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1. Introduction.

P. J. Myrberg [3] proved an approximation theorem for
Fuchsian groups having fundamental domain of finite non-euclidean
area. The purpose of the present paper is to extend it for Fuchsian
groups of divergence type and, further, show that the validity of
his approximation theorem implies conversely the divergence type
of Fuchsian groups. As is known ([107]), a Fuchsian group is of
divergence type if and only if the corresponding Riemann surface
is of class O;. Finally in 5 and 6 we shall state some related
results and problems.

The author wishes to dedicate this paper to the late Professor
M. Tsuji who gave him kind suggestions, and express his hearty
thanks to Professors A. Kobori and Y. Komatu for their constant
encouragement during this research.

2. Main Theorem.

We begin with stating our main result. Let G be a Fuchsian
group of linear transformations :

S,: z’=e"°’"-iz—_a—"z (la,|<<1) (n=0,1,2, ),

n

which leave |z|<{1 invariant and let D, be its normal fundamental
domain which contains 2=0. The quantity

. rdrd0 e
(D) = 4 SSDO_(l—rZ)Z’ 2 =re?,

is called its won-euclidean area. The boundary of D, consists of
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arcs on circles which are orthogonal to |z|=1 and a closed set
A, on |z| =1, which may be empty. If we identify the equivalent
points on the sides of D,, then D, can be considered as a Riemann
surface Fg. If o(D,)< oo, then either D, lies entirely in |z|<1
with its boundary, or D, has a finite number of sides in |z|<1
and a finite number of vertices on |z| =1 where two sides of D,
touch each other. Hence the corresponding Riemann surface Fg
is a closed Riemann surface or a Riemann surface which is
obtained from a closed Riemann surface by taking off a finite
number of points ([5], [7], [10]).

Let a, (n=0,1,2, ---) be equivalent points of z=0 under G,
then either i) =2(1—|a,|)=c, or ii) 21— |a,|)<cc. We call G
a Fuchsian group of divergence type or of convergence type accord-
ing to the case i) or ii), respectively. It is well known that there
exists Green’s function on F; when and only when G is of conver-
gence type. If o(D,)< eo, then G is of divergence type.

Main Theorem. Let G be a Fuchsian group, let v(e*®) be the
radius of |z| =1 terminating at ¢*°, and let {v,(e®)} be the set of
arcs which are equivalent to v(¢'®) under G.

(I) If G is of divergence type, then there exists a measurable
set E of measure 27 on |z| =1 salisfying the following property:
For any ¢®€ E and an arbitrarily given circular arc C in |z2|<1
which intersects |z| =1 orthogonally at its two end points on |z|=1,
it is possible to find {n,} such that

V() = C (v — o0), uniformly in euclidean metric."”

(II) If G is of convergence type, then there is no measurable set
E of measure 27 on |z| =1 satisfying the above mentioned property.

3. Preliminary lemmas.

For the proof of Main Theorem, we need several lemmas.
If G is of divergence type, the corresponding Riemann surface
F; belongs to Og, so that as known well, F; € Oy, hence follows

Lemma 1. [If G is of divergence type, then there exists no
measurable set E on |z|=1 which is invariant under G and 0<mE
< 2m. Therefore, if mE_>0, then mE=2=.

1) Exactly speaking, the convergence is in the sense of Fréchet.
2) In other words, ‘almost all geodesic lines on a Riemann surface F € Og of con-
stant negative curvature are quasi-ergodic.’
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Lemma 2 ([12]). If G is of divergence type, then for any e
on |z|=1, the set {S,(e®)} n=0,1,2,---) is everywhere dense on
lz|=1.

Lemma 3 ([6], [13]). Let z be any point of |z|<1. We denote
its equivalent in D, by £, (2). Let (e, o) (—7[/2< o< 7[2) be a
segment through e®, contained in |z|<1, making an angle o with the
radius of |z| =1 through ¢*®. The equivalent of I(¢*°, ®) in D, consists
of at most a countable number of arcs which we denote by (e, »).

