiple points of V
(2) Multiple points of the linear system N, i.e. the point which

is a multiple point for a suitable member D of N containing the
point P.

Before the proof, it is convenient to prove the following auxiliary
results.

ProposITION 12. Let V* be a covering of a normal variety V

10) Cf. the foot note (8).
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with the covering map = defined over a field k. Let P* be a simple
point of V* and let P be a point of V corresponding to P*. Assume
that P is also a simple point of V, then P* is unramified over P
if, and only if, the point P*X P is contained in the intersection
product A(V*X P) with the multiplicity 1, where A is the graph
of the rational map .

Proof follows from the criterion of multiplicity 1 given in
[10], P. 79.

LEMMA. Let S, and S, be affine spaces of dimension r and T
be a linear variety of dimension v in S,XS,. Let P be a point in
S, and let H be a hyperplane of S, containing P. Then if TnS, X P
is not empty and O-dimensional, then TNS,x H is (r—1)-dimensional.
If TS, X P is of dimension =1, then there exists a hyperplane H
such that T is contained in S,x H.

The proof is easy.

Proor of the ProrosiTiON 11. We shall denote by sup (NV;)
the point set attached to N;. Let P be a point not contained in
sup (N;). Then P is unramified for the covering V/L, and hence
P must be a simple point, proving that the multiple point are
contained in sup (N;). Moreover by Prop. 12, the intersection of
A and VX P, is transversal to each other at PxP,, where A is
the graph of the covering map associated with N and P, is a point
lying under P. Let H be any hyperplane in L, then A and VX H
is transversal to each other at Px P, by the preceding Lemma.
Hence if we put D=Pr,[A-(VXx H)], P must be a simple point
of D by Prop. 21 of Chap. V in [11]. Conversely assume that P
is a point in sup (N;) and it is a simple point of V. Let P, be
the point on L lying under P. Then P is ramified over P, and
we see that A and V X P, is not transversal to each other at Px P,
by Prop. 11. Hence the preceding Lemma tells us the existence
of a hyperplane H, containing P, such that A and V x H, are not
transversal at PxP,. Then P must be a multiple point of
the divider Pr,[A-(VX H,)].

The properties of the Jacobian set can be derived from the
properties of differente in a natural way. If we remark that the
canonical class on a projective 7-space is given by the class of
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—(r+1)H, where H is a hyperplane in L”, we get the following
theorem as a special case of Theorem 5.

THEOREM 8. Let V" be a normal variety and let N be an
r-system on V. Let & be the canonical divisor and let N; be the
Jacobian set of N. Then we have

N,—(r+1)N~S.

CorOLLARY 1. Let N and M be two r-systems on a normal
variety V and let N; and M; be their Jacobians, then we have

N;=(r+1)N~M,— (r+1) M

Hence if |N;,—(r+1)N| exists for an r-system, then |M;—(r+1)M|
exists for any r-system on V and they belong to the one and the
same linear class.'®

COROLLARY 2. Let N be an r-system of hypersurfaces of order
n in a projective r-space. Then the Jacobian set N; is the hyper-
surface of order (r+1)(n—1).

Let |C| be a complete linear system of dimension =# on a
normal variety V” satisfying the conditions (B), (F) and (S).
Then we can extract various 7-systems N from |[C|. Let N; be
the Jacobian of the extraceted system. Then we see from Theorem
8, that N; is contained in a fixed complete linear system. We shall
call thus defined linear system the Jacobian system attached to
the linear system |C|, and we shall denote it by |C;].

THEOREM 9. Let |C| and |C’| be two linear systems satisfying
the conditions (B), (F) and (S). Then the sum |C+C’| also satisfies
these conditions and we have the following relation on the Jacobian
Systems,

|IC+C|; = |C;4+(r+1)C'| = |Cj+(r+1)C|

Proor. The first half of the Theorem is seen by the straight
forward verifications of the definitions. By Th. 8 we have (C+ () ;
~®+(r+1NC+C), C~R+(r+1)C, C)~&+(r+1)C’. Hence

[C;+(+1)C| = |Ci+(r+1)C| =R+ (r+1)C+C)| = [(C+C);].

At the end we shall give a theorem on the existence of an
r-system on a given variety.

11) It was one of the classical method to define the canonical class on a surface.
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THEOREM 10. Let V be a normal variety defined over an alge-
braically closed field k. Then V admits an r-system if, and only if,
V is a projective variety.

Proor. Assume that V admits an 7-system. Then V is a
covering of a projective space, in other words, it is a normali-
zation of a projective variety. Hence V must be projective auto-
matically. Conversely assume that V is projective and let LY be
its ambiant space. Let L, be a hyperplane not containing V and
let P be a point contained neither in V nor in L,. It is always
possible to take P and L, such that they are rational over k.
Projection of V from the point P into L, defines a rational
map =,. If we choose P carefully we can see easily that the
rational map =, satisfies the conditions (a)-(d) of §1. Applying the
similar construction for V,=#(V) we get the projective variety
V, and the rational map =, having the similar properties. Thus
we have a series of a projective varieties of the same dimension
v, V,V,,V,, - and the rational maps =,, =,, -, =;, --- satisfy-
ing the conditions (a)-(d) of §1, until i(=N—7r (Vy_, is a
r-dimensional linear variety). Then the rational map ===,_,
... m,om, is the desired rational map giving the »-system on V.

q.e.d.

Faculty of Science,
Hiroshima University.

BIBLIOGRAPHY

[1] Abhyankar, S. On the ramifications of algebraic functions, Amer. Jour. Math. 77

(1955), pp. 575-592.

- Local uniformization on algebraic surfaces over ground field of

characteristic =0, Ann. of Math. 63 (1956), pp. 491-526.

[[37] Cartan, H. and Chevalley, C. Géométrie Algébrique, Seminaire de ’Ecole normale
Supérieure, 1955/1956.

[47 Koizumi, S. On the differential forms of the first kind on algebraic varieties,
Jour. Math. Soc. of Japan, 1 (1949) pp. 273-280.

[5] Krull, W. Allgemeine Diskriminantensatz. Unverzweigte Ringerweiterungen,
Math. Zeit. 45 (1939), pp. 1-19.

[67] Lang,S. and Serre, J.P. Sur les revétements non-ramifiés des variétés algébriqués,
Amer. Jour. Math. 79 (1957), pp. 319-330.

[ 7] Nagata, M. Remarks on a paper of Zariski on the purity of branch loci, Proc.
Nat. Acad. Sci. U.S.A., 44 (1958), pp. 796-799.

[87] Nakai, Y. On the independency of differential forms on algebraic varieties, Mem.
Coll. Sci., Univ. of Kyoto, 28 (1953), pp. 67-80.

L21



L9]
[10]
[11]
[12]
[13]

Ramifications, differentials and differente 411

Nakai, Y. The existence of irrational pencils on algebric varieties, Mem. Coll.
Sci., Univ. Kyoto, 29 (1955), pp. 151-158.

Samuel, P. Méthodes d’algébre abstraite en géométrie algébriqués, Ergeb. der
Math., 1955, Berlin.

Weil, A. Foundations of algebraic geometry, Amer. Math. Colloq. Publications,
29, 1946, N.Y.

Zariski, O. The concept of a simple point of an abstract algebraic variety,
Trans. Amer. Math, Soc. 26 (1947), pp. 1-52.

On the purity of branch locus of algebraic functions, Proc. Nat.

Acad. Sci., US.A., 44 (1958), pp. 791-796.