Then there exists a measurable set E of measure 27 on |z|=1
which satisfies either of the following conditions :

i) If G is of divergence type and e®€E, then [(e*, o) is
everywhere dense in D, for any o (—7[2<0<7[2);

iy If G is of convergence type, them lim |{(2)|=1, when
z2—>e¢® € E from the inside of any Stolz domain with vertex at e.

From Lemma 3 we have easily the following

Lemma 4. If G is of divergence type, then there exists a set
E of measure 2w on |z2| =1 which satisfies the following condition.

Let A, |2|<p be a small disc contained in D, and A, be its
equivalents under G. Let (¢ o) (—7[2<0<m[2) be a segment
through e® making an angle o with the radius of |z|=1 through
e’®. If e cE, then l(e", o) intersects infinitely many A, for any
small p 0.

Let A,=S,(4,), where S,,:z’ze"‘”n-—z;_a—"eG, then A, : z—_fl—”

—a,2 —a,2

<p, and we can easily see that the radius 7, of A, is equal to
p(1— |an|2). If A
1—1a,l’p’
|ei®—a,|=01~-l|a,|), so that »,=|e*—a,|-O(p).

Hence, if we choose p, >p, > -+, p,—0, for p, then by Lemma
4, for any e?c E, there exist infinitely many a,—¢*®, such that
1—a,e
1—a,e*
have

. and [(e”%, ) intersect each other, we have

—¢iv'(—nw<w'< 7). Hence, writing » instead of «’, we

Lemma 5. If G is of divergence type, then there exists a set

E of measure 27 on |z| =1 which satisfies the following condition :

If ¢°c E, then for any o (—n<w<=), there exist infinitely many
a,—¢e'% such that

1—a,e

1—a,e

e, (—rlolm).
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Lemma 6. Let G be of divergence type and E be a set of
measure 27 on |2| =1 which is defined in Lemma 5. Let ¢°c E and
let Sp: 2 =e" 2k cG (k=1, 2,3, --+), such that c,—e*® in a

—Cp2 ;
Stolz domain Q(e°, coo) arg(l—ze—>’<wo(<7r) and v,—v. We

1
denote the set of such v by M(w,, ). Then for any >0, we can

choose w,= wy(E, 0)< =, such that for any @ in [0, 27, the inequality
lp—y|< &  holds for a suitable v€ M(w,, 0).
Proof. We may assume that 6=0. Let

Sp: 2 =ei*mf % (m=1,2,.), (1)
1—a,z

Si: 2 = en.E 0 1,2, - 2

Fmetefe (1=12,) (2)

belong to G, then S.S,, belongs to G, where

SiS,: 2 =eMmEl (=12, (3)
1-¢.z
oile — ef(‘”m+5n)-1 +ﬁmé”e_f‘”m Cp = a,, +b e i%m (3/)
1+a,b,.e®m 1+a b i%m

1—a

By Lemma 5, we may assume that @,—1, ——2—1 (m— o)

and «,—«a. If we fix b, and let m— oo, then by (3’), c,—1 and
v.—>7v. Suppose that

Tl (Jol<m), (4)
Y

then since

1—¢, _ (1—a,)—(1—a,)b.e " 1+a,be* _ 1—=b,e i* 1+b,e"
1-¢, (1—a,)—(1—a ) ®m 1+a,b,e m 1 b,ei® 1+b e io’

we have easily
1—ei®

be ®—be® = (1—1b,|%- 1Tee (5)
If b,=p,e®s, then (5) becomes
2p,sin (0,—a) = —(1—p}) tan («/2). (6)
Now,
2psin (0—a) = —(1—p)tan (0/2), 2z = pe’, (7)

represents a circular arc through e/® and ¢***®, making an angle
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/2 with the diameter through ¢® and ¢**™. This can be proved
as follows: We may assume that «=0, then if we put z=x+1y,
(7) becomes

x°+y*—2ycot (w/2) =1, ie. x4+ (y—cot (0/2))* = cosec’ (0/2),

which is a circular arc that passes through z=1 and z2=—1 and
makes an angle /2 with the real axis.
Hence, it is necessary for (4) that b, lies on the circular arc

(7) and conversely, if b, lies on (7), then we have 1;?‘ — ¢,
From (3’), we have G
o ety 1tbeT e e®+b, _  p €40 —D,
er=e 1+be® ¢ 1+b,e® ¢ 1—0b,eicet™
— —Sife<),
so that
e’ = —Sh(eir™) . (8)

Let ¢,—1 in a Stolz domain Q(e,): 1arg (i{§)|<wo<7r

with vertex at z=1 and let v,—v. Let M(o,) be the set {v}.
Then by (8), M(w,) contains the set {—S.(e?**®)} where b, lies in
a domain D(w,) which is bounded by two circular arcs, passing
through ¢’ and ¢***®, and making an angle ,/2 and —o,/2 with the
diameter connecting ¢’® and ¢***®, respectively. Now, by Lemma
2, if b, run through all equivalent points of z=0, then the set
{—=Si(e**®)} is everywhere dense on |z|=1. While, if w,—=,
D(w,) tends to the interior of |z| =1. Therefore, for any &>0, if
we choose w,=w ()< 7 sufficiently near to =, then for any ¢ in
[0, 27], we can find y€ M(w,) such that the inequality |p—v|<é&
holds, q.e.d.

Remark. Since S,(0) = —c,e% = c,ex*™, we see that, for
any >0, we can choose a suitable w,< 7, for which there exist
cr €€, w,), ¢, — €%, v, — v, such that |p—Ilim arg S,(0)|<é&.

Lemma 7. Let Qw): {arg(i;f>|<w<n be a Stolz domain
—2

whose vertex lies at z=1, and let A : Ilz_fl kg p<§%> be a disc
—az
such that a€ o), 1/2<|a|<1, |la—1|<cos w/2. We project A
Jrom z=0 on |z|=1 and let ] be the projection.
Then ] is contained in an arc I on |z| =1 whose middle point

is 2=1, such that
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IJI/IIl;%-cos(m/2)>0,

where |J| denotes the arc length of J. Therefore the parameter of
regularity of J with respect to z2=1 is g%-cos (0/2) C0).

Proof. Let A,: ' l_p, <%§r<1>, be a disc and ¢ be

1—7z
its center and & be its radius, then

r(1— P) 3:P(1_7’2). (1)

¢ = q_2.2° 2 2
1-7% 1-7%p

Hence, if J, be the projection of A, from 2=0 on |z|=1, then
2p(1—-7) -

. .8 . p(l—7?)
ol = 2 — = 2 1P 4 1- ’
WA sin™ — sin r(l—p2)> rd— ) = p(l—7)
so that, if a=re'®, then
|IJ1I>4p(1—7). (2)
If >0, then we can prove that J is contained in an arc
= {&*; 10| p+4(1—-1)} . (3)
For,
— o p(l—77) z p(1—7%)
P+sin” — = @ptsinT ———_ <P+
c r(1—p% 2 r(1—-p?)
1+1/r(1—7) (1+2)(1 r) /
<ol =TY T — o4l 3
_¢4 e <P+ /2y p+4(1—-7r). (3

If ae Qw), |a—1|<cos(w/2),1/2<|a|<1, then we have easily
the following inequality :
|1_a|_2(1 |a|)
cos (©/2)
On the other hand,
|1—a|?*=1+7"—2rcos = (1 —7)+4r sin’(p/2)=4r sin’(p/2) =sin*p/2),

i 2.2 _9
1—a|=sin(p/2) = 5 =

Hence, we have
27(1—|a|) _ 2=(1—7)
cos (0/2)  cos(w/2)

Therefore, by (3), J is contained in an arc

p=ml|l-a|=
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1Q1) = {5 101= (5552(2 /2)+4)<1—r>}. (4)

By (2) and (4), we have

cos (0/2) P, °
T = sy~ 6 @D >0 4

Using Lemma 6 and 7, we can prove the following

Lemma 8. Let G be a Fuchsian group of divergence type and
O(8,, &) be a sector domain contained in |z|<1, such that

6(0,, &) = {z; larg 2—6,|<¢, |z|<1}
and {a} be the set of equivalent points of z2=0 contained in ©(6,, &),

. __n©
and let S8:z' =¢iR. 2" % ¢,
1—a%z

Let A:|z|<p be a small disc contained in D, and put A =S9(A).
We project AP from z=0 on |z| =1 and let ] be the projection on
lz|=1.

Then \JJ? is a measurable set of measure 2m on |z|=1.

Proof. By Lemma 6, there exists a set E of measure 2= on
2] =1 satisfying the following condition: For any point ¢°€ E
and for a suitable Stolz domain Q(¢*®, »,) (w,< =) whose vertex lies
at e’?, there exist infinitely many points S§ (0) (—¢®) in Q(e¥, o,).

Then by Lemma 7, the corresponding {J%9,} is a regular
sequence tending to e'° in Vitali’s sense.® Therefore, E is covered
by {J} in Vitali’s sense, and the lemma follows immediately from
Vitali’s covering theorem ([4]), q.e.d.

We shall denote the intersection of E and \/J? by T(®(,, &), p) :

T(®(,, &), ) =En(\JJ?) . (%)

4. Proof of Main Theorem.
(I) Let G be of divergence type. In (x) we put eifo=ek=i/?"™
(k=0,1,2, - ,2"—1), 8=~7in, and denote briefly T'(n, k, p) instead

2
of T(@(k_’f, >1) Put
271 1 2”

3) Strictly speaking, {(],c;’v-ke"")} is a regular sequence in Vitali’s sense and E is
covered by {(J@+e9)}(¢i® € E) in Vitali's sense. Therefore we may conclude from
Vitali’s covering theorem that we can choose at most a countable number of closed
sets {(],‘?v-l-e""v)} (v=1,2, ---) which cover E except a set of measure zero. Then {]7?-,}
also cover E except a set of measure zero.



238 Saburo Shimada

Tln, ) = [\ TO1, &, p), (1)

then T(n, p) is a set of measure 27 on |z|=1. If n—>co, then
T(n, p) tends decreasingly to a set T(p) of measure 27 ;

T4, p2T2 p)2-+2T(n, p) 2+, T(n, p) =>T(p), (n—>0). (2)

We take p, >p, >-++, p,—0, for p, then T(p,) tends decreasingly
to a set T* of measure 2r;

T(e) 2T() 2+ 2T(P) 2+, T(p) > T* (»—>o0). (3)

We shall prove that one may take T* for E in Main Theorem.

First, we assume that C is a given diameter of |z|=1.

Then, by the definition of T*, for any e T* we can find
{n,} such that v, (e!®)—C (v— o), uniformly.

This can be proved as follows. If e¢?®€ T*, e¢?® belongs to T(n, p)
for arbitrary »# and p. So that, by the definition of T(n, p), we
can find a set of a,, which are equivalent to z=0 under G satis-
fying the following conditions :

i) Let Sm:z’ze""’m-lz_fz"' €G and A:|z|<Zp,
then S;'(A)Nvy(e'®)==¢.

—a,z
ii) If we assume that ¢/™ and e °*® are two end points of C,
then the following inequality holds :

I}lim arg S, (0)—7, | < =/27 ",

Let S,.(y) be the image curve of v(e’®) by S,,, then S, (y) is
a circular arc orthogonal to |z|=1 which starts from S,(0), in-
tersects A,, and terminates on |z|=1. Since # and p are arbitrary,
we can get the desired conclusion.

Next, we consider the case where C is an arbitrarily given
circular arc in |z|<1 which intersects |z|=1 orthogonally. We
can find such a sequence of circular arcs C,, in |z|<{1 that
satisfies the following conditions :

i) C,,—C, uniformly, when m— oo;

ii) Each C,, intersects |z|=1 orthogonally at its two end
points on |z|=1;

iii) Each C,, contains at least one point @,, which is equivalent
to z=0 under an element S, of G: S,0)=a,, «,€C,, S, €G.

We can approximate C,, by a sequence from {v,(¢®)}. For,
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since S,,'(C,,) is a diameter of |z| =1, there exist ,’(¢?%) (v=1, 2, ---)
such that
Y (€®) — S;'(C,,) (v —> ), wuniformly, (4)
consequently
Ty =S, (vi0(e?) = C,, (v— o), uniformly. (5)

By the above considerations, we can prove by means of a well
known diagonal process that C can be approximated by a sequence
from {y,(¢'%)}.

(II) If G is of convergence type, then it is an immediate con-
sequence of Lemma 3 that there exists no measurable set E of
measure 27 on |z|=1 with the property mentioned in Main
Theorem.

Thus we have proved the theorem completely.

5. An application.
As a corollary of Main Theorem, we have the following theorem
which can be considered as a precision of the theorem in [12].

Theorem 2. If G is of divergence type, then there exists a set
E of measure 2= on |z|=1 which satisfies the following condition.
Let

S,: 2 = e f % G n=012 ).
l1-a,z

If we consider the totality of the set {a,} where a, lies in a Stolz

_ -0
domain (e, d) : *arg (1—1 ze - >l<3 whose vertex lies at ¢i® € E, then
—Zzet

the corresponding set of «, is everywhere dense in [0, 277, for any
small 6>0.

Proof. Let L, be a diameter of |2| =1 through ¢®€ E and L
be any diameter of |z|=1. Then, by Main Theorem, we can
find »n, (»=1,2,3, -++), such that S, (L,)—L (v— o), so that

|S,,(e9) =S, (=€) =2 (v o). (1)
While if a, =7,e'%, we have

[ Sn,,(eie) - Sny( - ei@) | =

21—73)
V(=72 ) +47E sin®(0,,—0)

Hence by (1), one sees
|gn\,~0| = 0(1—7',,\‘) .
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This means that

— -i0
limarg<%>=0. (2)
oo 1—-a,pe”
If we assume that L is a diameter through ¢4, then since
l1—a,ei®
i0) — pitan,+o), "V Y
Snv(e ) € v 1_dnvei9 —->e,
we have
a,,v - Q— 6. ( 3 )

Since @ is an arbitrary point in [0, 27], the set {a,} is every-
where dense in [0, 277, which proves the theorem.

6. Related results and problems.

Let 5,=¢*% 7,=e¢’* be two points on |z|=1, then the pair
(7, 7,) can be considered as a point on a torus ®;

0: 06027, 0=sp<27.

For a measurable set E on ®, we define its measure w(E) by
W(E) = SS d9dp, so that (®)=dn” .
E

Let S, be any substitution of a Fuchsian group G and

Tv : "7{ = S‘u(771) ’ "7; = Sv(’h) ’

then the totality of {7,} constitutes a group G=GXxG.

E. Hopf ([1], [2]) proved the following ergodic theorem :

Hopf’s ergodic theorem ([1],[2],[9],[10]). If o(D,)<oco, then
there exists no measurable set E on ©® which is invariant under G
and 0<u(E)<4#*. Hence, if u(E) >0, then u(E)=4n".

By the same method in [8], we can prove the following
proposition.

Proposition. If Hopf’s ergodic theorem holds for a given
Fuchsian group G, then Myrberg's approximation theorem also holds
for this G.

By the above proposition and Main Theorem, we have

Theorem 3. If G is of convergence type, then there exists
always a measurable set E on ®, which is invariant under G and

0<u(E)<4m"
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Proof. When G is of convergence type, we see by Main
Theorem that Myrberg’s approximation theorem does not hold for
this G. So that, this theorem follows from the above proposition.

Remark. The late Prof. M. Tsuji gave a direct proof of this
theorem, but his proof is yet unpublished.

In conclusion, we propose an unsolved problem :

Problem (M. Tsuji’s conjecture). Does Hopf's ergodic theorem
hold for G of divergence type?

Mathematical Institute,
Nihon University, Tokyo.
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